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Abstract
Real-timeshadingwith environmentmapsrequirestheability to rotatetheglobal lighting to each surfacepoint's
local coordinateframe. Althoughextensivepreviouswork hasstudiedrotationof functionsrepresentedby spher-
ical harmonics,little work hasinvestigatedef�cient rotationof wavelets.Waveletsare superiorat approximating
high frequencysignalssuch as detailedhigh dynamicrange lighting and very shinyBRDFs,but presentdif�-
culties for interactive renderingdue to the lack of an analytic solution for rotation. In this paper we present
an ef�cient computationalsolutionfor waveletrotationusingprecomputedmatrices.Each matrix representsthe
linear transformationof sourcewaveletbasesde�ned in theglobal coordinateframeto target waveletbasesde-
�ned in sampledlocal frames.Sincewaveletshavecompactsupport,thesematricesare very sparse, enabling
ef�cient storage andfastcomputationat run-time. In this paper, wefocuson theapplicationof our techniqueto
interactiveenvironmentmaprendering. We showthat usingthesematricesallows us to evaluatethe integral of
dynamiclighting with dynamicBRDFsat interactiverates,incorporating ef�cient non-linearapproximationof
bothilluminationandre�ection.Our techniqueimprovesonpreviousworkbyeliminatingtheneedfor pre�ltering
environmentmaps,and is thussigni�cantly faster for accurate renderingof dynamicenvironmentlighting with
high frequencyre�ection effects.

Categories and SubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism;

1. Intr oduction and RelatedWork

Realisticimagesynthesisof computer-generatedscenesof-
ten requiresrich lighting environments.Image-basedlight-
ing, which representsnatural illumination by detaileddis-
tantenvironmentmaps[DM97], is widely usedfor generat-
ing convincingsynthesizedimages.Environmentmapshave
long beenusedin computergraphicsto simulaterealistic
re�ection effects [BN76, Gre86]. However, interactive ren-
deringwith complex environmentmapsremainschallenging
becauseit requiresevaluatinganexpensive integral over all
possiblelighting directionsat every surfacepoint. Further-
more, this integral requiresthe lighting environmentto be
rotatedinto eachsurfacepoint's local coordinateframe.Di-
rect resamplingof theglobal lighting in eachlocal frameis
obviously too costly in interactive settings.Therefore,fast
rotationof lighting at run-time is crucial for incorporating
image-basedlighting to real-timeapplications.In the fol-
lowing, we provide a brief review of relatedwork, andthen
presentourown contributions.

Pre�lter ed Envir onment Maps. Due to the dif�culty of
computing the lighting integral dynamically at run-time,
researchershave traditionally usedpre�ltered environment
mapsto simulateglossy re�ections in real-time [CON99,
HS99, KM00, KVHS00]. Pre�ltering is an expensive pro-
cess,thereforeit is typically computedof�ine, preventing
theuserfrom dynamicallychangingthe lighting or BRDFs
on the�y . Fastpre�ltering algorithms[KVHS00] have been
proposedbut are limited to speci�c classesof BRDFsand
cannotbegeneralized.

Spherical Harmonics BasisProjection. Basisprojection
techniques,suchassphericalharmonics(SH) [RH01,RH02,
KSS02], representlighting andtransporteffectsas low di-
mensionalvectorsprojectedontoa sphericalfunctionbasis,
andef�ciently approximatethelighting integral by comput-
ing the innerproductsof thesevectors.Our work is related
to thesphericalharmonicre�ection map(SHRM)presented
by RamamoorthiandHanrahan[RH02]. SHRM storesthe
re�ected radiancedistribution for eachnormaldirectionon
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Figure 1: Theseimagesshowa 120,000vertex dragonmodelrenderedusingour environmentmaprenderingalgorithm.The
view-dependentrenderingspeedis maintainedat 5 fps,andwecandynamicallychange thelighting at 1.8fps.Thefour images
are renderedwith a yellowplastic,skin,measuredbluemetallic,andmeasurednickel BRDFrespectively, demonstrating both
low andhigh frequencyre�ection effects.Therenderingshavebeenattenuatedby precomputedambientocclusionto produce
shadowingeffects.Our algorithmis basedon ef�cient rotationof waveletsusingprecomputedmatrices.Themodel,viewpoint,
lighting environment,andsurfaceBRDFscanall bemodi�ed interactivelyat run-time.

a SH basis.Usingsphericalharmonicsallows for rapidpre-
�ltering of low-frequency environmentmapsat closeto in-
teractive rates.They have also theoreticallyanalyzedre-
quiredsamplingratesusingfrequency spaceanalysis.

While considerableprogresshasbeenmadein theuseof
thesetechniquesfor interactive high-quality imagery, they
do not automaticallysolve the rotation problem. Exten-
sive previous work hasstudiedSH rotation and presented
bothanalyticandcomputationalsolutions[Edm60,CIGR99,
KSS02,KKB � 06]. However, asSloanetal. [SLS05] pointed
out, SH rotation remainscostly for real-timeevaluationat
every surfacepoint.Furthermore,in practiceSH techniques
arelimited toapproximatingonly low-frequency signals.For
high-frequency lighting andBRDFs,anaccurateapproxima-
tion requiresmany more SH coef�cients, and the rotation
costincreasesevenmorerapidly.

