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Abstract

Real-timeshadingwith ervironmentmapsrequiresthe ability to rotatethe global lighting to ead surfacepoint's
local coodinateframe Althoughextensivepreviouswork hasstudiedrotation of functionsrepresentedy spher
ical harmonicslittle work hasinvestigatecef cient rotation of wavelets\Waveletsare superiorat approximating
high frequencysignalssud as detailedhigh dynamicrange lighting and very shiny BRDFs,but presentdif -
culties for interactive renderingdue to the lack of an analytic solution for rotation. In this paperwe present
an efcient computationakolutionfor waveletrotation usingprecomputednatrices.Each matrix representghe
linear transformationof souice waveletbasesde nedin the global coordinateframeto target waveletbasesde-
ned in sampledocal frames.Sincewaveletshave compactsupport,thesematricesare very sparse enabling
efcient storage and fastcomputatiorat run-time In this paper we focuson the applicationof our techniqueto
interactive ervironmentmap rendering We showthat usingthesematricesallows us to evaluatethe integral of
dynamiclighting with dynamicBRDFsat interactive rates,incorporating ef cient non-linearapproximationof
bothilluminationandre ection. Our techniqueimproveson previouswork by eliminatingthe needfor pre Itering
ervironmentmaps,and is thussigni cantly fasterfor accumate renderingof dynamicervironmentighting with

highfrequencyre ection effects.

Catgories and SubjectDescriptors(accordingto ACM CCS) 1.3.7 [Computer Graphics]: Three-Dimensional

GraphicsandRealism;

1. Intr oduction and RelatedWork

Realisticimagesynthesiof computergenerategcenef-
tenrequiresrich lighting ervironments.Image-basetight-
ing, which representsiaturalillumination by detaileddis-
tantervironmentmaps[DM97], is widely usedfor generat-
ing corvincing synthesizedmages Environmentmapshave
long beenusedin computergraphicsto simulaterealistic
re ection effects[BN76, Gre8g. However, interactie ren-
deringwith compl ervironmentmapsremainschallenging
becauseét requiresevaluatingan expensve integral over all
possiblelighting directionsat every surfacepoint. Further
more, this integral requiresthe lighting ervironmentto be
rotatedinto eachsurfacepoint's local coordinateframe.Di-
rectresamplingof the globallighting in eachlocal frameis
obviously too costly in interactve settings.Therefore fast
rotation of lighting at run-timeis crucial for incorporating
image-basedighting to real-time applications.In the fol-
lowing, we provide a brief review of relatedwork, andthen
presenbur own contrikutions.
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Pre Iter ed Environment Maps. Due to the dif culty of
computing the lighting integral dynamically at run-time,
researchersave traditionally usedpre Iltered environment
mapsto simulateglossyre ections in real-time [CON99
HS99 KM0O0, KVHSO0Q]. Pre ltering is an expensve pro-
cess,thereforeit is typically computedof ine, preventing
the userfrom dynamicallychangingthe lighting or BRDFs
onthe y . Fastpre Itering algorithms[KVHSO0Q] have been
proposedbut are limited to speci ¢ classeof BRDFsand
cannotbegeneralized.

Spherical Harmonics Basis Projection. Basisprojection
techniquessuchassphericaharmonic{SH) [RH01, RH02,
KSS03, representighting andtransporteffectsaslow di-
mensionalectorsprojectedonto a sphericaffunctionbasis,
andef ciently approximatehelighting integral by comput-
ing theinner productsof thesevectors.Our work is related
to the sphericalharmonicre ection map(SHRM) presented
by Ramamoorthand HanraharfRHO0Z. SHRM storesthe
re ected radiancedistribution for eachnormaldirectionon
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Figure 1: Theseémagesshowa 120,000vertex dragon modelrendeed usingour ervironmentmaprenderingalgorithm. The
view-dependentenderingspeeds maintainedat 5 fps,andwe candynamicallychange thelighting at 1.8 fps. Thefour images
are rendeed with a yellowplastic, skin,measued blue metallic,and measued nickel BRDF respectivelydemonstating both
low and high frequencyre ection effects.Therenderingshavebeenattenuatedy precompute@mbientocclusionto produce
shadowingeffects.Our algorithmis basedon ef cient rotation of waveletausingprecomputeanatrices. Themodel,viewpoint,
lighting ervironmentand surfaceBRDFscanall bemodi ed interactivelyat run-time

a SH basis.Using sphericaharmonicsallows for rapid pre-

Itering of low-frequeny ervironmentmapsat closeto in-
teractive rates. They have also theoretically analyzedre-
quiredsamplingratesusingfrequeny spaceanalysis.

While considerablg@rogresshasbeenmadein the useof
thesetechniquedor interactize high-qualityimagery they
do not automatically solve the rotation problem. Exten-
sive previous work hasstudiedSH rotation and presented
bothanalyticandcomputationasolution EdAm6QCIGR99
KSS02KKB 06]. However, asSloanetal. [SLS0] pointed
out, SH rotation remainscostly for real-timeevaluationat
every surfacepoint. Furthermorein practiceSH techniques
arelimited to approximatingonly low-frequeng signals For
high-frequeng lighting andBRDFs,anaccuratepproxima-
tion requiresmary more SH coefcients, and the rotation
costincreasegvenmorerapidly.

