Historical Perspectives

Bertrand Russell (1872-1970)

* Philosopher, logician, mathematician,
historian, social reformist, and pacifist

» Co-authored “Principia Mathematica” (1910)

« Axiomatized mathematics and set theory

 Co-founded analytic philosophy

 Originated Russell’s Paradox

« Activist: humanitarianism, pacifism, education,
free trade, nuclear disarmament, birth control PRINCIPIA
gender & racial equality, gay rights MATHEMATICA

 Profoundly transformed math & philosophy,
mentored Wittgenstein, influenced Godel

o Laid foundation for computer science theory °

- WWon Nobel Prize in literature (1950) ¢
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SECTION A] CARDINAL COUPLES ( 379

#6442, Fuae2.D:B8Ca.q!B.B+a.=.Beta
Dem.
F.xbdd. Dbuma=toviy.D:,
BCa.q!B.=:f=A.v.B=tz.v.B=t'y.v.B=a:7183:

[#2453-56.%51°161] =:fB=tz.v.B=t"y.v.B=a (1)
F.#5425. Transp . %5222 . D Frady . D tfeutfydtfa. t2uifyfitfy:
[#1312] DbFia=i¢wviy.afy.d. aftv.afty (2)

Fo(1).(2).dFsra=1euit‘y.a+y.D:.
BCa.q!B.BFa.=:B=tz.v.B=1:

[%51-235] =:(fz).zea.B=1z:
[#37°6] =:Beta (3)
F.(3).%11'11'35.%54'101 . D . Prop
*¥5443. F:a Bel.dianB=A.=.auBe?2
Dem.
F.#3426.DFa=tz.8=1"y.D:avBe2.=.2%y.
[#51-231] =.tanty=A.
[%13-12] =.anfB=A (D)

F.(1).%11'11-35.D
Fi(ge, y).a=t‘z.B=1y.d:avBe2.
F.o(2). %1154 .%52:1. D F . Prop

From this proposition it will follow, when arithmetical addition has been
defined, that 1 +1=2.

#0444 bz weltzuty. D, . p(w)i=.p(x,2). d(2,y). (v, 2)-$ (1, 7)
Den.
F.51234. %1162. D F oz, weteuty.D, - p(2w): =1
zel‘zuty.D,. d(z,2). d(z,y):
[#51-234.%1029] =: p (z,2) . P (2, ) - p (y,x) - p (y, ) t. D F . Prop
#6444l Fruzwelavi‘y. 2 w. Dpw.pzw)i=ta=y:1vid(@,y) . (¥, )
Dem.
F.%56.DF nmzwetwvit'y.zdw.d, . Pp(zw) =1

Zwel's vty . D piz=w.v.¢(zw):.

canB=A @)

[%54-44] =tx=a.V.Pp@r)ie=y.v.d(zy):
y=e.v. @y a)y=y.v.- ¢ y:
[¥1315 Six=y.v.¢@y)iy=a.v.d(y,a):

[*1316.441]=:2=y.v.¢(2,9). $(y,2)
This proposition is used in #¥16342, in the theory of relations of mutually
exclusive relations.

86 CARDINAL ARITHMETIC [PART 11

%110632. F:peNC.D.p+, 1= {(qy) .y eE. £ —t'y esm“pu)
Dem,
F.%110631 . %51:211:22. D

FiHp. D ut 1=E{(@ny) - yesmu.yeb.y=E—1Y
[¥13195] =E{(y) .y ek E—t'yesm“p}:DF. Prop
*¥11064. F.0+,0=0 [%11062]
*¥110641. F.14+,0=0+.1=1 [#110'5161.%1012]
#110642. F.2+,0=0+,2=2 [%110'51-61.%101-31]

¥110643. .1 4,1=2
Dem.
F.%110632.%101-21'28.D
Folal=E((my) .yt E—tiyel}
[#5643] =2.DF.Prop

[The above proposition is occasionally useful.] It is used at least three
times, in %113:66 and %120'123-472.

#110-771 are required for proving #*11072, and %11072 is used in
#1173, which is a fundamental proposition in the theory of greater and less.

#1107, F:8Ca.D.(qu). ue NC. Nc‘a=Ne‘B+.pn

Dem.
Fo%2441121.0F:Hp.d.a=Bv(a—B).Bn(a=B)=A.
[#%11032] 2. Nefa=Nc‘B+,Ne‘(a— 8): 2 F . Prop
*11071. F:(gu).Nc‘a=Nce‘B+.u.2.(f8).6smB.6Ca
Dem.
F.#100:3.%1104.2
F:Ne‘a=NeB+,p.D. pe NC— ‘A 1)

F.#1103.DF: Nefa=Ne‘@ +, Ne‘y . = . Nefa=Ne“(B+ ) .
[%100°3-31] Jd.oasm(B+q).

[%731] D.(R). Rel—>1.D‘R=a.d‘R=] A,“tBulg | “t*.
[%37°15] JD.(qR). Rel—1. | A “BCUR.R“ | Ay "B Ca.
[%110°12.%7322] D . (58).8Ca.dsm B (2)

F.(1).(2).2F. Prop
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Related theorems
Unicode version

Theorem pm34.43 w0

Description: Theorem *54.43 of [WhiteheadRussell] p. 360. "From this proposition it will follow, when arithmetical addition has been defined, that 1+1=2." See
http://en wikipedia. org/wiki/Principia_Mathematica#Quotations. This theorem states that two sets of cardinality 1 are disjomt iff thewr union has cardmality 2

Whitehead and Russell define 1 as the collection of all sets with cardinality 1 (i.e. all singletons: see cardl 4e5), so that their A £ 1 means, in our notation, A & {:c |

z) =1,}1e (card‘4d) =1, (by elab iz:0) ie. 4 a
unused by our different approach to arithmetic), so

our proof1s longer. (It 1s also longer because we must show every detail.)

Theorem pinl 10.643 5057 shows the derivation of 1+1=2 for cardinal numbers from this theorem.

Assertion

Ref Expression

pmS4 - (Al A Bxl)—=((ANBl=a (AU E) = 32,)

(card’

1, (by carden 43 and cardnn 4e54). We do not have several of then earlier lenmas available (which would otherwise be

Proof of Theorem pm54.43

Step| Hyp Ref Expression

1 Llon a2 s 1,e0n

2 onirl 068 kAl el,

3 disisn 24 (L n{l)=2 <1, e1)

4 |23 mpbir sl N{l)=a

5 unen <3 6 (A~ 10A_~{1})/\ AnB)=a A 100{10} — (AU B) 2 (L, u{l})
6 |45 mpant? 713 sE((A~1,AB = {l } A ( AnB)= ) (4 Az lo U {lo})
716 ex 371 (A~ l<J ABa{l)-(AnB)=2-(4 E] 25 (1o U {1 1))
8 |l elissetl 10 sF1l,elV

9 8 ensnl 4553 k{1,

10 |8, 9 E1SVIIL 4542 sk 1, & {1 }

11 entr 43 sE((BaloAly={l)) — 8~ {1}

12 (10,11 |mpan? &= tH(Bal, » Ba{L))

13 7,12 sylan?2 e sF{(Ax1l,ABa1)-(AnB)=2 (AU B) (1, U{l})
14 df-20 4058 5k 2, =sucl,

15 df-suc 2o sk suc 1, = (1, U {1,})

16 |14,15  |leqlui a4 a2, = (1, U {L)

17 |16 breqlioset | sF({(AUB) a2, (AU E) & (1, U{l.))

