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Announcements:$Rough$Plan$$

•  HW5$$$
– Out$on$Nov.$18th$
– Due$on$Dec.$7th$

•  Project$PresentaLon$
– Due$on$Dec.$2nd$midnight$
– PresentaLons$@$Dec$3rd$and$Dec$4th$$

•  Project$Final$Report$
– Due$on$Dec.$11th$midnight$$
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Announcements:$Exam$

•  Open$Note$/$Open$Lectures$
•  No$laptop$/$No$Cell$phone$/$No$internet$
access$/$No$electronic$devices$$

•  Covering$contents$Lll$today$
– PracLce$with$sample$quesLons$in$HW4$
– HW4$due$on$Nov.$20th$$
– Please$review$course$slides$carefully$$
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Today$

! $History$of$AI$&$Machine$Learning$
! $Review$of$ML$methods$covered$so$far$$
$
$
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What$are$the$goals$of$AI$research?$$

ArLfacts$that$ACT$
like$HUMANS$

ArLfacts$that$THINK$
like$HUMANS$

ArLfacts$that$THINK$
RATIONALLY$

ArLfacts$that$ACT$
RATIONALLY$

5$
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1940s$
Advances$in$mathemaLcal$logic,$informaLon$theory,$concept$of$
neural$computaLon$
 1943:$McCulloch$&$Pias$Neuron$
 1948:$Shannon:$InformaLon$Theory$$
 1949:$Hebbian$Learning$

 cells$that$fire$together,$wire$together$
$
$
1950s$
Early$computers.$$Dartmouth$conference$coins$the$phrase$�arLficial$
intelligence�$and$Lisp$is$proposed$as$the$AI$programming$language$
 1950:$Turing$Test$
 1956:$Dartmouth$Conference$
 1958:$Friedberg:$Learn$Assembly$Code$
 1959:$Samuel:$Learning$Checkers$

$
$
$

$
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A$Bit$of$History$

From:$M.A.$Papalaskar$
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$
1960s$
A.I.$funding$increased$(mainly$military).$$Famous$quote:$�Within$a$
generaLon$...$the$problem$of$creaLng$'arLficial$intelligence'$will$
substanLally$be$solved.”$
Early$symbolic$reasoning$approaches.$

 Logic$Theorist,$GPS,$Perceptrons$
 1969: Minsky & Papert �Perceptrons�$

1970s$
A.I.$�winter�$–$Funding$dries$up$as$people$realize$this$is$a$hard$
problem!$
Limited$compuLng$power$and$deadmend$frameworks$lead$to$
failures.$

 eg:$Machine$TranslaLon$Failure$

$
$

$

7$
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$
1980s$
Rule$based$�expert$systems�$used$in$medical$/$legal$professions.$
Biominspired$algorithms$(Neural$networks,$GeneLc$Algorithms).$
Again:'A.I.'promises'the'world'–'lots'of'commercial'investment'

Expert$Systems$(Mycin,$Dendral,$EMYCIN$
Knowledge$RepresentaLon$and$reasoning:$

Frames,$Eurisko,$Cyc,$NMR,$fuzzy$logic$
Speech$RecogniLon$(HEARSAY,$HARPY,$HWIM)$
$
$
Machine$Learning:$
 1982: Hopfield Nets, Decision Trees, GA & GP. 
 1986: Backpropagation, Explanation-Based Learning$

!
!

8$
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$

1990s$
Some$concrete$successes$begin$to$emerge.$AI$diverges$into$
separate$fields:$$Computer$Vision,$Automated$Reasoning,$Planning$
systems,$Natural$Language$processing,$Machine$Learning…$

…Machine!Learning!begins!to!overlap!with!sta4s4cs!/!probability!
theory.!
 1992: Koza & Genetic Programming 
 1995: Vapnik: Support Vector Machines 

!
!

9$
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2000s$
First$commercialmstrength$applicaLons:$Google,$Amazon,$computer$games,$

routemfinding,$credit$card$fraud$detecLon,$spam$filters,$etc…$
$
Tools$adopted$as$standard$by$other$fields$e.g.$biology$

10$
From:$M.A.$Papalaskar$
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2010s….$??????$

11/16/15$
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How$can$we$build$more$intelligent$
computer$/$machine$?$$

•  Able$to$$
–  perceive$the$world$
–  understand$the$world$$

•  This$needs$
–  Basic$speech$capabiliLes$
–  Basic$vision$capabiliLes$$
–  Language$understanding$$
– User$behavior$/$emoLon$understanding$$
–  $Able$to$think$??$

11/16/15$ 12$
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Plenty$of$Data$

•  Text:$trillions$of$words$of$English$+$other$languages$$
•  Visual:$billions$of$images$and$videos$
•  Audio:$thousands$of$hours$of$speech$per$day$
•  User$acLvity:$$queries,$user$page$clicks,$map$requests,$etc,$$
•  Knowledge$graph:$billions$of$labeled$relaLonal$triplets$$

•  ………$

11/16/15$ 13$
Dr.$Jeff$Dean’s$talk$$

Datamdriven$machine$learning$
methods$have$made$machines$/$
computers$much$more$intelligent$$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

•  Arthur$Samuel$(1959).$Machine$Learning:$
Field$of$study$that$gives$computers$the$ability$
to$learn$without$being$explicitly$programmed.$$

Samuel�s$definiLon$of$ML$(1959)$

14$11/16/15$
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A!computer!program!is!said!to!learn!from!
experience!E!with!respect!to!some!task'T'and!
some!performance!measure!P,!if!its!
performance!on!T,!as!measured!by'P,!
improves!with!experience!E.!!

Tom$Mitchell$(1998):$
$Wellmposed$Learning$Problem$$

15$11/16/15$
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Defining$the$Learning$Task$
$$Improve$on$task,$T,$with$respect$to$$

performance$metric,$P,$based$on$experience,$E.$
T:$Playing$checkers$
P:$Percentage$of$games$won$against$an$arbitrary$opponent$$
E:$Playing$pracLce$games$against$itself$
$
T:$Recognizing$handmwriaen$words$
P:$Percentage$of$words$correctly$classified$
E:$Database$of$humanmlabeled$images$of$handwriaen$words$
$
T:$Driving$on$fourmlane$highways$using$vision$sensors$
P:$Average$distance$traveled$before$a$humanmjudged$error$
E:$A$sequence$of$images$and$steering$commands$recorded$while$
$$$$$observing$a$human$driver.$
$
T:$Determine$which$students$like$oranges$or$apples$
P:$Percentage$of$students�$preferences$guessed$correctly$
E:$Student$aaribute$data$$$

16$
From:$M.A.$Papalaskar$
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Designing$a$Learning$System$
•  Choose$the$training'experience'
•  Choose$exactly$what$is$to$be$learned,$i.e.$the$target'func>on.$
•  Choose$a$learning'algorithm'to$infer$the$target$funcLon$from$the$

experience.$
•  A$learning$algorithm$will$also$determine$a$performance'measure'$$

