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Abstract

This paper presentsa technique, basedon pre-computedlight transportand separable BRDF approximation,
for interactiverenderingof non-diffuseobjectsunderall-frequencyenvironmentillumination.Existingtechniques
usingsphericalharmonicsto representenvironmentmapsand transportfunctionsare limited to low-frequency
light transporteffects.Non-linearwaveletlighting approximationis able to capture all-frequencyillumination
and shadowsfor geometryrelighting, but interactiverenderingis currently limited to diffuseobjects.Our work
extendsthewavelet-basedapproach to relightingof non-diffuseobjects.We factorizetheBRDFusingseparable
decompositionand keeponly a few low-order approximationterms,each consistingof a 2D light mappaired
with a 2D view map.We thenpre-computelight transportmatricescorrespondingto each BRDFlight map,and
compressthedatawith a non-linearwaveletapproximation.Weusemoderngraphicshardware to acceleratepre-
computation.At run-time, a sparselight vectoris multiplied by the sparsetransportmatrix at each vertex, and
theresultsare further combinedwith texture lookupsof theview directioninto theBRDFview mapsto produce
view-dependentcolor. Usingour technique, wedemonstraterenderingof objectswith several non-diffuseBRDFs
underall-frequency, dynamicenvironmentlighting at interactiverates.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3[ComputerGraphics]:Picture/ImageGeneration;
I.3.7 [ComputerGraphics]:Color, shading,shadowing, andtexture

1. Intr oduction

Interactiverenderingof objectswith realisticmaterials,com-
plex illumination, andshadows continuesto presenta great
challengein computergraphics.Conventionalimagesynthe-
sistechniquessuchasMonteCarloraytracing[18, 38], pho-
tonmapping[17], andradiosity[7] simulatecomplex global
illumination effects,but aretoo expensive for real-timeren-
dering.Surfacelight �elds [40, 6] allow for capturingreal-
istic appearanceandreal-timerenderingof physicalobjects;
however, they do not allow for dynamiclighting. Our goal
is to relightnon-diffuseobjectsat interactive ratesunderdy-
namic,complex illuminationandchangingview.

Recently, Sloanet al. [36] introducedthe pre-computed
radiancetransferapproachfor shadingmodelswith low-
frequency environmentmaps.They proposea compactrep-
resentationof light transportfunctionsusingasphericalhar-
monic (SH) basis.Relighting then reducesto a simple in-
ner product of the light vector, also representedin a SH

basis,with pre-computedtransportvectorsat eachvertex.
View-dependentrenderingof glossy surfacesusesa pre-
computedtransportmatrix ratherthana vectorat eachver-
tex. Althoughthetechniqueis fastandcompact,it is limited
to low-frequency environmentmapsdue to approximation
with low-order (25D) sphericalharmonics.Ng et al. [28]
renderall-frequency lighting andshadow effectsat interac-
tiveframeratesby usinganon-linearwaveletapproximation
of theenvironmentmapandtransportmatrix. However, for
geometryrelighting with changingview, their approachis
limited to diffuseobjects.

Our work extendsNg et al's geometryrelighting tech-
nique to handlenon-diffuseobjectswith complex BRDFs.
Weuseaseparabledecompositionto approximatetheBRDF
with a few (K) low-order terms,eachconsistingof a 2D
light mapand2D view map. At eachvertex, wepre-compute
K transportvectorscorrespondingto eachof the K light
maps.We compressthetransportvectorsusinga non-linear
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wavelet approximationas in [28] At run-time,when light-
ing changes,wesampletheenvironmentmapandcomputea
sparselight vectorusingnon-linearwaveletapproximation.
Thesparselight vectoris multiplied by theK transportvec-
torspervertex to produceK colors,which we call thelight-
modulatedK-tuple. Whentheviewpointchanges,weusethe
view directionateachvertex to index into all K BRDFview
maps,formingwhatwecall theview-modulatedK-tuple. Fi-
nally, the view-dependentcolor at eachvertex is computed
asthe dot productof the view-modulatedK-tuple with the
light modulatedK-tuple.