18 13,17  |svl6ibr 211 tF(AmlaAEml)»(ANE)=2 - (AU B) =~ 2,)

X Find: et Previous & Highlight ll [~ Makch case

Done
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19 sneq 246 | wh(z=y - {z}={y) -
20 (19 uneq2d =z | wk(z=y - {zyu{z) ={=}u{EN)
21 unidm ez | 1k ({2} u {z}) ={z}
22 |20, 21 sylSreqr st | ch{z=y - {z}u{yh)={=h
23 visset 1255 shzel/
24 |23 ensnl 53 14 = {} 2 1,
25 1sdom?2 455 141, < 2,
26 ensdomtr 400 14 b ([{.x:} a2 ly Al <2,) — {} ~ 2,)
27 |24, 25, 26jmp2an 1o 3 {z} =<2,
28 22,27  |syl6egbrors | ek(z=y - {z}u{y})) < 2)
29 sdomnen w| ek {{z}u{yD) <2 -~ {z}u{v)) =~ 2,)
30 28,29 vyl | h(z=y—={z}u{y)) ~ 2)
31 |30 meconZ2ai {55 o {({z}u{pP a2, =z # )
32 disjsn?2 s4ea ok {z#y—{z}n{y})) =)
33 31,32 fylo s ({=z}u{pP) ~ 2. = ({=z}n{zh) =2)
% B3 i F(A=(2}A B =) = (@ U )~ % = (@G =2)
35 uneql 2 2207 sF((A={z}AB={EP) = (AU B)={=}u{y))
36 |35 breqld ccos aF{(A={EnB={y) = (AU B)~ 2, o {z}u{y]) ~ 2.)
37 ineql 2 a0 LeF((A={3AB={) 2 (AnB) ={=}n{y})
38 |37 eqeqld 1522 sFE{(A={EnB={y)=(AnB) =2 - {z}n{y) =2)
39 [34,36,38B3imtrddses | 7 H((A={z}AB={y}) = ((AUuB)~2,—=(4An B)=ga))
40 |39 lext 371 sE(A={z} > (B={y}= (AU B)~2,-(4n E)=a))
41 |40 1923adv | sE(A={z} = Qy B={y} = (AU B)~ 2, —(4n E)=2))
42 |41 1923aiv im0 | «F Bz A={z}=(Fy B={y} = (AU B) ~2,—(4n B)=2))
43 142 mp 346 sE({(@z A={z}ATy B={y) = (AU B) = 2, » (AN B) = 2))
44 enl 4555 k(A l, o3z A={z)
45 enl 4555 aF(Bal, e Ay B={y)
46 |43, 44, 45yl2anb 4z |- ((Am 1o A B l,) = (AU B) &~ 2, = (AN B)=a))
47 (18,46 |mpbidsis [1F([(Ax1l, A B x1l,)—=([(ANnE)=8 (AU E)~2,)
Colors of variables: wif set class
Syntax hints: —wn2 _, wi3 ., Wb 144 A Wa22t — weeqosd g weel 591 Jwex 1013 ?e WNE 1624 | eun 2003y cin 2004 el 2528 {@ 2455 class class class Wbr 2665 Oy con0 2965 gy CSUC 2557

1,610 4252 5,020 4255 =g cEN 4422 ¢ csdm 4405

This theorem is referenced by: pml10.643 5057 unpde2eg2 10809

This theorem was proved from axioms: ax-1 4 ax-25 ax-36 ax-mp 7 ax-7 995 ax-gen 906 ax-8 0o ax-9 ¢os ax-10999 ax-11 1000 ax-12 1001 ax-13 1002 ax-14 1003 ax-17 1004 ax-4 1006 ax-50 1005 ax-60 1011
ax-90 1156 ax-100 1174 ax-16 1244 ax-110 1252 ax-ext 1495 ax-Iep 275 ax-sep 2760 ax-nul 2776 ax-pOwW 2609 ax-pr 2544 ax-un 3079

* Find: [ Hext

Previous & Highlight 3l [~ Match case
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Theorem pm110.643 ==
Description: 1+1=2 for cardmal number addition. Theorem *110.643 of Principia Mathematica, vol. 1L, p. 86, which adds the remarl, "The above proposition 1s
occasionally useful.” Unlike us, Whitehead and Russell define cardinal addition on collections of all sets equinumerous to 1 and 2 (which for us are proper classes unless
we restrict them as m karden 4s6), but after applying defimitions, our theorem 1s equivalent. See also the comment for pm54.43 400, The comment for cdavali sos4 explains
why we use a wstead of =

Assertion

Ref Expression
pm110.643 |- (1, += 1o) 7 2,

Proof of Theorem pm110.643

Step| Hyp Ref Expression
1 1 on 8 iF1l,£0n

2 |1 elissetiwn | s 1, eV

3 2.2 |edavalisess |2 (1 4 Lo) = (Lo x {2}) U (1o x {1.}))

4 xpOldisj w7 | 5 F (Lo x {2 N (Lo x {L,})) = @
5 Qex o777 skaell
6 |2.5 |xpsnendssd |4 b (1, x {E’j}) 77 1,

7 2.2 |xpsnendssd |4 (1, % {10}) 71,

8 pm54.43 sees| 4 - (Lo % {@}) == 1, A (Lo x {1o}) = 1,) = (1o x {@}) N (1o x {1 P) = @ = ({1, x {@}) U (1, x {1 })) = 2,))
9 16,7, 8mplanmo | 3k (L x {@)) N (Lo x {1})) = @ & (Lo x {8)}) U (Lo x {1.})) =~ 2,)

10 |4.9  |mpbi s 2 = (1o x {2 U (L x {1o]) = 2,

11 [3.10 [egbrtrizes [ (Lo 4 Lo) & 24 |

o0

Colors of variables: wif set class
Syntax hints: 5 wb 144 —weeq 99 | cun 2033 e 2094 el 2528 {m 2458 class class class Wb 2553 Qpeond 2065 5 exp 2239 (class class class)co 4009 ] clo 4252 5 €20 4253 ag Con 4433 4
ceda 5051

This theorem was proved from axioms: ax-1 4 ax-25 ax-36 ax-mp 7 ax-7 995 ax-gen 596 ax-8 097 ax-9 0o ax-10990 ax-11 1000 ax-12 1001 ax-13 1002 ax-14 1003 ax-17 1004 ax-4 1006 ax-50 1008 ax-60 1011
ax-90 1156 ax-100 1174 ax-16 1244 ax-110 1292 ax-ext 1495 ax-Iep 2750 ax-sep 2760 ax-nul 2776 ax-pow 2600 ax-pr 2844 ax-un 3079

This theorem depends on definitions: df-bi 145 df-or 222 df-an 223 df-3or 779 df-3an 7s0 df-ex 1014 df-sb 1206 di-eu 1417 df-mo 1415 df-clab 1502 df-cleq 1507 df-clel 1510 df-ne 1628 df-ral 1631 df-rex 16o2
df-reu 1803 df-rab 6ae df-v 1854 dfsbe 1983 dftesb coss df-dif eoor df-un 2oce df-in 2o df-gs 2101 df-nul 2320 dftpw ast df-sn odst df-pr 2aee df-tp 24s4 df-op 2eas df-uni 2561 df-int 2502 df-br 2es4 - df-opab 27z2
di-tr 2745 dieprel 2500 ditid 2e02 df-po 2007 df-so 2019 di-fi 2037 df-we 2o52 ditord 2052 df-on 2es dfssuc 2071 ditxp 2255 di-rel 3258 df-enw 3257 di-co 3258 df-dm s25s dffin s260 dffres o6t dfima 3262

df-fun 5263 df-finsoes df-f soss dffl zoe6 df-fo 067 df-flo so6s df-fv soe dftopr 4ot df-oprab <otz df-lo aosr df-20 4258 dfter 4380 df-en 4407 df-dom 44cs df-sdom 4490 df-cda s052

Copyright terms: Public domain
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NOTICE
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renounce war or perish!
. W01 '/// peace orluniversal death!
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“Most people would die
sooner than think - in j;lr/
they do s0.”

Bertrand
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"Most people would
sooner die than think;
In fact, they do so."
- Bertrand Russell
(1872-1970)




Russell’s paradox was invented by Russell in 1901 |

to show that naive set theory is self-contradictory: '

Define: set of all sets that do not contain themselves
S={T|TgT} =

Q: does S contain itself as an element? -, covsnee

THE SET OF ALL

Se S S eSS contradiction! | sors 74 save

NEVER BEEN CoN-

Similar paradoxes: Y psarrent

* “A barber who shaves exactly those -
who do not shave themselves.”

AND OVER THERE WE HAVE THE LABYRINTH GUARDS.

o < . . ’ ONE ALWAYS LIES, ONE ALWAYS TELS THE TRUTH, AND
This sentence 1s false. ONE STABS PEOPLE WHO ASK TRICKY QUESTIONS.

* “I am lying.”
* “Is the answer to this question ‘no’?”

* “The smallest positive integer not
describable in twenty words or less.”




