Historical Perspectives

George Boole (1815-1864)
- Mathematician and philosopher
* Invented symbolic / Boolean logic
* Invented Boolean algebra, 1.e.
“calculus of reasoning”
A founder of computer science
* “An Investigation into the Laws of Thought
o Influenced De Morgan, Schroder, Shannon
 All modern computers, electronics, phones,
data transmission, rely on Boolean principles
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Mozart writing the digital version of his symphony No. 38
in D major.



Historical Perspectives
Augustus De Morgan (1806-1871)

« Mathematician and logician

 Developed logic & mathematical induction
e De Morgan’s Laws In logic & set theory

* Invented relational algebra

 Corresponded extensively with Hamilton

e Influenced Russell, Whitehead, and Tarskl

» Studied paradoxes
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Historical Perspectives

Charles Babbage (1791-1871)

» Mathematician, philosopher, inventor
mechanical engineer, and economist

 The father of computing

» Built world’s first mechanical computer
- the “difference engine” (1822)

 Originated the programmable computer
- the “analytical engine” (1837)

» Worked In cryptography

* Developed Babbage’s principle
of division of labor




Babbage’s Difference Engine

» World’s first mechanical computer

 Designed in 1822, redesigned in 1847-1849

» 25,000 parts, 15 tons, 8ft tall, 31 digits of precision

» Tabulated polynomial functions, used Newton’s method
» Approximated logarithmic and polynomial functions

» Used decimal number system and hand-crank
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o CHARLES BABBAGE

and the Quest to Build .
THE FIRST C (Y) MPUTER d The Mathematlcal WOl‘k
: U i . \EGAL of Charles Babbage




Andy Carol's Difference Engine 2 acarol.woz.org



Babbage’s Analytical Engine

» World’s first general-purpose computer

* Designed in 1837, redesigned throughout Babbage’s life
 Turing-complete, memory: 1000x50 digits (21 kB)
 Fully programmable “CPU”, used punched cards
 Featured ALU, “microcode”, loops, and printer!

» Could multiply two 20-digit numbers in 3 min

» Few components built by Babbage; constructed in 1991
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Historical Perspectives

Countess Ada Lovelace (1815-1852)

« Daughter of Lord Byron

 Tutored in math and logic by De Morgan

» Wrote the “manual” for Babbage’s analytical
engine, as well as programs for it

* World’s first computer programmer!

 Foresaw the vast potential of computers

» Babbage: “The Enchantress of Numbers”

» DoD’s Ada language “MIL-STD-1815”

The International Language
for Software Engineering
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Ada Lovelace notes on “Sketch of the Analytical Engine Invented by

Charles Babbage”, by L. F. Menabrea, 1843

Her notes (three times longer than the paper itself!) contain the
world’s first computer program (for calculating Bernou

li numbers):
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World’s first computer program (for calculating Bernoulli
numbers), by Ada Lovelace, 1843:
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Quotes from the Ada Lovelace notes on
“Sketch of the Analytical Engine Invented by Charles Babbage™, 1843

“We may say most aptly, that the Analytical Engine weaves algebraical
patterns just as the Jacquard-loom weaves flowers and leaves.”

i

“Again, it might act upon other things besides
number, were objects found whose mutual
fundamental relations could be expressed by those of
the abstract science of operations, and which should
be also susceptible of adaptations to the action of the
operating notation and mechanism of the engine.
Supposing, for instance, that the fundamental relations
of pitched sounds in the science of harmony and of
musical composition were susceptible of such
expression and adaptations, the engine might compose
elaborate and scientific pieces of music of any degree |
of complexity or extent.”



Quotes from the Ada Lovelace notes on
“Sketch of the Analytical Engine Invented by Charles Babbage™, 1843

“Many persons who are not conversant with mathematical studies, imagine that
because the business of the engine is to give its results in numerical notation,
the nature of its processes must consequently be arithmetical and numerical,
rather than algebraical and analytical. This is an error. The engine can arrange
and combine its numerical quantities exactly as if they were letters or any other
general symbols; and in fact it might bring out its results in algebraical
notation, were provisions made accordingly.”