Gautronetal. [GKPB04 presentecnovel hemispherical
basisfor ef cient representationf hemisphericafunctions.
Sloanetal. [SLS0§ proposedinalternatve basiscalledthe
zonal harmonicsthat allows for fastrotationin real-time.
However, like sphericaharmonicsthesebasegemaininef-

cient atrepresentindpigh-frequeng functions.

WaveletBasisProjection. Wavelets[SDS9§ aregenerally
consideredsuperiorat approximatinghigh-frequeng sig-
nals,suchasdetailedhigh dynamicrange(HDR) imagesor
very speculaBRDFs.Accuraterenderingof high-frequeng
lighting effectsis achievable with far fewer wavelet coef-

cientsthanwith sphericaharmonicsHowever, ef cient ro-
tation of waveletshasnot beenwell studied,largely dueto
thelack of ananalyticsolutionfor waveletrotation.

Ng etal. [NRHO3 rst proposedhon-linearwaveletap-
proximationof thelighting in thecontext of precomputeda-
diancetransfer(PRT) [SKS03. PRT assumes staticscene
and thus avoids the rotation problem by baking the ro-
tation into the pervertex precomputedransportfunction.
Interactve glossy renderingcan be handledby baking a
low-orderBRDF basisinto the transporffunctions[ SKS02
LKO3,LSSS04WTLO4]; however, thesetechniquesrelim-
ited to low-frequengy BRDFsandre ection effects. Green
et al. [GKMDO6] proposedan alternatve basisusing non-
linear Gaussiarfunctions.This techniquerequirespre lter-
ing ervironmentmapswith Gaussiariunctions whichis not
currentlysuitableto supportfully dynamiclighting.

The triple productwavelet integral framewvork by Ng et
al. [NRH04 handleshigh-frequenyg re ections, but dodges
the rotation problemby precomputinghe BRDF for a set
of sampledsurface orientations.This approachrequiresa
hugeamountof memoryto storeeachBRDF. Clarbeg et
al. [ClAMJO05] avoid the rotationproblemby precomputing
rotated ervironment maps for a set of sampledsurface
orientations.Due to extensie supersampling,thesepre-
rotatedervironmentmapscantake up to a coupleof hours
to createdisablingrun-timedynamiclighting.
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In this paper we describea computationasolutionto ro-
tating sphericalfunctionson a wavelet basisusingprecom-
putedrotation matrices.To our knowledge,this is the rst
attemptto solve the waveletrotationproblem.Our precom-
putedmatricesepresenthelineartransformatiorof wavelet
basesfrom the global coordinatesystemto a sampledset
of local frames.Sincewaveletshave compactsupport,the
resultingmatricesare generallyvery sparsegnablingef -
cient storageand faston-the- y computationBy incorpo-
rating non-linearwavelet approximatiornof the lighting and
BRDFs, we enableinteractie ervironmentmap rendering
with comple, realistic BRDFs and detailednatural light-
ing. Our techniqguemproveson previouswork by eliminat-
ing theneedfor pre Itering environmentmapsandproduces
accuratehigh-frequeng re ection effects.Furthermorethe
viewpoint,model,lighting environment,andsurfaceBRDFs
canall bemodi ed interactively atrun-time.

Althoughwe focuson ervironmentmappingasa driving
problem,we believe that the ability to efciently compute
waveletrotationswill prove broadlyapplicablein interactve
computergraphicsand image processingWe closewith a
brief discussiorof possibleavenuesor futurework.

2. Rotation of WaveletBases

In this sectionwe derive formulae for rotating a general
sphericalfunction basis.This resultsin a basistransforma-
tion matrix for eachlocal frame.In the caseof awaveletba-
sis, the resultingmatrix is very sparseBecauseour driving
applicationis ervironmentmapping,we make the standard
assumptionghatillumination is distantand direct, and we
ignoreself-shadwing andinterre ections.

Re ection Equation We beagin with the re ection equa-
tion for distantillurgination:

B(n;wo) = B(n;w) fr(w;wo) (W y)dw: (1)
Wn)
This equationdescribeghe re ected light B asan integral
over the upperhemispheret a local frame de ned by sur
faceorientationn. Heren is expressedn the global coor
dinatesystem,andincidentdirectionw andview direction
Wo areboth expressedn the local frame. £ is the incident
lighting afterrotationinto the local frame; f; is the surface
BRDF; andw vy is the incident cosineterm (in the local
frame,they axiscorrespondso the surfacenormaln).

