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Abstract

This paper presentsa technique basedon pre-computedight transportand sepaable BRDF approximation,
for interactiverenderingof non-difuseobjectsunderall-frequencyenvironmenillumination. Existingtechniques
using sphericalharmonicsto representervironmentmapsand transportfunctionsare limited to low-frequency
light transporteffects.Non-linear waveletlighting approximationis able to captue all-frequencyillumination
and shadowdor geometryrelighting but interactiverenderingis currently limited to diffuseobjects.Our work
extendsthe wavelet-basedppmoad to relighting of non-difuseobjects.We factorizethe BRDF usingsepaable
decompositiorand keeponly a few low-order approximationterms,ead consistingof a 2D light map paired
with a 2D view map.\We thenpre-computdight transportmatricescorrespondingo eady BRDF light map,and
compessthedatawith a non-linearwaveletapproximation.We usemoderngraphicshardware to acceleate pre-
computation At run-time a sparselight vectoris multiplied by the spaise transportmatrix at ead vertex, and
theresultsare further combinedwith texture lookupsof the view directioninto the BRDF view mapsto produce
view-dependentolor. Usingour technique we demonstate renderingof objectswith several non-difuseBRDFs
underall-frequencydynamicervironmentighting at interactiverates.

CatgyoriesandSubjectDescriptorgaccordingo ACM CCS} 1.3.3[ComputerGraphics]Picture/Imagéseneration;

1.3.7 [ComputerGraphics]:Color, shadingshadeing, andtexture

1. Intr oduction

Interactverenderingpf objectswith realisticmaterialscom-
plex illumination, andshadavs continuego presenta great
challengan computegraphics Cornventionalimagesynthe-
sistechniquesuchasMonteCarloraytracing[18, 38], pho-
ton mapping[17], andradiosity[ 7] simulatecomplex global
illumination effects,but aretoo expensve for real-timeren-
dering.Surfacelight elds [40, 6] allow for capturingreal-
istic appearancandreal-timerenderingof physicalobjects;
however, they do not allow for dynamiclighting. Our goal
is to relight non-difuseobjectsatinteractve ratesunderdy-
namic,comple illumination andchangingview.

Recently Sloanet al. [36] introducedthe pre-computed
radiancetransferapproachfor shadingmodelswith low-
frequeng environmentmaps.They proposea compactrep-
resentatiorof light transporfunctionsusinga sphericahar
monic (SH) basis.Relighting thenreducegto a simplein-
ner product of the light vector also representedn a SH
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basis,with pre-computedransportvectorsat eachvertex.
View-dependentenderingof glossy surfacesusesa pre-
computedransportmatrix ratherthana vectorat eachver
tex. Althoughthetechniquds fastandcompactit is limited
to low-frequeny ernvironmentmapsdueto approximation
with low-order (25D) sphericalharmonics.Ng et al. [28]
renderall-frequeng lighting andshadav effectsat interac-
tiveframeratesby usinganon-lineawaveletapproximation
of the ervironmentmapandtransportmatrix. However, for
geometryrelighting with changingview, their approachis
limited to diffuseobjects.

Our work extendsNg et al's geometryrelighting tech-
nigueto handlenon-difuse objectswith complex BRDFs.
We useaseparablelecompositiorio approximatehe BRDF
with a few (K) low-order terms, eachconsistingof a 2D
light mapand2D view map At eachvertex, we pre-compute
K transportvectorscorrespondingo eachof the K light
maps.We compresghetransportvectorsusinga non-linear
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wavelet approximationasin [28] At run-time,when light-

ing changeswe sampleheernvironmentmapandcomputea
sparsdight vectorusingnon-linearwaveletapproximation.
The sparsdight vectoris multiplied by the K transportvec-
torspervertex to produceK colors,which we call the light-

modulatecK-tuple Whentheviewpointchangeswe usethe
view directionateachvertex to index into all K BRDF view

mapsforming whatwe call theview-modulateK-tuple Fi-

nally, the view-dependentolor at eachvertex is computed
asthe dot productof the view-modulatedK-tuple with the
light modulatedK-tuple.