Gautronetal. [GKPB04] presentedanovel hemispherical
basisfor ef�cient representationof hemisphericalfunctions.
Sloanetal. [SLS05] proposedanalternativebasiscalledthe
zonal harmonicsthat allows for fast rotation in real-time.
However, like sphericalharmonics,thesebasesremaininef-
�cient at representinghigh-frequency functions.

WaveletBasisProjection. Wavelets[SDS96] aregenerally
consideredsuperiorat approximatinghigh-frequency sig-
nals,suchasdetailedhigh dynamicrange(HDR) imagesor
veryspecularBRDFs.Accuraterenderingof high-frequency
lighting effectsis achievablewith far fewer wavelet coef�-

cientsthanwith sphericalharmonics.However, ef�cient ro-
tation of waveletshasnot beenwell studied,largely dueto
thelackof ananalyticsolutionfor waveletrotation.

Ng et al. [NRH03] �rst proposednon-linearwavelet ap-
proximationof thelighting in thecontext of precomputedra-
diancetransfer(PRT) [SKS02]. PRT assumesa staticscene
and thus avoids the rotation problem by baking the ro-
tation into the per-vertex precomputedtransportfunction.
Interactive glossy renderingcan be handledby baking a
low-orderBRDF basisinto thetransportfunctions[SKS02,
LK03,LSSS04,WTL04]; however, thesetechniquesarelim-
ited to low-frequency BRDFsandre�ection effects.Green
et al. [GKMD06] proposedan alternative basisusingnon-
linearGaussianfunctions.This techniquerequirespre�lter-
ing environmentmapswith Gaussianfunctions,which is not
currentlysuitableto supportfully dynamiclighting.

The triple productwavelet integral framework by Ng et
al. [NRH04] handleshigh-frequency re�ections,but dodges
the rotationproblemby precomputingthe BRDF for a set
of sampledsurfaceorientations.This approachrequiresa
hugeamountof memoryto storeeachBRDF. Clarberg et
al. [CJAMJ05] avoid therotationproblemby precomputing
rotated environment maps for a set of sampledsurface
orientations.Due to extensive super-sampling,thesepre-
rotatedenvironmentmapscantake up to a coupleof hours
to create,disablingrun-timedynamiclighting.
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In this paper, we describea computationalsolutionto ro-
tatingsphericalfunctionson a waveletbasisusingprecom-
putedrotationmatrices.To our knowledge,this is the �rst
attemptto solve thewavelet rotationproblem.Our precom-
putedmatricesrepresentthelineartransformationof wavelet
basesfrom the global coordinatesystemto a sampledset
of local frames.Sincewaveletshave compactsupport,the
resultingmatricesare generallyvery sparse,enablingef�-
cient storageand fast on-the-�y computation.By incorpo-
ratingnon-linearwaveletapproximationof the lighting and
BRDFs,we enableinteractive environmentmap rendering
with complex, realistic BRDFs and detailednatural light-
ing. Our techniqueimproveson previouswork by eliminat-
ing theneedfor pre�ltering environmentmapsandproduces
accuratehigh-frequency re�ection effects.Furthermore,the
viewpoint,model,lighting environment,andsurfaceBRDFs
canall bemodi�ed interactively at run-time.

Althoughwe focuson environmentmappingasa driving
problem,we believe that the ability to ef�ciently compute
waveletrotationswill provebroadlyapplicablein interactive
computergraphicsand imageprocessing.We closewith a
brief discussionof possibleavenuesfor futurework.

2. Rotation of WaveletBases

In this sectionwe derive formulae for rotating a general
sphericalfunction basis.This resultsin a basistransforma-
tion matrix for eachlocal frame.In thecaseof awaveletba-
sis, the resultingmatrix is very sparse.Becauseour driving
applicationis environmentmapping,we make the standard
assumptionsthat illumination is distantanddirect, andwe
ignoreself-shadowing andinterre�ections.

Re�ection Equation We begin with the re�ection equa-
tion for distantillumination:

B(n;wo) =
Z

W(n)
eL(n;w) fr (w;wo) (w� y) dw: (1)

This equationdescribesthe re�ected light B asan integral
over the upperhemisphereat a local framede�ned by sur-
faceorientationn. Heren is expressedin the global coor-
dinatesystem,andincidentdirectionw andview direction
wo areboth expressedin the local frame.eL is the incident
lighting after rotationinto the local frame; fr is thesurface
BRDF; and w � y is the incident cosineterm (in the local
frame,they axiscorrespondsto thesurfacenormaln).

Typically thecosinetermw� y is premultipliedor “baked”
into the de�nition of the BRDF, making Equation 1 es-
sentiallya doubleproductintegral of the lighting with the
BRDF. Givenknown local lighting eL andview directionwo,
we canfurtherapply frequency spaceapproximations,such
assphericalharmonics(SH) or wavelets,to representboth
eL and fr as vectorseL and Fr over thesebases.The inte-
gral thenreducesto asimpledotproductof thetwo vectors:
B = Fr � eL.

