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Where$we$are$?$!$$
Five$major$secHons$of$this$course$

" $Regression$(supervised)$
" $ClassificaHon$(supervised)$
" $Unsupervised$models$$
" $Learning$theory$$
" $Graphical$models$$
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Today$!$$
Regression$(supervised)$

" $Four$ways$to$train$/$perform$opHmizaHon$for$linear$
regression$models$
" $Normal$EquaHon$
" $Gradient$Descent$(GD)$$
" $StochasHc$GD$$
" $Newton’s$method$$

$$
" Supervised$regression$models$$

" Linear$regression$(LR)$$
" LR$with$nonXlinear$basis$funcHons$
" Locally$weighted$LR$
" LR$with$RegularizaHons$
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Today$

" $A$PracHcal$ApplicaHon$of$Regression$Model$$$
" $More$ways$to$train$/$perform$opHmizaHon$for$
linear$regression$models$
" $Gradient$
" $Gradient$Descent$(GD)$for$LR$
" $StochasHc$GD$(SGD)$
" $Newton’s$method$$

$
$
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Linear Regression Models  
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ŷ = f (x) =θ0 +θ1x
1 +θ2x

2

#  Features:$$
Living$area,$distance$to$
campus,$#$bedroom$…$

#  Target$y:$$
Rent$$!$ConHnuous$$

! e.g.   Linear Regression Models $
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training$/$learning$goal$

•  Using$matrix$form,$we$get$the$
following$general$representaHon$
of$the$linear$funcHon$on$train$set:$

•  Our$goal$is$to$pick$the$opHmal$$$$$$$$$$$$$$$$$
that$minimize$the$following$cost$
funcHon:$
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$
$
$
7$

Method$I:$normal$equaHons$
•  Write$the$cost$funcHon$in$matrix$form:$

To$minimize$J(θ),$take$its$gradient$and$set$to$
zero:$
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e.g.$A$PracHcal$ApplicaHon$of$
Regression$Model$$
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Proceedings$of$
HLT$’2010$
Human$
Language$
Technologies:$$$



9/9/14$

Yanjun$Qi$/$UVA$CS$4501X01X6501X07$

9$

9/9/14$

Yanjun$Qi$/$UVA$CS$4501X01X6501X07$

10$

Movie$Reviews$and$Revenues:$An$Experiment$in$Text$Regression,$$
Proceedings$of$HLT$'10$Human$Language$Technologies:$$$

Use$linear$regression$to$directly$predict$the$opening$weekend$gross$
earnings,$denoted$y,$based$on$features$x$extracted$from$the$movie$
metadata$and/or$the$text$of$the$reviews.$
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Movie$Reviews$and$Revenues:$An$Experiment$in$Text$Regression,$$
Proceedings$of$HLT$'10$Human$Language$Technologies:$$$ e.g.$counts$

of$a$ngram$in$
the$text$$
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The$feature$weights$can$be$
directly$interpreted$as$U.S.$
dollars$contributed$to$the$
predicted$value$yˆ$by$each$
occurrence$of$the$feature.$$

to$movies$



Today$

" $A$PracHcal$ApplicaHon$of$Regression$Model$$$
" $More$ways$to$train$/$perform$opHmizaHon$for$
linear$regression$models$
" $Gradient$Descent$
" $Gradient$Descent$(GD)$for$LR$
" $StochasHc$GD$(SGD)$
" $Newton’s$method$$

$
$
9/14/15$ 13$

Dr.$Yanjun$Qi$/$UVA$CS$6316$/$f15$

Review:$DefiniHons$of$gradient$$
(from$CMU$review$handout)$$
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!$Denominator*layout$



Review:$DefiniHons$of$gradient$
(from$hjp://en.wikipedia.org/wiki/
Matrix_calculus#ScalarXbyXmatrix)$$
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The$derivaHve$of$a$scalar$y$funcHon$of$a$matrix$X$of$
independent$variables,$with$respect$to$the$matrix$X$p*q,$is$
given$as$$

NoHce$that$the$indexing$of$the$gradient$with$respect$to$X$
is$transposed$as$compared$with$the$indexing$of$X.$$$
!$numerator$layout$$