Kautz[19] andMcCool [27] have proposedactorization
techniquedor interactive renderingwith arbitrary BRDFs.
We useamethodsimilarto thesingularvaluedecomposition
(SVD) methodin [19], but exploit the factthat our BRDF
matrixis realsymmetricandhave successfullyxperimented
with usingthe poweriteration algorithmfor fastevaluation
of low-order BRDF approximation Our experimentsshow
thatthe separabldRDF approximationis accurateenough
for materialswith moderatespecularcomponentgseeFig-
ure 4). Highly specularBRDF functionsrequire more ap-
proximationterms,which reducesun-timeperformance.

Finally, we have accelerategre-computatiomsingmod-
erngraphicshardware which decreasethepre-computation
time by 50% comparedvith the CPUimplementation.

2. RelatedWork
2.1. Pre-computation Techniques

Therenderingequation[ 18] for distantdirectillumination:
Z

B(x, Wo) = WL(Wi) frswi b wo) VX wi) (i n(x)) dw;
(1)
describedight transportin the 6D spaceof incidentdirec-
tion w;, view directionwo and 2D surfacelocationx. Due
to its high dimensionality the renderingequationis expen-
sive to evaluate . Therefore extensie researcthasexamined
pre-computatiotechniquedor real-timerendering.

Environment mapswere rst introducedby Blinn and
Newell [4] to approximatespeculare ection of distanten-
vironments.Sincethen several approache$iave beenpro-
posedo simulatediffuseandglossyre ection basedn pre-
convolved ernvironmentmaps[14, 20, 31, 32]. However,by
assumingeq 1 is independenof surfacelocationx andig-
noring visibility V, they cannothandleshadaving or spa-
tially varyingBRDFs.

Imageor texturerelightingtechniquepre-computglobal
illumination solutionsfor a set of lighting approximation
functions,suchas points[11], polynomials[26], steerable
functions[30, 3] andcompressegrincipalcomponenbasis
[9]. Thesetechniquesanhandledynamiclighting changes
andglobalillumination effects suchas self-shadwing and
interre ections.However, they assumethat the view direc-

tion wo depend®nly on surfacelocationx in Eq 1, thusre-
quiring viewpoint to be x ed. Shadaving techniqueshave
alsobeenpresentedguchascorvolution textures[37], atten-
uationmaps[1], andpre-computedisibility [16], but they
do not allow real-time dynamic environmentlighting and
comple self-shadwing geometry

Light elds [25, 13] recordradiancesamplesasthey pass
througha pair of viewing planesSurfacelight elds [40, 6]
record exitant radiancein sampleddirectionsover an ob-
ject's surface. Thesetechniquesallow for view-dependent
renderingof complex surface materialsbut are limited to
staticlighting sinceL is assumedo be x edin Eq 1.

Recently Sloanet al. introducedpre-computedadiance
transfer (PRT), which capturesthe way an object shad-
ows, scattersandre ects light [36]. They pre-computdight
transportfunctions(the productof f;, V andw nin Eq 1)
for eachvertex and representhem as transportvectorsin
a low-order sphericalharmonics(SH) basis.Relighting is
thenreducedto a simpleinner productof the light vector
alsorepresenteth a SH basiswith the pre-computedrans-
port vectorsat eachvertex. In the caseof glossysurfacesa
transportmatrix is pre-computednsteadof a vectorto sup-
portview-dependentendering Thistechniquées furtherim-
provedby [21, 24, 35] to allow for real-timerenderingof ar
bitrary glossysurfaces.

Sphericalharmonicshave previously been applied by
[34, 5, 39] asa compactrepresentatiofior BRDF or global
illumination solutions. However, as Ng et al. point out
[28], a low-orderSH basiscanonly approximatevery low-
frequeng ervironmentmaps,and thereforecannotrepro-
duceall-frequeng lighting and shadeving effects.Instead,
they proposaisingnon-linearwaveletapproximatiorto rep-
resentthe environmentmapandlight transportmatrix, and
achieve all-frequeng illumination and shadevs at interac-
tive framerates.They demonstratéhe techniqueprimarily
for imagerelighting, and geometryrelighting is limited to
diffuseobjectsonly. In their recentwork [29] Ng et al. de-
velopedtriple productintegralsfor all-frequeng relighting.
This new techniques accuratebut renderingrequiresa few
secondsOur paperextendsthe wavelet-basedpproachof
Ng etal. to all-frequeng relightingof non-difuseobjectsat
interactie framerates.

