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Where	are	we	?	è		
Five	major	secJons	of	this	course	

q 	Regression	(supervised)	
q 	ClassificaJon	(supervised)	
q 	Unsupervised	models		
q 	Learning	theory		
q 	Graphical	models		
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Where	are	we	?	è		
Three	major	secJons	for	classificaJon 

•  We can divide the large variety of classification 
approaches into roughly three major types  

      
 1. Discriminative 
              - directly estimate a decision rule/boundary 
              - e.g., logistic regression, support vector machine, decisionTree 
  
 2. Generative: 
              - build a generative statistical model 
              - e.g., naïve bayes classifier,  Bayesian networks 
       
  3. Instance based classifiers 
          - Use observation directly (no models) 
          - e.g. K nearest neighbors 
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A	Dataset	for		
classificaJon		

•  Data/points/instances/examples/samples/records:	[	rows	]	
•  Features/a0ributes/dimensions/independent	variables/covariates/predictors/regressors:	[	columns,	except	the	last]		
•  Target/outcome/response/label/dependent	variable:	special	column	to	be	predicted	[	last	column	]		
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Output as Discrete 
Class Label  

C1, C2, …, CL 

C	

C	

GeneraJve	
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argmax
C

P(C | X) = argmax
C

P(X,C) = argmax
C

P(X |C)P(C)

			
argmax

C
P(C |X)			C = c1 ,⋅⋅⋅,cLDiscriminaJve	



Establishing a probabilistic model for 
classification (cont.) 

      –  (1) Generative model 

         

Generative 
Probabilistic Model 

for Class 1 

)|( 1cP x

1x 2x xp
•••

Generative 
Probabilistic Model 

for Class 2 

)|( 2cP x

1x 2x xp
•••

Generative 
Probabilistic Model 

for Class L 

)|( LcP x

1x 2x xp
•••

•••

x = (x1, x2, ⋅ ⋅ ⋅, xp )
11/2/16	 Adapt	from	Prof.	Ke	Chen	NB	slides	

argmax
C

P(C | X) = argmax
C

P(X,C)

= argmax
C

P(X |C)P(C)
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Establishing a probabilistic 
model for classification 

      
–  (2) Discriminative model 

P(C |X)   C = c1,⋅ ⋅ ⋅,cL, X = (X1, ⋅ ⋅ ⋅,Xn )

x = (x1, x2, ⋅ ⋅ ⋅, xn )

 
Discriminative  

Probabilistic Classifier 
 

1x 2x nx

)|( 1 xcP )|( 2 xcP )|( xLcP

•••

•••
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Today	:	GeneraAve	vs.	DiscriminaAve		

	
ü Why	Bayes	ClassificaJon	–	MAP	Rule?	

§  Empirical	PredicJon	Error		
§  0-1	Loss	funcJon	for	Bayes	Classifier		

ü  LogisJc	regression		
	
ü  GeneraJve	vs.	DiscriminaJve		
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Bayes Classifiers – MAP Rule 

Task: Classify a new instance X based on a tuple of attribute 
values                                  into one of the classes X = X1,X2,…,Xp

cMAP = argmax
cj∈C

P(cj | x1, x2,…, xp )

8 

MAP	=	Maximum	Aposteriori	Probability		

WHY	?		
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Adapt	From	Carols’	prob	tutorial		
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0-1 LOSS for Classification 

•  Procedure for categorical output variable C 
 
•  Frequently,  0-1 loss function used: L(k, ℓ) 

•  L(k, ℓ) is the price paid for misclassifying an 
element from class Ck as belonging to class Cℓ 
 è L*L matrix  
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Expected prediction error (EPE) 

•  Expected prediction error (EPE), with 
expectation taken w.r.t. the joint 
distribution Pr(C,X) 
– Pr(C,X )=Pr(C |X )Pr(X ) 

		 

EPE( f )= EX ,C(L(C , f (X ))

=EX L[C k
k=1

L

∑ , f (X )]Pr(C k |X ) Consider 
sample 

population 
distribution  
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Expected prediction error (EPE) 

•  Pointwise minimization suffices 

•  è  simply 

!! 
EPE( f )= EX ,C(L(C , f (X ))=EX L[C k

k=1

K

∑ , f (X )]Pr(C k |X )