! Numerator$layout**

Review:$DefiniHons$of$gradient$$
(from$CMU$handout)$$$
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•  Size$of$gradient$is$always$the$same$as$
the$size$of$$

if$$
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!$Denominator*layout$



Review:$DefiniHons$of$gradient$$
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•  Size$of$gradient$is$always$the$same$as$
the$size$of$$
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This$gradient$is$a$1×n$row$vector$whose$entries$
respecHvely$contain$the$n$parHal$derivaHves$
!$numerator$layout$$

(from$hjp://en.wikipedia.org/wiki/
Matrix_calculus#ScalarXbyXvector)$$

! Numerator$layout*$

A$lijle$bit$more$about$[$OpHmizaHon$]$

•  ObjecHve$funcHon$
•  Variables$
•  Constraints$

To$find$values$of$the$variables$
that$minimize$or$maximize$the$objecBve$funcBon$
while$saBsfying$the$constraints$

18$9/14/15$
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F(x)
x



e.g.$Gradient$Descent$$
($Steepest$Descent$)$

A$firstXorder$opHmizaHon$
algorithm.$$

$
To$find$a$local$minimum$of$a$

funcHon$using$gradient$
descent,$one$takes$steps$
proporHonal$to$the$
nega&ve$of$the$gradient$of$
the$funcHon$at$the$current$
point.$$
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!!−∇xF(xk−1)

The*gradient*points*in*
the*direc6on*of*the*
greatest*rate*of*
increase*of*the*func6on*
and*its*magnitude*is*
the*slope*of*the*graph*
in*that*direc6on$
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Review:$DerivaHve$of$a$QuadraHc$FuncHon$
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This$convex$funcHon$is$
minimized$@$the$unique$point$
whose$derivaHve$(slope)$is$zero.$$
!$If$finding$zeros$of$the$
derivaHve$of$this$funcHon,$we$
can$also$find$minima$(or$maxima)$
of$that$funcHon.$ y00 = 2



IllustraHon$of$Gradient$Descent$
(2D$case)$
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The*gradient*points*in*
the*direc6on*of*the*
greatest*rate*of*
increase*of*the*func6on*
and*its*magnitude*is*
the*slope*of*the*graph*
in*that*direc6on$

Gradient$Descent$(GD)$

•  IniHalize$k=0,$choose$x0$
$
•  While$k<kmax$$

!!xk = xk−1 −α∇xF(xk−1)

22$

For$$the$kXth$epoch$$
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IllustraHon$of$Gradient$Descent$(2D$case)$

x1$

x0$

F(x)$

Original$point$in$
weight$space$

New$point$in$
weight$space$

xk

xk xk−1
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Comments$on$Gradient$Descent$Algorithm$

$
•  Works$on$any$objecHve$funcHon$F(x)$$

–  as$long$as$we$can$evaluate$the$gradient$
–  this$can$be$very$useful$for$minimizing$complex$funcHons$

•  Local$minima$

–  Can$have$mulHple$local$minima$
–  (note:$for$LR,$its$cost$funcHon$only$has$a$single$global$minimum,$so$

this$is$not$a$problem)$
–  If$gradient$descent$goes$to$the$closest$local$minimum:$

•  soluHon:$random$restarts$from$mulHple$places$in$weight$space$
$

9/14/15$ 24$
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Today$

" $A$PracHcal$ApplicaHon$of$Regression$Model$$$
" $More$ways$to$train$/$perform$opHmizaHon$for$
linear$regression$models$
" $Gradient$Descent$
" $Gradient$Descent$(GD)$for$LR$
" $StochasHc$GD$(SGD)$
" $Newton’s$method$$

$
$
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$
$
$
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LR$with$batch$GD$

•  The$Cost$FuncHon:$

•  Consider$a$gradient$descent$algorithm:$

∑
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IllustraHon$of$Gradient$Descent$
(2D$case)$
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Choosing$the$Right$StepXSize$/
LearningXRate$is$criHcal$$
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LR$with$batch$GD$
•  Steepest$descent$/$$GD$

–  Note$that:$

$

– This$is$as$a$batch$gradient$descent$algorithm$
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Based$on$CMU$
Handout’s$DefiniHon$

of$Gradient$$

Update$Rule$Per$
Feature$VariableX

Wise$

Today$

" $A$PracHcal$ApplicaHon$of$Regression$Model$$$
" $More$ways$to$train$/$perform$opHmizaHon$for$
linear$regression$models$
" $Gradient$Descent$
" $Gradient$Descent$(GD)$for$LR$
" $StochasHc$GD$(SGD)$
" $Newton’s$method$$

