
�

���������	

���
��������
������	����������	


CS150: Computer Science
University of Virginia
Computer Science

������������������������
��������������
�������
�������


2Lecture 39: Lambda Calculus

��������	�����
����


       

�

!����

"#�$

%&�'&��

(�����)�
*���+

,&��&�-

¬%&�,&�.

¬+&�,&��

+&�'&�.

,&�/&�-

0�	����!�����1����	�

���

$���	��1����	�

≡

term =   variable 
| term term
| (term)
| λλλλ variable 

. term
λy. M ⇒α λv. (M [y v])
where v does not occur in M.

(λx. M)N ⇒ β M [ x N ]α

α
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d/dx xn = nxn-1 [Power Rule]
d/dx (f + g) = d/dx f + d/dx g [Sum Rule]
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term =   variable 
| term term 
| (term)

| λλλλ variable . term
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α-��������	 +��	���	�%
λy. M ⇒α λv. (M [y v])

where v does not occur in M.

β-��������	 +
��
�������	%
(λx. M)N ⇒ β M [ x N ]α

α
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(λx.M)N → ++�������+<%�1%�;%
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(λx. M)N → M [ x N ]α
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I ≡ λx.x
C ≡ λxy.yx

Abbreviation for λx.(λy. yx)
CII = (λx.(λy. yx)) (λx.x) (λx.x)

→β (λy. y (λx.x)) (λx.x)
→β λx.x (λx.x)
→β λx.x
= I
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λ f. ((λ x�f (xx)) (λ x. f (xx)))

12Lecture 39: Lambda Calculus

8�

�����#	
���

(λ f. ((λ x.f (xx)) (λ x. f (xx)))) (λz.z)
→β (λx.(λz.z)(xx)) (λ x. (λz.z)(xx))
→β (λz.z) (λ x.(λz.z)(xx)) (λ x.(λz.z)(xx))
→β (λx.(λz.z)(xx)) (λ x.(λz.z)(xx))
→β (λz.z) (λ x.(λz.z)(xx)) (λ x.(λz.z)(xx))
→β (λx.(λz.z)(xx)) (λ x.(λz.z)(xx))
→β ...
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(λ f. ((λ x�f (xx)) (λ x. f (xx)))) (λz.z)
→β (λx�(λz.z)(xx)) (λ x. (λz.z)(xx))
→β (λx�xx) (λx.(λz.z)(xx))
→β (λx�xx) (λx.xx)
→β (λx�xx) (λx.xx)
→β ...
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T ≡ λx (λy. x)
≡ λxy. x

F ≡ λx (λ y. y))
if ≡ λpca . pca
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T ≡ λx . (λy. x)
F ≡ λx . (λy. y)
if ≡ λp . (λc . (λa . pca)))

if T M N
++λpca . pca) (λxy. x)) M N

→β (λca . (λx.(λy. x)) ca)) M N
→β →β (λx.(λy. x)) M N
→β (λy. M )) N →β M

Is the if necessary?
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and �	�� or3

and ≡ λx (λy. if x y F))
or ≡ λx (λy. if x T y))
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zero? �	�� zero3

add ≡ λxy.if (zero? x) y 
(add (pred x) (succ y))
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zero? ≡ null?
pred ≡ cdr
succ ≡ λ x ��cons F x
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→ β (λy.λz.z1 y) ;
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→ β +λz.z1;%� T → β T1;�
→ β +λxy. x%�1;�
→ β +λy. 1%;�
→ β 1

T ≡ λxy. x
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Null �	�� null?
	���� ≡ λx.T
	���3� ≡ λx.(x λy.λz.F%

	���3�	��� → λx.(x λy.λz.F%�+λx. T%
→ β +λx. T%(λy.λz.F%
→ β T
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Null �	�� null?
	���� ≡ λx.T
	���3� ≡ λx.(x λy.λz.F%

	���3�+��	
�1�;%� → λx.(x λy.λz.F%�λz.z1;
→ β +λz.z 1;%(λy.λz.F%
→ β (λy.λz.F% 1;
→ β F
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0 ≡ 	���
1 ≡ cons F 0

2 ≡ cons F 1
3 ≡ cons F 2
...
succ≡ λx.cons Fx
pred ≡ λx.cdr x
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• Read/Write Infinite Tape
� Mutable Lists
• Finite State Machine
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• Processing
� Way of making decisions (if)
☯ Way to keep going

We have this, but
we cheated using ≡
to make recursive 
definitions!
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(λ f. ((λ x.f (xx)) (λ x. f (xx)))) (λz.z)
→β (λx.(λz.z)(xx)) (λ x. (λz.z)(xx))
→β (λz.z) (λ x.(λz.z)(xx)) (λ x.(λz.z)(xx))
→β (λx.(λz.z)(xx)) (λ x.(λz.z)(xx))
→β (λz.z) (λ x.(λz.z)(xx)) (λ x.(λz.z)(xx))
→β (λx.(λz.z)(xx)) (λ x.(λz.z)(xx))
→β ...

This should give you some belief that we 
might be able to do it.  We won’t cover 
the details of why this works in this class. 
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� Mutable Lists
• Finite State Machine
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≡

term =   variable 
| term term
| (term)
| λλλλ variable 

. term
λy. M ⇒α λv. (M [y v])
where v does not occur in M.

(λx. M)N ⇒ β M [ x N ]α
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