Environment/$
Experience$

Learner$

Knowledge$

Performance$
Element$ 17$

11/16/15$
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Task  

Machine Learning in a Nutshell 

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

11/16/15$ 18$

ML$grew$out$of$
work$in$AI$
$
Op>mize'a'
performance'criterion'
using'example'data'or'
past'experience,''
'
Aiming'to'generalize'to'
unseen'data''
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What$we$have$covered$for$each$

11/16/15$
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Task$ Regression,$classificaLon,$clustering,$dimenmreducLon$

RepresentaKon$$
$

Linear$func,$nonlinear$funcLon$(e.g.$polynomial$expansion),$local$
linear,$logisLc$funcLon$(e.g.$p(c|x)),$tree,$mulLmlayer,$probmdensity$
family$(e.g.$Bernoulli,$mulLnomial,$Gaussian,$mixture$of$Gaussians),$
local$func$smoothness,$$$

Score$FuncKon$$
$

MSE,$Hinge,$logmlikelihood,$EPE$(e.g.$L2$loss$for$KNN,$0m1$loss$for$
Bayes$classifier),$crossmentropy,$cluster$points$distance$to$centers,$
variance,$$

Search/
OpKmizaKon$$
$

Normal$equaLon,$gradient$descent,$stochasLc$GD,$Newton,$Linear$
programming,$QuadraLc$programming$(quadraLc$objecLve$with$
linear$constraints),$greedy,$EM,$asynmSGD,$eigenDecomp$

Models,$
Parameters$
$

RegularizaLon$(e.g.$L1,$L2)$$

A$Typical$Machine$Learning$Pipeline$ 

11/16/15$

Low-level 
sensing 

Pre-
processing 

Feature 
Extract 

Feature 
Select 

Inference, 
Prediction,  
Recognition 

Label 
Collection 

20$

Evaluation 

Optimization 

e.g. Data Cleaning Task-relevant 
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11/16/15$ 21$

An$OperaLonal$Model$of$Machine$
Learning$

Learner Reference  
Data 

Model 

Execution 
Engine 

Model 
Tagged 

Data 

Production 
Data Deployment$$

Consists$of$inputm
output$pairs$

Yanjun$Qi$/$UVA$CS$4501m01m6501m07$

Today$

! $History$of$Machine$Learning$&$AI$$$
! $Review$of$ML$methods$covered$so$far$
$
$
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Where$are$we$?$"$$
major$secLons$of$this$course$

! $Regression$(supervised)$
! $ClassificaLon$(supervised)$
! $Unsupervised$models$$
! $Learning$theory$$
! $Graphical$models$$

11/16/15$ 23$
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Scikitmlearn$algorithm$cheatmsheet$

11/16/15$ 24$

hap://scikitmlearn.org/stable/tutorial/machine_learning_map/$$
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hap://scikitmlearn.org/stable/$
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# $different$assumpLons$on$data$

# different$scalability$profiles$at$training$Lme$

# different$latencies$at$predicLon$Lme$

# different$model$sizes$(embedability$in$mobile$devices)$

Olivier$Grisel’s$talk$$
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What$we$have$covered$(I)$$
! $Supervised$Regression$models$$

– Linear$regression$(LR)$$
– LR$with$nonmlinear$basis$funcLons$
– Locally$weighted$LR$
– LR$with$RegularizaLons$

$
$
$

11/16/15$ 27$
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 e.g. SUPERVISED LEARNING 

•  Find function to map input space  X  to 
output space Y  

 
•  Generalisation:$learn$funcLon$/$hypothesis$
from$past$data$in$order$to$“explain”,$“predict”,$
“model”$or$“control”$new$data$examples$ 

 
 

 

11/16/15$ 28$
KEY$
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A$Dataset$

•  Data/points/instances/examples/samples/records:$[$rows$]$
•  Features/a@ributes/dimensions/independent!variables/covariates/

predictors/regressors:$[$columns,$except$the$last]$$
•  Target/outcome/response/label/dependent!variable:$special$

column$to$be$predicted$[$last$column$]$$

11/16/15$ 29$

Y$is$conLnuous$$
Output Y as 

continuous values 
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(1) Multivariate Linear Regression 

Regression 

Y = Weighted linear sum 
of X�s  

Least-squares  

   Linear algebra  

Regression 
coefficients 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

ŷ = f (x) =θ0 +θ1x
1 +θ2x

2

11/16/15$ 30$θ
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$
$
$

31$

Method$I:$normal$equaLons$
•  Write$the$cost$funcLon$in$matrix$form:$

To$minimize$J(θ),$take$derivaLve$and$set$to$
zero:$

J(θ ) = 1
2

(xi
Tθ − yi )

2

i=1

n

∑

=
1
2
Xθ − !y( )T Xθ − !y( )

=
1
2
θ T XTXθ −θ T XT !y − !yTXθ + !yT !y( )

⇒        XTXθ = XT !y
The$normal$equaKons$

( ) yXXX TT !1−=*θ
⇓

11/16/15$

X =

−− x1
T −−

−− x2
T −−

! ! !
−− xn

T −−

"

#

$
$
$
$
$

%

&

'
'
'
'
'

!y =

y1
y2
!
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!

"

#
#
#
#
#

$

%
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Method$II:$$LR$with$batch$Steepest$
descent$/$$Gradient$descent$$

– This$is$as$a$batch$gradient$descent$algorithm$

!!! 
∇θ J =

∂
∂θ1

J ,…, ∂
∂θk

J
⎡

⎣
⎢

⎤

⎦
⎥

T

= − ( yi −
!x i
Tθ )x i

i=1

n

∑

θt =θt−1 −α∇J(θt−1)
For$$the$tmth$epoch$$

11/16/15$
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!!! 
θ j

t+1 =θ j
t +α ( yi −

!x i
Tθ t )xij

i=1

n

∑



$
$
$
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Method$III:$$LR$with$StochasLc$GD$"$

•  From$the$batch$steepest$descent$rule:$$

•  For$a$single$training$point,$we$have:$$

$

–  a$"stochasKc",$"coordinate"$descent$algorithm$
–  This$can$be$used$as$an$onYline$algorithm$

∑
=

+ −+=
n

i

j
i

tT
ii

t
j

t
j xy

1

1 )( θαθθ x!

i
tT

ii
tt y xx !! )(1 θαθθ −+=+

11/16/15$
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Method$IV:$Newton’s$method$for$
opLmizaLon$$

•  The$most$basic$secondmorder$opLmizaLon$
algorithm$$

•  UpdaLng$parameter$with$$

11/16/15$ 34$
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(2) Multivariate Linear Regression with basis Expansion 

Regression 

Y = Weighted linear sum 
of (X basis expansion) 