!! 
f̂ (X )= argmin g∈C

L(C k
k=1

K

∑ ,g)Pr(C k |X = x)

!! 

f̂ (X )=C k !if!
Pr(C k |X = x)=max

g∈C
Pr(g|X = x)

Bayes Classifier 

Consider 
sample 

population 
distribution  
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 SUMMARY: WHEN EPE USES DIFFERENT LOSS  

Loss Function Estimator 

L2 

L1 

0-1 
 
 

(Bayes classifier / MAP) 

13 11/2/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316-450104	/	f16	



Today	:	GeneraAve	vs.	DiscriminaAve		

	
ü Why	Bayes	ClassificaJon	–	MAP	Rule?	

§  Empirical	PredicJon	Error		
§  0-1	Loss	funcJon	for	Bayes	Classifier		

ü  LogisJc	regression		
	
ü  GeneraJve	vs.	DiscriminaJve		
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MulJvariate	linear	regression	to	
LogisJc	Regression	

Dependent 	 																Independent	variables	
Predicted	 																						Predictor	variables 		
Response	variable 												Explanatory	variables	
Outcome	variable 												Covariables	
		

 xβ ... xβ  xβα                                      y ii2211 ++++=

LogisJc	regression	for	
binary	classificaJon	

!!
ln P( y |x)

1−P( y x)
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=α +β1x1 +β2x2 + ...+βpxp

11/2/16	 15	

Dr.	Yanjun	Qi	/	UVA	CS	6316-450104	/	f16	



11/2/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316-450104	/	f16	

16	

!!y∈{0,1}

(1)	Linear	decision	boundary		

(2)	p(y|x)	

!!
ln P( y |x)

1−P( y x)
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=α +β1x1 +β2x2 + ...+βpxp
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!!y∈{0,1}

(1)	Linear	decision	boundary		

(2)	p(y|x)	

!!
ln P( y |x)

1−P( y x)
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=α +β1x1 +β2x2 + ...+βpxp



The	logisJc	funcJon	(1)		
--	is	a	common	"S"	shape	func		

0.0

0.2

0.4

0.6

0.8

1.0
e.g.	
Probability	of	
disease	

x 

βxα

βxα

e1
e)xP(y +

+

+
=

P (Y=1|X) 
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LogisJc	Regression—when?	

LogisJc	regression	models	are	appropriate	for	target	
variable	coded	as	0/1.	

	
We	only	observe	“0”	and	“1”	for	the	target	variable—but	
we	think	of	the	target	variable	conceptually	as	a	
probability	that	“1”	will	occur.	

11/2/16	 19	
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LogisJc	Regression—when?	

LogisJc	regression	models	are	appropriate	for	target	
variable	coded	as	0/1.	

	
We	only	observe	“0”	and	“1”	for	the	target	variable—but	
we	think	of	the	target	variable	conceptually	as	a	
probability	that	“1”	will	occur.	

This means we use Bernoulli distribution to model the target 
variable with its Bernoulli parameter p=p(y=1|x) predefined. 
 
The main interest è predicting the probability that an event 
occurs (i.e., the probability that p(y=1|x) ). 

11/2/16	 20	
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0.0

0.2

0.4

0.6

0.8

1.0e.g.	
Probability	of	
disease	

x 

P (y=1|X) 
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DiscriminaJve	 LogisJc	regression	models	for	
binary	target	variable	coded	0/1.	

  
P( y = 1 x) = eα+βx

1+ eα+βx

logisJc	funcJon		

Logit	funcJon		
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0.0

0.2

0.4

0.6

0.8

1.0e.g.	
Probability	of	
disease	

x 

P (y=1|X) 
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DiscriminaJve	 LogisJc	regression	models	for	
binary	target	variable	coded	0/1.	