2.2. BRDF Factorization

BRDF factorizationhasbeenappliedfor interactve shad-
ing of realisticmaterialsandimportantsamplingof BRDFs
[23] etc. Existing techniquesfor arbitrary BRDF factor
ization include SeparableBRDF Decomposition[19] and
HomomorphicFactorization[27]. They storethe separated
as BRDF 2D texture maps, then use graphicshardware
to index thesemapsand renderobjectsin real-time.Non-
Negative Matrix Factorization(NMF) [8] can also be ap-
plied to decomposdRDFs, which generatestrictly posi-
tive coefcients asthe Homomorphidractorizationmethod.
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In [10, 12] researcherexamineseparabilityandotherprop-
ertiesof tatulatedBRDFs.In [33, 19] researcheshav that
properparametrizatiorfsuchasthe half-angleparametriza-
tion) of aBRDF canimprove its separabilitremarkably

The current mathematicalframeavork of our technique
(see Section 3.1) requires separableapproximation of
BRDFsparameterizetby incidentandview directions.We
shav that with a few low-order terms, our approximation
is visually goodenoughfor BRDFswith moderatespecular
componentsThe separabledecompositiorapproximates
multivariateBRDF function f; asa sumof productsof func-
tionsgy andhy of lower dimensionality:

K
fr(wi;wo) @ Gk(Wi) hi(Wo) &)
k=1
whereK is numberof approximationterms.We call gy the
BRDF light mapsinceit is a 2D texture mapindexed with
the incidentdirection w;. Similarly hy is called view map
sinceit is a 2D texture mapindexed with the view direction
Wo. To decomposehe BRDF, we usea similar methodas
the SVD methodin [19], but exploit the knowledgethatour
BRDF matrix is real symmetric.As a result,the BRDF is
approximatedy a few low-orderterms,eachconsistingof
a 2D light mappairedwith a 2D view map.

3. Algorithms and Implementation

In this section,we describealgorithmsfor pre-computation
andrelightingusingnon-lineawaveletandseparabl8RDF
approximationsWe also discussways to acceleratepre-
computatiorusingmoderngraphicshardware.

3.1. Overview

We malke the assumptiorthatillumination is distantanddi-
rect,andwe do notconsidetinter-re ectedillumination. For

corveniencewe re-writeEq 1 here:
Z

B(x;Wo) = WL(Wi)fr(X:Wi! Wo) V(X;wi) (Wi n(x)) dw;

wherex is the surfacelocation,B is there ected light, L is
thelighting, w; is incidentdirection,wo is view direction, f
is the BRDF, V is visibility, andn is the surfacenormalat
x. Theintegrationdomainis overtheupperhemispheravith
respectto n. We assumel representglistantillumination
(ernvironmentmap). For simplicity, we considerthe BRDF
to be uniform acrossthe objectsurface,but it is straightfor
wardto handlespatiallyvaryingBRDFsmodulatedby atex-
turemapor alinearcombinationof basicBRDFs,sinceour
pre-computations per vertex. SubstitutingEq 2 (separable
BRDF approximationjnto Eq 1 gives:

B(X; Wo)
z K

= L) A gk(Wi)hk(wo) VOxwi) (Wi n(x)) dwi
w k=1
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K Z

= & hwo) LW G(wi) V0w (Wi n(x) dw
k=1

We de ne acombinedtransportfunctionfor thek-th BRDF

termas:

T(6wi) = g(wi) VG wi) (Wi n(x)) ®3)
which allows usto expressre ectedlight as:
K z
BOowo) = & hk(wo) | LOW)TCxwi)dwi  (4)

k=1
Theintegrandin the aborve equationis no longerdependent
onwo. Using numericalcubaturg(with appropriatenormal-
izing weightsfor integral transformation)ye canwrite:
z

S LD TOGw) dwi = & Tbxwi)L(wj)  (5)
J

Finally, combiningEq 5 with Eq 4 we have:
!
K
BXWo) = &  hi(Wo) & Tk w;) L(wj)
k=1 j
For a given surfacelocationx andits view directionwg, we
canwrite the equationabore in matrix notation:

Bx = hxTxL (6)