Least-squares  

   Linear algebra  

Regression 
coefficients 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

ŷ =θ0 + θ jϕ j (x)j=1

m
∑ =ϕ(x)θ

11/16/15$ 35$
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$
$
$

36$

(2)$LR$with$polynomial$basis$funcLons$

•  LR$does$not$mean$we$can$only$deal$with$linear$
relaLonships$

$

•  E.g.:$polynomial$regression:$

y =θ0 + θ jϕ j (x)j=1

m
∑ =ϕ(x)θ

ϕ(x) := 1, x, x2, x3!" #$

11/16/15$

θ * = ϕTϕ( )
−1
ϕT !y
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(3) Locally Weighted / Kernel Regression 

Regression 

Y = local weighted linear 
sum of X�s  

Least-squares  

   Linear algebra  

Local Regression 
coefficients 

(conditioned on 
each test point)  

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

0000 )(ˆ)(ˆ)(ˆ xxxxf βα +=

min
α (x0 ),β (x0 )

Kλ (xi, x0 )[yi −α(x0 )−β(x0 )xi ]
2

i=1

N

∑
11/16/15$ 37$
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(3) Locally weighted regression 

•  aka locally weighted regression, locally 
linear regression, LOESS, … 

11/16/15$

linear_func(x)m>y$$
"$
could$represent$$
only$the$neighbor$
region$of$x_0$

Use$RBF$funcLon$to$
pick$out/emphasize$$
the$neighbor$region$
of$x_0$"$$

Kλ (xi, x0 )

Kλ (xi, x0 )
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LEARNING of Locally weighted 
linear regression$

11/16/15$

    $

x0$

0000 )(ˆ)(ˆ)(ˆ xxxxf βα +=

39$

" Separate weighted least squares 
at each target point x0 

min
α (x0 ),β (x0 )

Kλ (xi, x0 )[yi −α(x0 )−β(x0 )xi ]
2

i=1

N

∑

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

(4) Regularized multivariate linear regression 

Regression 

Y = Weighted linear sum 
of X�s  

Least-squares  

   Linear algebra + 
Regularization  

Regularized Regression 
coefficients 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

min J(β) = Y −Y
^"

#
$

%
&
'
2

i=1

n

∑ +λ β j
2

j=1

p

∑
11/16/15$ 40$
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 �/54$

• $Basic$model$ Y
^
= β

^

0+β
^

1 x1 +!+β
^

p xp

• $Ridge$regression$esLmaLon:$

• $LR$esLmaLon:$

• $LASSO$esLmaLon:$

min J(β) = Y −Y
^"

#
$

%
&
'
2

∑

min J(β) = Y −Y
^"

#
$

%
&
'
2

i=1

n

∑ +λ β j
j=1

p

∑

min J(β) = Y −Y
^"

#
$

%
&
'
2

i=1

n

∑ +λ β j
2

j=1

p

∑

(4) LR$with$RegularizaLons$/$$
 Regularized multivariate linear regression$

11/16/15$
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What$we$have$covered$(II)$$
! $Supervised$ClassificaLon$models$$

–  $Support$Vector$Machine$$
–  $Bayes$Classifier$$
–  $LogisLc$Regression$$
–  $Kmnearest$Neighbor$$
–  $Random$forest$/$Decision$Tree$
–  $Neural$Network$(e.g.$MLP)$
–  $*Feature$selecLon$$

$
$
$

11/16/15$ 42$
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Three$major$secLons$for$classificaLon 

•  We can divide the large variety of classification 
approaches into roughly three major types  

      
 1. Discriminative 
              - directly estimate a decision rule/boundary 
              - e.g., logistic regression, support vector machine, decisionTree 
  
 2. Generative: 
              - build a generative statistical model 
              - e.g., naïve bayes classifier,  Bayesian networks 
       
  3. Instance based classifiers 
          - Use observation directly (no models) 
          - e.g. K nearest neighbors 

11/16/15$ 43$
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A$Dataset$for$$
classificaLon$$

•  Data/points/instances/examples/samples/records:$[$rows$]$
•  Features/a@ributes/dimensions/independent!variables/covariates/predictors/regressors:$[$columns,$except$the$last]$$
•  Target/outcome/response/label/dependent!variable:$special$column$to$be$predicted$[$last$column$]$$

11/16/15$ 44$

Output as Discrete 
Class Label  

C1, C2, …, CL 

C!

C!
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(1) Support Vector Machine 

classification 

Kernel Func K(xi, xj) 

Margin -> Hinge 
Loss (optional)  

QP with Dual form 

Dual Weights 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

€ 

w = α ixiyi
i
∑

argmin
w,b

wi
2

i=1
p∑ +C εi

i=1

n

∑

subject to  ∀xi ∈ Dtrain : yi xi ⋅w+b( ) ≥1−εi

K(x, z) :=Φ(x)TΦ(z)

11/16/15$ 45$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

(1) SVM as Max margin classifiers 

•  Instead of fitting all points, focus on boundary points 

•  Learn a boundary that leads to the largest margin from points on both 
sides 

Why?  

•  Intuitive, �makes 
sense� 

•  Some theoretical 
support 

•  Works well in practice 

11/16/15$ 46$x1$

x2$
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A$Dataset$$
for$binary$$

classificaLon$$

•  Data/points/instances/examples/samples/records:$[$rows$]$
•  Features/a@ributes/dimensions/independent!variables/covariates/

predictors/regressors:$[$columns,$except$the$last]$$
•  Target/outcome/response/label/dependent!variable:$special$

column$to$be$predicted$[$last$column$]$$11/16/15$ 47$

Output as Binary 
Class Label:  

1 or -1$

Yanjun$Qi$/$UVA$CS$4501m01m6501m07$

When$linearly$Separable$Case:$Optimization Step  
i.e. learning optimal parameter for SVM 

Predict class +1 

Predict class -1 
wTx+b=+1 

wTx+b=0 

wTx+b=-1 

M x+  

x-  
€ 

M =
2
wTw

Min (wTw)/2  
subject to the following constraints: 

For all  x in class + 1 

wTx+b >= 1 

For all  x in class - 1 

wTx+b <= -1 

} A total of n 
constraints if 
we have n 
input samples 

11/16/15$ 48$
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SVM as a QP 
problem 

   

argmin
w,b

wi
2

i=1
p∑

subject to  ∀x i ∈Dtrain : yi x i ⋅w + b( ) ≥1



Final optimization for non linearly 
separable case 

The new optimization problem is: 

subject to the following inequality 
constraints: 

€ 

minw
wTw
2

+ Cεi
i=1

n

∑

For all i 

} A total of n 
constraints 

} Another n 
constraints 

11/16/15$ 49$
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!!ε i ≥0

Dual SVM - interpretation 

€ 

w = α ixiyi
i
∑

For     i that are 0, 
no influence 

11/16/15$ 50$
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α



Dual SVM for linearly separable 
case  

Our dual target function: maxα αi −
i
∑ 1

2
αiα jyiyj

i,j
∑ xi

Txj

αiyi = 0
i
∑

αi ≥ 0 ∀i

Dot product for all 
training samples  

To evaluate a new sample xts 
we need to compute: 