AUTHOR KATHARINE. GATES RECENTLY ATTEMPTED
TO NAKE A CHART OF ALL SEXUAL FETISHES.

LITTLE DID SHE KNOW THAT RUsSELL AND WHITEHEAD
HAD ALREADY FAILED AT THIS SAME TASK.

HEY GODEL -~ WERE COMPIUNG
A COMPREHENSNVE LIST OF FETISHES.

WHAT QENS YOU ON7?

L ANYTHING NOT
ON YOUR LIST.

' o OQV . HM.

Star Trek, 1967, “I, Mudd” episode

Captain James Kirk and Harry Mudd use a logical 0

paradox to cause hostile android “Norman” to crash

/
MY NOSE WILL
GROW NOW!
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Godfrey Hardy (1877-1947)

» Mathematician: contributed to analysis,
number theory, physics, and genetics

* Wrote “A Mathematician’s Apology”™
which popularized mathematics

* Discovered & mentored Ramanujan

A COURSE A Mathematician’s
OF PURE ‘V?E‘il"?%bym o
MATHEMATICS >

ceng?nary Edition

1l *8 ‘ {64, -\di“f ’J. |

V/H'}‘o*l/

! ;-"'-' 28 af' (77 7r)ﬁ"+16 1]‘1

. 3 ) " G.H. Hardy




Historical Perspectives
Srinivasa Ramanujan (1887-1920)

« Mathematician: contributed to number theory,
analysis, infinite series & continued fractions

« Studied math on his own in isolation

* Proved 3,900 theorems!

« Influenced many other fields, including physics

e Inspired generations of mathematicians

 Entire mathematical societies and |
journals are devoted to his work! RAM%%JAN THE MAN

“ THE LOST NOTEBOOK JOURNAL i WHO KNEW

AND OTHER UNPUBLISHED PAPERS

AL LIEENOS

A NEW YORK TIMES NOTABLE BOOK OF THE YEAR

YRR o e

- " M e Sowrned (Wi by e A of
MATHEMATICAL WORKS OF Morhtase 1 b, of B gt g

SRINIVASA RAMANUJAN

\
g
s D o™
“A ma% e,"—The Washington Post Book World

i & . 14 2 \
® | G :
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Lessons from Ramanujan's Lost Notebook

ND/A POS 4 G‘E

George Ey;e Andrews “The

| Pennsylvania State University )
President Elect, American Mathematical Society 0 al’dy— Raman ujan
Number”

T

s
Awards: &) Springer
- Allegheny Region Distinguished Teaching Award, MAA
- Elected Member, American Académy of Aris & Sciences .
- Elected Member, National Academy of Sciences G. H. Hardy on RamanUJa :
— - MAA Polya Lecturer '

“I remember once going to see him
™~ . when he was ill at Putngy. | had ridden
o4 o st i o b ania h anduridng) Wiy e siscad in taxi cab number 1729 and remarked

a box in the Trinity College Library in Cambridge. | titled this collection

"Ramanujan’'s Lost Notebook” to distinguish it from the famous notebooks by tha‘t the number Seemed to me ra‘ther a

that he had prepared earlier in his life. On and off for the past 32 years,

| have studiefi these wi_ld and cor!fusing pages. Some of t!\e wei_rder < du” one and that I hoped It was nOt an

results have yielded entirely new lines of discovery. Sometimes, if you
pay close attention, you can gain some possible insights about the

searches that Ramanujan undertook and the questions he must have unfavorable omen. ‘NO, " he I’eplied, ¢
asked himself. Even if such speculations may be far from Ramanujan's . . . ..
actual thinking, they are nonetheless valuable exercises to undertake. IS a veé ry Interesti ng number’ It IS the
Some of these flights of fancy will form the topics in this talk. . 48 .
smallest number expressible as the sum

of two cubes in two different ways.” ”

J e se— \ (LT {4 1
4 > » 4

S e A Fermat “near-miss””:
REFRESHMENTS WILL BE SERVED AT 12 . . g/ 1729 =93 + 103 = 123+ 13




“My greatest contribution to mathematics was discovering
Ramanujan.” - G. H. Hardy

“Ramanujan's theorems must be true, because, if they were
not true, no one would have the imagination to invent them.”
- G. H. Hardy, upon first seeing Ramanujan’s results
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Historical Perspectives
Frank Ramsey (1903-1930)

» Contributed to mathematics, decision theory,
game theory, logic, philosophy, economics

 Pioneered Ramsey theory

» Was Wittgenstein’s Ph.D. advisor

* Influenced Church, von Neumann, Keynes

 Died at age 26

conference board of the mathematical sciences <SS,
regional conference series in mathematics (5

A
2]
number45 s

Ramsey Theory
on the Integers

Bruce M. Landman
RONALD L. GRAHAM Aaron Robertson Ramsey MethOdS
RUDIMENTS OF RAMSEY THEORY in Analysis




Pigeon-Hole Principle

» J. Dirichlet (1834)
* “Drawer principle”
* “Shelf Principle”

* “Box principle”

Theorem (pigeon-hole): There Is no |nject|ve (1 to -1) u'nctl'on
from a finite set (domain) to a smaller finite set (range).

Generalization. oo
N objects placed in M containers; then: BRI
. at least 1 container must hold 2|, 5 |

e at least 1 container must hold <

M
N
M



Problem: Show that any group of six people contains
either 3 mutual friends or 3 mutual strangers.

Q: Is this true for N=57  Brute force approach?
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A more elegant approach is needed!



Problem: Show that any group of six people contains
either 3 mutual friends or 3 mutual strangers.

Pigeon-hole
principleI O

O
6 1s said to be the “Ramsey number” R(3,3).

heorem: any group of 18 people contains either 4
mutual friends or 4 mutual strangers. R(4,4)=18




Ramsey Theory
* R(3,3)=6 Is the tip of a deep mathematical theory.

heorem [Ramsey]: For any
b and r, there exists a least
such that any complete gra
where each edge Is colorec

pair of positive integers
positive integer R(b,r)
oh over R(b,r) vertices,

either blue or red,

contains a monochromatic clique of size b or r.

« Ramsey theory seeks “order” among “chaos”:

i.e., even “random” graphs

/ configurations still

contain regular and predictable sub-structures.

 Pigeon-hole principle 1s a special case!



Other known Ramsey numbers (and bounds):

rs1 2| 3 4 3 6 [ 8 9 10
111 1 1 1 1 1 1 1 1

2 12 3 4 5 6 7 8 9 10

3 13 @5‘{(9’% 14 18 23 28 36 4043

4 14 |9 18 25 3541 49-61 56-84 73-115 92-149

5 15 14 25 43-49 | 58-87 80-143 | 101-216 |125-316 143442
6 16 18 3541 58-87 113—298 127495 169-780 179-1171
f 17 23 49-61 80-143 | 113-298 205-540 |216-1031 233-1713 289-2826
8 18 28 56-84 101-216 127495 216-1031 282-1870 317-3583 = 6090

9 19 36 73-115/125-316 169-780 233-1713 317-3583|565-6588 580-12677

10 1|10 40-43 92-149 143-442 179-1171 289-2826|< 6090 |580-12677 798-23556

“Imagine an alien force, vastly more powerful than us, landing on Earth and
demanding the value of R(5,5) or they will destroy our planet. In that case, we
should marshal all our computers and all our mathematicians and attempt to find
the value. But suppose, instead, that they ask for R(6,6). In that case, we should
attempt to destroy the aliens.” — Paul Erd6s (1913-1996)



Generalizations of Ramsey numbers

«  Multi-colors: only known non-trivial exact value is R(3,3,3)=17
E.g.: 16-node graph containing no mono-chromatic triangles:

U1l ey

Extra credit:
prove that
R(3,3,3)=17

Uy
U1
U1a

v1e 2

 Hypergraphs (where “edges” can be vertex subsets of size > 2)

 Infinite graphs (which imply the finite cases as a corollary)

)

“Complete disorder is impossible.’
—T. S. Motzkin (1908-1970)



Historical Perspectives

David Hilbert (1862-1943)

* One of the most influential mathematicians

» Developed invariant theory, Hilbert spaces

» Axiomatized geometry, “Hilbert’s axioms” T

« Co-founded proof theory, mathematical ‘
logic, meta-mathematics, & formalist school e