  
P( y = 1 x) = eα+βx

1+ eα+βx

		
ln P( y =1|x)

P( y =0|x)
⎡

⎣
⎢

⎤

⎦
⎥ = ln

P( y =1|x)
1−P( y =1|x)
⎡

⎣
⎢

⎤

⎦
⎥ =α +β1x1 +β2x2 + ...+βpxp

logisJc	funcJon		

Logit	funcJon		

Decision	Boundary	è	equals	to	zero		
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ln
( )
( )

P y x
P y x

x
1−
⎡

⎣
⎢

⎤

⎦
⎥ = +α β

The	logisJc	funcJon	(2)	

Logit		of	P(y|x) 

{	
P y x e

e

x

x( ) =
+

+

+

α β

α β1
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The	logisJc	funcJon	(3)	

•  Advantages	of	the	logit	
– Simple	transformaJon	of	P(y|x)	
– Linear	relaJonship	with	x	
– Can	be	conJnuous	(Logit	between	-	inf		to		+	infinity)	
– Directly	related	to	the	noJon	of	log	odds	of	target	
event	

 βxα
P-1

P ln +=⎟
⎠
⎞⎜

⎝
⎛  e

P-1
P  βxα+=
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z = log p
1− p

⎛
⎝⎜

⎞
⎠⎟
	

																											



LogisJc	Regression	AssumpJons	

•  Linearity	in	the	logit	–	the	regression	
equaJon	should	have	a	linear	relaJonship	
with	the	logit	form	of	the	target	variable	

•  There	is	no	assumpJon	about	the	feature	
variables	/	target	predictors	being	linearly	
related	to	each	other.	
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Binary Logistic Regression 
 
In summary that the logistic regression tells us two things at once. 
•  Transformed, the “log odds” (logit) are linear. 

•  Logistic Distribution 

ln[p/(1-p)] 

P (Y=1|x) 

x 

x 11/2/16	 26	
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This means we 
use Bernoulli 
distribution to 
model the 
target variable 
with its Bernoulli 
parameter 
p=p(y=1|x) 
predefined. 
 

p	 1-p	

Odds=	p/(1-p)	
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Binary	è	MulJnomial	
LogisJc	Regression	Model	
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Directly	models	the	posterior	probabiliJes	as	the	output	of	regression	

Note	that	the	class	boundaries	are	linear	

x	is	p-dimensional	input	vector	
	
\betak	is	a	p-dimensional	vector	for	each	k	
	
Total	number	of	parameters	is	(K-1)(p+1)	
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Binary	è	MulJnomial	
LogisJc	Regression	Model	
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Directly	models	the	posterior	probabiliJes	as	the	output	of	regression	

Note	that	the	class	boundaries	are	linear	

x	is	p-dimensional	input	vector	
	
\betak	is	a	p-dimensional	vector	for	each	k	
	
Total	number	of	parameters	is	(K-1)(p+1)	
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Today	:	GeneraAve	vs.	DiscriminaAve		

	
ü Why	Bayes	ClassificaJon	–	MAP	Rule?	

§  Empirical	PredicJon	Error		
§  0-1	Loss	funcJon	for	Bayes	Classifier		

ü  LogisJc	regression		
§  Parameter	EsJmaJon	for	LR		

	
ü  GeneraJve	vs.	DiscriminaJve		
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Parameter	EsJmaJon	for	LR		
è	MLE	from	the	data	

•  RECAP:	Linear	regression	è		Least	squares	

•  LogisJc	regression:	è	Maximum	likelihood	
esJmaJon		

11/2/16	 30	
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MLE	for	LogisJc	Regression	Training	

Let’s	fit	the	logisJc	regression	model	for	K=2,	i.e.,	number	of	classes	is	2	

!!

l(β)= {logPr(Y = yi |X = xi )}
i=1

N

∑

= yi log(Pr(Y =1|X = xi ))+(1− yi )log(Pr(Y =0|X = xi ))
i=1

N

∑

= ( yi log
exp(βT xi )

1+exp(βT xi )
)+(1− yi )log

1
1+exp(βT xi )

)
i=1

N

∑

= ( yiβT xi − log(1+exp(βT xi )))
i=1

N

∑

Training	set:	(xi,	yi),	i=1,…,N	

(condiJonal	)		
Log-likelihood:	