Typically thecosinetermw y is premultipliedor “baked”
into the de nition of the BRDF, making Equation1 es-
sentially a doubleproductintegral of the lighting with the
BRDF. Givenknown local lighting € andview directionwpo,
we canfurtherapply frequeny spaceapproximationssuch
assphericalharmonics(SH) or wavelets,to represenboth
£ and f, asvectorsE andF; over thesebases.The inte-
gralthenreducedo a simpledot productof thetwo vectors:
B= Fr E
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BasisRotation Lighting €(n;w) in thelocal frameis re-
latedto thegloballighting L by arotation:

B(n;w) = L(R(my W): )]

HereRy, =[s;n;t]issimplya3 3 matrixthattransforms
local coordinatego global coordinatesywheren is the nor-

mal, ands andt aretangentvectorsof thelocal frame.Since
mostof our modelsdo not comewith userde ned tangent
vectorswe usestandardechnigueso generates andt from

thenormaln, thereforeeachlocal frameis uniquelyde ned

andindexedby n. In thefollowing, wefocusona x edlocal

frame (de ned by n) anda x edview directionwo. In this

case,we canwrite the rotation R(n) corvenientlyasR, and
the BRDF fr (w;wo) as fr(w).

We rst projectthegloballighting L ontoanorthonormal
basissety; (calledthe source basig thatis de ned in the
globalcoordinatesystem:

LR w) = & Liyi(R w): (3)
i
Sincethebasisy (R w) is itself a sphericafunction, it can
be further projectedonto a (possiblydifferent) orthonormal
basissetj j(w) (calledthetargetbasig thatis de nedin the
local coordinateframe:

yi(R w) = é Rijj j(w): 4)
j

The coefcients R;j form a matrix that we call the ba-
sistransformationrmatrix. EachR;; storesthe projectionof
sourcebasisy; onto target basisj ; underrotationR. In
otherwords,this matrix representshelineartransformation
of sourcebasedo tamgetbasesSubstitutingEquation4 into
Equation3 andrearrangingerms we expresshelocallight-

ing over thetargetbasisas:
!

LRW =& &RjLi jjWw): (5)
j i
We alsoprojectthe BRDF ontothetargetbasisset:

fr(w) = ék. Ficd k(W) (6)

Sincelocal lighting and BRDF are now expressedn the
sameorthonormabasis we canwrite theirintegralin acom-
pactmatrix form as:

Z
B= LRwWfwdw=3r aRLi =F (R L)
k i

(7)
whereF; isthecolumnvector(r k) representingheBRDFin
thetargetbasis;L is thecolumnvector(L;) representinghe
globallighting in the sourcebasis;andR is the basistrans-
formationmatrix (Ry) thatrelatesthe two basesinderrota-
tion R. Figure 2 illustratesthe rotationin the wavelet basis
domainvs.thecorrespondingotationin the spatialdomain.
Intuitively, sincel is expressedasa linear combinationof
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Figure 2: Rotationof a sphericalfunctionL in the wavelet
domain.L is initially representedas a columnvectorL in
the souice waveletbasis.A precomputedotation matrix R,
correspondingto the spatial domainrotation Ry, is then

multiplied with L. This computesa new columnvector E
representedn thetargetwaveletbasis which directlycorre-
spondsto therotationof L by R, in the spatialdomain.

the sourcebasisfunctions,ary transformatiorof L (e.g.,ro-
tation)is achievablein its basisdomainby transformingthe
basisfunctionsandthenlinearly combiningtheresults.

Notice thatthe sourceandtarget baseamay lie in differ-
entdomainswith differentsamplingresolutionsthusR may
notbeasquarematrix. For example thesourcebasisusually
liesin the sphericaldomainwherethe globallighting is de-
ned, while thetargetbasisliesin thehemisphericatlomain
wherethe BRDF is de ned. They may evenbetwo entirely
differentbasissets.

SH Rotation vs. Wavelet Rotation ~ SH rotationhasbeen
studiedextensively [CIGR99 KSS02KKB 06]. An ordern
SHapproximationis composeaf n bandswith eachbandl
=1,2,...,ncontaining(2l 1) basesThusanordern SHap-
proximationis composeaf atotalof N = n” basesRotation
of anordern SH basiscanbe completelyrepresentely SH
of the sameorder; thus, the correspondingotation matrix
RisanN N squarematrix. Additionally, R hasthe prop-
erty thatit is partitionedinto n squaresub-matriceshecause
basegrom eachbandprojectto zeroon all otherbandsThe
total numberof non-zerocoefcients in R, and hencethe
computationatostfor SH rotation,is O(n®) = O(N%).

Although efcient SH rotation algorithms have been
studied,the computationalcostincreasegapidly asn be-
comeslarge. Furthermorea substantiahumberof SH co-
efcients are necessaryto accuratelyapproximatehigh-
frequeny functions such as high resolutionlighting and

(a) Octahedramap

(b) Hemi-octahedraiap

Figure 3: (a) Theoctahedal mapis a parametrizatiorof the
spheeontoasquaedomainofn nresolutionlt is usedto
representour source lighting. (b) Thehemi-octahedal map
is a parametrizationof the upperhemispheg ontoa squae
domainof m mresolution.It is usedto representour tar-
getlighting andBRDFs.Imagescourtesyof Emil Praunand
HuguesHoppe[ PHOJ.

BRDFs [NRHO03, making SH rotation ill-suited for ef-
ciently computinghigh-frequeng effects.