« Created famous list of 23 open problems H(’mfsaass
that greatly impacted mathematics research

» Defended Cantor’s transfinite numbers

« Contributed to relativity theory & physics

e Hilbert’s students included Courant, Hecke,
Lasker, Weyl, Ackermann, and Zarmelo

* Influenced Russell, Godel, Church, & Turing
John von Neumann was Hilbert’s assistant!
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DAVID HILBERT

Richard Courant VWILEY-VCH
David Hilbert
Methods of Mathe-

matical Physics

Volume 2

The

of Algebraic
Number
Fields

@ Springer

Theory

Cambridge Mathematical Library

Mathematical developments
arising from

HILBERT PROBLEMS

PROCEEDINGS OF
SYMPOSIA IN
PURE MATHEMATICS

VOLUME XXVl + Part 1

the hilbert challenge
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VOLUME I

Paul R. Halmos
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Problem Book
Second Edition

History and
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Hilbert’s Impact

Hilbert's axioms
Hilbert class field
Hilbert C*-module
Hilbert cube
Hilbert symbol
Hilbert function
Hilbert inequality
Hilbert matrix
Hilbert metric
Hilbert number
Hilbert polynomial
Hilbert's problems
Hilbert's program
Hilbert—Poincaré series
Hilbert space

Hilbert transform

Hilbert's Arithmetic of Ends
Hilbert’s constants

Hilbert's irreducibility theorem
Hilbert's Nullstellensatz
Hilbert's hotel paradox
Hilbert's theorem

Hilbert's syzygy theorem
Hilbert-style deduction system
Hilbert—Polya conjecture
Hilbert—Schmidt operator
Hilbert—Smith conjecture
Hilbert—Speiser theorem
Einstein—Hilbert action
Hilbert curve

Hilbert curve:




International Congress of Mathematics, Paris, 1900

Hilbert’s Problems

David Hilbert proposed 23 open problems

Most successful open problems compilation ever
Set the direction for 20t century mathematics
Hilbert’s problems received much attention to date
Several have been resolved (e.g., Continuum hypothesis)
Others still open (e.g., Riemann hypothesis)
Catalyzed other open problems lists: e e e

arising from

— Clay Institute’s Millennium Prize problems HILBERT PROBLEMS
— DARPA Mathematical Challenges, 2009

Hlennium

1
E

| PROCEEDINGS OF
SYMPOSIA IN

‘L PURE MATHEMATICS

MATHEMATICS |

INSTITUTE




Introduction from Hilbert’s Lecture =

“Who of us would not be glad to lift the veil behind which the future lies hidden; to cast a glance at the next
advances of our science and at the secrets of its development during future centuries? \What particular goals
will there be toward which the leading mathematical spirits of coming generations will strive? What new
methods and new facts in the wide and rich field of mathematical thought will the new centuries disclose?

History teaches the continuity of the development of science. \We know that every age has its own problems, which
the following age either solves or casts aside as profitless and replaces by new ones. If we would obtain an
idea of the probable development of mathematical knowledge in the immediate future, we must let the
unsettled questions pass before our minds and look over the problems which the science of today sets and

whose solution we expect from the future. To such a review of problems the present day, lying at the meeting HOHOI;%Q Clace
of the centuries, seems to me well adapted. For the close of a great epoch not only invites us to look back into
Hilbert's Problems and Their Solvers

the past but also directs our thoughts to the unknown future.

The deep significance of certain problems for the advance of mathematical science in general and the important role
which they play in the work of the individual investigator are not to be denied. As long as a branch of science
offers an abundance of problems, so long is it alive; a lack of problems foreshadows extinction or the cessation
of independent development. Just as every human undertaking pursues certain objects, so also mathematical
research requires its problems. It is by the solution of problems that the investigator tests the temper of his
steel; he finds new methods and new outlooks, and gains a wider and freer horizon.

' Hﬁﬁ%’%ﬁ

It is difficult and often impossible to judge the value of a problem correctly in advance; for the final award depends
upon the gain which science obtains from the problem. Nevertheless we can ask whether there are general
criteria which mark a good mathematical problem. An old French mathematician said: "A mathematical theory
is not to be considered complete until you have made it so clear that you can explain it to the first man whom
you meet on the street.” This clearness and ease of comprehension, here insisted on for a mathematical theery—— Occam ,S
I should still more demand for a mathematical problem if it is to be perfect; for what is clear and easily

comprehended attracts, the complicated repels us. <« RaZO r'

Moreover a mathematical problem should be difficult in order to entice us, yet not completely inaccessible, lest it
mock at our efforts. It should be to us a guide post on the mazy paths to hidden truths, and ultimately a
reminder of our pleasure in the successful solution.”

Ben H. Yandell




Hilbert’s Problems

Problem 1: The continuum hypothesis (conjectured by
Georg Cantor: there is no set whose cardinality is
strictly between those of the integers and the reals)

Status: The continuum hypothesis was proven by Godel
(1939) and Cohen (1963) to be independent of (i.e.,
Impossible to prove or disprove) Zermelo—Frankel set
theory. Related open questions remain (e.g., regarding
the generalized continuum hypothesis), and there is still
much active research in this area.

Status: Godel (1931) proved that the consistency of Peano
arithmetic can not be proven within Peano arithmetic

Kurt Godel

itself. Gddel also proved that every consistent formal ON FORMALLY

- . = = UNDECIDABLE
axiomatic system is incomplete. Gentzen (1936) PROPOSITIONS
proved the consistency Peano arithmetic within a MATHEMATICA

different system (that is weaker than set theory). A VSTEMS




Hilbert’s Problems

Problem 3: Given any two polyhedra of equal volume, is it
always possible to cut the first into finitely many
polyhedral pieces which can be reassembled to yield the
second?

Status: Proved via counter-example to be impossible by
Hilbert’s student Dehn (1901). The Wallace-Bolyai—
Gerwien theorem (1807): in 2D this is always possible
for polygons of equal areas.

Problem 4: Construct all metrics where lines are geodesics.
Status: Too vague for a definite answer.

Problem 5: Are continuous groups automatically
differential groups?

Status: Resolved in the negative by von Neumann (1929),
Pontryagin (1934), Gleason-Montgomery-Zippin
(1950°s), and Yamabe (1953).
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Hilbert’s Problems

Problem 6: Axiomatize all of physics.

Status: Since Hilbert stated this problem in 1900, relativity
theory was developed by Einstein (1905 and 1915), as
was quantum mechanics by Dirac (1920’s), followed by
other more modern approaches, e.g. quantum field
theory, the standard model, quantum gravity, and string
theory. Hilbert himself made significant contributions to
relativity and physics, but his original problem/goal of
axiomatizing all of physics remains mostly open.

Problem 7: Is a” transcendental, for algebraic a # 0,1 and
irrational algebraic b ?

Status: Shown to be true by Gelfond and Schneider (1934),
even for complex a and b. This proves that, e.g.,

eTc ii Zf \/’ GTRING THEORY GUMMAR IZtED:
are all transcendental. But many similar problems "‘”(m e
remain open, such as the trancendance (or even the oo /
irrationality) of =8, 2%, oreven t+ e and t/ e. g4
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Hilbert’s Problems

Problem 8: The Riemann hypothesis (the real part of any
non-trivial zero of the Riemann zeta function is %2) and
Goldbach's conjecture (every even number > 2 can be
written as the sum of two primes).

Status: Both the Reimann hypothesis (1859) and .
Goldbach’s conjecture (1742) remain open to this day. £(s) = 1

The Reimann hypothesis has many far-reaching s
implications in mathematics, logic, and computer

science. It was numerically verified for the first ten |
trillion zeroes, and appears on the Millennium Prize list -
($1M bounty) as well as the ARPA Mathematical |
Challenges List. The Goldbach conjecture was verified -
for the first 1018 values. ’

n=1

Problem 9: Find most general law of the reciprocity
theorem in any algebraic number field.

Status: Partially solved by Artin (1924), Takagi & Hass -
and Shafarevich (1948); still some open issues.

‘‘‘‘‘



Evidence for Goldbach’s conjecture: the number of distinct
ways to write an even number as the sum of two primes
(computational data for 4 < n < 1,000,000):
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Theorem (Jingrun, 1973): Every sufficiently
large even number can be written as either -

the sum of two primes, or the sum of a prime P
and a product of two primes.