$
$
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$$LR$with$StochasHc$GD$!$
•  Batch$GD$rule:$$

•  Therefore,$for$a$single$training$point$(i),$we$have:$$

$

–  This$is$known$as$the$LeastXMeanXSquare$update$rule,$or$the$WidrowX
Hoff$learning$rule$

–  This$is$actually$a$"stochasBc",$"coordinate"$descent$algorithm$
–  This$can$be$used$as$a$onXline$algorithm$

i
tT

ii
tt y xx !! )(1 θαθθ −+=+
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!!!
θ t+1 =θ t +α ( yi − x iTθ t )x i

i=1

n

∑

!!!θ j
t+1 =θ j

t +α( yi − x iTθ t )xi , j

StochasHc gradient$descent$/$
$Online$Learning$Algorithm$

SGD$ GD$
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versus$



StochasHc$gradient$descent$:$$
More$variaHons$$

•  MiniXbatch:$$$

•  SingleXsample:$$

9/9/14$
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Nando$de$Freitas’s$tutorial$slide$

StochasHc$gradient$descent$
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Summary$so$far:$three$ways$to$learn$LR$
•  Normal$equaHons$

–  Pros:$a$singleXshot$algorithm!$Easiest$to$implement.$
–  Cons:$need$to$compute$pseudoXinverse$(XTX)-1,$expensive,$numerical$

issues$(e.g.,$matrix$is$singular$..),$although$there$are$ways$to$get$around$this$
…$

•  GD$or$Steepest$descent$
$

–  Pros:$easy$to$implement,$conceptually$clean,$guaranteed$convergence$
–  Cons:$batch,$owen$slow$converging$

•  StochasHc$LMS$update$rule$

–  Pros:$onXline,$low$perXstep$cost,$fast$convergence$and$perhaps$less$prone$to$
local$opHmum$

–  Cons:$convergence$to$opHmum$not$always$guaranteed$

( ) yXXX TT !1−=*θ
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θ t+1 =θ t +α ( yi − x iTθ t )x i
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Direct$(normal$equaHon)$vs.$$
IteraHve$(GD)$methods$

•  Direct$methods:$we$can$achieve$the$soluHon$in$a$
single$step$by$solving$the$normal$equaHon$
– Using$Gaussian$eliminaHon$or$QR$decomposiHon,$we$
converge$in$a$finite$number$of$steps$

–  It$can$be$infeasible$when$data$are$streaming$in$in$real$
Hme,$or$of$very$large$amount$

•  IteraHve$methods:$stochasHc$or$steepest$gradient$
–  Converging$in$a$limiHng$sense$
–  But$more$ajracHve$in$large$pracHcal$problems$$
–  CauHon$is$needed$for$deciding$the$learning$rate$�
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•  TesHng$MSE$(meanXsquaredXerror)$to$report:$$

•  Training$MSE$to$report:$$

Evaluation :  
for Regression$Models$$

!!!
MSEtest =

1
m

(x iTθ * − yi )2
i=n+1

n+m

∑
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!!!
MSEtrain =

1
n

(x iTθ * − yi )2
i=1

n

∑

!! 
J(θ )= 12 ( ŷi(

!xi )− yi )2
i=1

n

∑
Sum$of$squared$error$
(SSE)$on$training$set$$

$
$
$
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Convergence$rate$
•  Theorem:$the$steepest$descent$equaHon$algorithm$converge$

to$the$minimum$of$the$cost$characterized$by$normal$
equaHon:$

$$
$If$the$learning$rate$parameter$saHsfy$!$

$
$
$
•  A$formal$analysis$of$GDXLR$need$more$math;$in$pracHce,$one$

can$use$a$small$�,$or$gradually$decrease$�.$
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Convergence$Curves,$$
for$an$example$

•  For$the$batch$method,$
the$training$MSE$is$
iniHally$large$due$to$
uninformed$
iniHalizaHon$

•  In$the$online$update,$N$
updates$for$every$
epoch$reduces$MSE$to$
a$much$smaller$value.$
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Performance$vs.$Training$Size$
for$an$example$