Wavelets,on the otherhand,areknown to be superiorat
approximatingchigh-frequeng signals.However, rotationin
the waveletdomainseemso have receied little attention;
indeedit is generallyassumedhatno ef cient rotationpro-
cedureexistsfor wavelets.The mainreasoris thatwavelets
for representingphericalfunctionsare usually parameter
izedin domainsfor whichit is dif cult or impossibleto ob-
tain an analytic rotation formula. If we had a perfectuni-
form parametrizatioof the sphereto a 2D domain,rotation
of waveletswould reduceto translationin 2D, andan ana-
lytic solutionwould be possible.However, sucha uniform
parametrizatiomloesnot exist.

This papertakes a computationalapproachtoward this
problem,and arguesthat a solution using precomputedo-
tation matricesis easyto implementand canwork well in
practice.One key insight is that wavelet baseshave local
support,which leadsto a sparserotationmatrix R. In fact,
aswe will discusslaterin Section4, the total numberof
non-zeroelementsn R only grows linearly with the num-
ber of rows. Therefore the computationakostfor wavelet
rotationis aboutO(N), whereN is the numberof wavelet
basesThis is asymptoticallyfasterthan sphericalharmon-
ics. In addition, using waveletsmeansthat high-frequeng
lighting and BRDFs can be approximatedef ciently with
muchfewer termsthanusing SH, reducingthe overall cost
for computinghigh-qualityre ection effects.

¢ TheEurographicsAssociation2006.



R.Wang& R.Ng& D. Lueble & G. Humpheys/ Ef cient WaveletRotationfor ErvironmentMap Rendering

3. Implementation

This sectionpresentsereralimplementatiordetails.Oural-
gorithmusesthe Haarwaveletbasisdueto its simplicity.

Parametrization of Spherical Functions As discussed
earlier waveletrotationmatricesaretied to the parametriza-
tion methodsusedto representspherical functions. Our
mathematicaframeavork doesnot restrictus to ary partic-
ular parametrizationHowever, we favor a parametrization
thathaslow overalldistortion,which helpsimprovethespar
sity of precomputednatricesln addition,a parametrization
that lies in a single squaredomainis more corvenientfor
the wavelet transform.We thereforechoosethe octahedal
mapintroducedn [PHO0J, which providesbothpropertiesn
contrasto otherparametrizatiomethodssuchaslongitude-
latitude,parabolic,cube,or sphericamap.

In particular we usethe octahedramapto parameterize
our source(global) lighting, asshawvn in Figure 3(a). And
we usea hemi-octahedal map which is slightly modi ed
from the octahedralmap,to representiemisphericafunc-
tionssuchasthe BRDF andtarget(local) lighting, asshavn
in Figure3(b). Bothmapdlie in asquaredlomainandhavefa-
vorabledistortionratio and samplinguniformity. In thefol-
lowing, we useN = n? to denoteour sourcelighting res-
olution, and M = n? to denotethe tamget lighting resolu-
tion. Notice that hemisphericakamplingof m? resolution
is equivalentto sphericalsamplingof 27 resolution.Be-
causethe frequeny contentsafter lighting rotation do not
increaseachoiceof m= nwouldbeawasteof storagesince
it resultsin a highertamget resolutionthanthe sourcereso-
lution. We thereforechoosem = n=2, or M = N=4, which
reducesurtamgetsamplingrateto be onehalf of the equiv-
alentsourcesamplingrate. Although this may causesome
frequeng informationto belostduringtherotation,it is still
abetterchoicethanm= n. We have experimentedvith var
ious sourceresolutionsincludingN = 32%;64% and128°.

Precomputing Rotation Matrices As discussedn Sec-
tion 2, eachlocal frameis uniquely de ned by its surface
normal, thereforewe canindex the rotation using just the
normaln. Sincean analyticsolutionfor waveletrotationis
notknown, we usea computationabpproachwherewe dis-
cretizethe surface normal n and precomputeone rotation
matrix at atime for eachsamplechormal.We again usethe
octahedraimapto tessellatehenormaln. Thetypicalresolu-
tionweuseis 32 32.A higherresolutionmaybenecessary
if we usehigherresolutionfor sourcelighting.

SupposeR is therotationmatrix precomputedor a given
orientationn. RisanM N matrixwhereN andM arethe
numberof sourcewaveletbasesaindtargetwaveletbasese-
spectvely. Thei-th columnof R correspondso the projec-
tion of thei-th sourcewaveletbasisto all tamgetbasesn the
local frame.We precomput®necolumnatatime. To do so,
we rst constructhei-th sourcewaveletbasisin spatialdo-
main at the global coordinateframe. We thenresamplethe
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Figure 4: This diagram showshowto precomputeonecol-
umn of the rotation matrix R. We start by constructingthe
sourcewavelet(Haar in thisexample)basisy ; in thespatial
domain.Blue denotegpositivevaluesandred negative The
souicebasisis resampledht a local framein thetargetreso-
lution, andwavelettransformednto a sparsevector which
thenbecomeshei-th columnof R.

sourcebasisatthelocal frame,which givesaresampledm-
agerepresentinghe sourcebasisy ; obsened by the target
frame.Finally we performawavelettransformon theresult-
ing image,andthewaveletcoefcients directly form thei-th
columnof matrix R. Figure4 illustratesthis computation.