HereBxy is theview-dependentolor of x, L is thelight vec-
tor, hy is calledthe view-modulatedK-tuple, which is a K-
vectorevaluatedby texture lookupsof wg into all K BRDF
view maps.Tx is thetransportmatrix, therows of which are
K transportvectorscorrespondingo the BRDF light maps.
We de ne gx = TxL, which is a K-vector calledthe light-
modulatedK-tuple Now By is simply a dot productof hy
with gx. Clearly changingthelight requiresre-evaluationof
Ox, but changingheview only requiresupdatinghx. We dis-
cusstheruntimecostfor eachcasein Section4.2

Eq 6 is similar to the matrix notationin [28]. The differ-
enceis that herethe transportvectorsare modulatedoy the
BRDF light maps,andrenderings modulatecby the BRDF
view maps.As pointedout by Ng etal in [28], theillumina-
tion canbe parameterizedver ary domainsuchasasphere,
a cubicalenvironmentmap,or local lighting from a ceiling
or window. Also, Eq 6 holdswhenL androw vectorsof Tx
are expressedn ary orthonormalbasis,suchas spherical
harmonicsor wavelets.

3.2. SeparableBRDF Approximation

Factorization ~ We use the SVD techniqueto factorize
BRDFs[19]. We samplethe BRDF and constructa BRDF
matrix M, the columnsandrows of which aresamplednci-
dentdirectionsandview directionsrespectiely. We process
theR, G, andB colorchannelseparatelyApplying SVD on
M givesM = USVT, which canbere-writtenas:

K
M= & SkUkVp
k=1
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wheresingularvaluessy are diagonalelementsof S, and
Uk, Vk arecolumnvectorsof U andV. " Sgug and™ Skvk
correspondo BRDF light mapsandview mapsrespectiely.
Sinceuy andvy aresetsof orthonormalvectors,truncating
thesumwith thelargestK singularvaluesresultsin anopti-
mal approximatiorof M in Frobeniusnorm.

In fact, dueto Helmholtzreciprocity of BRDFsandthe
fact that we apply equalsamplingresolutionon both inci-
dentand view directions,the matrix M in our caseis real
symmetric Accordingto the SpectralTheoremM is diago-
nalizablesuchthatM = QDQT. The diagonalelementsof
D areeigervaluesof M, andthe columnvectorsof Q are
the correspondinghormalizedeigervectors.They relateto
theSVDof M by: U=V =Q, S= D2, Giventhis, we can
apply the power iteration algorithm[15] on M for nding
dominantmatrix eigervalues which is fastandaccuratdor
low-order approximation.Pseudocodéor the algorithmis
givenin the Appendix. Notice that sinceU = V = Q, the
computedight mapandview mapwill differ at mostby a
signwherethe correspondingigervalueis negative.

In practiceasingletermapproximation(K = 1) canoften
reproducareasonabléegreeof specularityandcanbeef -
ciently computedwith the NormalizedDecompositior{ 19].
However, for highly specularBRDFs, more approximation
termsare necessarypecausehe singularvaluestendto be-
comeequallylarge. We have experimentedwith K = 4 for
all our BRDFs and found this to be visually good enough
for materialswith moderatespecularcomponentsin Sec-
tion 4.3, we discussthe BRDF approximationerror from
varyingK.

Parametrization Thecurrentmathematicalramenorkin
Section 3.1 requiresthe incident-viev parametrizationof
BRDFs.Highly speculaBRDFsarebetterhandledby other
(e.g.the half-anglg parametrizationwhich we cannotuse
currently Light mapsand view mapsfrom the separated
BRDF are storedas 2D textures,which are parameterized
by the orthographigrojectionof a directiond from the up-
perhemispherentotheunit disk:

x=(d s+ )=2 y=(d t+1)=2 @

wherex andy aretexturecoordinatesandsandt aretangent
vectorsof the local coordinatesystem.Unlessthe objectis
parameterizedhetangentvectorss andt mustbeevaluated
from the normaln. We usestereagraphic projectionof the
unit sphereto parameterizeormalspaceandderive thefor-
mula:

s= [ (ny+ 1)2+ nf nf;
2(ny + 1) ny; 2ny nz ]:normalize

t= n s

wheren=[ nx; ny; nz ] is anarbitrarynormal.Comparedvith
thecommonlongitude-latitudgarametrizationyhich leads
to two singularitiesgeneratedor s andt whenn=[0;1;0]
or[0; 1;0], our methodproducesonly onesingularity at

n=[0; 1;0]. Although we typically usethe orthographic
parametrizationwe foundthatfor someBRDFssuchasthe
Ashikhmin-Shirlg [2] anisotropicBRDF, the polar coordi-
nategparametrizatiomisingthefollowing formulagivessig-
ni cantly bettersingletermapproximation:

x=tan (d s d t) y=p1 dn )

