


Computational Universality

Theorem: Many other systems are 

equivalent to Turing machines.

cS → aNbc | S

( λ X . X + 1 ) 

A → bc

μ(ƒ)(x,y) = z 

• Grammars

• λ-calculus

• Post tag systems

• μ-recursive functions

• Cellular automata

• Boolean circuits

• Diophantine equations

• DNA

• Billiards!

≡

x3 + y3 + z3 = 33









Computational Universality

Lego Turing machines Mechano computers



Computational Universality

Tinker toy computers Hydraulic computersNuts-and-bolts computers

http://upload.wikimedia.org/wikipedia/commons/d/d3/Electrionics_Analogy_-_Pressure-activated_valve_(Transistor).svg
http://upload.wikimedia.org/wikipedia/commons/d/d3/Electrionics_Analogy_-_Pressure-activated_valve_(Transistor).svg
http://upload.wikimedia.org/wikipedia/commons/0/04/Electrionics_Analogy_-_Example_Circuit.svg
http://upload.wikimedia.org/wikipedia/commons/0/04/Electrionics_Analogy_-_Example_Circuit.svg
http://upload.wikimedia.org/wikipedia/commons/5/5d/Electrionics_Analogy_-_Valve_(Diode,_conducting).svg
http://upload.wikimedia.org/wikipedia/commons/5/5d/Electrionics_Analogy_-_Valve_(Diode,_conducting).svg


λ-Calculus and LISP



Blueberry Muffin Turing Machines

L(M) = {w | w*, w=wR}



Blueberry Muffin Turing Machines

L(M) = {ww | w*}



Universality of Billiards

Theorem: Billiards is computationally universal!

≡
Corollary: Newtonian mechanics is universal!

Corollary: Pool is “undecidable”!

Feynman



Orbital Mechanics

New solutions to gravitational N-body problems:

Observation: Planetary systems are like “3D billiards”. 

Theorem: Gravitational systems are chaotic & undecidable!





Orbital Mechanics

New solutions to the gravitational N-body problem:

Chris Moore: http://www.santafe.edu/~moore/gallery.html

Theorem: These orbits are stable!



Orbital Mechanics

New solutions to the gravitational N-body problem:
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New solutions to the gravitational N-body problem:

Chris Moore: http://www.santafe.edu/~moore/gallery.html

Theorem: These orbits are stable!

Orbital Mechanics





The Church-Turing Thesis



Princeton / Los Alamos / ENIAC

Church - Turing - Gödel - Einstein - von Neumann - Ulam - Oppenheimer - Feynman



The Church-Turing ThesisThe Church-Turing Thesis

The Church-Turing Thesis: Anything that is “intuitively 

computable” is also Turing-machine computable.

Q: What does it mean “to be computable”?

λ

μ
≡

x3 + y3 + z3 = 33



The Church-Turing Thesis

Undefined / informal tasks: produce (or even identify) good 

music, art, poetry, humor, aesthetics, justice, truth, etc.

Q: Why “thesis” and not “theorem”?

λ

μ
≡≈

x3 + y3 + z3 = 33

???



Things We Can Compute

Puzzles:

Well-defined (albeit large) discrete solution spaces



Things We Can Compute



Things We Can Compute

Games:

Tree size:

765 1020

1050

10171

Checkers proven 

draw in 2007!



Things We Can Compute

IBM’s “Deep Blue” becomes Chess world champion in 1997



Things We Can Compute



“Watson” AI becomes Jeopardy world champion in 2011

Things We Can Compute



Things We Can Compute



“AlphaGo” AI beats European 

Go champion, January 2016

“AlphaGo” AI beats world 

Go champion, March 2016

Things We Can Compute



“AlphaGo” AI beats world 

Go champion, March 2016

Things We Can Compute



0-60 in 2.8 seconds!

300 miles per charge

My Favorite Touring Machine: Tesla Model S

Things We Can Compute



2015

2005

Things We Can Compute



Fact: gap is narrowing between 

natural and artificial intelligence

Q: Will this gap ever close?

A: Probably yes.

Q: What is “intelligence”, “mind”, 

“consciousness”, “sentience”?

A: We still don’t know.

• In many areas machines already 

exceeded humans (e.g., games)

• These trends are accelerating!

Q: Where is technology going?

A: We still don’t know.



Things We Can Compute



Things We Can Compute
Digits of Pi:

3.14159265358979323846264338327950288419716939937510582097494459230781640628620899862803482534211706798214808651328230

664709384460955058223172535940812848111745028410270193852110555964462294895493038196442881097566593344612847564823378

678316527120190914564856692346034861045432664821339360726024914127372458700660631558817488152092096282925409171536436

789259036001133053054882046652138414695194151160943305727036575959195309218611738193261179310511854807446237996274956

735188575272489122793818301194912983367336244065664308602139494639522473719070217986094370277053921717629317675238467

481846766940513200056812714526356082778577134275778960917363717872146844090122495343014654958537105079227968925892354

201995611212902196086403441815981362977477130996051870721134999999837297804995105973173281609631859502445945534690830

264252230825334468503526193118817101000313783875288658753320838142061717766914730359825349042875546873115956286388235

378759375195778185778053217122680661300192787661119590921642019893809525720106548586327886593615338182796823030195203

530185296899577362259941389124972177528347913151557485724245415069595082953311686172785588907509838175463746493931925

506040092770167113900984882401285836160356370766010471018194295559619894676783744944825537977472684710404753464620804

66842590694912 ...