The precomputedwavelet rotation matrices are very
sparsedue to the compactlocal supportof wavelet bases.
Our experimentsin Section4 showv that the total number
of non-zeroelementsn the matrix only increasedinearly
with the numberof rows M, which meansthe matrix is
O(N 1) sparseFor a typical N = 128 matrix, the spar
sity is 0:2%  0:4%. In comparisona SH rotation matrix

is O(N %) sparsg(N beingthe total numberof SH bases),
whichis asymptoticallyworsethanwavelets.

To reducestoragerequirementgor the precomputeana-
trices,we quantizeeachmatrixelemenuniformly to a16-bit
integer. After quantizationwe storethe non-zeroelements
in row majororder togethemwith its columnindex. We have
alsoexperimentedvith truncatingsmall matrix terms.Vari-
oustechniquesould be usedto acceleratéhe precomputa-
tion, by exploiting the hierarchicalstructureof 2D wavelets
andthe fact that the resampledmageshave compactsup-
port. We have left thesemprovementdor futurework.

Precomputing BRDFs  We approximateBRDFs using
wavelets as a preprocessWe rst sampleeachBRDF in

the view directionwo, which hasbeentessellatedusing a
hemi-octahedrahap.For ary givenview direction,wethen
sampletheincidentdirectionw at thetargetlighting resolu-
tion M, resultingin a slice of the BRDF datafor the sam-
pledview directionwpg, similarto [KSS03. Finally we non-
linearly approximateeachslice using wavelets. This pro-
ducesa sparsevectorwith only afew non-zerocoefcients.

In practice,keepingonly 1 3% of all wavelettermssuf-
ces for anL? accurag of > 98%for mostspeculaBRDFs.
Thusfor atargetframeresolutionof M = 642, we only keep
64 128termsperslice. A dravbackwith non-linearap-
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proximationis thatinterpolatingBRDF slicesonthe y will
be quite expensve. To avoid interpolation,we samplew, at
quitehighresolutionsuchas128 128.Thestoragaequire-
mentis still reasonabletypically 16 32MB perBRDE

EnvironmentMap Rendering To handledynamiclight-

ing ervironments we samplethe lighting at run-time onto

ann noctahedramap.The sampledighting is projected
onto wavelets and non-linearly approximatedto a sparse
vectorcontainingonly a fraction of coefcients. Similar to

theBRDEF keepingonly1 3% of all termsprovesaccurate
enoughfor evenvery high-frequeng lighting.

Our ervironment map renderingalgorithm consistsof
two steps.The rst step, performedevery time the light-
ing changesiteratesthroughall precomputednatricesand
computegheR L termof Equation? into a buffer. This
buffer essentiallystoresthe local lighting E (representeih
wavelets)for eachsampledsurfacenormal. Thesecondstep,
performedevery time the viewpoint changestheniterates
throughall verticesof the model and computesthe vertex
color astheinnerproductof the view-dependenBRDF and
thelocal lighting. To do so,we useeachvertex's local view
directionwo to index into the precomputedRDF and ex-
tract a BRDF slice Fr. We thenusethe vertex's normaln
to index into thelocal lighting buffers computedn the rst
step,and bi-linearly interpolatea local lighting E. Finally,
theinnerproductF; E givesvertex color B.

Notice that step one is view-independentthereforeits
computationakostis primarily determinedby the number
of non-zeroelementsin the precomputednatricesandthe
sourcdighting vector On the otherhand therenderingoer
formanceof steptwo primarily dependsn the numberof
verticesof the modelandthe numberof non-zerotermsin
the BRDF. The fundamentatomputationin both stepsin-
volves computinginner productsof sparsevectors,which
we currently computeentirely on the CPU. [WTLO06] has
describeda possiblesolutionto acceleratesimilar compu-
tationson the GPU. To increasethe renderingrealism,we
modulatetheresultingvertex colorswith aprecompute@m-
bientocclusiorterm.Thisgivesreasonablambientshadev-
ing effects. To acceleratehe renderingspeedwe use SSE
(StreamingSIMD Extensions)nstructiongo parallelizethe
computatioracrossall threecolor channelsR, G andB.

4. Resultsand Discussion

In this sectionwe presentinddiscussour results All exper
imentswere performedon a 2.4 GHz Intel Pentium4 com-
puterwith 2GB memory Both precomputatiorand render
ing resultsarecomputedentirely on the CPU; while the al-
gorithm seemsamenabldo hardwareaccelerationye have
left anoptimizedGPUimplementatiorfor futurework.

Figure 1 shavs a 120,000vertex dragonmodelrendered
with several complex BRDFs illuminated by differenten-
vironmentlighting. The view-dependentenderingspeeds

128 (10.2%) 32 (7.7%) 8 (6.7%)
0.2
0.15 -
01 /—//
0.05 1
ol
1 8 16 32 128
1 (5.1%) Reference Relative Error

Figure5: Comparisorof renderingqualitywhenvaryingthe
truncationthresholdusedfor eliminatingsmall matrix ele-
mentsWe uniformly quantizeour matrix elementgo 16-bit
integers, and quantizedvaluesbelowthe speci edthreshold
will be discaded. Aggressivetruncationreducesdata size
but also leadsto lossof frequenciesn the rotatedlighting.
For eadh image we computdts percentRMSerror w.r.t. the
refeenceimage, and theseerrors are plottedin the graph.
SeeTable 1 for details.