BasisRotation Lighting eL(n;w) in the local frameis re-
latedto thegloballighting L by a rotation:

eL(n;w) = L(R(n) � w): (2)

HereR(n) = [s;n; t ] is simply a 3� 3 matrix thattransforms
local coordinatesto global coordinates,wheren is the nor-
mal,andsandt aretangentvectorsof thelocal frame.Since
mostof our modelsdo not comewith userde�ned tangent
vectors,weusestandardtechniquesto generatesandt from
thenormaln, thereforeeachlocal frameis uniquelyde�ned
andindexedby n. In thefollowing, wefocusona�x edlocal
frame(de�ned by n) anda �x ed view directionwo. In this
case,we canwrite the rotationR(n) convenientlyasR, and
theBRDF fr (w;wo) as fr (w).

We �rst projectthegloballighting L ontoanorthonormal
basissety i (called the source basis) that is de�ned in the
globalcoordinatesystem:

L(R� w) = å
i

Li y i (R� w): (3)

Sincethebasisy i(R� w) is itself a sphericalfunction,it can
befurtherprojectedontoa (possiblydifferent)orthonormal
basissetj j (w) (calledthetargetbasis) thatis de�ned in the
local coordinateframe:

y i(R� w) = å
j

Ri j j j (w): (4)

The coef�cients Ri j form a matrix that we call the ba-
sis transformationmatrix. EachRi j storestheprojectionof
sourcebasisy i onto target basisj j under rotation R. In
otherwords,thismatrix representsthelineartransformation
of sourcebasesto targetbases.SubstitutingEquation4 into
Equation3 andrearrangingterms,weexpressthelocal light-
ing over thetargetbasisas:

L(R� w) = å
j

 

å
i

Ri j Li

!

j j (w): (5)

WealsoprojecttheBRDFontothetargetbasisset:

fr (w) = å
k

r k j k(w): (6)

Since local lighting and BRDF are now expressedin the
sameorthonormalbasis,wecanwrite their integralin acom-
pactmatrix form as:

B =
Z

L(R� w) fr (w) dw = å
k

r k

 

å
i

Rik Li

!

= Fr � (R � L)

(7)
whereFr is thecolumnvector(r k) representingtheBRDFin
thetargetbasis;L is thecolumnvector(Li) representingthe
global lighting in thesourcebasis;andR is thebasistrans-
formationmatrix (Rik) thatrelatesthetwo basesunderrota-
tion R. Figure2 illustratesthe rotationin the wavelet basis
domainvs. thecorrespondingrotationin thespatialdomain.
Intuitively, sinceL is expressedasa linear combinationof
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Figure 2: Rotationof a sphericalfunctionL in thewavelet
domain.L is initially representedas a columnvectorL in
thesourcewaveletbasis.A precomputedrotationmatrix R,
correspondingto the spatial domainrotation R(n) , is then

multiplied with L. This computesa new columnvector eL
representedin thetargetwaveletbasis,which directlycorre-
spondsto therotationof L byR(n) in thespatialdomain.

thesourcebasisfunctions,any transformationof L (e.g.,ro-
tation)is achievablein its basisdomainby transformingthe
basisfunctionsandthenlinearlycombiningtheresults.

Notice that the sourceandtarget basesmay lie in differ-
entdomainswith differentsamplingresolutions,thusR may
notbeasquarematrix.For example,thesourcebasisusually
lies in thesphericaldomainwheretheglobal lighting is de-
�ned, while thetargetbasislies in thehemisphericaldomain
wheretheBRDF is de�ned. They mayevenbetwo entirely
differentbasissets.

SH Rotation vs.Wavelet Rotation SH rotationhasbeen
studiedextensively [CIGR99,KSS02,KKB � 06]. An ordern
SHapproximationis composedof n bands,with eachbandl
= 1,2, ...,n containing(2l � 1) bases.Thusanordern SHap-
proximationis composedof atotalof N = n2 bases.Rotation
of anordern SHbasiscanbecompletelyrepresentedby SH
of the sameorder; thus, the correspondingrotationmatrix
R is anN � N squarematrix. Additionally, R hastheprop-
erty thatit is partitionedinto n squaresub-matrices,because
basesfrom eachbandprojectto zeroonall otherbands.The
total numberof non-zerocoef�cients in R, and hencethe
computationalcostfor SHrotation,is O(n3) = O(N

3
2 ).

Although ef�cient SH rotation algorithms have been
studied,the computationalcost increasesrapidly as n be-
comeslarge. Furthermore,a substantialnumberof SH co-
ef�cients are necessaryto accuratelyapproximatehigh-
frequency functions such as high resolution lighting and

(a) Octahedralmap

(b) Hemi-octahedralmap

Figure3: (a) Theoctahedral mapis a parametrizationof the
sphereontoa squaredomainof n� n resolution.It is usedto
representour sourcelighting. (b) Thehemi-octahedral map
is a parametrizationof theupperhemisphere ontoa square
domainof m� m resolution.It is usedto representour tar-
get lighting andBRDFs.Imagescourtesyof Emil Praunand
HuguesHoppe[PH03].