Kautz[19] andMcCool [27] have proposedfactorization
techniquesfor interactive renderingwith arbitraryBRDFs.
Weuseamethodsimilarto thesingularvaluedecomposition
(SVD) methodin [19], but exploit the fact that our BRDF
matrixis realsymmetricandhavesuccessfullyexperimented
with usingthepoweriteration algorithmfor fastevaluation
of low-orderBRDF approximation.Our experimentsshow
that theseparableBRDF approximationis accurateenough
for materialswith moderatespecularcomponents(seeFig-
ure 4). Highly specularBRDF functionsrequiremore ap-
proximationterms,which reducesrun-timeperformance.

Finally, we have acceleratedpre-computationusingmod-
erngraphicshardware,whichdecreasesthepre-computation
timeby 50%comparedwith theCPUimplementation.

2. RelatedWork

2.1. Pre-computationTechniques

Therenderingequation[18] for distantdirectillumination:

B(x;wo) =
Z

W
L(wi) fr (x;wi ! wo)V(x;wi) (wi � n(x)) dwi

(1)
describeslight transportin the 6D spaceof incidentdirec-
tion wi , view directionwo and2D surfacelocationx. Due
to its high dimensionality, the renderingequationis expen-
sive to evaluate.Therefore,extensive researchhasexamined
pre-computationtechniquesfor real-timerendering.

Environment mapswere �rst introducedby Blinn and
Newell [4] to approximatespecularre�ection of distanten-
vironments.Sincethen several approacheshave beenpro-
posedto simulatediffuseandglossyre�ection basedonpre-
convolved environmentmaps[14, 20, 31, 32]. However,by
assumingEq 1 is independentof surfacelocationx andig-
noring visibility V, they cannothandleshadowing or spa-
tially varyingBRDFs.

Imageor texturerelightingtechniquespre-computeglobal
illumination solutionsfor a set of lighting approximation
functions,suchas points [11], polynomials[26], steerable
functions[30, 3] andcompressedprincipalcomponentbasis
[9]. Thesetechniquescanhandledynamiclighting changes
andglobal illumination effectssuchasself-shadowing and
interre�ections.However, they assumethat the view direc-

tion wo dependsonly on surfacelocationx in Eq 1, thusre-
quiring viewpoint to be �x ed. Shadowing techniqueshave
alsobeenpresentedsuchasconvolution textures[37], atten-
uationmaps[1], andpre-computedvisibility [16], but they
do not allow real-timedynamicenvironment lighting and
complex self-shadowing geometry.

Light �elds [25, 13] recordradiancesamplesasthey pass
througha pair of viewing planes.Surfacelight �elds [40, 6]
recordexitant radiancein sampleddirectionsover an ob-
ject's surface.Thesetechniquesallow for view-dependent
renderingof complex surfacematerialsbut are limited to
staticlighting sinceL is assumedto be�x edin Eq 1.

Recently, Sloanet al. introducedpre-computedradiance
transfer (PRT), which capturesthe way an object shad-
ows,scatters,andre�ects light [36]. They pre-computelight
transportfunctions(the productof fr , V andw� n in Eq 1)
for eachvertex and representthem as transportvectorsin
a low-order sphericalharmonics(SH) basis.Relighting is
thenreducedto a simple inner productof the light vector,
alsorepresentedin aSHbasis,with thepre-computedtrans-
port vectorsat eachvertex. In thecaseof glossysurfaces,a
transportmatrix is pre-computedinsteadof a vectorto sup-
portview-dependentrendering.Thistechniqueis furtherim-
provedby [21, 24, 35] to allow for real-timerenderingof ar-
bitraryglossysurfaces.

Sphericalharmonicshave previously been applied by
[34, 5, 39] asa compactrepresentationfor BRDF or global
illumination solutions. However, as Ng et al. point out
[28], a low-orderSH basiscanonly approximatevery low-
frequency environmentmaps,and thereforecannotrepro-
duceall-frequency lighting andshadowing effects.Instead,
they proposeusingnon-linearwaveletapproximationto rep-
resentthe environmentmapandlight transportmatrix, and
achieve all-frequency illumination andshadows at interac-
tive framerates.They demonstratethe techniqueprimarily
for imagerelighting, andgeometryrelighting is limited to
diffuseobjectsonly. In their recentwork [29] Ng et al. de-
velopedtriple productintegralsfor all-frequency relighting.
This new techniqueis accuratebut renderingrequiresa few
seconds.Our paperextendsthe wavelet-basedapproachof
Ng etal. to all-frequency relightingof non-diffuseobjectsat
interactive framerates.