8 8 (225%) 16 16 (8.7%) 32 32 (6.2%)

0.25

02

015 -

01

005 -

0
8 16 32 64

64 64 (5.1%) Relative Error

Figure 6: Comparisorof renderingguality for differentnor-
mal samplingrates.Our normalsare sampledon a squae
octahedal map, and we precomputeone rotation matrix
for eadh samplednormal. Low samplingrate reducespre-
computeddata sizebut also causessigni cant lossof high-
frequencyre ection effectsdueto the interpolationin the
normal. For ead image we computeits percentRMSerror
w.r.t. therefelenceimage, andtheseerrors are plottedin the
graph.SeeTable 3 for details.

Reference

¢ TheEurographicsAssociation2006.



R.Wang& R.Ng& D. Lueble & G. Humpheys/ Ef cient WaveletRotationfor ErvironmentMap Rendering

Ref  Refl28 128 256 2048
(0.00%) (2.52%)  (3.45%) (2.24%) (0.64%)

Ref  Refl28 128 256 2048
(0.00%) (19.7%)  (38.28%) (20.23%) (2.15%)

Figure 7: Theseimagesshowour rotationresultsfor two ervironmentmaps.We usedhigh resolutionrotation matriceswith

N = 128 samplingrate for the source lighting, thusthe rotatedlighting is of 64 64 image resolution.Each row showsthe

resultfor a differentrandomlychosensurfacenormal. The r st columnshowsthe refelenceimage geneiatedby an expensive
spatial domainalgorithm; the secondcolumnis an 128-termwaveletapproximationto the refeence;the remainingthree
columnsare rotation resultsusing our proposedmethod,ead geneated by multiplying the rotation matriceswith a source

lighting that hasbeennon-linearlyapproximatedto 128,256,and 2048termsrespectivelyW\e typically use128 256terms.
Theaverage RMSpercenterror is includedat the bottom.Theerror for column'Ref128'is directly compaableto the column
'256', becauseour target samplingrate is one half of the equivalentsource samplingrate Notice that this error doesnot

directlytransferto thecomputedadiancein the nal rendering which hasmud higheraccuacy[ NRHO03.

maintainedat 5 framesper second;andwe canchangethe
lighting at 1.8framespersecond.

4.1. Accuracy

Err or Analysis of Rotated Lighting Our rotationmatrices
areprecomputedsinganaccuratespatialdomainalgorithm,
thereforethe matricesthemseles introducelittle error ex-

ceptfor theslightinaccurayg incurredby the quantizatiorof

matrix elementsandthe possibletruncationfollowing that.
The primary error in the rotatedlighting comesfrom the
non-linearwaveletapproximatiorof the sourcelighting.

Figure 7 shavs the comparisonof rotatedlighting with
anincreasinghumberof approximatiortermsfor the source
lighting. Theserotatedightingsarecomputedvith ouralgo-
rithm using precomputednatricesof N = 128 resolution.
Eachcomparisoralsoincludesareferencémageanda 128-
termwaveletapproximatiordirectly appliedto thereference
image.Theresultsgraduallyapproachethereferencemage
aswe apply moresourcelighting terms(2048andbeyond).
Therelative RMS error (averagedor all examples)of each
approximationis listed at the bottom of the gure. Notice
thatthe errorin the lighting approximationdoesnot neces-
sarily transferto the visual quality of the rendering,since
thelighting will beintegratedwith theBRDFto producethe

nal radiancevalues,which will be visualizeddirectly. In
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practice the errorin the computedadiancds muchsmaller
thanthe errorin the lighting [NRHO3. Thusin Figures5
and6 we directly compareerrorsin renderedmages.

Truncation of Matrix Elements We have experimented
with truncatingsmallmatrix elementgo reducestoragesize.
Sinceour matricesare uniformly quantizedto 16-bit inte-
gers,we seta thresholdvalueanddiscardquantizedvalues
below thethreshold Tablel shavstheresultsof theseexper
iments.And Figure 5 compareshe renderingquality with
a referenceémagegeneratedfine, which alsoincludesa
graphplotting the error of computedradiancen the output
image.Noticethata high truncationthreshold(suchas128)
reduceghe matrix sizeby almosttwo thirds, but alsocauses
renderingartifacts.

Samplingof Normal  Sincewe discretizethenormalonto
an octahedramapand precomputeone rotation matrix per
normal,undersamplingof normalsmay causeseriousloss
of high-frequeng information,manifestedy themissingof
speculamighlightswherenormalsareinterpolated On the
other hand, the total numberof the precomputednatrices
will increasdinearly with normalsamplingrate,which will
in turn impact our renderingspeedupon lighting change.
We typically choosea normaltessellatiorof 322 resolution,
which appeargjualitatively sufcient for all ourrenderings.
Table3 andFigure6 shavs ourexperimentawith varyingthe
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normalsamplingresolutionandthe correspondingendering
results.Again, the accurag refersto theimagespaceRMS
errorof the computedadiance.