“But it would be a mistake to suppose that because its
results are given in the notation of a more restricted
science, Its processes are therefore restricted to those of
that science. The object of the engine is in fact to give the
utmost practical efficiency to the resources of numerical
Interpretations of the higher science of analysis, while it
uses the processes and combinations of this latter.”
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Problem: Give as many proofs as you can for the
Pythagorean Theorem. i.e., a° + b? = ¢ holds for
any right triangle with sides a & b and hypotenuse c.




Problem: Does the Pythagorean theorem generalize to
arbitrary figures on the sides of a right trianale?

(Pythagoream Fheorem: ¢* = a? + [#




Problem: compute 1111111112 in your head.



Problem: What is the approximate value of:

(L+97(-(47(7*6))))\(3"(2"85)) = ?



Problem: Does every closed simple curve contain
the vertices of an equilateral triangle?

-

» What approaches fail?
« What techniques work and why?
» Lessons and generalizations




A Simple Closed Curve!




A Simple Closed Curve!




R
Ry 4%%1.& 5 >
Vk .mk.mww 2 r-ﬂ,uvwéﬁm«\xw /w\.
o) LA G
N s
= > 1R
#..W .mfm( %@r
= X 7 M‘J,x_w{
! I o
% 3 & ,,.,_U
S ROGSSE SR eﬂx., S j g
) ”, U 4>M R W,»
! fxq Z , 0

A Simple Closed Curve!



A Simple Closed Curve!
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Historical Perspectives

Charles Dodgson (1832-1898)

« AKA “Lewis Carroll”

« Mathematician, logician, author, photographer

* Wrote “Alice in Wonderland”, “Jabberwocky”,
and “Through the Looking Glass”

» Popularized logic & syllogisms and made it fun! |

» Invented “Scrabble” and “word ladder” games [

« Profoundly influenced literature, art, and culture [N
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HUMPTY DUMPTY

Lewis Carroll
Tliatration by Sie John Tenniet

Humpty Dumpty
sat on a wall:

Humpty Dumpty
had a great fall.

All the King's horses
and all the King's men

Couldn’t put Humpty Dumpty
in his place again.
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Alice and the White Knight:

A Lesson in Logic, Semantics, and Pointers

“You are sad," the Knight said in an anxious tone: “let me sing you a song to
comfort you.'

“Is it very long?' Alice asked, for she had heard a good deal of poetry that day.

“It's long,' said the Knight, “but it's very, very beautiful. Everybody that hears
me sing it -- either it brings the tears into their eyes, orelse -
logical disjunction!
"Or else what?' said Alice, for the Knight had made a sudden pause.
law of the excluded middle!

“Or else it doesn't, you know. The name of the song is called “Haddocks" Eyes™.' v
pointer to a pointer! [ the name of the song is J

“Oh, that's the name of the song, is it?" Alice said, trying to feel interested. “The Aged Aged Man”

the name 1s called
“Haddocks’ Eyes”

\ 4

"No, you don't understand,' the Knight said, looking a little vexed. "That's [ the song is J

what the name is called. The name really is “The Aged Aged Man ! “A-sitting On a Gate”
pointer dereferencing: meta-pointerresolved!

“Then I ought to have said “That's what the song is called”?'
Alice corrected herself. separation of abstractions: variable vs. pointer!

"No, you oughtn't: that's quite another thing!

but that's only what it's called, you know!'
call-by-name vs. call-by-value!