BRDFs [NRH03], making SH rotation ill-suited for ef�-
cientlycomputinghigh-frequency effects.

Wavelets,on theotherhand,areknown to besuperiorat
approximatinghigh-frequency signals.However, rotationin
the wavelet domainseemsto have received little attention;
indeedit is generallyassumedthatno ef�cient rotationpro-
cedureexistsfor wavelets.Themainreasonis thatwavelets
for representingsphericalfunctionsareusuallyparameter-
izedin domainsfor which it is dif�cult or impossibleto ob-
tain an analytic rotation formula. If we had a perfectuni-
form parametrizationof thesphereto a 2D domain,rotation
of waveletswould reduceto translationin 2D, andan ana-
lytic solutionwould be possible.However, sucha uniform
parametrizationdoesnotexist.

This papertakes a computationalapproachtoward this
problem,andarguesthat a solutionusingprecomputedro-
tation matricesis easyto implementandcanwork well in
practice.One key insight is that wavelet baseshave local
support,which leadsto a sparserotationmatrix R. In fact,
as we will discusslater in Section4, the total numberof
non-zeroelementsin R only grows linearly with the num-
ber of rows. Therefore,the computationalcost for wavelet
rotation is aboutO(N), whereN is the numberof wavelet
bases.This is asymptoticallyfasterthansphericalharmon-
ics. In addition,usingwaveletsmeansthat high-frequency
lighting and BRDFs can be approximatedef�ciently with
muchfewer termsthanusingSH, reducingthe overall cost
for computinghigh-qualityre�ection effects.

c
 TheEurographicsAssociation2006.



R.Wang& R.Ng& D. Luebke& G. Humphreys/ Ef�cient WaveletRotationfor EnvironmentMapRendering

3. Implementation

Thissectionpresentsseveralimplementationdetails.Oural-
gorithmusestheHaarwaveletbasisdueto its simplicity.

Parametrization of Spherical Functions As discussed
earlier, waveletrotationmatricesaretied to theparametriza-
tion methodsused to representspherical functions. Our
mathematicalframework doesnot restrictus to any partic-
ular parametrization.However, we favor a parametrization
thathaslow overalldistortion,whichhelpsimprovethespar-
sity of precomputedmatrices.In addition,a parametrization
that lies in a single squaredomainis more convenientfor
the wavelet transform.We thereforechoosethe octahedral
mapintroducedin [PH03], whichprovidesbothpropertiesin
contrastto otherparametrizationmethodssuchaslongitude-
latitude,parabolic,cube,or sphericalmap.

In particular, we usethe octahedralmapto parameterize
our source(global) lighting, asshown in Figure 3(a). And
we usea hemi-octahedral map, which is slightly modi�ed
from the octahedralmap, to representhemisphericalfunc-
tionssuchastheBRDFandtarget(local) lighting, asshown
in Figure3(b).Bothmapslie in asquaredomainandhavefa-
vorabledistortionratio andsamplinguniformity. In thefol-
lowing, we useN = n2 to denoteour sourcelighting res-
olution, and M = m2 to denotethe target lighting resolu-
tion. Notice that hemisphericalsamplingof m2 resolution
is equivalent to sphericalsamplingof 2m2 resolution.Be-
causethe frequency contentsafter lighting rotationdo not
increase,achoiceof m= n wouldbeawasteof storagesince
it resultsin a highertarget resolutionthanthe sourcereso-
lution. We thereforechoosem = n=2, or M = N=4, which
reducesour targetsamplingrateto beonehalf of theequiv-
alentsourcesamplingrate.Although this may causesome
frequency informationto belostduringtherotation,it is still
a betterchoicethanm= n. We have experimentedwith var-
ioussourceresolutions,includingN = 322;642 and1282.

Precomputing Rotation Matrices As discussedin Sec-
tion 2, eachlocal frame is uniquelyde�ned by its surface
normal, thereforewe can index the rotation using just the
normaln. Sincean analyticsolutionfor wavelet rotationis
not known, we usea computationalapproachwherewe dis-
cretizethe surfacenormal n and precomputeone rotation
matrix at a time for eachsamplednormal.We again usethe
octahedralmapto tessellatethenormaln. Thetypicalresolu-
tion weuseis 32� 32.A higherresolutionmaybenecessary
if weusehigherresolutionfor sourcelighting.

SupposeR is therotationmatrixprecomputedfor agiven
orientationn. R is anM � N matrix whereN andM arethe
numberof sourcewaveletbasesandtargetwaveletbasesre-
spectively. The i-th columnof R correspondsto theprojec-
tion of thei-th sourcewaveletbasisto all targetbasesin the
local frame.Weprecomputeonecolumnata time.To doso,
we �rst constructthei-th sourcewaveletbasisin spatialdo-
main at the global coordinateframe.We thenresamplethe

Figure 4: Thisdiagramshowshowto precomputeonecol-
umnof the rotation matrix R. We start by constructingthe
sourcewavelet(Haar in thisexample)basisy i in thespatial
domain.Bluedenotespositivevaluesandrednegative. The
sourcebasisis resampledat a local framein thetarget reso-
lution, andwavelettransformedinto a sparsevector, which
thenbecomesthei-th columnof R.

sourcebasisat thelocal frame,whichgivesa resampledim-
agerepresentingthe sourcebasisy i observed by the target
frame.Finally weperformawavelettransformontheresult-
ing image,andthewaveletcoef�cients directly form thei-th
columnof matrixR. Figure4 illustratesthiscomputation.