2.2. BRDF Factorization

BRDF factorizationhasbeenappliedfor interactive shad-
ing of realisticmaterialsandimportantsamplingof BRDFs
[23] etc. Existing techniquesfor arbitrary BRDF factor-
ization include SeparableBRDF Decomposition[19] and
HomomorphicFactorization[27]. They storethe separated
as BRDF 2D texture maps, then use graphicshardware
to index thesemapsand renderobjectsin real-time.Non-
Negative Matrix Factorization(NMF) [8] can also be ap-
plied to decomposeBRDFs,which generatesstrictly posi-
tive coef�cients astheHomomorphicFactorizationmethod.
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In [10, 12] researchersexamineseparabilityandotherprop-
ertiesof tabulatedBRDFs.In [33, 19] researchershow that
properparametrization(suchasthehalf-angleparametriza-
tion) of aBRDFcanimprove its separabilityremarkably.

The current mathematicalframework of our technique
(see Section 3.1) requires separableapproximation of
BRDFsparameterizedby incidentandview directions.We
show that with a few low-order terms,our approximation
is visually goodenoughfor BRDFswith moderatespecular
components.The separabledecompositionapproximatesa
multivariateBRDFfunction fr asasumof productsof func-
tionsgk andhk of lowerdimensionality:

fr (wi ;wo) �
K

å
k= 1

gk(wi) hk(wo) (2)

whereK is numberof approximationterms.We call gk the
BRDF light mapsinceit is a 2D texture mapindexed with
the incident direction wi . Similarly hk is called view map
sinceit is a 2D texturemapindexedwith theview direction
wo. To decomposethe BRDF, we usea similar methodas
theSVD methodin [19], but exploit theknowledgethatour
BRDF matrix is real symmetric.As a result, the BRDF is
approximatedby a few low-orderterms,eachconsistingof
a2D light mappairedwith a2D view map.

3. Algorithms and Implementation

In this section,we describealgorithmsfor pre-computation
andrelightingusingnon-linearwaveletandseparableBRDF
approximations.We also discussways to acceleratepre-
computationusingmoderngraphicshardware.

3.1. Overview

We make theassumptionthat illumination is distantanddi-
rect,andwedonotconsiderinter-re�ectedillumination.For
convenience,we re-writeEq 1 here:

B(x;wo) =
Z

W
L(wi) fr (x;wi ! wo)V(x;wi) (wi � n(x)) dwi

wherex is thesurfacelocation,B is the re�ected light, L is
thelighting, wi is incidentdirection,wo is view direction, fr
is the BRDF, V is visibility, andn is the surfacenormalat
x. Theintegrationdomainis over theupperhemispherewith
respectto n. We assumeL representsdistant illumination
(environmentmap).For simplicity, we considerthe BRDF
to beuniform acrosstheobjectsurface,but it is straightfor-
wardto handlespatiallyvaryingBRDFsmodulatedby atex-
turemapor a linearcombinationof basicBRDFs,sinceour
pre-computationis per vertex. SubstitutingEq 2 (separable
BRDFapproximation)into Eq 1 gives:

B(x;wo)

=
Z

W
L(wi)

 
K

å
k= 1

gk(wi) hk(wo)

!

V(x;wi) (wi � n(x)) dwi

=
K

å
k= 1

�
hk(wo)

Z

W
L(wi) gk(wi)V(x;wi) (wi � n(x)) dwi

�

We de�ne a combinedtransportfunctionfor thek-th BRDF
termas:

Tk(x;wi) = gk(wi)V(x;wi) (wi � n(x)) (3)

whichallowsusto expressre�ectedlight as:

B(x;wo) =
K

å
k= 1

�
hk(wo)

Z

W
L(wi) Tk(x;wi) dwi

�
(4)

Theintegrandin theabove equationis no longerdependent
on wo. Usingnumericalcubature(with appropriatenormal-
izing weightsfor integral transformation),wecanwrite:

Z

W
L(wi) Tk(x;wi) dwi = å

j
Tk(x;w j ) L(w j ) (5)

Finally, combiningEq 5 with Eq 4 wehave:

B(x;wo) =
K

å
k= 1

 

hk(wo) å
j

Tk(x;w j ) L(w j )

!