“Well, what is the song, then?' said Alice, who was by this time completely bewildergf a %

"I was coming to that,' the Knight said. "The song really is “A-sitting On a Gate
and the tune's my own invention.'
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Lewis Carroll Society
of North America

| HOME | ABOUT US | MEMBERSHIP | NEWS | PUBLICATIONS | EDUCATION | LINKS | FAQ|

WELCOME

Welcome to The Lewis Carroll Society of North America (LCSNA) homepage. The LCSNA is
a non-profit organization dedicated to furthering Carroll studies, increasing accessibility of
research material, and maintaining public awareness of Carroll's contributions to society and
culture. This website is one way we share information with Carroll enthusiasts around the
World. If you are a Carrollian and would like to help in these endeavors, or if you simply
enjoy Carroll and want to be among other people with a like interest, please consider joining
the LCSNA.

For detailed information about C.L.Dodgson ("'Lewis Carroll") and his creations, please
access the Lewis Carroll Homepage.

Spring Meeting

The 2009 Spring meeting will be held in beautiful Sante Fe, New Mexico, on May 9. Please
consult the newly updated (as of April 24th) meeting agenda for all of the details. See you
there.
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® Sjte Search research into the life and works of Lewis Carroll (Charles Lutwidge Dodgson).
. . The Society has members around the world, including many leading libraries
Recent Additions and institutions, authors, researchers and many who simply enjoy Carroll's
® Interesting Links books and want to find out more about the man and his work.
Why not join the LCS - for your own interest and entertainment or to make a
Communication contribution to Carroll scholarship? Our subscription are remarkably low for a
society of this nature. Click Here for membership details.
= Contact The Society
® Join Our Email List
. Events at Lyndhurst: from 15 May 2009
About The Society
= Membership \
® Publications L / |
® Society Journals e lce f".- ad
= Detailed Information ADVG']TUQﬁ —
yndhurst 2008 ' ‘
About Lewis Carroll ‘
® | ewis Carroll's Life
= Lewis Carroll's Works This wonderful season of Alice-related events has something for everyone! The
village of Lyndhurst, in the beautiful New Forest, celebrates its Alice
® Lewis Carroll's Diaries connections with walks, talks, tea-parties, musicals, and many other activities.
= Reading & Researching Vist the Alice Adventure website for more details.
Inspired by Carroll
® Fine Art Events at Oxford: 4 July 2009
= Performing Art The city of Oxford plays host to the second Alice's Day this
year, with a busy programme of events on 4 July. There are
® Postage Stamps live performances, reading, drama workshops, exhibitions,
® Pop-up Alice Editions talks am?l other aCtIVIl':IES ff:vr all the famlly.'.
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vents, People, Places about the real Alice and the original telling of her
® Carrollian Events adventures, Anne Varty investigates the child-actresses who
" Lewis C Il Societi played Alice and were friends of Lewis Carroll and Mark
ewis Larroll societies Richards explores the connections between Carroll and
® Places to Visit Charles Darwin. All are welcome to attend - come and go as
m Fallacking amd Chanmina you please. =l
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Historical Perspectives
Georg Cantor (1845-1918)

 Created modern set theory
* Invented trans-finite arithmetic
(highly controvertial at the time)
* Invented diagonalization argument
e First to use 1-to-1 correspondences with sets
* Proved some infinities “bigger” than others
« Showed an infinite hierarchy of infinities
« Formulated continuum hypothesis
e Cantor’s theorem, “Cantor set”, Cantor dust,
Cantor cube, Cantor space, Cantor’s paradox
o Laid foundation for computer science theory
o Influenced Hilbert, Godel, Church, Turing

GEORG
CANTOR
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THEORY OF

TRANSFINITE NUMBERS
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CHAPTER 4 / DECIDABILITY

“To get this list we make an infinite matrix containing all the positive ratio-
nal numbers, as shown in Figure 4.16. The ith row contains all numbers with
numerator i and the jth column has all numbers with denominator j. So the
number % occurs in the ith row and jth column.