3.3. Pre-computation

We pre-computea light transportmatrix Tx at eachvertex.
Distantlighting is parameterizedisingé 64 64 cubical
ervironmentmaps.Incidentandview directionsarebothex-
pressedn the sameglobal coordinatesystemas lighting.
First,werasterizeahighresolution(6 256 256)visibility
cubemapmat eachvertex. We thenusethe directionvectorof
eachcubemaypixel to index into the BRDF light maps,and
evaluatethe transportfunction as the productof visibility,
light mapvaluesandthe cubemaypixel weight(i.e. theinte-
graltransformatiorfactor).Theresultis thendown-sampled
to6 64 64,whichistheernvironmentmapresolution.

Wavelet Transform  We projecteachcubemagace(64
64) onto the 2D Haar wavelet basis.In the caseof a K-
termBRDF approximationthisrequiress K waveletrans-
forms. For non-linearapproximationwe gatherthe wavelet
coefcients on all 6 cubemapfacesand apply a linear
time selectionalgorithm to gather and storethe rst N,
waveletcoefcients accordingto their magnitudesBecause
the waveletbasesare orthonormal keepingthe coefcients
with the largest magnitudesis an optimal approximation
for aL2-norm. The K transportvectorsat eachvertex are
processedeparatelyWe have experimentedwith N, = 96
(about0.4% of uncompressedata)andachieved high ren-
dering delity . In Section4.3we shav the waveletapproxi-
mationerrorvisually by varyingN;.

Quantization and Storage To further reduceour data
size and improve renderingspeed,we uniformly quantize
the waveletcoefcients. Thethreecolor channelsarequan-
tizedto signedl1, 11 and10 bits eachandarepacledinto a
4-byte eld. Theindicesfor our sparseransportvectorsare
storedseparatelyas 16-bit unsignednteger On averagethe
guantizatiorprocesgeducedatasizeto % of un-quantized
data.The renderingspeedis more thandoubleddueto re-
duceddatasize andinteger operationsn placeof oating
pointoperations.

Hardware Acceleration The pre-computatioralgorithm
is well suitedfor acceleratioron graphicshardware.To do
this, we renderthe visibility mapinto an OpenGLphuffer,
andbind it asatexturefor a shadetthatcomputeghetrans-
ferfunction.Thistransferfunctionis renderednto a oating
point rendertamget, andis boundagain to do the dovnsam-
pling on the card.We thenonly readdataoff of the cardin
64 64 blocks of memory To reducememorybandwidth
costfor datatransferbetweenthe CPU and GPU, we store
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thevisibility modelonthecard.Thecubemapdirectionnor
malsand BRDF approximatiorntermsare storedas oating
point textures.Becausehe GPU lacks oating point inter-
polationsupportthe fragmentshadersnustalsoperforma
bilinearinterpolationwhenindexing into thetextures.

3.4. Rendering

At run-time, we samplethe ernvironmentmap dynamically
ona6 64 64cubemapperformafast2D Haarwavelet
transformatiorandthenuniformly quantizethe waveletco-

efcients to signed 16-bits per color channel.Quantized
coefcients with absolutevalue belov a certainthreshold
(1024in our experiments)arethrown away. This resultsin

keepingabout200 600, 0r 0:8% 2:5% of the lighting

coefcients, dependingon the high frequeng information
presentin the lighting. Sincewe keepmuch morelighting

coefcients thanthe transportfunction coefcients at each
vertex, the error of renderingdueto non-linearapproxima-
tion of the lighting is less notable. Thereforewe use un-

weightedselectionof thelighting coefcients [28].

To relight the scenewe performa multiplication of the
sparsdransportmatrix with the sparsdight vector andpro-
ducethelight-modulatecK -tuple for eachvertex. The view
direction at eachvertex is usedto index into BRDF view
mapsandproducetheview-modulatedK-tuple.Vertex color
is computedasthedot productof thetwo tuples.Noticethat
thelight-modulatecK -tupleis re-computeanly whenlight-
ing changeswhich involves more expensyve computation
thanchangingview.