The precomputedwavelet rotation matrices are very
sparsedue to the compactlocal supportof wavelet bases.
Our experimentsin Section4 show that the total number
of non-zeroelementsin the matrix only increaseslinearly
with the numberof rows M, which meansthe matrix is
O(N� 1) sparse.For a typical N = 1282 matrix, the spar-
sity is 0:2% � 0:4%. In comparison,a SH rotationmatrix
is O(N� 1

2 ) sparse(N beingthe total numberof SH bases),
which is asymptoticallyworsethanwavelets.

To reducestoragerequirementsfor theprecomputedma-
trices,wequantizeeachmatrixelementuniformly to a16-bit
integer. After quantization,we storethe non-zeroelements
in row majororder, togetherwith its columnindex. Wehave
alsoexperimentedwith truncatingsmallmatrix terms.Vari-
oustechniquescouldbeusedto acceleratetheprecomputa-
tion, by exploiting thehierarchicalstructureof 2D wavelets
and the fact that the resampledimageshave compactsup-
port.Wehave left theseimprovementsfor futurework.

Precomputing BRDFs We approximateBRDFs using
wavelets as a preprocess.We �rst sampleeachBRDF in
the view direction wo, which hasbeentessellatedusing a
hemi-octahedralmap.For any givenview direction,we then
sampletheincidentdirectionw at thetarget lighting resolu-
tion M, resultingin a slice of the BRDF datafor the sam-
pledview directionwo, similar to [KSS02]. Finally wenon-
linearly approximateeachslice using wavelets.This pro-
ducesa sparsevectorwith only a few non-zerocoef�cients.
In practice,keepingonly 1 � 3% of all wavelet termssuf-
�ces for anL2 accuracy of > 98%for mostspecularBRDFs.
Thusfor a targetframeresolutionof M = 642, weonly keep
64 � 128 termsper slice. A drawbackwith non-linearap-
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proximationis thatinterpolatingBRDFsliceson the�y will
bequiteexpensive.To avoid interpolation,we samplewo at
quitehighresolutionsuchas128� 128.Thestoragerequire-
mentis still reasonable,typically 16� 32MB perBRDF.

Envir onment Map Rendering To handledynamiclight-
ing environments,we samplethe lighting at run-timeonto
ann� n octahedralmap.Thesampledlighting is projected
onto wavelets and non-linearly approximatedto a sparse
vectorcontainingonly a fraction of coef�cients. Similar to
theBRDF, keepingonly 1 � 3%of all termsprovesaccurate
enoughfor evenveryhigh-frequency lighting.

Our environment map renderingalgorithm consistsof
two steps.The �rst step,performedevery time the light-
ing changes,iteratesthroughall precomputedmatricesand
computesthe R � L term of Equation7 into a buffer. This
buffer essentiallystoresthe local lighting eL (representedin
wavelets)for eachsampledsurfacenormal.Thesecondstep,
performedevery time the viewpoint changes,then iterates
throughall verticesof the modelandcomputesthe vertex
color astheinnerproductof theview-dependentBRDF and
thelocal lighting. To do so,we useeachvertex's local view
directionwo to index into the precomputedBRDF andex-
tract a BRDF slice Fr . We thenusethe vertex's normaln
to index into the local lighting bufferscomputedin the �rst
step,andbi-linearly interpolatea local lighting eL. Finally,
theinnerproductFr � eL givesvertex colorB.

Notice that step one is view-independent,thereforeits
computationalcost is primarily determinedby the number
of non-zeroelementsin the precomputedmatricesandthe
sourcelighting vector. On theotherhand,therenderingper-
formanceof steptwo primarily dependson the numberof
verticesof the modelandthe numberof non-zerotermsin
the BRDF. The fundamentalcomputationin both stepsin-
volves computinginner productsof sparsevectors,which
we currently computeentirely on the CPU. [WTL06] has
describeda possiblesolution to acceleratesimilar compu-
tationson the GPU. To increasethe renderingrealism,we
modulatetheresultingvertex colorswith aprecomputedam-
bientocclusionterm.Thisgivesreasonableambientshadow-
ing effects.To acceleratethe renderingspeed,we useSSE
(StreamingSIMD Extensions)instructionsto parallelizethe
computationacrossall threecolorchannels:R, G andB.

4. Resultsand Discussion

In this sectionwepresentanddiscussour results.All exper-
imentswereperformedon a 2.4 GHz Intel Pentium4 com-
puterwith 2GB memory. Both precomputationandrender-
ing resultsarecomputedentirelyon theCPU;while theal-
gorithmseemsamenableto hardwareacceleration,we have
left anoptimizedGPUimplementationfor futurework.