For a givensurfacelocationx andits view directionwo, we
canwrite theequationabove in matrixnotation:

Bx = hx Tx L (6)

HereBx is theview-dependentcolor of x, L is thelight vec-
tor, hx is calledthe view-modulatedK-tuple, which is a K-
vectorevaluatedby texture lookupsof wo into all K BRDF
view maps.Tx is thetransportmatrix, therowsof whichare
K transportvectorscorrespondingto theBRDF light maps.
We de�ne gx = Tx L, which is a K-vectorcalledthe light-
modulatedK-tuple. Now Bx is simply a dot productof hx
with gx. Clearly, changingthelight requiresre-evaluationof
gx, but changingtheview only requiresupdatinghx. Wedis-
cusstheruntimecostfor eachcasein Section4.2.

Eq 6 is similar to thematrix notationin [28]. Thediffer-
enceis thatherethe transportvectorsaremodulatedby the
BRDF light maps,andrenderingis modulatedby theBRDF
view maps.As pointedout by Ng et al in [28], theillumina-
tion canbeparameterizedoverany domainsuchasasphere,
a cubicalenvironmentmap,or local lighting from a ceiling
or window. Also, Eq 6 holdswhenL androw vectorsof Tx
are expressedin any orthonormalbasis,suchas spherical
harmonicsor wavelets.

3.2. SeparableBRDF Approximation

Factorization We use the SVD techniqueto factorize
BRDFs[19]. We samplethe BRDF andconstructa BRDF
matrix M, thecolumnsandrows of which aresampledinci-
dentdirectionsandview directionsrespectively. Weprocess
theR,G,andB colorchannelsseparately. Applying SVD on
M givesM = USVT , whichcanbere-writtenas:

M =
K

å
k= 1

sk uk vT
k
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wheresingularvaluessk are diagonalelementsof S, and
uk, vk arecolumnvectorsof U andV.

p
sk uk and

p
sk vk

correspondto BRDFlight mapsandview mapsrespectively.
Sinceuk andvk aresetsof orthonormalvectors,truncating
thesumwith thelargestK singularvaluesresultsin anopti-
malapproximationof M in Frobeniusnorm.

In fact, dueto Helmholtz reciprocityof BRDFsandthe
fact that we apply equalsamplingresolutionon both inci-
dentandview directions,the matrix M in our caseis real
symmetric.Accordingto theSpectralTheorem,M is diago-
nalizablesuchthatM = QDQT . Thediagonalelementsof
D areeigenvaluesof M, and the columnvectorsof Q are
the correspondingnormalizedeigenvectors.They relateto
theSVD of M by: U = V = Q, S= D2. Giventhis, we can
apply the power iteration algorithm[15] on M for �nding
dominantmatrix eigenvalues,which is fastandaccuratefor
low-order approximation.Pseudocodefor the algorithm is
given in the Appendix.Notice that sinceU = V = Q, the
computedlight mapandview mapwill differ at mostby a
signwherethecorrespondingeigenvalueis negative.

In practice,asingletermapproximation(K = 1) canoften
reproduceareasonabledegreeof specularity, andcanbeef�-
ciently computedwith theNormalizedDecomposition[19].
However, for highly specularBRDFs,moreapproximation
termsarenecessarybecausethesingularvaluestendto be-
comeequally large.We have experimentedwith K = 4 for
all our BRDFsand found this to be visually goodenough
for materialswith moderatespecularcomponents.In Sec-
tion 4.3, we discussthe BRDF approximationerror from
varyingK.

Parametrization Thecurrentmathematicalframework in
Section3.1 requiresthe incident-view parametrizationof
BRDFs.Highly specularBRDFsarebetterhandledby other
(e.g. the half-angle) parametrization,which we cannotuse
currently. Light mapsand view mapsfrom the separated
BRDF are storedas 2D textures,which are parameterized
by theorthographicprojectionof a directiond from theup-
perhemisphereontotheunit disk:

x = (d � s+ 1)=2 y = (d � t + 1)=2 (7)

wherex andy aretexturecoordinates,andsandt aretangent
vectorsof the local coordinatesystem.Unlessthe objectis
parameterized,thetangentvectorssandt mustbeevaluated
from the normaln. We usestereographic projectionof the
unit sphereto parameterizenormalspaceandderive thefor-
mula:

s= [ (ny + 1)2 + n2
z � n2

x;