Theorem (Ramaré, 1995): Every even & .
number >2 1s the sum of at most six primes.

[ Apostolos Doxiadis
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Clay Mathematics Institute

Dedicated to increasing and disseminating mathematical knowledge

HOME ABOUT CMI PROGRAMS NEWS & EVENTS AWARDS SCHOLARS PUBLICATIONS

F Birch and Swinnerton-Dyer
Conjecture

Millennium Problems

In order to celebrate mathematics in the new millennium, The Clay Mathematics * Hodge Conjecture
Institute of Cambridge, Massachusetts (CMI) has named seven Prize Problems. * Navier-Stokes Equations
The Scientific Advisory Board of CMI selected these problems, focusing on P vs NP

important classic questions that have resisted solution over the years. The Board * Poincaré Coniecture
of Directors of CMI designated a i ¥iallllle]alslgF<=Ri¥laleRielghual=W=le][V]u[c]gRueRugl=t]= » Riemann Hypothesis
slgelo][SToa P iida I I anlll[felal=NI[eler {=le iweX=FTelg. During the Millennium Meeting held on

F Yang-Mills Theory =

May 24, 2000 at the College de France, Timothy Gowers presented a lecture
entitled The Importance of Mathematics, aimed for the general public, while John * Rules
Tate and Michael Atiyah spoke on the problems. The CMI invited specialists to F Millennium Meeting Videos

formulate each problem.

concise to the
Riemann hypothesis, this is your book” ~Los Angeles Times

One hundred years earlier, on August 8, 1900, David Hilbert delivered his famous
fennium
rl]l]lﬂms The Seven

Greatest
Unsolved
Mathematical
Puzzles
of Our Time

lecture about open mathematical problems at the second International Congress of
Mathematicians in Paris. This influenced our decision to announce the millennium
problems as the central theme of a Paris meeting.

The rules for the award of the prize have the endorsement of the CMI Scientific
Advisory Board and the approval of the Directors. The members of these boards
have the responsibility to preserve the nature, the integrity, and the spirit of this
prize. ,
A DEVLIN

x Find:l et Previous & Highlight all [ Match case

‘ Done




Hilbert’s Problems

Problem 10: Find an algorithm that determines
whether a given Diophantine (i.e., multi-variable
polynomial) equation has any integer solutions.

EX: X?+y?=z2 has many integer solutions
(Pythagorean theorem, e.g., Xx=3, y=4, z=5)
x%+y°=79 has no integer solutions (corollary of Fermat’s
Last Theorem, conjectured in 1637, proved in 1995

by Andrew Wiles)
Many attempts at solution & partial results: Emil Post (1944),
Martin DaV|s (1949) Julia Robinson (1950), Hilary Putnam (1959)

DIOPHANTI
ALEX ANDRINI .




Hilbert’s Tenth Problem

Solving even simple Diophantine equations is hard:=®™

Q: d an integer solution for x3 + y3 + 723 =29 ? -
AL Yes: x=3,y=1,7=1

Q: d an integer solution for x3 + y3 + 723 =30 7?
A Yes: x = 2220422932,y = -2218888517, z = -283059965

Q: d an integer solution for x3 + y3 + 73 =33 ?

A: still unknown!

Q:Is{x3+y3+723|X,y,2€ Z}=7Z"

A: still unknown!

Q:lIs{x°+y3+ 23| X,Y, z € Z} Turing-decidable?

A: still unknown!

Theorem [Lagrange]: {w? + x> +y2+ 72 |W, X, Yy, Z € Z} = Z



WolframAlpha zzzesies:
kno'/l'lljdgf_‘ (_‘l‘,g“];}

([ (2220422932)"3 + (-2218888517)"3 + (-283059965)"3 8 ])
B e B » = Examples >3 Random
Input:

2220422932% +(-2218888517)% + (—283 059 965)°

4 Step-by-step solution

Number name:
thirty

Number line:

25 30 35

@ Download page POWERED BY THE WOLFRAM LANGUAGE



Hilbert’s Tenth Problem

Theorem [Matiyasevich, 1970]: Every
Turing-enumerable set is Diophantine

(1.e., the solutions of some polynomial)

EX: the set of primes coincides exactly with the
positive values of this 26-variable polynomial:

(- 2)(1 = [wz +h+ = o = [(gk + 29 + K+ (0 + ) +h 2

16(k+13k+2)(n+1)?+1—-fPP-[2n+p+qg+z—¢]?

—[ed(e+2)(a+ 1)+ 1—0%—[(@*>— 1)y>+ 1 —x?]?

—[leray4@— 1)+ 1-uwP—[n+l+v-y]P?—[(@ - 1I2+1—-m?J

—[ai+k+1—-1—-i]°—[((a+u?(u>—a))*— 1)(n + 4dy)> + 1
—xX+cu)$f—-[p+l(a—-n—-1)+b(2an+2a—-n?>—2n-2)—mJ?
—[g+y(@-p—1)+s(2ap +2a—p*—2p—2) —xJ’
—[z+pl@@a—p) +t2ap — p*— 1) — pm}J?)

as a, b, ¢, ..., zrange over the nonnegative integers!




Hilbert’s Tenth Problem

Corollary [Matiyasevich, 1970]: There Is
a fixed “universal” polynomial P such that
for any Turing-enumerable set S there
exists an integer n, such that:

S={w |3 Xy, Xy, ..vy X 3 PN, W, X4, X, ..., X,)=0
1.e., there Is a fixed polynomial that can “output”
any computable set, depending on one parameter.

This i1s an analogue of a universal Turing machine!

'CONTEMPORARY

MATHEMATICS =3
(B[ i THE RIEMANN HYPOTHESIS AND
270 HILBERT'S TENTH PROBLEM

Hilbert’s Tenth Problem:
Relations with Arithmetic and
Algebraic Geometry

e\ammowxjnoknmmev?ceund Algebraic Geometry
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Diophantine Classes and
Extensions to Global Fields
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Hilbert’s Tenth Problem

Q: What is the minimum Diophantine degree and
dimension (i.e., number of variables) of a given
Turing-enumerable set?

Theorem [Skolem]: degree 4 suffices.

Theorem [Matiyasevich]: dimension 9 suffices.
But there Is a dramatic tradeoff between the degree

k+2)1—[wz+h+j—qg]2—[(gk+2g +k+1)(h +]) + h—z7]2

and the number of variables.  “usc e aus i Zmomssreie
~[e3(e +2)(@+ 12+ 1 - 022 — [(@2 — 1)y2+ | - x?]?
—[lory4@2—1)+1-u?2—[n+1+v-y]2—[(@— 12+ 1 —m??
—[ai+tk+1—-1-i]?—[((a+u?(u?—a))>—1)(n+4dy)? + 1
—(x+cu-[p+l@a-n—-1)+b(2an +2a—n2-2n-2)—m]?
—la+y@-p-1)+s(2ap+2a-p>—2p-2)-x?
—[z+pl(a—p) +t(2ap —p?— 1) — pm]?)

This 1s analogous to finding small universal TMs
(where there Is a tradeoff between the alphabet size
and the number of states).




From “Undecidable Diophantine Equations” by James P. Jones,
Bulletin of the American Mathematical Society, vol 2, No 3,
1980, pp. 859-862.

Tradeoff between degree and the
number of variables in universal
polynomials:

Examples:

58 variab
28 variab
19 variab
14 variab
13 variab

9 variab

es & 0
es & 0
es & 0
es & 0
es & 0

es & C

egree 4 suffice
egree 20 suffice
egree 2668 suffice
egree ~10° suffice

egree ~10%3 suffice
egree ~10% suffice

Corollary: 100 additions and/or

multiplications suffice to “prove”

any provable proposition.

Catch: using very large integers!

UNDECIDABLE DIOPHANTINE EQUATIONS 861
function appear. Next these are eliminated so that we obtain a system of purely
polynomial equations.

THEOREM 3. In order that x € W, ,, yy it is necessary and sufficient that
the following system of equations has a solution in positive integers.