4.2. Precomputation

Table 2 shavs our precomputatiorpro les for a numberof
differentsourcelighting resolutionsN. NoticethatasN in-
creasesthe averagenumberof elementgperrow in the pre-
computedmatricescorvergesto about63. This meansthe
total numberof elementswill continueto grow linearly with
N, thereforethe precomputednatrix sizeis roughly propor
tionalto N. In otherwords,thecomputationatostof wavelet
rotation at run-timeis aboutO(N). This is asymptotically

betterthanthe O(N %) compleity for sphericaharmonics.

We alsosamplethe BRDFsasa preprocessBecauseve
usewaveletrotationto computelocal lighting onthe y , we
avoid samplingthe BRDFsfor differentsurfaceorientations.
Thereforethe precomputediatasetarequite compactcom-
paredo thehugestorageequirementby [NRHO3. Wetyp-
ically sampletheview directionwg in a128 128resolution
to avoid run-timeinterpolationacrosgheview. Theartifacts
dueto this simpli cation arerarelynoticeableThisrequires
only 16 32 MB per BRDFE For low-frequengy BRDFs,
aview samplingof 64 64 usuallysufces, requiringonly
4 8 MB storageperBRDFE Thuswe caneasilystoremul-
tiple BRDFsin memoryat the sametime, enablingfastdy-
namicswitchingof BRDFs.

4.3. Rendering Performance

We reportour renderingperformancen two parts.The rst
partis for dynamicallychangingthe light: it is recomputed
every time the userrotatesthe lighting or changeshe en-
vironmentmap. Sincethis stepcomputedocal lighting by
multiplying the sourcelighting with all rotationmatricesfor
the samplednormals,its computationatostis independent
of theview or themodel;insteadjt dependstronglyonthe
numberof non-zeroelementsn boththe precomputedna-
trices andthe sourcelighting. Tables1 and 2 both list the
lighting changdrameratesfor varioussettings.

Thesecondpartof the renderingalgorithmcomputeghe
vertex colorsbasedon the view-dependenBRDF slice (se-
lectedpervertex atrun-time),andthelocal lighting interpo-
latedfrom thelocal lighting of availablenormals(computed
in the rst step).Thusits computationaktostprimarily de-
pendson the size (humberof vertices)of the modelandthe
numberof non-zeraermsin theBRDF. Table4 liststheren-
deringspeeddueto view change.

We achieve interactve frame rates for both lighting
changeandview changeexceptwhenthe lighting resolu-
tion goesup to 128 128, making the precomputedma-
trix datatoo large to maintaininteractvity. Our typical set-
tings are:lighting resolutionN = 64 64, normaltessella-
tionntess= 32 32,andmatrixtruncationthresholdl 4.

Toincreaseherenderingealism we attenuatevertex colors
by precompute@mbientocclusionvaluesto produceglobal
shadwving effects. The performanceoverheadfor ambient
occlusionis negligible.

4.4, Discussion

The proposedrotation techniqueprovides a unique trade-
off betweenmemory consumptionand rendering delity .

For environmentmapping,we can uselow-resolutionma-
triceswith a very smallmemoryfootprintif we desireonly

low-frequeng re ections comparablén quality to previous
SH-basedechniquesFor example,if we uselow resolution
N = 16 sourcelighting, the precomputedotationmatrices
only require11.8 MB storage(with 32 normalsampling);
andreal-timeperformances achiezed with sufcient accu-
ragy for low-frequeny lighting andre ections.

Higherquality re ectionsthanpreviously possiblecanbe
achievedatthe costof morememory For example,N = 642
rotation matricesrequire more storagesize (266MB), but
in returnwe are ableto handlehigh frequeng re ections
at nearinteractve rates( 2fps) with superiorquality over
previoustechniquesln addition,thelighting, viewpointand
BRDFscanall bemodi ed interactizely onthe y , eliminat-
ing the needfor pre Itering environmentmaps.

It is importantto noticethatthe memoryrequiredfor ro-
tationmatricess only allocatedonce,not perBRDF or per
model,sothe costcanbe amortizedover mary modelswith
varying re ectancemodels.Sincethe available memoryon
a standardPCis increasingrapidly, we believe the memory
usagerequiredby ourtechniquewill notbeaconcernn the
nearfuture.

As discussecarlier our rotationmatricesareindexed by
the surface normal, becauseeachlocal frame is uniquely
de ned from the normal. One limitation with this simpli-

cation is that we cannotcurrently model the twist of lo-
cal framearoundthe normal, or in otherwords,we do not
handleuserde ned local frames.This meansfor rendering
anisotropidBRDFs,suchasthe'brushedmetal’, we arelim-
ited to brusheddirectionsthat are automaticallygenerated
by our systemratherthan de ned by the user The ability
to handlearbitrarylocal framewould requirean additional
samplingaroundthe normal. However, this is a limitation
only of ourimplementationnot thetechniquatself.