� 2(ny + 1) nx; � 2nx nz ] :normalize

t = n � s

wheren=[ nx; ny; nz ] is anarbitrarynormal.Comparedwith
thecommonlongitude-latitudeparametrization,which leads
to two singularitiesgeneratedfor s andt whenn=[ 0;1;0 ]
or [ 0; � 1;0 ], our methodproducesonly onesingularityat

n=[ 0; � 1;0 ]. Although we typically usethe orthographic
parametrization,we foundthatfor someBRDFssuchasthe
Ashikhmin-Shirley [2] anisotropicBRDF, thepolarcoordi-
natesparametrizationusingthefollowing formulagivessig-
ni�cantly bettersingletermapproximation:

x = tan� 1(d � s; d � t) y =
p

1� d � n (8)

3.3. Pre-computation

We pre-computea light transportmatrix Tx at eachvertex.
Distantlighting is parameterizedusing6� 64� 64 cubical
environmentmaps.Incidentandview directionsarebothex-
pressedin the sameglobal coordinatesystemas lighting.
First,werasterizeahighresolution(6� 256� 256)visibility
cubemapat eachvertex. We thenusethedirectionvectorof
eachcubemappixel to index into theBRDF light maps,and
evaluatethe transportfunction as the productof visibility,
light mapvaluesandthecubemappixel weight(i.e. theinte-
gral transformationfactor).Theresultis thendown-sampled
to 6� 64� 64,which is theenvironmentmapresolution.

WaveletTransform Weprojecteachcubemapface(64�
64) onto the 2D Haar wavelet basis.In the caseof a K-
termBRDFapproximation,thisrequires6� K waveletrans-
forms.For non-linearapproximation,we gatherthewavelet
coef�cients on all 6 cubemapfacesand apply a linear-
time selectionalgorithm to gather and store the �rst Nl
waveletcoef�cients accordingto their magnitudes.Because
the wavelet basesareorthonormal,keepingthe coef�cients
with the largest magnitudesis an optimal approximation
for a L2-norm. The K transportvectorsat eachvertex are
processedseparately. We have experimentedwith Nl = 96
(about0.4%of uncompresseddata)andachieved high ren-
dering�delity . In Section4.3we show thewaveletapproxi-
mationerrorvisuallyby varyingNl .

Quantization and Storage To further reduceour data
size and improve renderingspeed,we uniformly quantize
thewaveletcoef�cients. Thethreecolor channelsarequan-
tizedto signed11,11and10bitseachandarepackedinto a
4-byte�eld. Theindicesfor our sparsetransportvectorsare
storedseparatelyas16-bit unsignedinteger. On averagethe
quantizationprocessreducesdatasizeto 1

4 of un-quantized
data.The renderingspeedis morethandoubleddueto re-
duceddatasizeand integer operationsin placeof �oating
pointoperations.

Hardware Acceleration Thepre-computationalgorithm
is well suitedfor accelerationon graphicshardware.To do
this, we renderthe visibility mapinto an OpenGLpbuffer,
andbind it asa texturefor a shaderthatcomputesthetrans-
fer function.Thistransferfunctionis renderedinto a�oating
point rendertarget,andis boundagain to do thedownsam-
pling on thecard.We thenonly readdataoff of thecardin
64� 64 blocks of memory. To reducememorybandwidth
costfor datatransferbetweenthe CPU andGPU,we store
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thevisibility modelonthecard.Thecubemapdirectionnor-
malsandBRDF approximationtermsarestoredas�oating
point textures.Becausethe GPU lacks�oating point inter-
polationsupport,the fragmentshadersmustalsoperforma
bilinearinterpolationwhenindexing into thetextures.

3.4. Rendering

At run-time,we samplethe environmentmapdynamically
on a 6� 64� 64 cubemap,performa fast2D Haarwavelet
transformationandthenuniformly quantizethewaveletco-
ef�cients to signed 16-bits per color channel.Quantized
coef�cients with absolutevalue below a certain threshold
(1024in our experiments)arethrown away. This resultsin
keepingabout200� 600, or 0:8% � 2:5% of the lighting
coef�cients, dependingon the high frequency information
presentin the lighting. Sincewe keepmuchmore lighting
coef�cients than the transportfunction coef�cients at each
vertex, the error of renderingdueto non-linearapproxima-
tion of the lighting is lessnotable.Thereforewe useun-
weightedselectionof thelighting coef�cients [28].

