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Where are we ? =
Five major sections of this course

| [ Regression (supervised) _‘
E>EI Classification (supervised)
J Unsupervised models

 Learning theory
1 Graphical models

11/30/16 2



Dr. Yanjun Qi / UVA CS 6316 / f16

Where are we ? =»

Three major sections for classification

 We can divide the Iar%e variety of classification _‘
approaches into roughly three major types

1. Discriminative
- directly estimate a decision rule/boundary
- e.g., support vector machine, decision tree

E> 2. Generative:

- build a generative statistical model
- e.g., naive bayes classifier, Bayesian networks

3. Instance based classifiers

- Use observation directly (no models)
- e.g. K nearest neighbors

11/30/16 3



Last Lecture Recap: Probability Review

* The big picture : data <-> probabilistic model
* Sample space, Events and Event spaces
 Random variables

* Joint probability, Marginal probability,
conditional probability,

* Chain rule, Bayes Rule, Law of total
probability, etc.

* Structural properties
* Independence, conditional independence



Today : Generative Bayes Classifiers

v’ Bayes Classifier

" MAP classification rule

" Generative Bayes Classifier
v’ Naive Bayes Classifier
v’ Gaussian Bayes Classifiers

" Gaussian distribution

= (Gaussian NBC

= DA, QDA
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X, X, X, C

A Dataset for

classiﬁcation—‘

—_—— —— =y

-—— -

fiXi—c

Output as Discrete
Class Label
C.,C, ...,C,

I

» Data/points/instances/examples/samples/records: [ rows ] : _ )
* Features/attributes/dimensions/independent variables/coang{"e?) 3\@
predictors/regressors: [ columns, except the last]

« Target/outcome/response/label/dependent variable: special
11/301€0lumn to be predicted [ last column | 6




Bayes classifiers

 Treat each feature attribute and the class label as
random variables.



Bayes classifiers

 Treat each feature attribute and the class label as
random variables.

» Given a sample x with attributes ( x4, x5, ..., X, ):
— Goal is to predict its class C.

— Specifically, we want to find the value of C; that
maximizes p( C; | X4, X5, ... , X, ).
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Bayes classifiers

|- Treat each feature attribute and the class Iabeﬂs
random variables.

» Given a sample x with attributes ( x4, x5, ..., X, ):
— Goal is to predict its class C. — {(, Cv, -, CL}'

— Specifically, we want to find the value of C; that
maximizes p( C; | X4, X5, ... , X, ).

» Can we estimate p(C; [x)=p( C, | x4, X5, ..., X, )
directly from data?

11/30/16 9



Bayes classifiers
= MAP classification rule

 Establishing a probabilistic model for classification

=» MAP classification rule
— MAP: Maximum A Posterior

_..ueS
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Bayes classifiers
= MAP classification rule

|  Establishing a probabilisti

— Assign x to c*if ,Q(C¥ 2
P(C=c |X=Xx) > P(C=c|X=X)

for c#c c=¢C,,C

L

11/30/16 Adapt from Prof. Ke Chen NBslides
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Bayes classifiers
= MAP classification rule

 Establishing a probabilistic model for cIassificatia

=>» MAP classification rule
— MAP: Maximum A Posterior
— Assign x to c*if

————————————————

e(c- 1) ) i 2

(~ G\ )
be F(C:l@ \ %)

11/30/16 Adapt from Prof. Ke Chen NBslides
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Bayes classifiers
= MAP classification rule

e Establishing a probabilistic model
for classification

— (1) Discriminative
— (2) Generative

11/30/16
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(1) Discriminative

P(C|X)
C = Cl’.“’CL’ X :(Xl,...’Xp) —‘
P(c, Ix)  P(c, | x) P(c, 1x)
I I eoe I /Qﬁ Co
5(9%
Discriminative -
Probabilistic Classifier wy"esg( v
X1 X, Xp

X =(X,X,,"" ',xp)
11/30/16 Adapt from Prof. Ke Chen NBslides
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(2) Generative
rix (e, gexded, o 9(x e,

P(X|C),
(XIC) = p(C[x)
C=c,, ¢, X =(X,; X)) MAP rule
P(xlc,) P(xlc,) P(xlc,)

] ] ]
Generative Generative Generative
Probabilistic Model Probabilistic Model eee Probabilistic Model
for Class 1 for Class 2 for Class L
T T eee T 1T 1T eee 1 I T eee 1
X1 X, Xp X1 X Xp X1 X, Xy

X=(x1,x2,“-,xp)

11/30/16 Adapt from Prof. Ke Chen NBslides
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(2) Generative gyt
gerewe pode]  PCC[X)= PRI ).

(“’/\\v &, __1
P\(ch)’j —s @(X-:JG(

=C0e, X :(Xﬂm’Xp) (X%, 5 %p)
P(xlc,) P(xlc,) P(xlc,)

] 1 ]
Generative Generative Generative
Probabilistic Model Probabilistic Model eee Probabilistic Model
for Class 1 for Class 2 for Class L
T T eee T 1T 1T eee 1 T 1 eee 1
X1 X, Xp X1 X Xp X1 X Xp

X=(x1,x2,-°-,xp)

11/30/16 Adapt from Prof. Ke Chen NB$lides



Review : Bayes' Rule
— for Generative Bayes Classifiers

P(C.X)=P(CIX)P(X)=P(X|C)P(C)

P
P(C|X)=(QXICJP(C)
P(X)




Review : Bayes' Rule
— for Generative Bayes Classifiers

P(C.X)=P(CIX)P(X)=P(X|C)P(C)

U
P(C|X)=(QXICJP(C)
P(X)