(" elg +a=@®m-x)? g BSOY A+ 4% =1+ 5,

0+2=05, I=u+19, e=y+mb, n=q's,

~\

r=[g+eq® +1g° + (2 ~2zN) (1 +xb5 +g)* + b5 + Ab5¢*)g%] [n? ~n]
+ @3- bl +1+00g% + (B° - 2)¢5] [P* - 1],
p=2ws?r’n®, Pk -k2+ 1=12, Ac-km?)? +n=k?,
k=r+1+hp-h, a=(wn®+1ysm?,
c=2r+1+y, d=dbwtea—2c+4doy-5y, ¥ =@ -1)? +1,
\J2 =@ -1)i%*+1,d+0f)? =(@+ 2@ -a)> - 1)2r + 1 +jc)* +1.)

The equations of Theorem 3 have twenty eight unknowns, a, b, ¢, d, ¢, f,
ghijklLmnonpaqrstwanrnd 7 ¢ The degree is 5,
however the equation g = b5 50 can be replaced by certain others of low degree.
In fact, by introducing some 30 additional unknowns and new equations one can
reduce the degree of the system to 2. Then, by transposing terms to one side and
summing squares one can construct a universal diophantine equation in 58 un-
knowns and degree 4.

Alternatively one may try instead to reduce the total number of unknowns,
v. In [6] Julia Robinson and Ju. Matijasevi& showed that v can be reduced uni-
versally to 13. More recently Matijasevi¢ [5] has improved this to v =9. The
corresponding value of the degree, & is however very large. The following table
gives various simultaneous possibilities for & and », sufficient for a universal equa-
tion.

 THEOREM 4. The following pairs are universal, )
y = 58, §=4 v=21, 5 =96
v=38 §=8 v=19, & =2668
v=32, &§=12 v=14, 5=20x10°
r=29, &=16 v=13, &=6.6x10%
v=28, §=20 r=12, &§=13x10%
y=26 6=24 v=11, &=4.,6x10*
v=25, §=28 y=10, ©&=28.6x10%*

\¥=24, 8§=36 v=9, 8=16x10%)




Hilbert’s Tenth Problem

Q: Find an algorithm that determines whether
a given Diophantine (i.e., multi-variable

olynomial) equation has anv-isteter solutions.
PO ) € Y rat%nai

A: Still open!



CLAY MATHEMATICS INSTITUTE

March 15-16, 2007

One Bow Street, Cambridge, Massachusetts

Conference on Hilbert’s

[enth Problem

Thursday, March 15

9:00 Coffee
9:15 - 9:25 Constance Reid, Genesis of the Hilbert Problems
9:25 - 10:00 George Csicsery, Film clip on life and work of

Julia Robinson, discussion

10:15 - 11:15 Bjorn Poonen, Why number theory is hard

11:30 - 12:30 (Yuri Matiyasevich, My collaboration with Julia Robinson )
Break for lunch

2:30-3:30 Martin Davis, My collaboration with Hilary Putnam
3:45-4:45 Maxim Vsemirnov, TBA
7:30 Museum of Science « Film Screening

Scenes from Julia Robinson and Hilbert’s Tenth Problem,
a documentary by George Csicsery, will be screened

in Cahner's Theater (Blue Wing, Level 2, Museum of
Science), and followed by a panel discussion with
filmmaker George Csicsery, mathematician

Yuri Matiyasevich, and biographer Constance Reid.

This event is free and open to the public.

Friday, March 16

8:30 Coffee
9:00-10:00 Yuri Matiyasevich, Hm:)ert’s Tenth Problem:
What was done and what is to be done

10:15-11:15 Bjorn Poonen, Thoughts about the analogue for
rational numbers

11:30-12:30 Alexandra Shlapentokh, Diophantine generation, horizontal
and vertical problems, and the weak vertical method

Break for lunch

2:00-3:00 [Yuri Matiyasevich, Computation paradigms in the light of]
Hilbert's tenth problem

3:15-4:15 Gunther Comnelisson, Hard number-theoretical problems
and elliptic curves

4:30-5:30 Kirsten Eisentrager, Hilbert's Tenth Problem for algebraic

function fields

&) o
N ——
Clay Mathematics Institute Museum of Science.
www.claymath.org mos.org

'

Hilbert’s 10th Problem (1900): is there an algorithm for
deciding whether a polynomial equation with integer
coefficients has an integer solution?

2Z2—(a? -1 =1

Photo credits (top to bottom): Julia Robinson, courtesy of Constance Reid;
Yiari Matiyasevich, photo by George Csicsery; David Hilbert, courtesy AK Peters, Ltd.

MUSEUM OF SCIENCE  SCIENCE PARK, BOSTON, MA 02114 « T. 617 723 2500

CLAY MATHEMATICS INSTITUTE « ONE BOW STREET, CAMBRIDGE, MA 02138 + T. 617 995 2600 * general@claymath.org

Co-Sponsored by the Mathematical Sciences Research Institute and the UCBerkeley Department of Mathematics

A film by
George Csicsery

7pm to 9pm

Room 2050 (Chan Shun Auditorium)
in the Valley Life Sciences Building
at UC Berkeley

Post-screening panel discussion
with Constance Reid (sister and
biographer of Julia Robinson),
filmmaker George Csicsery, and
mathematicians Martin Davis,
Dana Scott and Bjorm Poonen.
Moderated by Alan Weinstein,
UCB Math Dept. Chair.

glgotithm for
on With integer

A documentary film by
George Csicsery

The story of an American mathematician
and her passionate pursuit of Hilbert’s tenth problem




Hilbert’s Problems

Problem 11: Solving guadratic forms with algebraic
numerical coefficients.

Status: Partially solved by Hasse (1923).

Problem 12: Extend the Kronecker—\Weber theorem on
abelian extensions of the rational numbers to any base

number field. Y
Status: Still unsolved. Fa il

P ‘< é ! 2 ’-’“"‘?? {u
% JOHN HORTON CONWAY x
; + o ASSISTED BY FRANCIS Y.C. FUNG:: } 3

Problem 13: Solve all 7-th degree equations using
functions of two parameters.

Status: Partially solved by Kolmogorov (1956), Arnold
(1957), and Shimura (1976).

Problem 14: Proof of the finiteness of certain complete
systems of functions.

Status: Counter-examples found by Nagata (1959).




Hilbert’s Problems

Problem 15: Find a rigorous foundation for Schubert's
enumerative calculus.

Status: Partially resolved.

Problem 16: Topology of algebraic curves and surfaces.
Status: Open-ended: some results, but unresolved.

Problem 17: Expression of definite rational function as
quotient of sums of squares

Status: Resolved in the affirmative by Artin (1927) and
Delzel (1984).

B N
Enumerative COdeS O.n
Geom and

e Algebraic y
Bl Curves
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Hilbert’s Problems

Problem 18: Is there a non-regular, space-filling
polyhedron? What is the densest sphere packing?

Status: Anisohedral tilings were found in 3D by Reinhardt
(1928), and for 2D by Heesch (1935).

Sphere packing in 3D (Kepler’s problem, 1611) was
solved by Toth (1953) and Hale (1998). Regular sphere

packing in 24 dimensions was solved by Cohn and
Kumar (2004), where the “kissing number” is 196,560.

Many related open problems remain, including non-
regular, non-uniform, and ellipsoid packings.




Aperiodic Tilings
Goal: tile the entire plane without overlaps, non-periodically

dic tiling 1s not equal to a translation of itself

 Aperiodic tile set admits only non-periodic tilings

Non-perio

1 asingle-tile 2D
aperiodic tiling?

Open question:

TS T S T T AR S T eI TR AT

_,.n“fm.w»..{am.u.mssa.emu.m.aau.m.mum‘m?ufaue_
Tt oD G S REN IR %ﬁa&%&.mﬂlw.w.@wﬁmﬂﬁyw“&mn
AT AR e AR U TARS S v A ..m«.uimv.m&.uﬁimn..r

iy ik 7y

a%nw.nﬂmiuwa. d...a?-.m.. ELGG LK

W 7 4% Po¥.
L/ 413‘1!'44. & ‘1 “I L) I‘ bWy Wi
pesfoioiaslaatsloioiasloigetery
Ty T dAR g e s
kﬁ»%rtq’q ANy o ae T ANV Oy

B R SR g o

| 1”?%49‘4 AP Eﬂrﬁb q&h e e Vo) e T AT
S T T g K Tl
L T TR L I L I L

Diata LRI Wi ERas S Sl D e
IR PARATH TR IR DR IGE T LRI
s PN led SAD NS S B RN I IS TN
A» -rh-!ﬂ“% Jnﬁ“@ e QDF nbal
Tt A A AT LA T AT A AR AT K
48 (G T .m.u«..wm.uw«.u S BN e R

v, Ni Fai e P geh, vy AR
LoDeNTI Fof RN U T T RN 0G0 FD N 5 g

Y
Sywa b vy

“Kites and Darts” 2-tile aperiodic set, Roger Penrose, 1974
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Aperiodic Tilings

Penrose tilings in architecture and design:
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Aperiodic Tilings
“Pinwheel tiling”, John Conway and Charles Radin, 1992

 Tiles occur in infinitely many orientations,

with uniform distribution!