4. Resultsand Discussion
4.1. SeparableBRDF Approximation
We presentesultsusingthefollowing BRDFs:

A redplasticandlight brown plasticBRDF
Ashikhmin-Shirlgy (AS) anisotropicBRDF [2] with pa-
rameterky = 0:5,ks= 0:75,ny = 10,ny = 100

A clay BRDF anda darkskin BRDF, usingthe Lafortune
model[22]

To constructhe BRDF matrix, we samplebothincidentand
view directionson a unit disk embeddedn a 2D texture
map of 48 48 resolution.The memoryrequiredto store
the tatulated BRDF is approximately37.5 MB. Sampling
atahigherresolutionis possible put requiresmorememory
andcomputatiortime, while providing little improvementin
accuray (seeSectiond.3). Noticethatthecosinetermin the
transporfunction(Eq 6) couldbebuilt into theBRDF, how-
ever, for someBRDFsit canaffect the separability Figure
4 shaws the approximatiorresultsfor four BRDFs.In each
image,we shav the rst 8 BRDF terms,producedy theal-
gorithmin Section3.2, alongwith arenderingof the bunry
modelusingonly the rst 4 terms.Thebunry is illuminated
by variouservironmentmaps.Theseexamplesdemonstrate
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thata 4-termapproximations visually adequatdor materi-
alswith moderatespeculacomponents.

Sincematrix SVD usually producessomenegative coef-
cients, we occasionallynotice undesirednegative residue
colors(suchasthenoticeableblue colorsaroundthe bottom
of Lucy's skirtin Figure7).

4.2. Performance

Our testresultswere acquiredon an Intel Pentium4 2.6
GHz computerwith 1 GB memoryandan Nvidia GeForce
5900graphicscard.We compileour programsusingtheIntel
Compilerversion7.1,andwe usethe OpenGLverte buffer
objects(VBO) extensionto reducememorybandwidthcost
for datatransferbetweerCPUandGPU.

Pre-computation Table 1 shawvs the pre-computation
timesandstoragaequirementsor anumberof modelsused
in ourexperimentsAll modelsarepre-computeavith K = 4
BRDF approximationterms. For comparisonwe also list
the pre-computatiorime andstoragerequirementgor sin-
gle term K = 1 approximation.To demonstratehe ability
of ourtechniqueo handleall-frequeny shadavs,werender
a diffuse groundquadundereachmodel; the performance
numbersncludepre-computatioime for theground.

For visibility sampling,we usea simpli ed scenemodel
to reducerasterizatiortime. This approximatiorhasno vis-
ible effect on ary of our testscenesOur non-linearwavelet
approximationkeepsup to N, = 96 largestcoefcients for
eachtransporivector Coefcients thatarequantizedo zero
arethrown away. Sincewe evaluatea transportmatrix, con-
sistingof K = 4 transportvectorsper vertex, the total stor
agerequirementis roughly 200 MB for a 100,000-ertex
model.Thesizeis roughly%1 of un-quantizedlata.By using
graphicshardware accelerationyve are ableto reducepre-
computationtime by 50% comparedto a CPU implemen-
tation, which usesthe graphicshardware only for visibility
sampling.

Rendering Table 2 lists our renderingframe rates.For
view changewe achieve interactve ratesfor all ourmodels.
For lighting change we achieve interactie ratesfor small
models( 50K vertices)andnearinteractve ratesfor bigger
models( 150K vertices).

Figure6 shaws the ability of our techniqueto handleall-
frequeng illumination effects. The Buddhamodelis illu-
minatedby the St. Peter's Basilica ervironmentmap. No-
tice the clear de nition of shadevs on the ground. The
Lucy modelis illuminatedby a smallarealight. This high-
frequeng lighting createsa sharpcontrastbetweenlLucy's
bright front faceand dark back face.Also notice the dark
shadev on the ground. Techniquesbasedon low-order
sphericalharmonicsrepresentatiorcannotreproducesuch
high-frequenyg illumination effects. Figures1 and 7 show
severalmodelsrenderedwith differentlighting andBRDFs.
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Bunry Buddha Dragon Lucy