To relight the scene,we performa multiplication of the
sparsetransportmatrixwith thesparselight vector, andpro-
ducethe light-modulatedK-tuplefor eachvertex. Theview
direction at eachvertex is usedto index into BRDF view
mapsandproducetheview-modulatedK-tuple.Vertex color
is computedasthedotproductof thetwo tuples.Noticethat
thelight-modulatedK-tupleis re-computedonly whenlight-
ing changes,which involves more expensive computation
thanchangingview.

4. Resultsand Discussion

4.1. SeparableBRDF Approximation

Wepresentresultsusingthefollowing BRDFs:

� A redplasticandlight brown plasticBRDF
� Ashikhmin-Shirley (AS) anisotropicBRDF [2] with pa-

rameterskd = 0:5, ks = 0:75,nu = 10,nv = 100
� A clayBRDF anda darkskinBRDF, usingtheLafortune

model[22]

To constructtheBRDFmatrix,wesamplebothincidentand
view directionson a unit disk embeddedin a 2D texture
map of 48� 48 resolution.The memoryrequiredto store
the tabulatedBRDF is approximately37.5 MB. Sampling
atahigherresolutionis possible,but requiresmorememory
andcomputationtime,while providing little improvementin
accuracy (seeSection4.3). Noticethatthecosinetermin the
transportfunction(Eq6) couldbebuilt into theBRDF, how-
ever, for someBRDFsit canaffect the separability. Figure
4 shows theapproximationresultsfor four BRDFs.In each
image,weshow the�rst 8 BRDFterms,producedby theal-
gorithmin Section3.2, alongwith a renderingof thebunny
modelusingonly the�rst 4 terms.Thebunny is illuminated
by variousenvironmentmaps.Theseexamplesdemonstrate

thata 4-termapproximationis visually adequatefor materi-
alswith moderatespecularcomponents.

Sincematrix SVD usuallyproducessomenegative coef-
�cients, we occasionallynoticeundesirednegative residue
colors(suchasthenoticeablebluecolorsaroundthebottom
of Lucy's skirt in Figure7).

4.2. Performance

Our test resultswere acquiredon an Intel Pentium4 2.6
GHz computerwith 1 GB memoryandan Nvidia GeForce
5900graphicscard.WecompileourprogramsusingtheIntel
Compilerversion7.1,andweusetheOpenGLvertex buffer
objects(VBO) extensionto reducememorybandwidthcost
for datatransferbetweenCPUandGPU.

Pre-computation Table 1 shows the pre-computation
timesandstoragerequirementsfor anumberof modelsused
in ourexperiments.All modelsarepre-computedwith K = 4
BRDF approximationterms.For comparison,we also list
the pre-computationtime andstoragerequirementsfor sin-
gle term K = 1 approximation.To demonstratethe ability
of our techniqueto handleall-frequency shadows,werender
a diffusegroundquadundereachmodel; the performance
numbersincludepre-computationtime for theground.

For visibility sampling,we usea simpli�ed scenemodel
to reducerasterizationtime.This approximationhasno vis-
ible effect on any of our testscenes.Our non-linearwavelet
approximationkeepsup to Nl = 96 largestcoef�cients for
eachtransportvector. Coef�cients thatarequantizedto zero
arethrown away. Sincewe evaluatea transportmatrix,con-
sistingof K = 4 transportvectorsper vertex, the total stor-
agerequirementis roughly 200 MB for a 100,000-vertex
model.Thesizeis roughly 1

4 of un-quantizeddata.By using
graphicshardwareacceleration,we areable to reducepre-
computationtime by 50% comparedto a CPU implemen-
tation,which usesthe graphicshardwareonly for visibility
sampling.

Rendering Table 2 lists our renderingframe rates.For
view change,weachieve interactive ratesfor all ourmodels.
For lighting change,we achieve interactive ratesfor small
models(� 50K vertices)andnearinteractiveratesfor bigger
models(� 150Kvertices).

