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problem 1 Summation proofs

Prove the following theorems by induction.

1.
𝑛

∑
𝑖=1

2
3𝑛 =

3𝑛 − 1
3𝑛

Proof.

This theorem is false except when 𝑛 = 1. Consider the case where 𝑛 = 2:

2
∑
𝑖=1

2
3𝑛 =

2
32 +

2
32 =

4
9 ≠

32 − 1
32 =

8
9

The correct convergence of
𝑛

∑
𝑖=1

2
3𝑛 is

𝑛
∑
𝑖=1

2
3𝑛 =

1
3𝑛

𝑛
∑
𝑖=1

2 =
2𝑛
3𝑛 which can be shown directly via algebra; no

induction needed.
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The slightly different theorem with 3𝑖 in the denominator is true:
𝑛

∑
𝑖=1

2
3𝑖 =

3𝑛 − 1
3𝑛

Proof.
We proceed by induction.

Base Case When 𝑛 = 1 we have
2

∑
𝑖=1

2
3𝑖 =

2
3 =

31 − 1
3𝑖 .

Inductive step Assume the theorem holds for some 𝑘 ∈ ℤ+: that is,
𝑘

∑
𝑖=1

2
3𝑖 =

3𝑘 − 1
3𝑘 . Adding

2
3𝑘+1 to both

sides we get
2

3𝑘+1 +
𝑘

∑
𝑖=1

2
3𝑖 =

3𝑘 − 1
3𝑘 +

2
3𝑘+1 ; the left-hand side is equivalent to ∑𝑘

𝑖=1
2
3𝑖 and the right-hand

side can be re-written as

3𝑘 − 1
3𝑘 +

2
3𝑘+1

=
(3𝑘 − 1) ⋅ 3

3𝑘 ⋅ 3
+

2
3𝑘 ⋅ 3

=
(3𝑘+1 − 3) + 2

3𝑘+1

=
3𝑘+1 − 1

3𝑘+1

which is the theorem at 𝑛 = 𝑘 + 1.

By the principle of induction, the revised theorem holds for all 𝑛 ∈ ℕ.