!!
wTxts +b= α iyi

i
∑ xi

Txts +b

Dot product with 
training samples  

11/16/15$ 51$
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!!! 
yts
! = sign α i yi x i

Txts( )
i∈SV
∑ +b⎛

⎝⎜
⎞
⎠⎟

Dual formulation for linearly non 
separable case 

Dual target function: 

!!

maxα α i −
i
∑ 1

2 α iα jyi y j
i,j
∑ xi

Txj

α iyi =0
i
∑
C >α i ≥0,∀i

To evaluate a new sample xj 
we need to compute: 

wTx j + b = αiyi
i
∑ xi

Txj + b

The only difference is 
that the \alpha are now 
bounded  

11/16/15$ 52$
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Hyperparameter$C$
should$be$tuned$
through$kmfolds$CV$ $

This$is$very$similar$to$the$
opLmizaLon$problem$in$the$linear$
separable$case,$except$that$there$is$
an$upper$bound$C$on$�i$now$
$
Once$again,$efficient$algorithm$exist$
to$find$�i$$

$



The kernel trick 
How many operations do we need for the dot product? 

€ 

= 2xizi
i
∑ + xi

2

i
∑ zi

2 + 2xix jziz j
j= i+1
∑

i
∑ +1

m m m(m-1)/2 =~ m2 

However, we can obtain dramatic savings by noting that 

(xT z+1)2 = (x.z+1)2 = (x.z)2 + 2(x.z)+1

= ( xizi )
2 + 2xizi

i
∑ +1

i
∑

= 2xizi
i
∑ + xi

2

i
∑ zi

2 + 2xix jziz j
j=i+1
∑

i
∑ +1

We only need m 
operations! 

11/16/15$ 53$
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Φ(x)TΦ(z)

Φ(x)TΦ(z) =

So,$if$we$define$the$kernel$funcKon$as$follows,$there$is$
no$need$to$carry$out$basis$funcLon$\��� (.)$explicitly$

K(x, z) = (xT z+1)2

(2) Bayes Classifier 

classification 

Prob. models p(X|C) 

EPE with 0-1 loss, with 
Log likelihood(optional)  

Many options  

Prob. Models’ 
Parameter 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

P(X1, ⋅ ⋅ ⋅,Xp |C)

argmax
k

P(C _ k | X) = argmax
k

P(X,C) = argmax
k

P(X |C)P(C)

 P̂(Xj |C = ck ) =
1

2πσ jk

exp −
(X j−µ jk )

2

2σ jk
2

"

#
$$

%

&
''

P(W1 = n1,...,Wv = nv | ck ) =
N !

n1k !n2k !..nvk !
θ1k
n1kθ2k

n2k ..θvk
nvk

p(Wi = true | ck ) = pi,kBernoulli'
Naïve''

Gaussian'
Naive'

Mul>nomial'11/16/15$ 54$
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A$Dataset$for$$
classificaLon$$

•  Data/points/instances/examples/samples/records:$[$rows$]$
•  Features/a@ributes/dimensions/independent!variables/covariates/predictors/regressors:$[$columns,$except$the$last]$$
•  Target/outcome/response/label/dependent!variable:$special$column$to$be$predicted$[$last$column$]$$

11/16/15$ 55$

Output as Discrete 
Class Label  

C1, C2, …, CL 

C!

C!

GeneraLve$ argmax
C

P(C | X) = argmax
C

P(X,C) = argmax
C

P(X |C)P(C)

Yanjun$Qi$/$UVA$CS$4501m01m6501m07$

•  Treat each attribute and class label as random 
variables. 

•  Given a sample x with attributes ( x1, x2, … , xp ): 
–  Goal is to predict class C. 
–  Specifically, we want to find the value of Ci that 

maximizes p( Ci | x1, x2, … , xp ). 

•  Bayes classification 

Bayes classifier 

11/16/15$

P(C |X) ∝P(X | C)P(C) = P(X1, ⋅ ⋅ ⋅,Xp |C)P(C)
Difficulty: learning the joint probability                   P(X1, ⋅ ⋅ ⋅,Xp |C)

56$
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Naïve Bayes Classifier  

      
Difficulty: learning the joint probability                   

•  Naïve Bayes classification 
–  Assumption that all input attributes are conditionally independent! 

 

 

P(X1, ⋅ ⋅ ⋅,Xp |C)

P(X1,X2, ⋅ ⋅ ⋅,Xp |C) = P(X1 | X2, ⋅ ⋅ ⋅,Xp,C)P(X2, ⋅ ⋅ ⋅,Xp |C)
                                 =  P(X1 |C)P(X2, ⋅ ⋅ ⋅,Xp |C)
                                 =  P(X1 |C)P(X2 |C) ⋅ ⋅ ⋅P(Xp |C)

11/16/15$
Adapt$from$Prof.$Ke$Chen$NB$slides$

57$

C 

X1 X2 X5 X3 X4 X6 

Yanjun$Qi$/$UVA$CS$4501m01m6501m07$

ProbabilisLc$Models$of$text$documents$

Pr(D |C = c)
$?$

  Pr(W1 = n1,W2 = n2 ,...,Wk = nk | C = c)

  Pr(W1 = true,W2 = false...,Wk = true | C = c)

58$
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Two$
Previous$
models$

11/16/15$

MulLvariate$Bernoulli$DistribuLon$

MulLnomial$DistribuLon$



(2.1)$: Multivariate Bernoulli for text 

•  Conditional Independence Assumption: 
Features (word presence) are independent 
of each other given the class variable: 

 
•  Multivariate Bernoulli model is appropriate for 

binary feature variables 
59 

C=Flu News 

W1 W2 W5 W3 W4 W6 

11/16/15$

Pr(W1 = true,W2 = false,...,Wk = true |C = c)
= P(W1 = true |C)•P(W2 = false |C)•!•P(Wk = true |C)

runnynose sinus fever muscle-ache running 

this$is$
naïve$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

(2.2)$MulKnomial$Naïve$Bayes$as$$
StochasKc$Language$Models$

0.2 the 

0.01  boy 

0.0001  said 

0.0001  likes 

0.0001  black 

0.0005  dog 

0.01  garden 

Model C1 Model C2 

dog boy likes black the 

0.0005 0.01 0.0001 0.0001 0.2 
0.01 0.0001 0.02 0.1 0.2 

0.2 the 

0.0001  boy 

0.03  said 

0.02  likes 

0.1 black 

0.01  dog 

0.0001  garden 

11/16/15$ 60$

P(s|C2) P(C2) >  P(s|C1) P(C1) 
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MulLnomial$Naïve$Bayes$=$$
a$class$condiLonal$unigram$language$model$