Figure1 shows a 120,000vertex dragonmodelrendered
with several complex BRDFs illuminated by different en-
vironmentlighting. Theview-dependentrenderingspeedis

128 (10.2%) 32 (7.7%) 8 (6.7%)
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Figure5: Comparisonof renderingqualitywhenvaryingthe
truncationthresholdusedfor eliminatingsmall matrix ele-
ments.We uniformlyquantizeour matrix elementsto 16-bit
integers,andquantizedvaluesbelowthespeci�edthreshold
will be discarded.Aggressivetruncation reducesdata size
but also leadsto lossof frequenciesin the rotatedlighting.
For each image wecomputeits percentRMSerror w.r.t. the
referenceimage, and theseerrors are plottedin the graph.
SeeTable1 for details.

8� 8 (22.5%) 16� 16 (8.7%) 32� 32 (6.2%)

0
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0.15
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8 16 32 64

64� 64 (5.1%) Reference RelativeError

Figure6: Comparisonof renderingquality for differentnor-
mal samplingrates.Our normalsare sampledon a square
octahedral map, and we precomputeone rotation matrix
for each samplednormal. Low samplingrate reducespre-
computeddatasizebut alsocausessigni�cant lossof high-
frequencyre�ection effectsdue to the interpolation in the
normal.For each image wecomputeits percentRMSerror
w.r.t. thereferenceimage, andtheseerrorsareplottedin the
graph.SeeTable3 for details.
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Ref Ref128 128 256 2048 Ref Ref128 128 256 2048
(0.00%) (2.52%) (3.45%) (2.24%) (0.64%) (0.00%) (19.7%) (38.28%) (20.23%) (2.15%)

Figure 7: Theseimagesshowour rotation resultsfor two environmentmaps.We usedhigh resolutionrotationmatriceswith
N = 1282 samplingrate for thesource lighting, thusthe rotatedlighting is of 64� 64 image resolution.Each row showsthe
resultfor a different randomlychosensurfacenormal.The�r st columnshowsthereferenceimage generatedby an expensive
spatial domainalgorithm; the secondcolumnis an 128-termwaveletapproximationto the reference;the remainingthree
columnsare rotation resultsusingour proposedmethod,each generatedby multiplying the rotation matriceswith a source
lighting that hasbeennon-linearlyapproximatedto 128,256,and2048termsrespectively. We typically use128� 256terms.
Theaverage RMSpercenterror is includedat thebottom.Theerror for column'Ref128' is directlycomparableto thecolumn
'256', becauseour target samplingrate is onehalf of the equivalentsource samplingrate. Notice that this error doesnot
directlytransferto thecomputedradiancein the�nal rendering, which hasmuch higheraccuracy[ NRH03].

maintainedat 5 framesper second;andwe canchangethe
lighting at1.8framespersecond.

4.1. Accuracy

Err or Analysis of Rotated Lighting Our rotationmatrices
areprecomputedusinganaccuratespatialdomainalgorithm,
thereforethe matricesthemselves introducelittle error ex-
ceptfor theslight inaccuracy incurredby thequantizationof
matrix elementsandthe possibletruncationfollowing that.
The primary error in the rotatedlighting comesfrom the
non-linearwaveletapproximationof thesourcelighting.

Figure 7 shows the comparisonof rotatedlighting with
anincreasingnumberof approximationtermsfor thesource
lighting.Theserotatedlightingsarecomputedwith ouralgo-
rithm usingprecomputedmatricesof N = 1282 resolution.
Eachcomparisonalsoincludesareferenceimageanda128-
termwaveletapproximationdirectlyappliedto thereference
image.Theresultsgraduallyapproachesthereferenceimage
aswe applymoresourcelighting terms(2048andbeyond).
Therelative RMS error (averagedfor all examples)of each
approximationis listed at the bottomof the �gure. Notice
that theerror in the lighting approximationdoesnot neces-
sarily transferto the visual quality of the rendering,since
thelighting will beintegratedwith theBRDFto producethe
�nal radiancevalues,which will be visualizeddirectly. In

practice,theerrorin thecomputedradianceis muchsmaller
than the error in the lighting [NRH03]. Thus in Figures5
and6 wedirectlycompareerrorsin renderedimages.

Truncation of Matrix Elements We have experimented
with truncatingsmallmatrixelementsto reducestoragesize.
Sinceour matricesare uniformly quantizedto 16-bit inte-
gers,we seta thresholdvalueanddiscardquantizedvalues
below thethreshold.Table1 showstheresultsof theseexper-
iments.And Figure5 comparesthe renderingquality with
a referenceimagegeneratedof�ine, which also includesa
graphplotting theerrorof computedradiancein theoutput
image.Noticethata high truncationthreshold(suchas128)
reducesthematrixsizeby almosttwo thirds,but alsocauses
renderingartifacts.

Samplingof Normal Sincewediscretizethenormalonto
an octahedralmapandprecomputeonerotationmatrix per
normal,under-samplingof normalsmay causeseriousloss
of high-frequency information,manifestedby themissingof
specularhighlightswherenormalsareinterpolated.On the
other hand,the total numberof the precomputedmatrices
will increaselinearly with normalsamplingrate,which will
in turn impact our renderingspeedupon lighting change.
We typically choosea normaltessellationof 322 resolution,
which appearsqualitatively suf�cient for all our renderings.
Table3 andFigure6 showsourexperimentswith varyingthe
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normalsamplingresolutionandthecorrespondingrendering
results.Again, theaccuracy refersto the imagespaceRMS
errorof thecomputedradiance.