« Despite

irrational edge lengths and incommensurable

Caeneightvd Mtatiat
| STUDENT MATHEMATICAL LIBRARY.
| Yohume |

angles, all vertices of tiles have rational coordinates!

©
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Aperiodic Tilings

“Pinwheel tiling”, John Conway and Charles Radin, 1992

NEwW SCIENTIST I

lan Stewart
mathematician has come up

ever of covering a floor or wall with tiles.

‘The set of tiles which has been devised

by Charles Radin of the University of
mummﬁnmmﬂyheasembh;dh\!

Radin notes that: “All published exam-
pls‘..ha\!ﬂ:emmathImﬁhm
each prototile appears in finitely many
orientations.” For instance, dominos can be
laid down horizontally or vertically but
not criented at any other angle; and
Penrose tiles rotate only through multiples
of an angle of 36° This means that if the

‘highly complex way (Annals of set of is expanded so that it
ics, vol 109, p 661). ineludes a copy of each prototile in each
'l'hg}wnalwnynfuumblmgtiksislna i ion, then the new iles can tile

periodic pattern, one that starts with a
basic unit, which is repeated at regularly
spaced intervals. However, more complex
mnfﬂhgmperfetﬂypmsﬂﬂenﬂ
the subject of aperiodic tilings was created
by the philosopher Hao Wang in 1961

the exi: other-

L or

the whole plane without being rotated.
Only translations of these “oriented
prototiles™ are then needed.

Radin’s new discovery is a set of

World's most complex
tiling? Surround a
d

studying
= wise of certain “decision res” in
mathematical logic—ways of working out
in advance whether certain problems have
solutions—when he came to the surprising
conelusion that the problem could be refor-
mulated in terms of tiles.

Choose a finite collection of shapes
and call them prototiles. A tiling is
then a way to assemble perfect
copies of those iles so that
they cover the entire infinite plane
without any gaps or overlaps.
‘Wang discovered that he could design
prototiles that eorresponded to vari-
ous logical statements, in such a
way that the rules for fimting
prototiles together corresponded

pattern corresponded to a logical proof.
This new viewpoint led Wang to ask
whether there existed a set of prototiles
that could tile the plane, but could not tile

it periodically:

Tiling a plane aperiodically tumns out to
be easy. It can be done with a single
domino-shaped prototile. First, however, it
is necessary to tile the plane with squares.
Then each square is divided into two
dominos by splitting it in half in either the
vertical or horizontal direction. If the pat-
tern of verticals and horizontals is
aperiodic, 5o too is the tiling: the easiest
method is to vary the directions ra
However, dominos can also tile the plane

i ing all

only ic tilings. Such a set of tiles was
found in 1966 by his student Robert Berger,
“The best known of such sets are the Penrose
tilings, introduced by Roger Penrose of the
University of Oxford in 1977; these produce
tilings with fivefold “almost” symmetries.

14

prototiles that are forced to appear in an
infinite number of orientations. Because
periodic tilings involve only a finite num-
ber of directions—the ones in the basic
repeating unit—Radin’s tilings are neces-
sarily aperiodic.

His starting point is an idea thought up
by John Horton Conway of Princeton Uni-
versity in New,Jersey. Begin with a “half-
domino” prototile, a right wriangle of sides
1 and 2 units (whose hypotenuse is 5
units). This can be surrounded by four
copies of itself in order to create a triangle
of the same shape, but larger and rotated
through an angle (see Figure). The process
can be thought of as defining a “level"

ok

o
Hid
afi
RHE

bel, we can convert labelled prototiles
ordinary ones of more complicated shapes.
It is, of course, easier to think about

as the Conway tiling.

1t is astonishing that such a simple shape
as half a domino have such curious
implications, and it shows that even in
today’s complex world mathematics can
still advanee by looking at a simple idea in
a new way., o

24 September 1984




3D Aperiodic Tilings
Goal: tile all of 3D space non-periodically
“Quaguaversal” non-periodic tiling of 3D space,

John Conway and Charles Radin, 1998
« Generalization of 2D Pinwheel tiling (‘

Q: 3 asingle-tile aperiodic 3D tiling?
(1.e., that does not admit any periodic tiling?)
A: Yes! (yet this is still open for 2D)




Aperiodic 3D Tiling

The Schmitt-Conway
“biprism” tiles 3D
space aperiodically
using 1 convex tile!

\I\_Iote slight

irrational

/ skew!

This 1s more than
Hilbert asked for,
since the biprism
tiling is also
anisohedral, and
with an infinite
number of tile
orientations!



Undecidability of Tiling Problem

Q [Wang, 1961]: Is there an algorithm for determining whether a given
set of tiles can tile the entire plane? (Tiles can not be rotated)

Wang gave a decision algorithm for periodic tilings (and falsely
assumed that non-periodic tilings do not exist).

Theorem [Berger, 1966]: Tiling is undecidable.
Proof idea: A tiling can “simulate” an arbitrary Turing computation.

Berger discovered a set of 20,426 Wang tiles that can tile the plane only
aperiodically, and conjectured that smaller sets exist.

Theorem [Culik, 1996]: The following 13 tiles is an aperiodic tiling set.

X D4 AKX
K X D4 DX X
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3D “Wang Cubes”

Generalizations to higher dimensions: “Wang cubes”
16 Wang cubes and a partial aperiodic 3D tiling:

. o ol

. = |-

100000 110000 100111 110111
101001 111001 101110 111110

Applications in graphics:
 Texture generation
* Volume rendering
* Video synthesis
« Geometry placement
 Self assembly



Wang Cubes for Fast Geometry Placement & Video Synthesis £

Peter G. Slbley Philip Mongomery, G. Elisabeta Marai

1. Abstract

We present an extension of Cohen's Wang Tiles to three dimensions: Wang
Cubes. Cubes are filled with video or Poisson distributed points to perform
realtime video synthesis or geometry placement. Video synthesis from a
sample is useful for generating dynamic backgrounds for games or special
effects but costly in terms of storage and runtime. Randomly positioning non-
overlapping 3D geometry is useful for simulations and games but also costly.
We propose Wang Cubes where we only store 32 cubes and generate, at
runtime, large amounts of synthesized video, or Poisson distributed geometry

2. Methods

Cohen et al. introduced a fast and
simple stochastic algorithm to | II " |
generate an apericdic tiling of the | — m— | —
plane with as few as eight Wang

Tiles (oriented squares with color II " I
associated edges). Cohen etal. _ == = =
used these tilings for texture | " "
synthesis and 2D geometry

placement. Figure 1: Avalid tiling of Wang Tiles ,

from Cohen etal.
video data and are filed at runtime

to generate large stretches of 3D

geometry or video sequences. Figura 2: Aligning face colors of Wang Cubas

We extend these applications to
the 3D case, where cubes with
colored faces replace tiles. 32
cubes are sufficient to tile space.
The extended tiling algorithm
iterates through the space, placing
a cube at each point (Figure 2).
The 32 cubes contain either
Poisson ball distributed points or

To place geometry data, we use
dart-throwing to fill each cube with
Poisson distributed points.
Several iterations of Lloyd's
relaxation are applied to prevent
points near boundaries from
violating the minimum distance
constraint in tiling.

i

Figure 3: Assembling six octahedra
of video to form one cube

Tofill the cubes with video data,
we cut six octahedra from the
video stream and stitch them
together through the graph cut
method of Kwatra et al. Then, the
result is timmed into a cube
(Figure 3). Each original
octahedron is associated with a
face color. Axy plane in this cube
corresponds to a frame of video
and the z axis corresponds to time
(Figure 4).