•  Think$of$Xi$as$the$word$on$the$ith$posiLon$in$the$
document$string$

•  EffecLvely,$the$probability$of$each$class$is$done$as$a$
classmspecific$unigram$language$model$

class 

X1 X2 X3 X4 X5 X6 

11/16/15$ 61$
Adapt$From$Manning�textCat$tutorial$$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

62 

(2.3)$Gaussian Naïve Bayes Classifier 

      

•  Continuous-valued Input Attributes 
–  Conditional probability modeled with the normal distribution 

–  Learning Phase: !
     Output:         normal distributions and  

–  Test Phase: 
•  Calculate conditional probabilities with all the normal distributions 
•  Apply the MAP rule to make a decision 

                     P̂(Xj |C = ci ) =
1

2πσ ji

exp −
(X j−µ ji )

2

2σ ji
2

"

#
$$

%

&
''

µ ji :  mean (avearage) of attribute values Xj  of examples  for which C = ci
σ ji :  standard deviation of attribute values X j  of examples  for which C = ci

for X = (X1, ⋅ ⋅ ⋅,Xp ),   C = c1, ⋅ ⋅ ⋅,cL
p× L

for  !X = ( !X1, ⋅ ⋅ ⋅, !Xp )

P(C = ci )  i =1, ⋅ ⋅ ⋅,L

11/16/15$
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Naïve$Gaussian$means$?$$

11/16/15$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

63$

P(X1,X2, ⋅ ⋅ ⋅,Xp |C = cj ) = P(X1 |C)P(X2 |C) ⋅ ⋅ ⋅P(Xp |C)

=∏
i

1
2πσ ji

exp −
(X j−µ ji )

2

2σ ji
2

$

%
&&

'

(
))

P(X1,X2, ⋅ ⋅ ⋅,Xp |C) =

Naïve$$

Not$
Naïve$$

11/16/15$
Σ_ ck = Λ _ ckDiagonal$Matrix$

Each$class’$
covariance$
matrix$is$
diagonal$$

(2.4)$LDA$(Linear$Discriminant$Analysis)$

11/16/15$ 64$

Class$k Class$l 
Class$k Class$l 

Each$class’$covariance$
matrix$$is$the$same$
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OpKmal$ClassificaKon$
$
$

$
$
$

$
$
m  Note$$

argmax
k

P(C _ k | X) = argmax
k

P(X,C) = argmax
k

P(X |C)P(C)

11/16/15$ 65$
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"$The$Decision$Boundary$Between$class$k$and$l,!$$$$$
{x$:$δk$(x)$=$δl(x)},$is$a$linear$line/plane$$

log P(C _ k | X)
P(C _ l | X)

= log P(X |C _ k)
P(X |C _ l)

+ log P(C _ k)
P(C _ l)

Boundary$points$X$:$when$
P(c_k|X)$==$P(c_l|X),$the$leÑ$
linear$equaLon$==0,$a$linear$
line$/$plane$

Equals$to$
zero$$

Yanjun$Qi$/$UVA$CS$4501m01m6501m07$



(2.5)$QDA$(QuadraLc$Discriminant$
Analysis$)$

11/16/15$ 67$
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(2.6)$LDA$on$Expanded$Basis�

LDA$with$
quadraLc$basis$$
Versus$
QDA$$

11/16/15$ 68$
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(2.7)$Regularized$Discriminant$Analysis�

11/16/15$ 69$
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(3) Logistic Regression 

classification 

Log-odds(Y) = linear 
function of X�s  

EPE, with conditional 
Log-likelihood  

   Iterative (Newton) method  

Logistic 
weights 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

P(c =1 x) = eα+βx

1+ eα+βx11/16/15$ 70$
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LogisLc$Regression—when?$

LogisLc$regression$models$are$appropriate$for$target$
variable$coded$as$0/1.$

$
We$only$observe$�0�$and$�1�$for$the$target$variable—but$
we$think$of$the$target$variable$conceptually$as$a$
probability$that$�1�$will$occur.$

This means we use Bernoulli distribution to model the target 
variable with its Bernoulli parameter p=p(y=1|x) predefined. 
 
The main interest " predicting the probability that an event 
occurs (i.e., the probability that p(y=1|x) ). 

11/16/15$ 71$
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0.0

0.2

0.4

0.6

0.8

1.0e.g.$
Probability$of$
disease$

x 

P (C=1|X) 

11/16/15$ 72$

DiscriminaLve$ LogisLc$regression$models$for$
binary$target$variable$coded$0/1.$

P(c =1 x) = eα+βx

1+ eα+βx

ln P(c =1| x)
P(c = 0 | x)
!

"
#

$

%
&= ln

P(c =1| x)
1−P(c =1| x)
!

"
#

$

%
&=α +β1x1 +β2x2 +...+βpxp

logisLc$funcLon$$

Logit$funcLon$$

Decision$Boundary$"$equals$to$zero$$

Yanjun$Qi$/$UVA$CS$4501m01m6501m07$



73$

MLE$for$LogisLc$Regression$Training$

Let’s$fit$the$logisLc$regression$model$for$K=2,$i.e.,$number$of$classes$is$2$

!!

l(β)= {logPr(Y = yi |X = xi )}
i=1

N

∑

= yi log(Pr(Y =1|X = xi ))+(1− yi )log(Pr(Y =0|X = xi ))
i=1

N

∑

= ( yi log
exp(βT xi )

1+exp(βT xi )
)+(1− yi )log

1
1+exp(βT xi )

)
i=1

N

∑

= ( yiβT xi − log(1+exp(βT xi )))
i=1

N

∑

Training$set:$(xi,$yi),$i=1,…,N!

(condiLonal$)$$
Logmlikelihood:$

We$want$to$maximize$the$logmlikelihood$in$order$to$esLmate$\beta!

xi$are$(p+1)mdimensional$input$vector$with$leading$entry$1$
\beta$is$a$(p+1)mdimensional$vector$
$

p(y | x)y (1− p)1−y
For$Bernoulli$distribuLon$$

11/16/15$

Yanjun$Qi$/$UVA$CS$4501m01m6501m07$

How?$

Discriminative vs. Generative 
GeneraLve$approach$
m$Model$the$joint$distribuLon$p(X,$C)$using$$
$$ $p(X$|$C$=$ck)$and$p(C$=$ck)$
$
$
DiscriminaLve$approach$
m$Model$the$condiLonal$distribuLon$p(c|$X)$
directly$

Class$prior$

e.g.,$



Discriminative vs. Generative 

●  Empirically,$generaLve$classifiers$approach$
their$asymptoLc$error$faster$than$
discriminaLve$ones$
○  Good$for$small$training$set$
○  Handle$missing$data$well$(EM)$

●  Empirically,$discriminaLve$classifiers$have$
lower$asymptoLc$error$than$generaLve$ones$
○  Good$for$larger$training$set$