4.2. Precomputation

Table2 shows our precomputationpro�les for a numberof
differentsourcelighting resolutionsN. Notice thatasN in-
creases,theaveragenumberof elementsperrow in thepre-
computedmatricesconvergesto about63. This meansthe
totalnumberof elementswill continueto grow linearlywith
N, thereforetheprecomputedmatrix sizeis roughlypropor-
tionaltoN. In otherwords,thecomputationalcostof wavelet
rotation at run-time is aboutO(N). This is asymptotically

betterthantheO(N
3
2 ) complexity for sphericalharmonics.

We alsosampletheBRDFsasa preprocess.Becausewe
usewaveletrotationto computelocal lighting on the�y , we
avoid samplingtheBRDFsfor differentsurfaceorientations.
Thereforetheprecomputeddatasetsarequitecompactcom-
paredto thehugestoragerequirementsby [NRH03]. Wetyp-
ically sampletheview directionwo in a128� 128resolution
to avoid run-timeinterpolationacrosstheview. Theartifacts
dueto thissimpli�cation arerarelynoticeable.This requires
only 16 � 32 MB per BRDF. For low-frequency BRDFs,
a view samplingof 64� 64 usuallysuf�ces, requiringonly
4 � 8 MB storageperBRDF. Thuswecaneasilystoremul-
tiple BRDFsin memoryat thesametime, enablingfastdy-
namicswitchingof BRDFs.

4.3. RenderingPerformance

We reportour renderingperformancein two parts.The�rst
part is for dynamicallychangingthe light: it is recomputed
every time the userrotatesthe lighting or changesthe en-
vironmentmap.Sincethis stepcomputeslocal lighting by
multiplying thesourcelighting with all rotationmatricesfor
thesamplednormals,its computationalcostis independent
of theview or themodel;instead,it dependsstronglyon the
numberof non-zeroelementsin both theprecomputedma-
tricesand the sourcelighting. Tables1 and2 both list the
lighting changeframeratesfor varioussettings.

Thesecondpartof therenderingalgorithmcomputesthe
vertex colorsbasedon theview-dependentBRDF slice(se-
lectedper-vertex at run-time),andthelocal lighting interpo-
latedfrom thelocal lighting of availablenormals(computed
in the �rst step).Thusits computationalcostprimarily de-
pendson thesize(numberof vertices)of themodelandthe
numberof non-zerotermsin theBRDF. Table4 lists theren-
deringspeeddueto view change.

We achieve interactive frame rates for both lighting
changeandview change,exceptwhen the lighting resolu-
tion goesup to 128� 128, making the precomputedma-
trix datatoo large to maintaininteractivity. Our typical set-
tings are: lighting resolutionN = 64� 64, normaltessella-
tion ntess= 32� 32,andmatrix truncationthreshold1 � 4.

To increasetherenderingrealism,weattenuatevertex colors
by precomputedambientocclusionvaluesto produceglobal
shadowing effects.The performanceoverheadfor ambient
occlusionis negligible.

4.4. Discussion

The proposedrotation techniqueprovides a unique trade-
off betweenmemory consumptionand rendering�delity .
For environmentmapping,we can uselow-resolutionma-
triceswith a very smallmemoryfootprint if we desireonly
low-frequency re�ectionscomparablein quality to previous
SH-basedtechniques.For example,if weuselow resolution
N = 162 sourcelighting, theprecomputedrotationmatrices
only require11.8MB storage(with 322 normalsampling);
andreal-timeperformanceis achievedwith suf�cient accu-
racy for low-frequency lighting andre�ections.

Higherquality re�ectionsthanpreviouslypossiblecanbe
achievedat thecostof morememory. For example,N = 642

rotation matricesrequiremore storagesize (266MB), but
in return we are able to handlehigh frequency re�ections
at nearinteractive rates(� 2fps) with superiorquality over
previoustechniques.In addition,thelighting, viewpointand
BRDFscanall bemodi�ed interactively onthe�y , eliminat-
ing theneedfor pre�ltering environmentmaps.

It is importantto noticethat thememoryrequiredfor ro-
tationmatricesis only allocatedonce,notper-BRDFor per-
model,sothecostcanbeamortizedover many modelswith
varying re�ectancemodels.Sincethe availablememoryon
a standardPCis increasingrapidly, we believe thememory
usagerequiredby our techniquewill not bea concernin the
nearfuture.

As discussedearlier, our rotationmatricesareindexedby
the surface normal, becauseeachlocal frame is uniquely
de�ned from the normal. One limitation with this simpli-
�cation is that we cannotcurrently model the twist of lo-
cal framearoundthe normal,or in otherwords,we do not
handleuserde�ned local frames.This meansfor rendering
anisotropicBRDFs,suchasthe'brushedmetal',wearelim-
ited to brusheddirectionsthat are automaticallygenerated
by our systemratherthan de�ned by the user. The ability
to handlearbitrarylocal framewould requirean additional
samplingaroundthe normal.However, this is a limitation
only of our implementation,not thetechniqueitself.