Things We Can Compute
Prime numbers:

Theorems:

 an infinity of primes 

 # primes  n  n / logen

 arbitrarily large prime gaps

Open problems:

 an infinity of prime pairs? (i.e., p & p+2) ?

Goldbach’s conjecture (verified for all n<1018):

every even integer >2 is the sum of two primes ?

Largest known prime: 243,112,609−1  (12,978,189 digits)





Things We Can Compute
More prime numbers theorems:

No polynomial yields only primes.

N2+n+41 yields 40 consecutive primes for 0 n 39.

The set of primes coincides exactly with the positive 

values of the following 26-variable polynomial:
(k + 2)(1 − [wz + h + j − q]2 − [(gk + 2g + k + 1)(h + j) + h − z]2 − 

[16(k + 1)3(k + 2)(n + 1)2 + 1 − f2]2 − [2n + p + q + z − e]2 − [e3(e + 

2)(a + 1)2 + 1 − o2]2 − [(a2 − 1)y2 + 1 − x2]2 − [16r2y4(a2 − 1) + 1 − 

u2]2 − [n + l + v − y]2 − [(a2 − 1)l2 + 1 − m2]2 − [ai + k + 1 − l − i]2 − 

[((a + u2(u2 − a))2 − 1)(n + 4dy)2 + 1 − (x + cu)2]2 − [p + l(a − n − 1) + 

b(2an + 2a − n2 − 2n − 2) − m]2 − [q + y(a − p − 1) + s(2ap + 2a − p2

− 2p − 2) − x]2 − [z + pl(a − p) + t(2ap − p2 − 1) − pm]2)

as a, b, c, … , z range over the nonnegative integers!





Things We Can Compute

Eclipses:

Harmonics:



Things We Can Compute

Morphing:Visualization:



What Can’t We Compute and Why?
Humor:

Issues: not well-defined, subjective, ambiguous



What Can’t We Compute and Why?
Emotions:

Issues: not well-defined, subjective, ambiguous





What Can’t We Compute and Why?

Weather:

Issues: chaos, insufficient data, undecidability



What Can’t We Compute and Why?
Tsunamis:

Dec 2004 trunami, 225,000 dead
Energy: 9.5 teratons, 100-ft waves

Issues: chaos, insufficient data, undecidability



Elections:

Lightning:

N-Body systems:

Protein folding:

What Can’t We Compute and Why?

Galactic collisions

http://bugman123.com/Physics/GalacticPair.m1v
http://bugman123.com/Physics/GalacticPair.m1v
http://bugman123.com/Physics/GalacticCollision.m1v
http://bugman123.com/Physics/GalacticCollision.m1v


What Can’t We Compute and Why?

Diffussion:

Issues: chaos, insufficient data, undecidability

warm cold



Turbulance:

Issues: chaos, insufficient data, undecidability

What Can’t We Compute and Why?



Turbulance:

What Can’t We Compute and Why?

Issues: chaos, insufficient data, undecidability





Theory vs. Reality Chasms
Navier–Stokes equations:

vs.





Perelman

2006

??





Compound pendulums:

Issues: chaos, undecidability

Simple Chaotic Systems



Simple Chaotic Systems: Fractals







• Compressing images

• Simulating galaxies

• Analyzing markets

• Generating music

• Modeling weather

• Movie special effects

• Designing video games

• Describing crystal growth

• Understanding anatomy

• Explaining plant forms

• Tracking populations

• Fashion design

Applications of Fractals



Applications of Fractals





Fractal Antennas







Simple Chaotic Systems: Fractals

Pc(z)=z2+c Pc:ℂℂ

Q(c,n)= Pc(Q(c,n-1)) Q(c,0)=0

Mandelbrot set = {cℂ | Q(c,n)<2 "n}

Issues: chaos, undecidability, incompleteness



The Mandelbrot Set



Fractal Art



Fractal Art



Fractal Art



Fractal Art



Fractal Art



Fractal Art



Fractal Art























More on Fractals

Fractal Art Contests: www.fractalartcontests.com

www.wikipedia.org/wiki/Mandelbrot_set

http://www.fractalartcontests.com/
http://www.wikipedia.org/wiki/Mandelbrot_set


The Church-Turing Thesis

The Church-Turing Thesis: Anything that is “intuitively 

computable” is also Turing-machine computable.

Q: What does it mean “to be computable”?

λ

μ
≡

x3 + y3 + z3 = 33



“Le Penseur” 

Auguste Rodin, 1902

Musée Rodin, Paris