P(C.), P(C,), ..., P(C))
P(X|C)P(C)
P(X)

X
X 2C

P(C41x), P(Colx), ..., P(CL]X)

P(C |X) =

18



Review : Bayes' Rule
— for Generative Bayes Classifiers

P(C.X)=P(CIX)P(X)=P(X|C)P(C)

N
%AN, e PCIX) P(X1C)P(C)
P(X)

X
wiX 2C P(C,), P(C,), ..., P(C,)

P(C41x), P(Colx), ..., P(CL]X)

P(X/C)P(C)
P(X) 19

P(CIX) =
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Summary:
Generative classification with the MAP rule

. P classification rule
— MAP: Maximum A Posterior

— Assign x to c* if

r _______________ *
.P(C ¢ IX=x)>P(C=clX= x) C#C , C=Cy e C

———————————————

e Generative classification with the MAP rule



Dr. Yanjun Qi / UVA CS 6316 / f16

Summary:
Generative classification with the MAP rule

P(C=c IX=x)>P(C=clX=xX) c#c,c=c, \

e Generative classification with the MAP rule
— Apply Bayes rule to convert them into posterior probabilities

~ _ o PX=xIC=¢)P(C=c,)
P(C=¢; IX=x)= =X) ?((:(»)
ocP(X:X|C:Ci>P(C:Ci)]
for i=12,- L P()(:)(‘CS(:)

O S pial) = pCxICPC)
‘3&:%“ x\ | (X) }

-

11/30/16 ‘V/D ! Adapt from Prof. Ke Chen NB%lides

— Then apply the MAP rule
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| |

Generative Bayes Classifier
with the MAP rule

Task: Classify a new instance X based on a tuple of attribute

values x = <X1,X2,. . .,Xp> into one of the classes

Cyup = argmax P(c; | x;,x,,...,x,)

CjEC
 argmax P(x,,x,,....,x,1c;)P(c;)
¢,EC P(xl,xz,...,xp)

= argmax P(x,x,,...,x, l¢;)P(c;)
67\;2:“,‘— cec L ;s —J

MAP = Maximum A Posteriori

11/30/16 ’ :
Adapt From Carols’ prob tutorial



o _Example: Pla%

kz=5

\¢3+ /2
ﬂwi W

11/30/16

25,

An Example

Tennis 2,
le/Temﬂﬁ trammg[examp

Dr. Yanjun Qi / BYA CX62316X§16 C

Day Outlook Temperature I-Iumldlty Wind PlayTennis
D1 Sunny Hot High Weak No
D2 Sunny Hot High Strong No
D3 Overcast Hot High Weak Yes
D4 Rain Mild High Weak Yes
D5 Rain Cool Normal Weak Yes
D6 Rain Cool Normal Strong No
D7 Overcast Cool Normal Strong Yes
D8 Sunny Mild High Weak No
D9 Sunny Cool Normal Weak Yes

D10 Rain Mild Normal Weak Yes
D11 Sunny Mild Normal Strong Yes

D12 Overcast Mild High Strong Yes

D13 Overcast Hot Normal Weak Yes
D14 Rain Mild High Strong No

A
X, : {Sﬁ"ﬂj.

olec,
ra&f}

23



P (Cales

baY XZ/X; 5(4->

/P(C = No 'X{,Xz_ XQIX(O

—5 P (GYer ) = Vi

”F(CLNOD = 5/
— /«»(x(,Xz,X;/ X4

3 £ X2 2 W) —;572

CW@
“froM

‘U’WV\

ik 1 ( K| ) PG) GenthBC

AL
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P(Y{,Xz ,XB,Y¢ l YM)

F(XI)XL, )@.}X([ ‘No)

o _Example: Play Tennis

11/30/16

Example

S

>3bYL

Dr. Yanjun Qi / BYA CX62316X§16 C

3 PlayTennis: training examples

&=
Day Outlook y Temperature ~ Humidity ~ Wind (ﬁlayTennis)
D1 Sunny \/\‘/ Hot High Weak |  No—
D2 Sunny v Hot High Strong No ‘9 ( C C‘,)

cm— ~

D3 Overcast Hot High Weak Yes — =1
D4 Rain I Mild High Weak Yes
D5 Rain Cool Normal Weak Yes \&5 ~
D6 Rain Cool Normal Strong No N 0
D7 Overcast Cool Normal Strong Yes
D8 Sunny v/ Mild High Weak No
D9 Sunny Cool Normal Weak Yes P(C’ LQS)
D10 Rain Mild Normal Weak Yes OIA
D11 Sunny Mild Normal Strong Yes l'L
D12 Overcast Mild High Strong Yes P( (_ ND)
D13 Overcast Hot Normal Weak Yes
D14 Rain Mild High Strong No

23Y3 «x ZAZ:%
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« maximum likelihood estimates (explain later)
— simply use the frequencies in the data

' l
Q%. /Y(OUG"U«S{, ((\15[', A'&‘/ mhk\ ) = _67_

PlayTennis: training examples
.« C

Day Outlook  Temperature = Humidity =~ Wind | PlayTennis e 3 .