Figure6 shows theability of our techniqueto handleall-
frequency illumination effects.The Buddhamodel is illu-
minatedby the St. Peter's Basilica environmentmap.No-
tice the clear de�nition of shadows on the ground. The
Lucy modelis illuminatedby a smallarealight. This high-
frequency lighting createsa sharpcontrastbetweenLucy's
bright front faceand dark back face.Also notice the dark
shadow on the ground. Techniquesbasedon low-order
sphericalharmonicsrepresentationcannotreproducesuch
high-frequency illumination effects.Figures1 and 7 show
severalmodelsrenderedwith differentlighting andBRDFs.
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Figure 1: In the left the
Dragon model is rendered
with the Ashikhmin-Shirley
anisotropic BRDF and illu-
minatedby the Uf�zi Gallery
environmentmap; in the right
the Bunny model is rendered
with a red plastic BRDF
and illuminated by the Grace
Cathedralenvironmentmap.

Bunny Buddha Dragon Lucy

Vertices 36K 56K 100K 180K
Ground 22K 31K 63K 23K

Simp.Vis. 11K 20K 32K 17K
1-termP.T. 21min 35min 70min 80min
4-termP.T. 70min 101min 194min 233min
1-termSize 30MB 44MB 81MB 100MB
4-termSize 84MB 127MB 230MB 370MB

Table 1: Listedhere are: modelsize(numberof vertices),
sizeof thediffuseground,sizeof thesimpli�ed scenemodel
for visibility sampling, 1-termand 4-termpre-computation
time, andcorrespondingstoragesize.

Bunny Buddha Dragon Lucy

1-termView 90 fps 46 fps 24 fps 18 fps
4-termView 63 fps 35 fps 18 fps 12 fps
1-termLight 20 fps 14 fps 7.8fps 6.2fps
4-termLight 7.2fps 5.0fps 2.7fps 1.7fps

Table2: Renderingframeratesfor view changeandlighting
change, with 1-termand4-termBRDFapproximation.

4.3. Accuracy

BRDF Approximation To analyzethe accuracy of our
BRDF approximation,we choose80,000 randomly dis-
tributedsamplesover the incidentandview direction,eval-
uatethe approximatedBRDF value,andthencomputethe
root meansquared(RMS) errorof thesampleswith thean-
alytic BRDF, weightedby thecosineterm(wi � n) of the in-
cident direction. In Figure 4, we plot the cosine-weighted
RMS errorof eachBRDF approximationasfunctionof the

numberof approximationterms;eachcurverepresentsadif-
ferent light-view mapresolution.The non-zeroasymptotic
error is dueto bilinear interpolationof �nite resolutiontex-
ture maps.Notice that in all the examples,the error line of
32� 32 texture resolutionis very closeto that of 64� 64
texture resolution.Samplingat a higherresolutionrequires
morememoryandcomputationtime, while providing little
improvementin accuracy. Thereforewechoose48� 48 tex-
tureresolution,which is bothaccurateandfastto compute.

It is well-known that RMS error of the BRDF function
doesnot directly relate to the error in rendering.In Fig-
ure 2 we show renderingof the Buddhamodelwith differ-
ent numberof approximationterms(K) of the Ashikhmin-
Shirley anisotropicBRDF. The model is illuminated by a
single distant light. The rightmost imageis renderedwith
the analyticBRDF for reference.Comparing�delity of the
specularhighlights,we seethat a 4-termapproximationis
visually accurate.Increasingthe numberof termsusedin
pre-computationrequiresmore�le storagesizeandreduces
renderingspeed.ThereforewechooseK = 4, which is visu-
ally accurateandresultsin acceptableresourcerequirement.

In casewhereaccuracy is not the primary concern,we
foundthata singletermapproximationcanoftenreproduce
a reasonableamountspecularcomponents.Figure 5 com-
paresthe Lucy model renderedwith a diffusegray BRDF,
a 1-term approximationand 4-term approximationof the
Ashikhmin-Shirley anisotropicBRDF. Notice the specular
highlightsthat thesingletermapproximationexhibits com-
paredto thediffuseBRDF.

Non-linear WaveletApproximation Figure3 showssev-
eral renderingsof the Bunny modelwith a high-frequency
shadow on the groundas we vary the numberof wavelet
approximationterms(Nl ) in the transportfunction.We see
thatNl = 96 givesvisually goodresult.IncreasingNl gives
higher �delity of the high-frequency shadows but also re-
quiresmore computationtime and storagesize. Sincewe
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keepmuchmorelighting waveletcoef�cients thanthetrans-
port functioncoef�cients at eachvertex, theerror in render-
ing dueto thelighting approximationis lessnotable.[28] is
agoodreferencefor accuracy analysisof non-linearwavelet
approximationof lighting.