Figure 4: Saveral slices of one cube
showing the seam of the bottom tetrahedron.

+{pgs,pgm,gem}@cs.brown.edu

Brown University

3. Geometry Results

Figure &:
Single Asteroid.

Figure 7: Satum Asteroid belt, 5959 asteroid instances placed using tiling of
3972 cubes each with 15 Poisson distributed points. Note, this took only
saconds to generate. Filling the sama ragion with dart throwing is simply
infoasibla
As a geometry placement application, we medeled the asteroid belt of Saturn
with 5958 asteroids (Figure 6) constructed from 3972 tiled cubes with 15 points
in each cube. The asteroids are placed according to a Poisson distribution in
this large area (Figures 7 and 8). It only took 15 minutes to precompute the
cubes, and under 20 seconds to tile them. Note that filling the same region with
dart throwing is simply infeasible. Teapot geometry and sheep billboard
distributions are shown in Figures 9 and 11. These tests were performed on
an AMD Athlon XP 1800 with 512MB of memory.

Figure 8: An overhead of
the Saturn Asteroid belt

Figure 9: An infinite teapot
field. Mote the teapat
instances are naither
colliding nor have a regular
position pattern.

@ [
BROW N
4. Video Results

We constructed a cube set
(64"64"64 voxels per cube) from a
video of simulated shallow pool
caustics. Three vertical slices
through two cubes tiled
horizontally are shown in Figure
10. Note how the vertical seam in
the middle of each frame is
invisible. An infinite caustics pool
(both in space and time) could be
generated in this manner.

In order to keep our computation
feasible, we constrained the cuts
to lie near the intersecting
triangles of the octahedra. We
have noticed temporal artifacts in
the videos, a growing and
shrinking square-discontinuity.
We believe these are caused by Figure 10: Vertical slices from two tilad Wang cubes.
constrained cuts and small cube Note that the vertical middie ssam of each frame is
sizes. invisible

5. Discussion and Future Work

For video synthesis, we restricted the space searched for a min-cut surface,
sacrificing quality of the cut for faster execution. Also, because of
computational constraints we could only use quite small cube sizes
(64*64*64). Implementing known randomized max-flow algorithms to
approximate the cut could yield much lower preprocessing, which would allow
for less constrained cuts and eliminate temporal artifacts. Incorporating
newer texture synthesis techniques could produce better quality cubes.

Figure 11: A sheep belt instead of an asteroid belt.
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Hilbert’s Problems

Problem 19: Are solutions of Lagrangians always analytic? =
Status: Resolved in the affirmative by Bernstein (1904).

Problem 20: Do all variational problems with certain
boundary conditions have solutions?

Status: Resolved In the affirmative.

Problem 21: Proof of the existence of linear differential
equations having a prescribed monodromic group

Status: Resolved by Plemelj (1908), Schlesinger (1964),
Dekkers (1978), and Bolibrukh (1989).

Problem 22: Uniformization of analytic relations by means; %ALCULUS
of automorphic functions VARIATIONS

Status: Resolved.

Problem 23: Further development in calculus of variations @
Status: Unresolved. Wik
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DARPA invests in math STORY HIGHLIGHTS . - -

+ Mathematicians being offered new challenges designed to "revolutionize" math
* One challenge is solving the Reimann Hypothesis, unsolved since before 1900
* New math could propel other sciences, including biology, computing, physics

Next Article in Technology »

DARPA Mathematical Challenges

It's rare for mathematicians to be publicly challenged with solving the problems of the
universe. In 1900, David Hilbert issued 23 iconic problems; in 2000, the Clay LEXUS —; ) | (‘I an
Mathematics Institute offered the Millennium Prize Problems; and DARPA's were O O r-t U n | -ty
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The latest set of challenges
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In 2007, the Defense Advanced Research Projects
Agency (DARPA) issued 23 mathematical

challenges in order to "dramatically [revolutionize]
mathematics and thereby [strengthen] the scientific
and technological capabilities of [the Department of
Defense.]' CNN spoke with John Etnyre, a professor
of mathematics at the Georgia Institute of
Technology, to get an inside look at some of these
challenges and why the mathematical community is
interested in them.
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Etnyre, who specializes in low-dimensional topology
and geometry, says he finds the fluids and 4D
problems on DARPA's list to be especially
interesting, and he is considering tackling those
challenges himself.
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DARPA’s Mathematical Challenges

[E 23.What are the Fundamental Laws of Biology? Help: use your mouse to interact
2 To see a note: Hover over a note button
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1. The Mathematics of the Brain: Develop a mathematical theory to build a functional

model of the brain that is mathematically consistent and predictive rather than merely
biologically inspired.

2. The Dynamics of Networks: Develop thefhigh-dimensional mathematicsjneeded to accurately
model and predict behavior in large-scale distributed networks that evolve over time occurring in
communication, biology and the social sciences.

3. Capture and Harness Stochasticity in Nature: Address Mumford’s call for new mathematics
for the 21st century. Develop methods that capture persistence in stochastic environments.

4:121st Century Fluids:|Classical fluid dynamics and the Navier-Stokes Equation were
extraordinarily successful in obtaining quantitative understanding of shock waves, turbulence and
solitons, but new methods are needed to tackle complex fluids such as foams, suspensions, gels
and liquid crystals.

5. Biological Quantum Field Theory: Quantum and statistical methods have had great success
modeling virus evolution. Can such technigues be used to model more complex systems such as
bacteria? Can these techniques be used to control pathogen evolution?

6: Computational Duality: Duality in mathematics has been a profound tool for theoretical
understanding. Can it be extended to develop principled computational techniques where duality
and geometry are the basis for novel algorithms?
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7:|Occam’s Razorfin Many Dimensions: As data collection increases can we “do more

with less” by finding lower bounds for sensing complexity in systems? This is related to

questions about entropy maximization algorithms.

8: Beyond Convex Optimization: Can linear algebra be replaced by algebraic geometry in a
systematic way?

9: What are the Physical Consequences of Perelman’s Proof of Thurston’s Geometrization
Theorem? Can profound theoretical advances in understanding three dimensions be applied to
construct and manipulate structures across scales to fabricate novel materials?

10: Algorithmic Origami and Biology: Build a stronger mathematical theory for isometric and
rigid embedding that can give insight into[protein folding.

11: Optimal Nanostructures: Develop new mathematics for constructing optimal globally
symmetric structures by following simple local rules via the process of[ﬁanoscale self-assembly.

12: The Mathematics oflQuantum Computing, JAlgorithms, and Entanglement: In the last century
we learned how quantum phenomena shape our world. In the coming century we need to develop
the mathematics required to control the quantum world.

13: Creating a|Game Theory|that Scales: What new scalable mathematics is needed to replace
the traditional Partial Differential Equations (PDE) approach to differential games?
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14: An Information Theory for Virus Evolution: Can Shannon’s theory shed light

on this fundamental area of biology?

15: The|Geometry of Genome|Space: What notion of distance is needed to incorporate biological
utility?

16: What are the Symmetries and Action Principles for Biology? Extend our understanding of
symmetries and action principles in biology along the lines of classical thermodynamics, to
include important biological concepts such as robustness, modularity, evolvability and variability.

17: Geometric Langlands and Quantum Physics: How does the Langlands program, which
originated in number theory and representation theory, explain the fundamental symmetries of
physics? And vice versa?

18: Arithmetic Langlands, Topology, and Geometry: What is the role of homotopy theory in the
classical, geometric, and quantum Langlands programs?

19: Settle the Riemann Hypothesis: The Holy Grail of number theory.

20: Computation at Scale: How can we develop asymptotics for a world with massively many
degrees of freedom?

21: Settle the Hodge Conjecture: This conjecture in algebraic geometry is a metaphor for
transforming transcendental computations into algebraic ones.



DARPA’s Mathematical Challenges

22: Settle the Smooth Poincare Conjecture in Dimension 4: What are the implications
for space-time and cosmology? And might the answer unlock the secret of “dark energy”?

23: What are the Fundamental|Laws of Biology? This question will remain front and center for
the next 100 years. DARPA places this challenge last as finding these laws will undoubtedly
require the mathematics developed in answering several of the questions listed above.