D1 Sunny Hot High Weak No

D2 Sunny Hot High Strong No /(7 ( OU@' G »_t L‘ 'k hvl\ W‘lf “.7
D3 Overcast Hot High Weak Yes

D4 Rain Mild High Weak Yes

D5 Rain Cool Normal Weak Yes — —_—

D6 Rain Cool Normal Strong No 7

D7 Overcast Cool Normal Strong Yes

D8 Sunny Mild High Weak No

D9 Sunny Cool Normal Weak Yes

D10 Rain Mild Normal Weak Yes

D11 Sunny Mild Normal Strong Yes

D12 Overcast Mild High Strong Yes

D13 Overcast Hot Normal Weak Yes

D14 Rain Mild High Strong No 26




Generative Bayes Classifier:

Learning Phase

P(C,), P(C,), ..., P(C))

P(Play=Yes) = 9/14  P(Play=No) = 5/14

P(X17X27"-; Xp|C1)7 P(X17X27---7 Xp|C2)

Dr. Yanjun Qi Xiva B384 f16C

o Ok wp esble «‘% tond- Prob

Outlook Temperature Humidity Wind Play=Yes | Play=No
(3 values) (3 values) (2 values) (2 values)
sunmny hot high weak 0/9 1/5
sunmny hot high strong .../9 .../5
sunmny hot normal weak .../9 .../5
sunmny hot normal strong

.../9

.../5

11/30/16

3*3*2*2 [conjunctions of attributes] * 2 [two classes]=72 parameters
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Generative Bayes Classifier:
[P(a]|c")- P |c)IP(c")>[P(a] |c)--P(a’ | )IP(c)

e Test Phase _‘

, —
— Given an unknown instance X, = (al,---,ap)

— Look up tables to assign the label c¢* to X, if

P(a,, -a; e -a; |c)P(c),

C#C ,C=C,C,

- Given a new instance,
=(Outlook=Sunny, Temperature=Cool, Humidity=High, Wind= Strong)

’\J(')( \YQS) \’(C Mes) 2 arsw\M( = FWA((;('J\ C
R (X | NOR(GNY) C

11/30/16 28



Today : Generative Bayes Classifiers

v’ Bayes Classifier

" MAP classification rule

" Generative Bayes Classifier
v’ Naive Bayes Classifier
v’ Gaussian Bayes Classifiers

" Gaussian distribution

= (Gaussian NBC

= DA, QDA
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Naive Bayes Classifiegc.) ’/m\@
-

T

_ ?(’Kl‘ C}) {?(X
e Bayes classification - /7\ _‘
argmaxP(x_,x,,.. 0X | cj)P(cj)
| A (X 2)
oy 2% (1R

Difficulty: learning the joint probability

o Naive Bayes classification
— Assumption that all input attributes are conditionally independent!

SEV on C varok

11/30/16 30



o Naive Bayes classification

Naive Bayes Classifier

— Assumption that all input attributes are conditionally independent!

P(X X

2) I

X |C)=P(X,
= P(X,

= P(X,

X, X CP(X,
C)P(X,,+X |C)

C)P(X,|C)--P(X |C)

X |C)
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Naive Bayes Classifier

o Naive Bayes classification \
— Assumption that all input attributes are conditionally independent!

P(X,, X, X |C)= P(X,|C)P(X,|C)-P(X |C)

2) )

— MAP classification rule: for a sample x=(x_,x_,--,x )
17 2 p

\[P(xl ¢ ) P(x, | c*)]P(c*) >[P(x; lc)-- P(x, c)]P(c),
e emaa x?tc)?(m\c Dpal)- Aile)

11/30/16 32
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Naive Bayes Classifier

o Naive Bayes classification \
— Assumption that all input attributes are conditionally independent!

P(X,, X, X |C)= P(X,|C)P(X,|C)-P(X |C)

2) )

— MAP classification rule: for a sample x=(x_,x_,--,x )
17 2 p

[P(x, | ) P(x, | ¢ )P(c)> [P(x,I¢)---P(x, 1c)]P(c),
CEC,C=C, 0 5\3 oot '/Q\Y VH' DY \\\ (®

>( r\
p( ejw o)
11/30/16 x 0“_,‘,!33“
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Naive Bayes Classifier
(for discrete input attributes) - training

* Naive Bayes Algorithm (for discrete input attributes) _‘
— Learning Phase: Given a training set S,

For each target value of ¢, (¢, =¢,"**,c,)

~—> P(C = ¢,) < estimate P(C = ¢,) with examples in S;

—

11/30/16 34



Dr. Yanjun Qi / UVA CS 6316 / f16

Naive Bayes Classifier
(for discrete input attributes) - training

* Naive Bayes Algorithm (for discrete input attributes) _‘

— Learning Phase: Given a training set S,
For each target value of ¢, (¢, =¢,"**,c,) f[(a) ’P((‘t) "1)((">

L Daurain A5

13(C = ¢;) < estimate P(C = ¢,) with examples in S;

For every attribute value x J.k of each attribute X U=L1"p; k=1, K i)

ZA’(XJ. =X, |C =c;) < estimate P(X; = x, | C =¢;) with examples in §;

Output: conditional probability tables; for X K xL elements

11/30/16 35
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Naive Bayes Classifier
(for discrete input attributes) - training

* Naive Bayes Algorithm (for discrete input attributes) _‘
— Learning Phase: Given a training set S,

For each target value of ¢, (¢, =¢,"**,c,)

~—> P(C = ¢,) < estimate P(C = c,) with examples in S; i L

For every attribute value x, of each attribute X, (j =1, p; k=1,

ﬁ P(X —x]kIC ¢;) < estimate P(X, =x, |C = ¢;) with examples in §;
Output condltlonal probability tables; for X K xL elementsz

{Xll XZ) ;.X({’fk ‘

11/30/16 36
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Nalve Bayes
(for discrete input attributes) - testing

e Naive Bayes Algorithm (for discrete input attributes) _‘

!/ !/ /
— Test Phase: Given an unknown instance X = (&, ',Clp)