5. Conclusionand Futur eWork

We have shown that using non-linearwavelet approxima-
tion andseparableBRDF approximationenablesrendering
of non-diffuseobjectsunderall-frequency illuminationatin-
teractive rates.

Wearecurrentlyworkingonacceleratingrenderingusing
programmablegraphicshardware.Our currentimplementa-
tion usesa vertex shaderto computethetexturecoordinates
basedon the view direction and the tangentvectors(see
Eq7), andafragmentshaderperformsthedotproductof the
view-modulatedK-tuplewith thelight-modulatedK-tupleto
producea perpixel color, using�oating point texturemaps
to representtheBRDF terms.Althoughour prototypeGPU
implementationis interactive, it canbe outperformedby a
carefully tunedCPU implementation,usingthe Intel SSE2
instructionseton a high-endPC. For pre-computation,we
planto experimentwith principalcomponentanalysismeth-
ods suchas [35, 24] to further reducethe storagesize by
exploiting datacoherenceamongvertices.As an extension
to our currentpre-computationalgorithmon graphicshard-
ware,wealsoplanto computethetransferfunctionof multi-
ple verticesat thesametime.By carefulload-balancing,we
hopeto of�oad anequalamountof work to theGPUasthe
CPU,allowing themto operateat full speedasynchronously.
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Anisotropic Clay Plastic Darkskin
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Figure4: BRDFdecompositionresultsfor four chosenBRDFs:theAshikhmin-Shirley anisotropicBRDF, a light brownplastic
BRDF, a Lafortuneclay BRDF, anda Lafortunedark skinBRDF. Thetop imagesshowthe�r st 8 approximationterms,along
with a renderingthetheBunnymodelusingonly the�r st4 terms.Negativecolors in thetexturemapsaredisplayedin absolute
values.Noticethat sinceour BRDFmatrix is symmetric,theview mapsdiffer with light mapsonly by a signwhenthecorre-
spondingeigenvalueis negative, henceis notshownhere. Thebottomgraphsplot thecosine-weightedRMSerror of our BRDF
approximationwith increasingnumberof terms,andalsowith varyingtexturemapresolutionfrom16� 16 to 64� 64.

Figure 5: From left to right, the Lucy model is rendered with a gray diffuseBRDF, a 1-term approximation(using polar
coordinatesparametrizationin Eq 8) of the Ashikhmin-Shirley anisotropic BRDF and a 4-termapproximation.Compare the
middleimagewith theleft image, wefounda 1-termapproximationis ableto exposea reasonableamountof specularhighlights.
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Figure 6: Our techniqueis capableof capturingall-frequencyillumination and
shadows.In the left the Buddhamodelis illuminatedby the St. Peter's Basilica
environmentmap.Notice the clear de�nition of shadowson the ground.In the
right the Lucy modelis illuminatedby a small area light, noticethe contrast of
Lucy's front faceto its back facecreatedby thishigh-frequencylighting.

Figure 7: The Lucy model rendered
with a light brown plastic BRDF and
illuminated by the EucalyptusGrove
environmentmap.
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Appendix

Thepoweriterationalgorithmis commonlyusedto com-
pute dominantmatrix eigenvaluesand eigenvectors.Since
the eigenvectorsof a real symmetricmatrix M correspond
to the column vectorsof the left matrix U of M's SVD
(M = USVT ), we canapply the power iterationalgorithm
on M to obtainits dominantsingularvaluesandvectors.In
mostcasesit is fastandaccurateenoughfor a low-orderap-
proximationof M. Thepseudocodeis asfollows:

� M is anN � N BRDFmatrix
� K is thenumberof approximationterms
� uk andvk arethek-th view mapandlight map
� MR is theresidueBRDFmatrixaftereachiteration

MR = M
for k = 1 to K do

vk  randomN � 1 non-zerovector
repeat

vk  MR vk
vk  vk= k vk k (normalization)

until l k = vT
k MR vk=k vk k2 converges

vk  
p

jl k j vk
if (l k > 0) uk  vk
else uk  � vk
MR = MR � uk vT

k
end
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