Now we turn this matrix into a list. One (bad) way to attempt it would be to
begin the list with all the elements in the first row. That isn’t a good approach
because the first row is infinite, so the list would never get to the second row.
Instead we list the elements on the diagonals, starting from the corner, which are
superimposed on the diagram. The first diagonal contams the single element }
and the second d1agonal contams the two elements Z and §. So the first three
elements on the list are 1 )5 and 1 Tn the third diagonal a comphcatmn arlses It
contains 2, 2 and L. Ifwe smlply added these to the list, we would repeat = 3.
We avoid doing so by skipping an element when it would cause a repetition. So
we add only the two new elements 2 and 1. Continuing in this way we obtain a

list of all the elements of Q.

2
5
2
5
4
5

FIGURE 4.16
A correspondence of A and Q

After seeing the correspondence of A and @, you might think that any two
infinite sets can be shown to have the same size. After all, you need only demon-
strate a correspondence, and this example shows that surprising correspondences
do exist. However, for some infinite sets no correspondence with A exists.
These sets are simply too big. Such sets are called urnconntable.

The set of real numbers is an example of an uncountable set. A real zumher
is one that has a decimal representation. The numbers 7 = 3.1415926. .. and
v2 = 1.4142135. .. are examples of real numbers, Let R be the set of real
numbers. Cantor proved that R is uncountable. In doing so he introduced the
diagonalization method.

[ntroduction to the Theory
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Edition
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CHAPTER 4 / DECIDAEILITY

Apga and Acrg were decidable, Aty is not. Let
Ay = {{M,w)| M is a TM and M accepts w}.

THEoREM 4,11

AT 1s undecidable.

Before we get to the proof, let’s first observe that Aty is Taring-recognizable.
"Thus this theorem shows that recognizers #re more powerful than deciders. Re-
quiring a TM to halt on all inputs restricts the kinds of langnages that it can
recognize. The following Turing machine U recognizes Apm.

U = “On input (M, w), where M is a TM and w is a string:
1. Simulate A on input w.
2. If M ever enters its accept state, accept; if M ever enters its
reject state, reject.”

Note that this machine loops on input {M,w) if M loops on w, which is why
this machine does not decide Arm. If the algorithm had some way to determine
that M was not halting on w, it could reject. Hence Aty is sometimes called
the balting problem. As we demonstrate, an algorithm has no way to make this
determination.

The Turing machine I is interesting in its own right. Tt is an example of
the wniversal Turing machine first proposed by Turing, This machine is called
universal because it is capable of simulating any other Turing machine from the
description of that machine. The universal Turing machine played an important
carly role in stimulating the development of stored-program computers.

[THE DIAGONALIZATION METHOD]

The proof of the undecidability of the halting problem uses a technique called
diagonalization, discovered by mathematician Georg Cantor in 1873, Cantor was
concerned with the problem of measuring the sizes of infinite sets. If we have
two infinite sets, how can we tell whether one is larger than the other or whether
they are of the same size? For finite sets, of course, answering these questions
is easy. We simply count the elements in a finite set, and the resulting number
is its size. But, if we try to count the elements of an infinite set, we will never
finish! So we can’t use the counting method to determine the relative sizes of
infinite sets.

For example, take the set of even integers and the set of all strings over {0,1}.
Both sets are infinite and thus larger than any finite set, bur is one of the two
larger than the other? How can we compare their relative size?

Cantor proposed a rather nice solution to this problem. He observed that two
finite sets have the same size if the elements of one set can be paired with the
elements of the other set. This method compares the sizes without resorting to
counting. We can extend this idea to infinite sets, Let’s sec what it means more
precisely.