Look up tables to assign the label c¢*to X’ if

[P(a] 1)+ P(a, 1 cHIP(c") > [P(a]1c)- P(d, | ¢)]P(c),

ES
C#EC,C=C, C

P (X (S P

/

' \
= Pl R 100 € Cp |G- (0\‘;‘(0?(6/
e \.;\ "l r ! L 37



o _Example: Pla%

kz=5

\¢3+ /2
ﬂwi W

11/30/16

25,

An Example

Tennis 2,
le/Temﬂﬁ trammg[examp

Dr. Yanjun Qi / BYA CX62316X§16 C

Day Outlook Temperature I-Iumldlty Wind PlayTennis
D1 Sunny Hot High Weak No
D2 Sunny Hot High Strong No
D3 Overcast Hot High Weak Yes
D4 Rain Mild High Weak Yes
D5 Rain Cool Normal Weak Yes
D6 Rain Cool Normal Strong No
D7 Overcast Cool Normal Strong Yes
D8 Sunny Mild High Weak No
D9 Sunny Cool Normal Weak Yes

D10 Rain Mild Normal Weak Yes
D11 Sunny Mild Normal Strong Yes

D12 Overcast Mild High Strong Yes

D13 Overcast Hot Normal Weak Yes
D14 Rain Mild High Strong No

A
X, : {Sﬁ"ﬂj.

olec,
ra&f}

38
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Learning (training) the NBC Model
/P(C 1), ”)TCQ'>

| /1>((=[O © _‘
1(X5=% |c) @ 2 i § 3 & P0axC)

| :?(K)l()?()‘}w
 maximum likelihood estimates (explain later)
— simply use the frequencies in the data

. N(C=c))
P(cj): v /
. N(X. =x.,C=c.

11/30/16 N(C — C]) 39
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PlayTennis: training examples r. Yanjun Qi / /

Day Outlook  Temperature = Humidity =~ Wind | PlayTennis

D1 Sunny Hot High Weak No

D2 Sunny Hot High Strong No T ( X,: R“.'\ I C= YC$)
D3 Overcast Hot High Weak Yes &t

D4 || (Rain ) Mild High  Weak Yes €T 2
D5 CRain ') Cool Normal Weak Yes 6' = —
D6 Rain Cool Normal Strong No ?
D7 Overcast Cool Normal Strong Yes &

D8 Sunny Mild High Weak No

D9 Sunny Cool Normal Weak Yes e—-

D10 (Rain Mild Normal Weak Yes &=

D11 Sunny Mild Normal Strong Yes g

D12 Overcast Mild High Strong Yes &

D13 Overcast Hot Normal Weak Yes e-'

D14 Rain Mild High Strong No

/?(7(,', Rain

W\

11/30/16 .



?/X«l ?(z

(c)

Dr. Yanjun Qi[/ UVA CS 6316/ f16

, X3, Xq.

Estimat P(Xj =X, |C =c ) with examples in training;

e \ | earning/Phase > P(X,|C.), P(X,|C,)
2
X Outlook Play{;ej Play=(\!ﬂ Temperature | Play=Yes | Play=No
( Sunny 2/9 3/5 Hot 2/9 2/5
3 Overcast 4/9 0/5 Mild 4/9 2/5 ;
Rain | 3/9 | 2/5 Cool 3/9 1/5
L
Humidity | Play=Yes | Play=N PX4CY). PXAC) 2’
0 Wind | Play=Yes | Play=No
2 | Hgn | 39 | 4/5 swong | 3/9 | 35 |2
Normal 6/9 1/5 Weak 6/9 Z/j}§ 4 7 z—

P(Play=Yes) =9/14 P(Play=No) = 5/14

11/30/16

3+3+2+2 [nalve assumption] * 2 [two classes]t 20 parameters

4949

P(Cy), P(Cy), ..., P(C))

41
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Testing the NBC Model
[P(a|c")-+P(a’ |c)IP(c)>[P(d] | ) P(a | )]P(c)

Test Phase _‘

— Given a new instance,
X’ =(Outlook=Sunny, Temperature=Cool, Humidity=High, Wind=5Strong)

11/30/16 42
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Testing the NBC Model
[P(a]|c")-P(d, |c)IP(c')>[P(a] |c)--P(a’ | c)]P(c)

e Test Phase —‘

— Given a hew instance,
"=(Outlook=Sunny, Temperature=Cool, Humidity=High, Wind=Strong)

_ P(m P (S [C1) Pl e P LHp P ol
s
s Ky b §u(a> W(o/a ) Plhilo) plses

& x> R
= ¢ fx B

11/30/16
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Testing the NBC Model
[P(a]|c")-+P(a) | )IP(c")>[P(a | c)-+ P(a) | )]P(c)

e _Test Phase

— Given a new instance, \
X' =(Outlook=Sunny, Temperature=Cool, Humidity=High, Wind=Strong)
— Look up in conditional-prob tables

P(Outlook=Sunny|Play=Yes)=2/9  P(Outlook=Sunny|Play=No) = 3/5
P(Temperature=Cool | Play=Yes) = 3/9 P(Temperature=Cool|Play==No) =1/5
P(Huminity=High | Play=Yes) =3/9 ~ P(Huminity=High|Play=No) = 4/5

P(Wind=Strong | Play=Yes) = 3/9 P(Wind=5trong | Play=No) = 3/5
P(Play=Yes) = 9/14 P(Play=No) = 5/14

— MAP rule
P(Yes | x'): [P(Sunny|Yes)P(Cool | Yes)P(High | Yes)P(Strong | Yes)|P(Play=Yes) =
0.0053
P(No|x"): [P(Sunny | No) P(Cool INo)P(High | No)P(Strong| No)|P(Play=No) =
0.0206

11/3 Given the fact P(Yes|X") < P(No|x’), we label X’ to be “No”. 44
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WHY ? Nailve Bayes Assumption

* P(c)
— Can be estimated from the frequency of classes in
the training examples.