(4) K-Nearest Neighbor 

classification 

Local Smoothness 

EPE with L2 loss " 
conditional mean 

NA 

Training 
Samples 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

11/16/15$ 76$
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Nearest neighbor classifiers 

To$classify$unknown$sample:$
1.  Compute$distance$to$

other$training$records$
2.  IdenLfy$k$nearest$

neighbors$$
3.  Use$class$labels$of$nearest$

neighbors$to$determine$
the$class$label$of$unknown$
record$(e.g.,$by$taking$
majority$vote)$

Unknown record

11/16/15$ 77$
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Decision boundaries in global vs. local models 

linear regression 
 
•  global 
•  stable 
•  can be inaccurate 

15-nearest neighbor 
 

1-nearest neighbor 

 
•  local 
•  accurate 
•  unstable 

What ultimately matters: GENERALIZATION 

11/16/15$ 78$
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•  k-Nearest neighbor classifier is a lazy learner  
– Does not build model explicitly. 
– Unlike eager learners such as decision tree 

induction and rule-based systems. 
– Classifying unknown samples is relatively 

expensive. 
•  k-Nearest neighbor classifier is a local model, 

vs. global model of linear classifiers.  

Nearest neighbor classification 

11/16/15$ 79$
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(5) Decision Tree / Random Forest 

Greedy to find partitions 

Split Purity measure / e.g. 
IG / cross-entropy / Gini /  

Tree Model (s), i.e. 
space partition  

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

11/16/15$ 80$

Classification 

Partition feature space 
into set of rectangles, 
local smoothness 

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$



Anatomy$of$a$decision$tree$

overcast$

high$ normal$ false$true$

sunny$ rain$

No$ No$Yes$ Yes$

Yes$

Outlook$

Humidity$
Windy$

Each$node$is$a$test$on$$
one$feature/acribute$

Possible$aaribute$values$$
of$the$node$

Leaves$are$the$
decisions$

11/16/15$ 81$
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Decision$trees$
•  Decision$trees$represent$a$disjuncLon$of$
conjuncLons$of$constraints$on$the$aaribute$
values$of$instances.$

•  (Outlook ==overcast)   
•   OR 
•  ((Outlook==rain) and (Windy==false)) 
•   OR 
•  ((Outlook==sunny) and (Humidity=normal)) 
•   => yes play tennis 

11/16/15$ 82$
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InformaKon$gain$

•  IG(X_i,Y)=H(Y)mH(Y|X_i)$
ReducLon$in$uncertainty$by$knowing$a$feature$X_i$

InformaLon$gain:$$
=$(informaLon$before$split)$–$(informaLon$aÑer$split)$
=$entropy(parent)$–$[average$entropy(children)]$
$
$

Fixed$$ the$lower,$the$
beaer$(children$
nodes$are$purer)$

–$$ For$IG,$the$
higher,$the$
beaer$$=$$

11/16/15$ 83$
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Random$Forest$Classifier$

N
$e
xa
m
pl
es
$

...
.…
$

...
.…
$

Take$he$
majority$
vote$

M$features$

11/16/15$ 84$
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(6) Neural Network 

conditional Log-likelihood , 
Cross-Entropy / MSE   

SGD / Backprop 

NN network 
Weights 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

11/16/15$ 85$

Classification 
/ Regression 

Multilayer Network 
topology 

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

Logistic regression

Logistic regression  could be illustrated as a module 

On input x, it outputs ŷ: 

where  

Draw a 
logistic
regression 
unit as: 

Σ$

x1$

x2$

x3$

+1$

ŷ$=$P$(Y=1|X,Θ)$
wT !x + b

1
1+ e− z

Bias$

Summing 
function 

Activation 
function 

Output 

11/16/15$ 86$
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MulLmLayer$Perceptron$(MLP)$
String a lot of logistic units together.  Example:  3 layer network:  

x1$

x2$

x3$

+1$ +1$

a3$

a2$

a1$

Layer$1$ Layer$2$

Layer$3$

hidden$input$ output$

y 

11/16/15$ 87$
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When$for$mulLmclass$classificaLon$$
(last$output$layer:$soÑmax$layer)$$

11/16/15$ 88$

When$mulLmclass$output,$last$layer$is$
soÑmax$output$layer$"$a$
mulLnomial$logisLc$regression$unit$

Output$units$

z$

y$

z$

y$

z$

y$1$

1$ 2$

2$ 3$

3$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$



Backpropagation  

●  BackmpropagaLon$training$algorithm$

Network activation 
Forward Step 

 
Error propagation 
Backward Step 

11/16/15$ 89$
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11/16/15$ 90$

input$ Σ$
x1$

x2$

+1$

Output  ŷ 

w1 

w2 
w3 

b2 
Σ$

Σ$

f1! f2! f3!

E(y,$ŷ)$$

f4!
T=4!

w4 

b1 

w6 

w5 

Output  o1 

o2 h2 

Output h1$

For$instance$"$for$regression$$

Θ1!

Θ1! Θ2! Θ3! Θ4!

+1$ b3 

for sigmoid unit o,   
its derivative is,   
o�(h) = o(h) * (1 - o(h)) 

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$



11/16/15$ 91$
Dr.$QI’s$CIKM$2012$paper/talk$$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

T Error propagation 
Backward Step 

Dr.$QI’s$CIKM$2012$paper/talk$$
11/16/15$ 92$
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Deep$Learning$Way:$$
Learning$features$/$RepresentaKon$from$data 

Feature Engineering  
#  Most critical for accuracy  
# $ Account for most of the computation for testing  
#  $Most time-consuming in development cycle  
# $ Often hand-craft and task dependent in practice  

Feature Learning  
#  Easily adaptable to new similar tasks   
#  Layerwise representation  
#  Layer-by-layer unsupervised training 
#  Layer-by-layer supervised training 93$11/16/15$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

● Data$representaLon$
● Network$Topology$
● Network$Parameters$
● Training$
● Scaling up with graphics processors
● Scaling up with Asynchronous$SGD$

● ValidaLon$

DESIGN ISSUES for Deep$NN 

11/16/15$ 94$
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(7)$Feature$SelecLon$
$
•  Thousands$to$millions$of$low$level$features:$
select$the$most$relevant$one$to$build$becer,$
faster,$and$easier$to$understand$learning$
machines.$

X$

p$

n$

p�$

From$Dr.$Isabelle$Guyon$$
11/16/15$ 95$
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(7) Feature Selection (not covered ) 

Dimension Reduction  

n/a 

Many possible 
options 

Greedy (mostly) 

Reduced 
subset of 
features 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

11/16/15$ 96$
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��/54$

Feature$SelecLon$

–  Filtering$approach:$$
$

ranks$features$or$feature$subsets$independently$of$the$
predictor$(classifier).$
$