Problem: How can a new guest be accommodated
in a full infinite hotel? f(n) =n+1




Problem: How can an infinity of new guests be
accommodated in a full infinite hotel?

f(n)=2n p—
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Problem: How can an infinity of infinities of new
guests be accommodated in a full infinite hotel?
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®2002 Ml YET; IF A NEW GUEST ARRIVED,

"HILBERTS Helg L it
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THIS PARAPOX ASSUMEP THAT
MANAGEMENT CoUuLPD ALWAYS
ADD oNE OR MORE To INFINJK

We'W. simPLY
PUT Yo IN RooM

1, THEN ASK /[
EVERYoNE To
SHIFT oVER
ONE RooM.

UNFORTUNATELY; THEY WERE
A BUNCH oF SLoBS.

THE BRAIN-BRUISING HOTEL
ATTRACTEP A LoT of MATHE-
MATICIANS AND PHILOSoPHERS.

MoMENT;
PLEASE.

AFTER ALL, THERE WERE AN
INFINITE NUMBER of RooMS.
RooM 8437229486,114392645,
AU3653898652,132
NEEDS FRESH ToWELS.

#,

THEY LIKEP To ARGUE INTo
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NATURE oF INFINITY.

/ 22 %

s

MANAGEMENT HAP To HIRE A
NEW MAID To KEEP UP WITH
THE MESS.

PAUNTED BY THE NUMBER of
RooMS To CLEAN...

Ode to Aleph Null

0

Aleph-null bottles of beer ou
the wall,

Aleph-null hottles of beer,

if pue of those bottles should
happen to fall,

Aleph-null bottles of beer on
the wall.
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remained full. The Manager continued to extend it, until ® 100000
eventually it became infinitely large. One day much to his 0300000
surprise, no spare rooms could be found in his now infinite
hotel. All the mathematical calculations, which he normally ® 200000
relied on to find the rooms, just wouldn't work... ® 100000
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Problem: Are there more integers than natural #’s?

N Z 7
N = Z w |-4]23[22]21] 0
So |N|<|Z| ?

Rearrangement:
Establishes 1-1
correspondence

fN(—)Z Z ...... >
N 123456789 = >

—|N|=|Z|




Problem: Are there more rationals than natural #’s?

NcQ
N+ Q
So |N|<|Q] ?
Dovetalling:

Establishes 1-1
correspondence

N Q
=|N|=|Q|

7

6

4

1—t—7 37 7 7 7 |7
1 2 3 4 5 6 ! 8 °
6L 6 6 6 6 6 |6 506
1 2 3 4 5 6 ! 8 -
sil5l8 g9 0215 |5 |5 |5
1 2 3 4 5 6 ! 8
215 144 134 2 |4 |4 |a
1 2 3 |4 |5 6 7 8
3> 36 73 123 233 283 (3 |3 .
1 2 3 4 5 6 ! 8
24 3 P2 b 24 22 |2 |2 .
1 2 3 4 5 6 ! 8
11 P 91 10 2% 261 L J1 |
1 2 3 4 5 6 ! 8
1 2 4 5 6 7 8.



Problem: Are there more rationals than natural #’s?

NcQ
N = Q
So |N|<|Q] ?
Dovetalling:

Establishes 1-1
correspondence

N Q
=|N|=|Q]

7

6

124 125 126 127 128 12_9_ 7 391
lj 2 3 4 5 6 ! 8
643 8 6 6 226 6306 |6
1 2 3 4 5 |87 |8°
s2gld g4 dS s s a5 35
1 2 3 4 NB |6 7 8
Al 4 104 @' |4 34 |4
1 2 3 5 6 7 g
-qu
34 % 93 173 |3 3B3 33
1 4 5 6 ! 8
2 2 18 |2 32 |2 .
1 4 5 6 ! 8
11 P 81 191 207 3B 361
1 2 3 4 5 6 ! 8
1 2 3 4 5 6 7 8.



Problem: Are there more rationals than natural #’s?

NcQ

N+ Q

So |N|<|Q] ?
Dovetalling:
Establishes 1-1

correspondence 4

N Q
=|N|=|Q|
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Problem: Why doesn’t this “dovetailing” work?