* P(xyX5...,%,[C)

If no naive

— O(/ X[ IX5]e [X3]eeee [X,]«|C[) parameters assumption

— Could only be estimated if a very, very large
number of training examples was available.

11/30/16 .y 45
Adapt From Manning textCat tutorial
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WHY ? Nailve Bayes Assumption

* P(c) \
— Can be estimated from the frequency of classes in the
training examples.

P(xy, x5, X, [ C))
— O(/Xy]. [X,]. [X5].... [X,].[C]) parameters

— Could only be estimated if a very, very large number of
training examples was available.

* P(Xk/Cj)
— O([/Xy [+ [X,]+ [X5]...ot [X,[].[C[) parameters
— Assume that the probability of observing the

conjunction of attributes is equal to the product of the
individual probabilities P(x;|c;). 40

11/30/16
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WHY “?? Naive Bayes Assumption

W
peswsy || = L e Ve
 Plc) D18 4w N
— Can be estimated from the frequency of classes |n the

training examples. Yil=

Agu '
* P(XyXye. X, [C) b > 2’? L @
— O(/Xy]. [X;]. [X5].... [X,[.[C[) parameters

— Could only be estimated if a very, very large number of
training examples was available.
g p 2£‘27¥L

. P(x/c) /7\ z 2"‘?1—

— O([/Xy [+ [X,]+ [X5]...ot [X,[].[C[) parameters

— Assume that the probability of observing the
conjunction of attributes is equal to the product of the
individual probabilities P(x;|c;). i

11/30/16



DETOUR: Course Schedule

* Midterm @ WED / In CLASS / 70mins

* Open to your notes + (printed) lecture + Four
HWs we had so far

— Nothing else is allowed
— Please turn off your phone at the beginning
— No Electronic Devices (other than basic calculator)

 Final Exam
— Will be close-note !



Dr. Yanjun Qi / UVA CS 6316 / f16

Learning (training) the NBC Model
/P(C 1), ”)TCQ'>

| /1>((=[O © _‘
1(X5=% |c) @ 2 i § 3 & P0axC)

| :'r()(',l()?()‘}w
 maximum likelihood estimates (explain later)
— simply use the frequencies in the data

. N(C=c))
P(c,)= v /
. N(X. =x.,C=c.

11/30/16 N(C — C]) 49
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For instance:

s=Muscle-ache

« What if we have seen no training cases where patient had no flu
and muscle aches?

« Zero probabilities cannot be conditioned away, no matter the other
evidence!

n N(X =t,C=n
P(X_ =t|C=not flu)= X, f)=0

P N(C =
WS clo-theTos/no Clw /n{: (C=nf)

??=argmax_ ﬁ(c)Hiﬁ(xi |c)

11/30/16 50



%g: F = ‘f H: ‘I-H l’ 15‘}
(C "H) P Xi|4 )P ‘l’ P X
W Pl l, )
(Yzl Yy PO ) (X ) (

E{JY( ctwg\/\»(x\,“{wx ]
) pOefufy bl hs iyt
Xs[nT) /)(c/nf)

no W\K&W
o
w *(-erw\g' \M\"\ e

11/30/16
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Smoothlng to Avoid Overﬁttlng
\,ka ,\o,(e;élﬂ’:y

LTy
To make
[ # of values of feature X sum_i (P(xi| Cj)=1
M =k

11/30/16 . 52
Adapt From Manning textCat tutorial



Smoothing to Avoid Overfitting

N(X. :xi,C:cj)+1

P(x. |c.)=
J N(C= C. )tk
[ # of values of X }
»  Somewhat more subtle version [ OVQF?I\'I'hfgf;‘l?QL“ data
k

N(Xz :xi,kaczcj)_l_mpl k) Ke { (q,}

N(C=c;)+
extent of
“smoothing” ., J

P(xi,k ‘Cj) —




Today : Generative Bayes Classifiers

v’ Bayes Classifier

" MAP classification rule

" Generative Bayes Classifier
v’ Naive Bayes Classifier
v’ Gaussian Bayes Classifiers

" Gaussian distribution

= (Gaussian NBC

= DA, QDA



Review: Continuous Random Variables

Probability density function 'nstead of
probability mass function

— For discrete RV: Probability mass function (pmf):
P(X = x)

e A pdf (prob. Density func.) is any function f(x)
that describes the probability density in terms
of the input variable x.
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Review: Probability of Continuous RV

* Properties of pdf _‘
" f(x)=20,Vx

3
S €35 SRS <
1¢|

* Actual probability can be obtained by taking
the integral of pdf

" E.g. the probability of X being between 5 and 6 is

P(5<X<6)=| f(x)dx

11/30/16 56



Review: Mean and Variance of RV

* Mean (Expectation): ﬂ:E(X)
— Discrete RVs: E(X):Z v,P(X=v,)

E(g(X) =, 8W)P(X =v)
— Continuous RVs: E(X)= J+wxf(x)dx

E(g(X)) = [ g(x) f(x)dx

Adapt From Carols’ prob tutorial
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Review: Mean and Variance of RV

* Variance: Var(X)=E(X - u)*) (D( = \/;‘

— Discrete RVs:

— Continuous RVs: V j x y x)dx

‘ Y)
Covre\ttian o GUX T
,0 QéCOVV (YIT)’ dJ v (f\(
* Covariance: \w

Cov(X,Y)=E(X -u)¥ -u))=EXY)-uuy

11/30/16 , . 58
Adapt From Carols’ prob tutorial
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Gaussian Distribution

N(z|p, 0?)