•  …using$univariate$methods:$consider$one$variable$at$a$Lme$
•  …using$mulLvariate$methods:$consider$more$than$one$variables$at$a$Lme$

$

$

– Wrapper$approach:$
$

$uses$a$classifier$to$assess$(many)$features$or$feature$subsets.$
$

–  Embedding$approach:$
$

uses$a$classifier$to$build$a$(single)$model$with$a$subset$of$
features$that$are$internally$selected.$
$11/16/15$
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What$we$have$covered$(III)$$

! $Unsupervised$models$$$
– Dimension$ReducLon$(PCA)$
– Hierarchical$clustering$$
– Kmmeans$clustering$
– GMM/EM$clustering$$

$

$
$

11/16/15$ 98$
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An$unlabeled$$
Dataset$X$$

•  Data/points/instances/examples/samples/records:$[$rows$]$
•  Features/a@ributes/dimensions/independent!variables/covariates/predictors/regressors:$[$columns]$$

11/16/15$ 99$

a data matrix of n observations on 
p variables x1,x2,…xp 

Unsupervised$learning$=$learning$from$raw$(unlabeled,$
unannotated,$etc)$data,$as$opposed$to$supervised$data$
where$a$label$of$examples$is$given$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

(0) Principal Component Analysis 

Dimension Reduction  

Gaussian assumption  

Direction of maximum 
variance  

Eigen-decomp 

Principal 
components 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 
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Algebraic$InterpretaLon$–$1D$

•  Given$n$points$in$a$p$dimensional$space,$for$large$p,$how$does$
one$project$on$to$a$1$dimensional$space?$

•  Choose$a$line$that$fits$the$data$so$the$points$are$spread$out$
well$along$the$line$

$
From$Dr.$S.$Narasimhan$

11/16/15$ 101$
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•  Minimizing$sum$of$squares$of$distances$to$the$line$is$the$same$
as$maximizing$the$sum$of$squares$of$the$projecLons$on$that$
line,$thanks$to$Pythagoras.$

$$$

$

Algebraic$InterpretaLon$–$1D$

u=xTv 
x:$p*1$vector$
v:$p*1$vector$$$

max($vTXT$Xv),$subject$to$$vTv$=$1$

11/16/15$

assuming$data$
is$centered$

102$
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4.0 4.5 5.0 5.5 6.0
2

3

4

5

1st Principal  
Component, u1 

2nd Principal  
Component, u2 

PCA$Eigenvectors$"$Principal$Components$

11/16/15$ 103$
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PCA$&$Gaussian$DistribuLons.$

•  PCA$is$similar$to$learning$a$Gaussian$
distribuLon$for$the$data.$

$
•  Dimension$reducLon$occurs$by$ignoring$the$
direcLons$in$which$the$covariance$is$small.$

11/16/15$ 104$
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PCA$LimitaLons$
•  The$direcLon$of$maximum$variance$is$not$
always$good$for$classificaLon$

not$ideal$for$discriminaLon$

First$PC$ From$Prof.$Derek$Hoiem$
11/16/15$ 105$
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What$we$have$covered$(III)$$

! $Unsupervised$models$$$
– Dimension$ReducLon$(PCA)$
– Hierarchical$clustering$$
– Kmmeans$clustering$
– GMM/EM$clustering$$

$

$
$

11/16/15$ 106$
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•  Find groups (clusters) of data points such that data points in a 
group will be similar (or related) to one another and different from 
(or unrelated to) the data points in other groups 

What$is$clustering? 

Inter-cluster 
distances are 
maximized 

Intra-cluster 
distances are 

minimized 

11/16/15$ 107$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

11/16/15$

Issues$for$clustering$
•  What$is$a$natural$grouping$among$these$objects?$

–  DefiniLon$of$"groupness"$
•  What$makes$objects$�related�?$

–  DefiniLon$of$"similarity/distance"$
•  RepresentaLon$for$objects$

–  Vector$space?$NormalizaLon?$
•  How$many$clusters?$

–  Fixed$a$priori?$
–  Completely$data$driven?$

•  Avoid$�trivial�$clusters$m$too$large$or$small$
•  Clustering$Algorithms$

–  ParLLonal$algorithms$
–  Hierarchical$algorithms$

•  Formal$foundaLon$and$convergence$
108$
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11/16/15$

Clustering$Algorithms$

•  ParLLonal$algorithms$
– Usually$start$with$a$random$
(parLal)$parLLoning$

–  Refine$it$iteraLvely$
•  K$means$clustering$
•  MixturemModel$based$clustering$

•  Hierarchical$algorithms$
–  Boaommup,$agglomeraLve$
–  Topmdown,$divisive$

109$
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(1) Hierarchical Clustering  

Clustering 

n/a  

No clearly 
defined loss  

greedy bottom-up (or 
top-down)  

Dendrogram 
(tree)  

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 
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Example: single link 
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(2) K-means Clustering  

Clustering 

n/a 

Sum-of-square 
distance to centroid 

K-means (special 
case of EM) algorithm 

Cluster 
membership & 

centroid 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 
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$
$
$

113$

Kmmeans$Clustering:$Step$2$
m$Determine$the$membership$of$each$data$points$
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(3) GMM Clustering  

Clustering 

Likelihood  

EM algorithm 

Each point’s soft 
membership & 

mean / covariance 
per cluster  

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

11/16/15$ 114$

Mixture$of$Gaussians$
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$
$
$
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ExpectaLonmMaximizaLon$
for$training$$GMM$

•  Start:$$
– "Guess"$the$centroid$�k$and$covariance$�k$of$each$
of$the$K$clusters$$

•  Loop$ each cluster, revising both the mean (centroid position) and covariance (shape) $

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

For each point, revising its proportions belonging to each of the K clusters $

$
$
$

©$Eric$Xing$@$CMU,$2006m2008$

$
$
$

116$

Compare:$Kmmeans$

•  The$EM$algorithm$for$mixtures$of$Gaussians$is$
like$a$"soÑ$version"$of$the$Kmmeans$algorithm.$

•  In$the$Kmmeans$�Emstep�$we$do$hard$
assignment:$

•  In$the$Kmmeans$�Mmstep�$we$update$the$means$
as$the$weighted$sum$of$the$data,$but$now$the$
weights$are$0$or$1:$



What$we$have$covered$(IV)$$

! $Learning$theory$/$Model$selecLon$$
– Kmfolds$cross$validaLon$$
– Expected$predicLon$error$$
– Bias$and$variance$tradeoff$$

