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Abstract. Discrete systems such as sets, monoids, groups are familiar categories. The internal
strucutre of the latter two is defined by an algebraic operator. In this paper we describe the
internal structure of the base set by a closure operator. We illustrate the role of such closure in
convex geometries and partially ordered sets and thus suggest the wide applicability of closure
systems.
Next we develop the ideas of closed and complete functions over closure spaces. These can
be used to establish criteria for asserting that “the closure of a functional image under f is
equal to the functional image of the closure”. Functions with these properties can be treated
as categorical morphisms. Finally, the category ClosureSys of closure systems is shown to be
cartesian closed.

1 Closure Systems

By a discrete system we mean a set of elements, points, or other phenomena which we will generically
call our universe, denoted by U. Individual points of U will be denoted by lower case letters:
a, b, ..., p, q, ... ∈ U. By 2U, we mean the powerset on U, or collection of all subsets of U. Elements
of 2U we will denote by upper case letters: S, T, X, Y, Z. A closure system, C, is any collection of
subsets X, Y, . . . Z ⊆ U, including U itself, which is closed under intersection. Subsets in C are said
to be closed. If U = {a, b, c, d, e} then the collection of closed sets

C1 = {Ø, {a}, {b}, {ab}, {bd}, {abc}, {abd}, {abce}, {abcde}, {abcdef}} (1)

is a closure system. We require the empty set Ø to be included in all closure systems; although this
will not be necessary until we define direct products in the category.

A closure system can equivalently be defined as (U, ϕ), where ϕ is a closure operator satisfying
four axioms. For all Y, Z ⊆ U,

C0: Ø.ϕ = Ø
C1: Y ⊆ Y.ϕ,
C2: Y ⊆ Z implies Y.ϕ ⊂ Z.ϕ, and
C3: Y.ϕ.ϕ = Y.ϕ.

By C1, U itself must be closed. Here we are using a suffix operator notation, as we will throughout
this paper. Read Y.ϕ as “Y closure”. A set Y is closed if Y = Y.ϕ. It is not hard to show that these
two definitions of closure are equivalent.

A closure operator/system can satisfy other axioms depending on the mathematical discipline.
A topological closure is closed under union, or

C4: (Y ∪ Z).ϕ = Y.ϕ ∪ Z.ϕ.
The closure operator of linear systems, often called the spanning operator, satisfies the Steinitz-
MacLane exchange axiom
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C5: if p, q 6∈ Y.ϕ and q ∈ (Y ∪ {p}).ϕ then p ∈ (Y ∪ {q}).ϕ.
Such closure systems are called matroids. Still other closure operators may satisfy an anti-exchange

axiom

C6: if p, q 6∈ Y.ϕ and q ∈ (Y ∪ {p}).ϕ then p 6∈ (Y ∪ {q}).ϕ.
These closure operators, which include the geometric convex hull operator, are said to define anti-

matroid closure systems. An important antimatroid property is that:

Proposition 1. Let ϕ be antimatroid. If X.ϕ = Y.ϕ = Z closed, then (X ∩ Y ).ϕ = Z.

Proof. If X∩Y = X or Y , the result is trivial. So there exists pinX−Y and q ∈ Y −X . Now, suppose
(X ∩ Y ).ϕ 6= Z, then (X ∩ Y ∪ {p}).ϕ = Z = (X ∩ Y ∪ {q}).CL (if not let X ∩ Y ∪ {p} = X ′ and
X ∩ Y ∪ {q} = Y ′ and repeat the argument) contradicting C6. ut

Let (U, ϕ) be a closure system. Containment, ⊆, forms a natural partial ordering on the closed
subsets C1 shown in (1), and it is well known that the closed sets in (U, ϕ) so ordered form a lower
semi-modular lattice.1 Figure 1 illustrates the lattice of closed sets of the closure system C1 ordered
by inclusion.
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Fig. 1. The lattice of closed sets of C1

1.1 Relative Closure

In our development of closure space functions we will also use the following concept, which has the
feeling and flavor of relative topologies. Let (U, ϕ) be any closure system and let W ⊆ U. By the
relative closure ϕ with respect to W , denoted ϕ|W , we mean

Y.ϕ|W = Y.ϕ ∩ W, ∀ Y ⊆ W .
It is not hard to see that if ϕ is antimatroid, then ϕ|W is as well.

As shown below, the restriction of a closed set will always be closed. The ability to infer that Y

is closed wrt. ϕ when its restriction is closed wrt. ϕ|W is of more interest. The following proposition
from [12] gives two sufficient conditions. Neither is necessary.

1 This lower semimodularity of closed subsets partially ordered by inclusion has been repeatedly discovered
by many authors. See Monjardet [10] for an interesting summary.
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Proposition 2. In any closure system (U, ϕ)
(a) X closed wrt. ϕ implies X ∩ W is closed wrt. ϕ|W .
(b) If W is closed wrt. ϕ and X ⊆ W , then X closed wrt. ϕ|W implies X is

closed wrt. ϕ.
(c) If X is closed wrt. ϕ|W and (X.ϕ−X) ∩ (U−W ) = Ø, then X closed wrt. ϕ.

Closure systems are common in discrete applications. One encounters transitive closure in many
guises. Three important types of closure system are 1) convex geometries, 2) poset closure, and 3)
Galois closure of relations. Since Galois closure need not be antimatroid [5], we will ignore it in
this paper. The other two are worth examining in a bit more detail because they can provide many
motivating examples.

1.2 Convex Geometries

By a convex geometry we shall mean a collection of discrete points in an n-dimensional Euclidean
space. For the illustrative purposes of this paper, we always assume a 2-space. The closure operator
is the convex hull operator. A much more complete treatment can be found in [3, 4, 6]. There the
closed sets are called alignments.

A convex hull closure operator provides the quintessential example of antimatroid closure. Con-
sider Figure 2. The point q is in the convex hull of Y ∪ {p}, consequently p cannot possibly be in

Y pq

Fig. 2. Illustration of antimatroid closure

the convex hull of Y ∪ {q}.

1.3 Posets as Closure Systems

Suppose U is a poset (P,≤) such as Figure 3, where a < c < e, etc. Or, equivalently, we may think
of Figure 3 as an acyclic graph G = (P, E). Two familiar closure operators on P are
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Fig. 3. A 6 point poset

Y.↓ = { x | ∃y ∈ Y, x ≤ y } and




