5. Conclusionsand Futur eWork

We have presenteda systemfor rotatingfunctionsdirectly
in the wavelet domain, and shown that this can be used
to achieve interactive environmentmappingwith dynamic,
high-frequency BRDFandlighting content.Oneof themain
contributions of this paperis that waveletscan be rotated
quickly becausethe projectionof eachrotatedbasisfunc-
tion backonto thebasisis sparse.Althoughobvious in ret-
rospect,this observationdoesnot seemto have beenwidely
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ntrunc Error Size Spars. avg.# L sp.
1 0.051 266MB 1:52% 62.2 1.8fps
8 0.067 242MB 1:45% 59.4 1.9fps

16 0.068 219MB 1:3% 54 2.1fps
32 0.077 189MB 1:1% 46.3 2.5fps

128 0.102 105MB 0:6% 25.3 3.6fps

Table 1: Truncationof smallmatrix elements.Thecolumns
list the truncationthreshold(on a quantized16-bit integer
scale),accuracy (relativeRMSerror of the rendered image
as in Figure 5), the size, sparsity, and the average number
of elementsper rowof theprecomputedmatrices.Theright-
mostcolumnlists the relighting speeddue to dynamically
changinglight. All matricesareprecomputedwith N = 642.

Res.N P.T. Size Spars. avg.# L sp.
162 2 sec 11.8MB 18% 46.2 23 fps
322 24sec 58.4MB 5:6% 57.5 7.5fps
642 10min 266MB 1:5% 62.2 1.8fps

1282 3 hrs 1.1GB 0:38% 63.2 0.4fps

Table 2: Precomputationpro�les for different source light-
ing resolutionN (M is alwaysequalto N=4). Thecolumns
list the precomputationtime, storage size, sparsity and the
average numberof elementsper row in the precomputed
matrices.We useour defaultnormalsamplingrate322 and
truncationthreshold1. Therightmostcolumnlists thecorre-
spondingrelightingspeedfor lighting change.

ntess Error Pr. Time Size
82 0.225 38sec 16.6MB

162 0.087 2.5min 66.5MB
322 0.062 10min 266MB
642 0.051 40min 1 GB

Table 3: Experimentswith differentnormalsamplingrates.
Theerror refers to the relativeRMSerror of the rendered
imagesasin Figure6. Theprecomputationtimeandstorage
sizegrowslinearly with thesamplingrate. All matricesare
precomputedwith N = 642.

Model # verts # faces View Speed
Bird 30.6K 61K 21� 25 fps

Head 49.2K 98.3K 13� 16 fps
Armadillo 100K 200K 5 � 7 fps

Dragon 120K 240K 4 � 5 fps

Table 4: View-dependentrenderingperformance. We list
the sizeof each model,and renderingframeratesfor view
change (whenlighting stopschanging).

recognized.In fact, one of the argumentsfor avoiding the
useof waveletshasbeenthe presumptionthat no fast or
ef�cient rotation mechanismexists (as opposedto spheri-
cal or zonal harmonics).Sucha mechanismenablesus to
stay in the wavelet domain, retaining the full bene�ts of
that spacefor superiornon-linearapproximation(compres-
sionandcomputationreduction).Onenoteis thata fastal-
gorithmfor wavelet rotationimpliessimilar fastalgorithms
for translationin otherdomainssuchas1D sound,2D im-
ages,or 3D volumes.Although we have chosenenviron-
mentmaprenderingasour driving application,we believe
that the wavelet rotationtechniqueis in generalextendable
to many other applicationssuchas local deformablePRT
(in the spirit of [SLS05]), wavelet-basedimportancesam-
pling [CJAMJ05], andimageprocessingetc.

The resultsin this papersuggesta challengingbut com-
pellingfutureresearchdirection:ageneralsignal-processing
framework in whichall processingtakesplacein thewavelet
domain.As a concreteexampleof why this would be use-
ful, many modernimagecompressionschemesarewavelet-
based,andyet imageediting systemsareforcedto decom-
pressandapplybasicapproximationsin thepixel basis.One
goalwouldbeto designafull-�edged imageprocessingsys-
temthatoperatesef�ciently entirelyon thecompressedco-
ef�cients. This could have signi�cant implicationsfor our
ability to interactively manipulateextremelylarge imagery,
a growing problemwith theadventof super-high resolution
digital photography.

Thekey barrierto suchanimage-editingsystemis that it
wouldrequireat leastthreebasicoperations:addition,multi-
plication,andconvolution,all operatingdirectlyonwavelet-
compressedsignals.While addition is easy, the other two
arehighly non-trivial. Nevertheless,previouswork hassug-
gesteda solutionto themultiplicationoperationin termsof
so-calledtripling coef�cients [NRH04]. This paperpresents
thenext majormotivation,which is thesuggestionthatcon-
volutioncanbehandledef�ciently , sinceit is simplyatrans-
lation andintegration(e.g.,a dot product).With thesecom-
ponents,onecanimaginedevelopingnew signalprocessing
systemsthatworkef�ciently andcompactlydirectlyoncom-
pressedsignals.
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