$
$
$

11/16/15$ 117$
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(1) Evaluation Choice:  
e.g.$10$fold$Cross$ValidaLon$

model P1 P2 P3 P4 P5 P6 P7 P8 P9 P10

1 train train train train train train train train train test

2 train train train train train train train train test train

3 train train train train train train train test train train

4 train train train train train train test train train train

5 train train train train train test train train train train

6 train train train train test train train train train train

7 train train train test train train train train train train

8 train train test train train train train train train train

9 train test train train train train train train train train

10 test train train train train train train train train train

•  Divide$data$into$
10$equal$pieces$$

•  9$pieces$as$
training$set,$the$
rest$1$as$test$set$

•  Collect$the$
scores$from$the$
diagonal 

����11/16/15$
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CVmbased$Model$SelecLon$$
We’re$trying$to$decide$which$algorithm$to$use.$$

$
•  We$train$each$model$and$make$a$table...$$
$

11/16/15$
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119$

Chapter$7

120

Which$kind$of$crossmvalidaLon$?$



(2) e.g. Training Error from 
KNN, Lesson Learned 

•  When k = 1,  
•  No misclassifications (on 

training): Overtraining 

•  Minimizing 
training error is 
not always 
good (e.g., 1-
NN) 

X1 

X2 

 1-nearest neighbor averaging 

5.0ˆ =Y

5.0ˆ <Y

5.0ˆ >Y
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Statistical Decision Theory 

•  Random input vector: X 
•  Random output variable:Y 
•  Joint distribution: Pr(X,Y ) 
•  Loss function L(Y, f(X)) 

•  Expected prediction error (EPE): 
•    

€ 

EPE( f ) = E(L(Y, f (X))) = L(y, f (x))∫ Pr(dx,dy)

               e.g. = (y − f (x))2∫ Pr(dx,dy)
Consider 

population 
distribution  

e.g. Squared error loss (also called L2 loss ) 11/16/15$ 122$
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Expected prediction error (EPE) 
 

•  For L2 loss:  

•  For 0-1 loss: L(k, �) = 1-�kl 

 
 
 

EPE( f ) = E(L(Y, f (X))) = L(y, f (x))∫ Pr(dx,dy)
Consider joint 
distribution  

!! 

f̂ (X )=C k !if!
Pr(C k |X = x)=max

g∈C
Pr(g|X = x)

Bayes Classifier 

 e.g. = (y− f (x))2∫ Pr(dx,dy)

Conditional  
mean  !! f̂ (x)=E(Y |X = x)

under L2 loss, best estimator for EPE (Theoretically) is :   

e.g. KNN NN methods are the direct implementation (approximation ) 

11/16/15$ 123$
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(3)$BiasmVariance$Trademoff$
E(MSE) = noise2  + bias2 + variance 

Unavoidable 
error 

Error due to 
incorrect 

assumptions 

Error due to 
variance of training 

samples 

Slide$credit:$D.$Hoiem$
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Bias-Variance Tradeoff / Model Selection 

125 

underfit region 
overfit region 

11/16/15$
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Bias-Variance Tradeoff / Model Selection 

126 

underfit region 
overfit region 

11/16/15$
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Model �bias� & Model  
�variance�  

•  Middle RED:  
–  TRUE function 

•  Error due to bias: 
–  How far off in general  

from the middle red 

•  Error due to variance: 
–  How wildly the blue 

points spread  

11/16/15$ 127$
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$
$
$

128$

Which$funcLon$f!!to!choose?$$
Many$possible$choices$,$e.g.$LR$with$

polynomial$basis$funcLons$$

y =θ0 +θ1x 2
210 xxy θθθ ++= ∑ =

= 5

0j
j

j xy θ

11/16/15$

Choose$f!that!
generalizes!well!!!$$

Generalisation:$learn$funcLon$/$
hypothesis$from$past$data$in$order$
to$“explain”,$“predict”,$“model”$or$
“control”$new$data$examples$ 
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Which$kernel$width$to$choose$?$$
e.g.$$locally$weighted$LR 

11/16/15$
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Choose$kernel!width!
that!generalizes!well!!!$$

Which$
regularizaLon$
parameter$to$
choose$?$$

$$
Ridge$

Regression$
$

when$varying$λ, 
how θj varies.$$

130 

λ  increases $

λ→∞ λ = 0

11/16/15$
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Choose$λ$that!
generalizes!well!!!$$



RegularizaLon$
path$of$a$Lasso$$

EsLmator$$

11/16/15$
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131$

∞→λ λ = 0

Choose$λ$that!
generalizes!well!!!$$

need$to$make$assumpLons$that$
are$able$to$generalize$

•  Components of generalization error  
–  Bias: how much the average model over all training sets differ from 

the true model? 
•  Error due to inaccurate assumptions/simplifications made by the 

model 
–  Variance: how much models estimated from different training sets 

differ from each other 
•  Underfitting: model is too “simple” to represent all the 

relevant class characteristics 
–  High bias and low variance 
–  High training error and high test error 

•  Overfitting: model is too “complex” and fits irrelevant 
characteristics (noise) in the data 
–  Low bias and high variance 
–  Low training error and high test error 

Slide$credit:$L.$Lazebnik$
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High$variance$

11/16/15$ 133$

•  Test$error$sLll$decreasing$as$m$increases.$Suggests$larger$training$set$will$help.$

•  Large$gap$between$training$and$test$error.$$

•  Low training error and high test error 
Slide$credit:$A.$Ng$
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Could$also$use$
CrossV$Error$

High$bias$

11/16/15$ 134$

•$Even$training$error$is$unacceptably$high.$
•$Small$gap$between$training$and$test$error.$

High training error and high test error 
Slide$credit:$A.$Ng$
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Could$also$use$
CrossV$Error$



What$we$have$covered$for$each$
component$$
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135$

Task$ Regression,$classificaLon,$clustering,$dimenmreducLon$

RepresentaKon$$
$

Linear$func,$nonlinear$funcLon$(e.g.$polynomial$expansion),$local$
linear,$logisLc$funcLon$(e.g.$p(c|x)),$tree,$mulLmlayer,$probmdensity$
family$(e.g.$Bernoulli,$mulLnomial,$Gaussian,$mixture$of$
Gaussians),$local$func$smoothness,$$kernel$matrix$

Score$FuncKon$$
$

MSE,$Hinge$(margin),$logmlikelihood,$EPE$(e.g.$L2$loss$for$KNN,$0m1$
loss$for$Bayes$classifier),$crossmentropy,$cluster$points$distance$to$
centers,$variance,$$

Search/
OpKmizaKon$$
$

Normal$equaLon,$gradient$descent,$stochasLc$GD,$Newton,$Linear$
programming,$QuadraLc$programming$(quadraLc$objecLve$with$
linear$constraints),$greedy,$EM,$asynmSGD,$eigenDecomp$

Models,$
Parameters$
$

RegularizaLon$(e.g.$L1,$L2)$$

References$$

! $HasLe,$Trevor,$et$al.$The$elements$of$
staLsLcal$learning.$Vol.$2.$No.$1.$New$York:$
Springer,$2009.$

! $Prof.$M.A.$Papalaskar’s$slides$$
! $Prof.$Andrew$Ng’s$slides$$

$
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