NGhot) = o o {~oate—w?}

A (2702 207
N | Bk
X~N ( L, 0'2) @

v

»wl
N (x|, %) = —e Lx— ) TSN x — )
XK, — EXpy s X— U X—H
(2m)P/2 |x|1/2 2 N
/ Covariance Matrix
Mean
11/30/16 59

Courtesy: http://research.microsoft.com/~cmbishop/PRML/index.htm
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Multivariate Normal (Gaussian) PDFs

The only widely used continuous joint PDF is the multivariate normal (or Gaussian):

N, B) = e {3 - )T x|

Where |*| represents determinant

0.2 - 0.14
o — 0.12
. . 0.1
Bivariate 01 0.08
normal PDF: 005 {.- 006
0 0.04

g
« Mean of normal PDF is at X, 0.02

peak value. Contours of
equal PDF form ellipses.

/ /- The covariance matrix captures linear dependencies among the variables -
11/30/16
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Example: the Bivariate Normal distribution

IR B )
f(xl,xz) (277:)‘2‘1/2 €
with [i= i and
U,

- - _Z\LL \)6{\) C()\/(XL)XZ>
v 0, Oy 0-12 pPo,0,

2
2

_ 2 2 2 2
LZ‘ =00, —0,, =0,0, (l—p ) .

11/30/1
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Surface Plots of the bivariate
Normal distribution

‘*‘+m’+
m; l ‘,;

4’{‘ '

'Lg: - - T a-n ‘_I'La. .._,f‘_t “;i'. h* ‘

L

) a

T,
»

L“*\]_“l: vz Li_._ et

-~
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Contour Plots of the bivariate
Normal distribution

11/30/16

Hy
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Scatter Plots of data from the
bivariate Normal distribution

Q=9 _
p=0 P =5
, p=09 0=-09
IJQ S .',.’0’ - |_l,2 | ::. :r:» IJQ ”
Ud X Lq X “1 X

11/30/16 64
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Trivariate Normal distribution

11/30/16
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How to Estimate Gaussian:

N(z|p,0?)

MLE (Later)

e We can fit statistical models by maximizing the
probability / likelihood of generating the observed

samples:
L(x, ... ,x, | \theta) = p(x, | \theta) ... p(x, | \theta)
(the samples are assumed to be IID )

e In the 1D Gaussian case, we simply set the mean

and the variance to the sample mean and the
sample variance:

66



Dr. Yanjun Qi / UVA CS 6316 / f16

The p-multivariate Normal distribution c {1, . ,],}

<X1,X2--°,Xp >~N(,LL,Z)

4
Fellal o sepXs
Lf;r (& @
_4- ¢{l,-Nf
Z: r’\}ar(X\\. 'Co\'(é("/%}) %
PXV & \)AV(X:\Q

11/30/16 67
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D

=

DETOUR: Probabilistic
Interpretation of Linear Regression

* Let us assume that the target variable and the inputs are N _‘
related by the equation:

_aT
¥, =0 X, +¢

where € is an error term of unmodeled effects or random noise

AR



Di

DETOUR: Probabilistic
Interpretation of Linear Regression

* Let us assume that the target variable and the inputs are N _‘

related by the equation:
RV €~N(D, 62)

where € is an error term of unmodeled effects or random noise

_aT
¥, =0 X, +¢

, 2
* Now assume that € follows a Gaussian N(0,0), then we
have:

I —6"x,)?

QN Y|x:0 ~ N (8%, ')

[~e]



DETOUR: Probabilistic
Interpretation of Linear Regression

e Let us assume that the target variable and the inputs are
related by the equation:

=0'x, +¢,

where € is an error term of unmodeled effects or random noise

* Now assume that € follows a Gaussian N(0,0%), then we have:

I —0x,)?
PO g exp(_ o ]

By IID (independent and identically distributed) assumption:

L(G)zljp(yi|xi;9) E\/_(j] exp(_Z, (y,-6'x) ]

20°
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OT
L(6)= Hp(y|x 0)= ( Jia]exp[—z 15/ X)]

20°

We can learn \theta by maximizing the probability / likelihood of generating the
observed samples:

b S (R, N F W) A (X YN
= S R) =
‘L-:—l ) :;El P ("‘ﬁb —’)‘(L,@WO(»)

§" = wymg TR (h{ %)




Dr. Yanjun Qi / UVA CS 6316 / f16

1 > (0%
L(0)= Hp(.y |x;0)= [\/—O'] eXp[_ 262 ]

We can learn \theta by maximizing the probability / likelihood of generating the

ohserued sample c N, 62 )

'a

1(6)=log(L(6))=nl \f L
() w moe Zna\GZZ”(y

MW/Q 0 ) = O%M.y\ V\ZJ( ._éTY?L)l
9 i
g5k



20°

n .y
L(O)ZHP(J’,-|X,-;9) [\/—G] exp[_zl(y X) ]

We can learn \theta by maximizing the probability / likelihood of generating the
observed samples: \l/
[(0)=log(L(6))=nlog
\ 27rc7 c* 2

l,

J(@%i(xf@—yf

2,10’— "x. )



Maximum Likelihood Estimation
A general Statement

Consider a sample set T=(X,...X_) which
is drawn from a probability distribution
P(X|\theta) where \theta are
parameters.