Vertices 36K 56K 100K 180K
Ground 22K 31K 63K 23K
Simp.Vis. 11K 20K 32K 17K
1-termPT. 21min 35min 70min 80min
4-termPT. 70min  101min 194min 233min
1-termSize 30MB 44 MB 81MB 100MB
4-termSize 84MB 127MB 230MB 370MB

Table 1: Listed here are: modelsize (numberof vertices),
sizeof the diffuseground,sizeof the simpli ed scenemodel
for visibility sampling 1-termand 4-term pre-computation
time andcorrespondingstorage size

Bunry Buddha Dragon Lucy
1-termView  90fps 46fps  24fps 18fps
4-termView  63fps 35fps  18fps 12fps
1-termLight 20fps 1l4fps 7.8fps 6.2fps
4-termLight 7.2fps  5.0fps 2.7fps 1.7fps

Table 2: Renderingrameratesfor view change andlighting
changg, with 1-termand4-termBRDFapproximation.

4.3. Accuracy

BRDF Approximation To analyzethe accurag of our
BRDF approximation,we choose 80,000 randomly dis-
tributedsamplesover the incidentandview direction,eval-
uatethe approximatedBRDF value, and then computethe
root meansquared RMS) error of the sampleswith the an-
alytic BRDF, weightedby the cosineterm (w; n) of thein-
cidentdirection. In Figure 4, we plot the cosine-weighted
RMS error of eachBRDF approximatiorasfunction of the

Figure 1: In the left the
Dragon model is rendeed
with the Ashikhmin-Shirlg
anisotopic BRDF and illu-
minatedby the Uf zi Gallery
ervironmentmap; in theright
the Bunny modelis rendeed
with a red plastic BRDF
and illuminated by the Grace
Cathedrakrvironmenimap.

numberof approximatiorterms;eachcurve representadif-
ferentlight-view map resolution.The non-zeroasymptotic
erroris dueto bilinearinterpolationof nite resolutiontex-
ture maps.Notice thatin all the examplesthe errorline of
32 32 texture resolutionis very closeto that of 64 64
texture resolution.Samplingat a higherresolutionrequires
more memoryand computationtime, while providing little
improvementin accurag. Thereforewe choose48 48tex-
tureresolutionwhichis bothaccurateandfastto compute.

It is well-known that RMS error of the BRDF function
doesnot directly relateto the error in rendering.In Fig-
ure 2 we shav renderingof the Buddhamodelwith differ-
entnumberof approximationterms(K) of the Ashikhmin-
Shirley anisotropicBRDF. The modelis illuminated by a
single distantlight. The rightmostimageis renderedwith
the analyticBRDF for referenceComparing delity of the
specularhighlights, we seethat a 4-term approximationis
visually accurateIncreasingthe numberof termsusedin
pre-computatiomequiresmore le storagesizeandreduces
renderingspeedThereforewe chooseK = 4, whichis visu-
ally accurateandresultsin acceptableesourcgequirement.

In casewhereaccurag is not the primary concern,we
foundthata singletermapproximatiorncanoftenreproduce
a reasonablemountspecularcomponentsFigure 5 com-
paresthe Lucy modelrenderedwith a diffuse gray BRDF,
a 1-term approximationand 4-term approximationof the
Ashikhmin-Shirlgy anisotropicBRDF. Notice the specular
highlightsthatthe singleterm approximatiorexhibits com-
paredto thediffuseBRDF.

Non-linear WaveletApproximation  Figure3 shovssev-
eral renderingsof the Bunry modelwith a high-frequeng
shadev on the groundas we vary the numberof wavelet
approximationterms(N;) in the transportfunction. We see
thatN, = 96 givesvisually goodresult.Increasing\; gives
higher delity of the high-frequeng shadaevs but alsore-
quires more computationtime and storagesize. Since we
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keepmuchmorelighting waveletcoefcients thanthetrans-
portfunctioncoefcients ateachvertex, theerrorin render
ing dueto thelighting approximatioris lessnotable [28] is
agoodreferencdor accurag analysisof non-linearwavelet
approximatiorof lighting.

5. Conclusionand Futur e Work

We have shawn that using non-linearwavelet approxima-
tion and separabldBRDF approximationenablesrendering
of non-difuseobjectsunderall-frequeng illuminationatin-
teractverates.