Theresno 7| T % & §+ £ £ £ £
“last” element 6 5 6 5 5 5 5 5
onthe firstline! | 7 2 3 4 § 0§ 7 § -
_ 5 5 5 S5 5 S5 5 5 5
So the 2" |ine 1 2 3 4 5 6 7 8
IS never reached! A4 4 4 4 4 4 4 4
1 2 3 4 5 6 7 8
— 1-1 function 3 3—3 —3 3 3 —3—3—3
is not defined! 1 2 3 4 S5 6 7 8
) 22— 2 22— 22— 2 —2
1 2 3 4 5 6 7 8
1 l—F—FF—3F—F—F—F—3F—;
1 2 3 4 5 6 7 8
1 2 3 4 5 6 1 8 .




Dovetailing Reloadec

Dovetailing: f:N <Z _4-3]-2]-1l 011121314

Z
N123456789

To show |N|=|Q| we can construct /:N<«>Q by sorting x/y
by Increasing key max(|x| VD), while avoiding duplicates:

max(x[,ly])

max(|x|,ly _\31 0H, 141

max( M 2130, oh

m@ ) =3: 123, 283 3/1, 3%

{finite new set at each step}

. Dovetalllng can have many disguises!
SO can diagonalization!




Theorem: There are more reals than rationals / integers.
Proof [Cantor]: Assume a 1-1 correspondence f: N <> R

l.e., there exists a table%r:taining all of N andall of R:

N R
3

4 ...eR O{f}
But X is missing from our table! X = f(k) V keN

S — fnota l-1 correspondence

—> contradiction

= R IS not countable!

There are more reals than rationals / integers!




Problem 1: Why not just insert X into the table?
Problem 2: What if X=0.999... but 1.000... is already in table?

* Table with X inserted will have X still missing!
Inserting X (or any number of X’s) will not help!
 To enforce unique table values, we can avoid
using 9’s and 0’s in X.







Non-Existence Proofs

» Must cover all possible (usually infinite) scenarios!
« Examples / counter-examples are not convincing!
« Not “symmetric” to existence proofs!

EX: proofs that you “Proof” that you
are a millionaire: are not a millionaire ?

a—— FA

L% Citizens Bank

ACCOUNT NUMBER:

) rensw OVENORAFT LINIT, AS OF THE STATEN | | 1

N % & s 14 . ” - - > -
1 80.0 922-9999 . . Tt ,:II:n:'” NOTICE, l:)nl/os:l;,k‘r!:": s‘,l:g vsup..E ,Ec:: "5
Sty otk s o Wiy ot- SEE REVERSE Fom m

0.
B X P TAL DEPOSITS

— Beginning June 12, 2009 ]

u through July 13, 2009 B -
Z

JOHN MORRISON 5

Circle Gold Money Market | it
T 7 10—

Checking

uuuuuuu

Balance Calculation Interest

Previous Balance 3,273,750.65  Current Interest Rate

Checks .00 - Annual Percentage Yield Earned
Withdrawals 53,532.55 - Number of Days Interest Earnec
Deposits & Additions 395,787.23 + Interest Ear

Interest Paid 2,471.10 + Interest®aid thiN(e:
3,618,482.43 =




Cantor set:

Start with unit segment

« Remove (open) middle third

« Repeat recursively on all remaining segments
o Cantor set is all the remaining points

Total length removed: 1/3 +2/9+4/27 +8/81 +...=1

Cantor set does not contain any intervals

Cantor set Is not empty (since, e.g. interval endpoints remain)

An uncountable number of non-endpoints remain as well (e.g., 1/4)

Cantor set is totally disconnected (no nontrivial connected subsets)

Cantor set Is self-similar with Hausdorff dimension of log,2=1.585

Cantor set is a closed, totally bounded, compact, complete metric
space, with uncountable cardinality and lebesque measure zero



Cantor dust (2D generalization): Cantor set crossed with itself
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