If the Xs are independent with P[Xl"'Xn | 6] = HP(Xi | 9]
i=1

probability density function P(X |
\theta), the joint probability of the
whole set is
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Maximum Likelihood Estimation

11/30/16

A general Statement —‘

Consider a sample set T=(X,...X_) which
is drawn from a probability distribution

ey e e | 1) Jlelikerd

If the Xs are independent with P[Xl"' | 9] = HP(Xi | 9]

probability density function P(X |
\theta), the joint probability of the L ) )
whole set is [._ Q %§ ( L(@)

= This may be maximised with respect to \theta
to give the maximum likelihood estimates (MLE) of \theta :

6= argmaxP( x,..x,.|0)
0



The idea is to

v assume a particular model with unknown parameters:@
v’ we can then define the probability of observing a given event

conditional on a particular set of parameters. P[Xi | 9]
v' We have observed a set of outcomes in the real world.fl)le.‘.zh
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The idea is to

v’ assume a particular model with unknown parameters, H
v’ we can then define the probability of observing a given event
conditional on a particular set of parameters. P(x.10)
v' We have observed a set of outcomes in the real world.fl)x,_/.‘;]h
v’ It is then possible to choose a set of parameters which are
most likely to have produced the observed results. /(éﬂlw‘“4

é=argmax@‘(xl...xn/9):)ﬂ
.0 .. TN
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The idea is to

v assume a particular model with unknown parameters, H

v’ we can then define the probability of observing a given event
conditional on a particular set of parameters. P[X,- 10)

v' We have observed a set of outcomes in the real world.fl)x,_/.‘;]h

v’ It is then possible to choose a set of parameters which are

most likely to have produced the observed results. /blfﬂ4
(

0 = argmax(P(X]...Xn / 9):)2
0
This@um likelihood. In most cases it is both

andfefficient)It provides a standard to compare other

estimation techniques. aé] 0: kgl‘a—o 41

log(L(6)) = f@»gmxi / 9»}/) J

It is often convenient to work with the Log of the likelihood function.

11/30/16 78



DETOUR: Probabilistic
Interpretation of Linear Regression

* Hence the log-likelihood is:

1 1 1
1(6)=10g(L(8))=nlog————-—-" (y,-0"x,Y
J2ro O° 22'_1
* Recognize the last term?
JO) =23 (x70- 1)
Yes it is: ( )_Eg(xi )

* Thus under independence Gaussian residual assumption,
residual square error is equivalent to MLE of U |
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(b) (6 points) (no explanation required) Suppose you decide to do a maximum likelihood estimation of w.
You do the math and figure out that you need w to satisfy one of the following equations. Which one?

A. Z,-:z:.-e:cp(wx.') = Ez'zz‘ytwp(wzi)
B. Z,‘JI,‘C.’BP(?!DI:Z') = ziziyiexp(wzi)
C. Ziz?exp(wz;) = Tiziyiexp(wz;)

];. Yirlerp(wr;) = Tiziyiexp(wzi/2) /ﬂ'{/ Ne N ( BXf AA)K{’) ) (>

. Eiexp(wz;) = Eiyiexp(w;)

Answer: B (this is an extra credit question.)

L(8)

e

\’
oWL® —g =7 ()
ﬁ

11/30/16 80



Today : Generative Bayes Classifiers

v’ Bayes Classifier
" MAP classification rule
" Generative Bayes Classifier
v’ Naive Bayes Classifier
v’ Gaussian Bayes Classifiers
" Gaussian distribution
= Gaussian NBC
= Not-naive Gaussian BC = LDA, QDA



Gaussian Naive Bayes Classifier

argmax P(C'| X) = argmax P(X,C) = argmax P(X | C)P(C)
C C C

Naive P(X|C)=P(X1,X2,'”,Xp |C)

Bayes N —~—

Classifier = P(X1 |X2,°°°,XP,C)P(X2,'“,XP 1C)
= P(X,|C)P(X,, X, |C)

= P(X,1C0)P(X,1C)+-P(X,IC)

Z
. 1 X~ < V) ﬂ/
P(leczci):\/ﬂa exp{ ( 2,u] ] M‘>
ji Oji

M; :mean (avearage) of attribute values| X Jof examples for which C :@

o0 ; :standard deviation of attribute values X; of examples for whichC =g,
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Gaussian Nailve Bayes Classifier

o __Continuous-valued Input Attributes
— Conditional probability modeled with the normal distribution \

P(XJ.IC=C‘Z.)=\/%(7 exp —( Jza‘l;ﬂ) )
ji ji

u; - mean (avearage) of attribute values X of examples for which C =,

o ;. standard deviation of attribute values X . of examples for which C =,

— Learning Phase: for X = (X, X)), C=c¢, "¢,
Output: p x L normal distributionsand P(C =c,) i=1,""-,L



Gaussian Naive Bayes Classifier

_e__Continuous-valued Input Attributes
— Conditional probability modeled with the normal distribution

P(XJ.IC=CZ.)=\/%G exp —( ’20‘?’) )
ji ji

u; - mean (avearage) of attribute values X of examples for which C =,

o ;. standard deviation of attribute values X . of examples for which C =,

— Learning Phase: for X = (X, X)), C=c¢, "¢,
Output: p x L normal distributionsand P(C =c,) i=1,""-,L

— Test Phase: for X,=(X1’,'“,X;)

e (Calculate conditional probabilities with all the normal distributions

e Apply the MAP rule to make a decision W(Sm.bb( ’Y( (;(-\)176(-\[&)...'5:"‘7\(9
v
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e
Naive Gaussian means ? TE/C

lﬁal:ﬂf"ﬂ/?[_ X T’ .\.?Y'F

P(X,, X, X, 1C) = \
1 1 1 N
L Nl D) = s e | -5 e WS - ) |

Tt upA 5 | ¥ (’(’1-’])}
P(X,,X,, X, IC=c,)=P(X,IC)P(X,1C)-P(X,1C)
—u.)’ U
-1 2;0..6Xp _(ijo!:.ﬂ) 2\C= QLG"',Q
J L A\ L , O?
EachFIass’
Diagonal Matrix>2_ck = A—Ck matrix i