5. Conclusionsand Futur e Work

We have presenteda systemfor rotating functionsdirectly
in the wavelet domain, and shown that this can be used
to achieve interactize ervironmentmappingwith dynamic,
high-frequeng BRDF andlighting contentOneof themain
contrikutions of this paperis that wavelets can be rotated
quickly becausehe projectionof eachrotatedbasisfunc-
tion backontothe basisis sparseAlthough obviousin ret-
rospectthis obsenation doesnot seemto have beenwidely

¢ TheEurographicsAssociation2006.
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ntrunc | Error Size | Spars.| avg.# L sp.
1| 0.051| 266MB | 1:52% | 62.2 || 1.8fps

8 | 0.067 | 242MB | 1:45% | 59.4 || 1.9fps

16 | 0.068 | 219MB 1:3% 54 || 2.1fps

32 | 0.077 | 189MB 1.1% | 46.3 || 2.5fps
128 | 0.102 | 105MB 0:6% | 25.3 | 3.6fps

Table 1: Truncationof small matrix elementsThecolumns
list the truncationthreshold(on a quantized16-bit integer
scale),accuracy (relative RMSerror of the rendeed image
asin Figure 5), the size sparsity, and the average number
of elementper row of the precomputednatrices Theright-
mostcolumnlists the relighting speeddue to dynamically
changinglight. All matricesare precomputedvith N = 64°.

Res.N PT. Size | Spars.| avg.# L sp.
16° 2sec| 11.8MB 18% | 46.2 23fps
32 24sec | 58.4MB 5:6% 575 7.5fps
64° | 10min | 266MB 1:5% 62.2 || 1.8fps

128 3hrs 1.1GB | 0:38% | 63.2 | 0.4fps

Table 2: Precomputatiorpro les for differentsource light-
ing resolutionN (M is alwaysequalto N=4). The columns
list the precomputatiortime, storage size sparsity and the
average numberof elementsper row in the precomputed
matrices.\e useour defaultnormal samplingrate 32% and
truncationthresholdl. Therightmostcolumnliststhecorre-
spondingrelightingspeedor lighting change.

ntess| Error | Pr. Time Size
8 | 0.225| 38sec| 16.6MB
16° | 0.087| 2.5min | 66.5MB
32 | 0.062| 10min | 266MB
64° | 0.051| 40min 1GB

Table 3: Experimentaith differentnormal samplingrates.
Theerror refers to the relative RMSerror of the rendeed
imagesasin Figure 6. Theprecomputationimeandstorage
sizegrowslinearly with the samplingrate All matricesare
precomputeavith N = 642,

Model | #verts | #faces| View Speed
Bird | 30.6K 61K | 21 25fps
Head | 49.2K | 98.3K | 13 16fps
Armadillo 100K 200K 5 7fps
Dragon| 120K 240K 4 5fps

Table 4: View-dependentendering performance We list
the sizeof each model,and renderingframeratesfor view
change (whenlighting stopschanging).

¢ TheEurographic#Association2006.

recognizedln fact, one of the agumentsfor avoiding the
use of wavelets has beenthe presumptionthat no fast or

efcient rotation mechanismexists (as opposedto spheri-
cal or zonal harmonics).Sucha mechanismenablesus to

stay in the wavelet domain, retaining the full bene ts of

that spacefor superiornon-linearapproximation(compres-
sionandcomputatiorreduction).Onenoteis thata fastal-

gorithmfor waveletrotationimplies similar fastalgorithms
for translationin otherdomainssuchas 1D sound,2D im-

ages,or 3D volumes.Although we have chosenerviron-

mentmap renderingas our driving application,we believe

thatthe waveletrotationtechniqueis in generalextendable
to mary other applicationssuch as local deformablePRT

(in the spirit of [SLS09), wavelet-basedmportancesam-
pling [CAAMJO05], andimageprocessinggtc.

Theresultsin this papersuggest challengingbut com-
pellingfutureresearchirection:agenerakignal-processing
frameawork in which all processingakesplacein thewavelet
domain.As a concreteexampleof why this would be use-
ful, mary modernimagecompressiorschemesirewavelet-
basedandyet imageediting systemsareforcedto decom-
pressandapplybasicapproximationsn the pixel basis.One
goalwould beto designafull- edged imageprocessingys-
temthatoperatesf ciently entirely on the compressedo-
efcients. This could have signi cant implicationsfor our
ability to interactvely manipulateextremelylarge imagery
agrowing problemwith the adventof superhigh resolution
digital photograplg.

Thekey barrierto suchanimage-editingsystemis thatit
wouldrequireatleastthreebasicoperationsaddition,multi-
plication,andconvolution, all operatingdirectly on wavelet-
compressedignals.While additionis easy the other two
arehighly non-trivial. Neverthelesspreviouswork hassug-
gesteda solutionto the multiplication operationin termsof
so-calledtripling coefcients [NRHO4. This paperpresents
the next major motivation, which is the suggestiorthatcon-
volution canbehandlecdef ciently, sinceit is simply atrans-
lation andintegration(e.g.,a dot product).With thesecom-
ponentspnecanimaginedevelopingnew signalprocessing
systemshatwork ef ciently andcompactlydirectlyoncom-
pressedignals.
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