$  The$results$from$B$and$O$
update$are$almost$idenHcal.$
So$the$plots$coincide.$

$  The$test$MSE$from$the$
normal$equaHon$is$more$
than$that$of$B$and$O$during$
small$training.$This$is$
probably$due$to$overfiyng.$

$  In$B$and$O,$since$only$2000$
(for$example)$iteraHons$are$
allowed$at$most.$This$
roughly$acts$as$a$
mechanism$that$avoids$
overfiyng.$
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Today$

" $A$PracHcal$ApplicaHon$of$Regression$Model$$$
" $More$ways$to$train$/$perform$opHmizaHon$for$
linear$regression$models$
" $Gradient$Descent$
" $Gradient$Descent$(GD)$for$LR$
" $StochasHc$GD$(SGD)$
" $Newton’s$method$$

$
$
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Review:$Convex$funcHon$$
•  IntuiHvely,$a$convex$funcHon$(1D$case)$has$a$single$
point$at$which$the$derivaHve$goes$to$zero,$and$this$
point$is$a$minimum.$$

•  IntuiHvely,$a$funcHon$f$(1D$case)$is$convex$on$the$
range$[a,b]$if$a$funcHon’s$second$derivaHve$is$posiHve$
everyXwhere$in$that$range.$$

•  IntuiHvely,$if$a$funcHon's$Hessians$is$psd$(posiHve$
semiXdefinite!),$this$(mulHvariate)$$funcHon$is$Convex$$
–  IntuiHvely,$we$can$think$“PosiHve$definite”$matrices$as$
analogy$to$posiHve$numbers$in$matrix$case$$

9/14/15$
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Newton’s$method$for$opHmizaHon$$

•  The$most$basic$secondXorder$opHmizaHon$
algorithm$$

•  UpdaHng$parameter$with$$
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Review:$Hessian$Matrix$/$n==2$case$$$

•  1st$derivaHve$to$gradient,$

•  2nd$derivaHve$to$Hessian$

f (x, y)
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Singlevariate$$$$$$$$$$%$mulHvariate$$



Review:$Hessian$Matrix$$
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Newton’s$method$for$opHmizaHon$$

•  Making$a$quadraHc/secondXorder$Taylor$
series$approximaHon$$
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Finding$the$minimum$
soluHon$of$the$above$
right$quadraHc$
approximaHon$
(quadraHc$funcHon$
minimizaHon$is$easy$!)$
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Newton’s$Method$/$secondXorder$
Taylor$series$approximaHon$$

$

52$

θk+1θk

9/9/14$

Yanjun$Qi$/$UVA$CS$4501X01X6501X07$



53$

Newton’s$Method$/$secondXorder$
Taylor$series$approximaHon$$

9/9/14$

Yanjun$Qi$/$UVA$CS$4501X01X6501X07$

Newton’s$Method$/$secondXorder$
Taylor$series$approximaHon$$
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Newton’s$Method$/$secondXorder$
Taylor$series$approximaHon$$

55$9/9/14$

Yanjun$Qi$/$UVA$CS$4501X01X6501X07$

Newton’s$Method$
•  At$each$step:$

•  Requires$1st$and$2nd$derivaHves$
•  QuadraHc$convergence$
•  !$However,$finding$the$inverse$of$the$Hessian$
matrix$is$owen$expensive$

θk+1 =θk −
"f (θk )
""f (θk )

56$

θk+1 =θk −H
−1(θk )∇f (θk )
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Comparison$

•  Newton’s$method$vs.$Gradient$descent$

A$comparison$of$$gradient$descent$
(green)$and$Newton's$method$
(red)$for$minimizing$a$funcHon$
(with$small$step$sizes).$$
$
Newton’s$method$uses$curvature$
informaHon$to$get$a$more$direct$
route$$…$$
$
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Newton’s$method$
$for$Linear$Regression$$

WHY$$
???$

Normal$
Eq?$$



Today$Recap$

" $A$PracHcal$ApplicaHon$of$Regression$Model$$$
" $More$ways$to$train$/$perform$opHmizaHon$for$
linear$regression$models$
" $Gradient$Descent$
" $Gradient$Descent$(GD)$for$LR$
" $StochasHc$GD$(SGD)$
" $Newton’s$method$$

$
$
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