111380156 diagonal 85




Today : Generative Bayes Classifiers

v’ Bayes Classifier
" MAP classification rule
" Generative Bayes Classifier
v’ Naive Bayes Classifier
v’ Gaussian Bayes Classifiers
" Gaussian distribution
= Gaussian NBC
= Not-naive Gaussian BC = LDA, QDA
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(1) covariance matrix are the same across classes
=>» LDA (Linear Discriminant Analysis)

ﬂTW Each class’ covariance
‘ Linear Discriminant Analysis : )., = 2. VK atrix is the same \
The Gaussian Distribution are shifted versions of each

other kq,?,..., ()]-

’.-

[ 110 ’

QD

Class k Class /
11/30/16 Class k Class / 87



D Unear Discriminart Analysis f16

Optimal Classification

ecflz - L}

= argmax [— log ([ /%
1 / .]“‘,__l,

—;(l — W) L T — ) +
1 1, .. o
= argmax —5lT — ;1;\,)113__] Yo — ) + log(m)
- Note Linear Discriminant Function for LDA

1l Tl | B 1 1
—3(1? — ) S (x— ) = TSy — 3;1{2 L 3£TS La

L P s

11/30/16 88
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argmax P(C, | X)=argmaxP(X,C, )=argmaxP(X|C, )P(C,)
k k k

=argmaxlog{P(X|C, )P(C, )}
e (15 B‘v\w\ﬂ\% means e points
Soisfyiy: P C«;\X) = PG \X>

%(c«:/\%); | 4
( ¢y XD o(GIX) D

2) Qm‘:)

11/30/16
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argmaxP(C | X)= argmax P(X,C )=argmaxP(X|C )P(C )
k

—argmaxlog{P(X C, )P(C )}

"%M‘\X %wlff@ Maf(&) @

Veigon %-M\&Méﬁ ()pm‘f Z

Low QCEX)™ N g PKIG) ) T
)¢t = =Jp K
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P(CIX)_, P(XIC) P(C)

log =lo

g 08
P(C | X) P(X|C,) P(C))
e 1 _ 4.9
—log & — (i + ) TS i — ) D)
T 2 b
HE T e m)= 0

=, x'a +b =0 > 0 Liuely (%
Jeldon suedoY

11/30/16 91



Define Linear Discriminant Function
-1

1
6(x) = =5 (x — )" (x — ) + logmy,
|
=» The Decision Boundary Between class k and |, ‘
{x:6,(x)=06/(x)}, is linear

e 1 1,
= log ko 5(;&- + o) "2 (ke — pe)
wy <

(4.9)

+ 2T 27 g — pe),

Boundary points X :
Equals to
Zero when P(c_k|X) == P(c_I|X),

the left linear equation ==0, a linear
line / plane

11/30/16 92
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(2) If covariance matrix are not same
e.g. = QDA (Quadratic Discriminant Analysis)

| » Estimate the covariance matrix 2, separately for each class k, \

k=12 ..K.
» Quadratic discriminant function: @L Zk /Ul )

1

- 1 —
Ok(x) = =5 log [Tl = S(x = jue) "X (x — ) + log MW

» Classification rule: T-ta,( ;\H)a,ya

= G(x) = arg max dy (x) . 2
IR (x) = arg max dy (x) K (pet?)
1\_/‘! Zx}
»([zecision boundarie%are quadratic equations in x.
» QDA fits the data better than LDA, but has[nore parameterq

to estimate.

11/30/16 94
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LDA on Expanded Basis

» Expand input space to include X1 Xz, X2, and X3

» Input is five dimensional:

11/30/16

d?lx) <= LDA

Figure 4.6: Two methods for fitting quadratic bound-
aries. The left plot shows the quadratic decision bound-
aries for the data in Figure 4.1 (obtained using LDA in

the five-dimensional spece 1,2, T12,x1,73). The right

plot shows the quadratic decision boundaries found by

QDA. The differences are small, as is usually the case.

— 04,06, 3000 X2.X2)

R OA

-

LDA with
guadratic basis

Versus
QDA

Bth wih

Quadrte
desision

Bmd@
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(3) Regularized Discriminant Analysis

» A compromise between LDA and QDA. \

» Shrink the separate covariances of QDA toward a common
covariance as in LDA.

» Regularized covariance matrices:
() =aXe + (1—a)X.

» The quadratic discriminant function d,(x) is defined using the
shrunken covariance matrices 2 ().

» The parameter o controls the complexity of the model.

11/30/16 96
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An example: Gaussian Bayes Classifier

vz,

R
S = Al

2=\

dinona)\

11/30/16 97
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Gaussian Bayes Classifier

-

11/30/16 98



Today Recap : Generative Bayes
Classifiers

v’ Bayes Classifier
= MAP classification rule
" Generative Bayes Classifier
v’ Naive Bayes Classifier
v Gaussian Naive Bayes Classifiers
" Gaussian distribution
= Gaussian NBC
= Not-naive Gaussian BC = LDA, QDA



argmax P(C_k1X)=
k

argmax P(X,C) = argmax P(X1 OYP{C)-
k k

Generative Bayes Classifier

_______________________________________________

Task

1
1
1

Representation

Score Function

classification

1

Prob. models p(X|C) i
P(Xl 7% ) .9

EPE with 0-1 loss =
likelihood

X,1C)

Searcthftimizatlon Many options
Models, Prob. Models’
Parameters Parameter

Bernoulli
S p(W, = truele,) = p,

11/30/16
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