We arecurrentlyworking on acceleratingenderingusing
programmablgraphicshardware.Our currentimplementa-
tion usesa vertex shaderto computethe texture coordinates
basedon the view direction and the tangentvectors (see
Eq7), andafragmentshadeperformsthe dot productof the
view-modulatedK-tuplewith thelight-modulateK-tuple to
producea per pixel color, using oating point texture maps
to representhe BRDF terms.Although our prototypeGPU
implementationis interactve, it canbe outperformedby a
carefully tunedCPU implementationusing the Intel SSE2
instructionseton a high-endPC. For pre-computationye
planto experimentwith principalcomponenganalysismeth-
ods suchas[35, 24] to further reducethe storagesize by
exploiting datacoherenceamongvertices.As an extension
to our currentpre-computatioralgorithmon graphicshard-
ware,we alsoplanto computethetransferfunctionof multi-
ple verticesatthe sametime. By carefulload-balancingywe
hopeto of oad anequalamountof work to the GPU asthe
CPU,allowing themto operateatfull speedcasynchronously
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Figure 2: TheBuddhamodelrendeed with the Ashikhmin-Shirlg anisotopic BRDF illuminatedby a singledistantlighting.
We compae delity of thespecularhighlight by increasingthe numberof BRDF approximationtermsK. Therightmostshows
renderingwith theanalyticBRDF

N = 64(0:26%) N = 96(0:4%)

N = 160(0:5%) N = 256(1%)

Figure 3: TheBunnymodelcastingshadowsn the ground.We compae delity of the shadowsby increasingthe numberof
waveletapproximationtermsN; in the pre-computedransportvectos. Percentaye numbes are givenin parentheses.
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Anisotiopic Clay Plastic Darkskin

Figure 4: BRDFdecompositiomesultsfor four chosenBRDFs:the Ashikhmin-Shirlg anisotiopic BRDF, a light brownplastic
BRDF, a Lafortuneclay BRDF, and a Lafortunedark skinBRDFE Thetop imagesshowthe r st 8 approximationterms,along
with a renderingthethe Bunnymodelusingonly the r st4 terms.Negativecolorsin thetexture mapsare displayedn absolute
values.Noticethat sinceour BRDF matrix is symmetricthe view mapsdiffer with light mapsonly by a signwhenthe corre-
spondingeigervalueis nggative hences notshownhere. Thebottomgraphsplot the cosine-weighte@®RMSerror of our BRDF
approximationwith increasingnumberof terms,and alsowith varyingtexture mapresolutionfrom16 16to64 64.

Figure 5: From left to right, the Lucy modelis rendeed with a gray diffuse BRDF, a 1-term approximation (using polar
coominatesparametrizationin Eq 8) of the Ashikhmin-Shirlg anisotiopic BRDF and a 4-termappmoximation.Compae the
middleimage with theleftimage, wefounda 1-termapproximationis ableto exposeareasonabl@amountof speculatighlights.
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Figure 6: Our techniqueis capableof capturingall-frequencyillumination and
shadowslIn the left the Buddhamodelis illuminated by the St. Peters Basilica
ervironmentmap. Notice the clear de nition of shadowson the ground.In the
right the Lucy modelis illuminatedby a small arealight, notice the contrast of

Figure 7: The Lucy modelrendeed
with a light brown plastic BRDF and
illuminated by the EucalyptusGrove
ervironmentmap.

Lucy'sfrontfaceto its bad facecreatedby this high-frequencylighting.
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Appendix

The poweriteration algorithmis commonlyusedto com-
pute dominantmatrix eigervaluesand eigervectors.Since
the eigervectorsof a real symmetricmatrix M correspond
to the column vectorsof the left matrix U of M's SVD
(M = USV"), we canapply the power iteration algorithm
on M to obtainits dominantsingularvaluesandvectors.In
mostcasest is fastandaccurateenoughfor alow-orderap-
proximationof M. The pseudocodés asfollows:

M isanN N BRDF matrix
K is thenumberof approximatiorterms
Uk andvy arethek-th view mapandlight map
MR is theresidueBRDF matrix aftereachiteration
MR =M
fork= 1toK do
vk randomN 1 non-zerovector
repeat
Vk  MRrvk
Vk V=K vg k (hnormalization)
until 1 = Vg Mg Vi=k v k% converges

Vk i1k vk

if lxk>0) ue vk

else  ug Vi

Mgr = Mg UkVI
end
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