We	want	to	maximize	the	log-likelihood	in	order	to	esJmate	\beta	

xi	are	(p+1)-dimensional	input	vector	with	leading	entry	1	
\beta	is	a	(p+1)-dimensional	vector	
	

p(y | x)y (1− p)1−y
For	Bernoulli	distribuJon		

11/2/16	
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How?	
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!!
l(β)= {logPr(Y = yi |X = xi )}

i=1

N

∑



Newton-Raphson	for	LR	(opJonal)	

0)
)exp(1
)exp(()(

1
=

+
−=

∂
∂ ∑

=

N

i
iT

T

i x
x
xyl

β
β

β
β

(p+1)	Non-linear	equaJons	to	solve	for	(p+1)	unknowns			
	

Solve	by	Newton-Raphson	method:	

where, ( ∂
2l(β)

∂β∂βT ) = - xixi
T ( exp(β

T xi )
1+ exp(βT xi )

)( 1
1+ exp(βT xi )

)
i=1

N

∑

βnew ← β old −[( ∂
2l(β)

∂β∂βT )]
-1 ∂l(β)
∂β

,

p(xi	;	β)	 1	-	p(xi	;	β)	
11/2/16	
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minimizes	a	quadraJc	approximaJon	
to	the	funcJon	we	are	really	interested	in.	



Newton-Raphson	for	LR…	

),()( 1 pyXWXX TToldnew −+← −ββ
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1+ exp(βT x)
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∂β∂βT ) = −X
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Newton-Raphson	for	LR…	

35	

•  Newton-Raphson	
–  		

–  Adjusted	response	

–  IteraJvely	reweighted	least	squares	(IRLS)	

WzXWXX
pyWXWXWXX

pyXWXX

TT

oldTT

TToldnew

1

11

1
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))(()(

)()(
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−
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)()(minarg

1 pyWpy

XzWXz
T
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−−←

−

β

β
βββ

Re	expressing	
Newton	step	as	
weighted	least	
square	step	
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 Logistic Regression 

classification 

Log-odds = linear 
function of X’s  

EPE, with conditional 
Log-likelihood  

   Iterative (Newton) method  

Logistic 
weights 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

P(c =1 x) = eα+βx

1+ eα+βx11/2/16	 36	
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Today	:	GeneraAve	vs.	DiscriminaAve		

	
ü Why	Bayes	ClassificaJon	–	MAP	Rule?	

§  Empirical	PredicJon	Error		
§  0-1	Loss	funcJon	for	Bayes	Classifier		

ü  LogisJc	regression		
	
ü  GeneraJve	vs.	DiscriminaJve		
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Discriminative vs. Generative 
GeneraJve	approach	
-	Model	the	joint	distribuJon	p(X,	C)	using		
		 	p(X	|	C	=	ck)	and	p(C	=	ck)	
	
	
DiscriminaJve	approach	
-	Model	the	condiJonal	distribuJon	p(c|	X)	
directly	

Class	prior	

e.g.,	



Discriminative vs. Generative 

Height	

Gaussian	

Pr	

LogisJc	Regression	



LDA	vs.	LogisJc	Regression 

11/2/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316-450104	/	f16	

40	

K	p	+	



Discriminative vs. Generative 

●  DefiniJons	
○  hgen	and	hdis:	generaJve	and	discriminaJve	

classifiers	

○  hgen,	inf	and	hdis,	inf:	same	classifiers	but	trained	on	
the	enJre	populaJon	(asymptoJc	classifiers)	

○  n	→		infinity,	hgen	→	hgen,	inf	and	hdis	→	hdis,	inf	

Ng,	Jordan,.	"On	discriminaJve	vs.	generaJve	classifiers:	A	
comparison	of	logisJc	regression	and	naive	bayes."	Advances	in	
neural	informaEon	processing	systems	14	(2002):	841.	



Discriminative vs. Generative 

ProposiJon	1:	

ProposiJon	2:	
	
-	p	:	number	of	dimensions	
-	n	:	number	of	observaJons	
-	ϵ	:	generalizaJon	error	



Logistic Regression vs. NBC 

DiscriminaJve	classifier	(LogisJc	Regression)	
-	Smaller	asymptoJc	error	
-  Slow	convergence	~		O(p)	

GeneraJve	classifier	(Naive	Bayes)	
-	Larger	asymptoJc	error	
-	Can	handle	missing	data	(EM)	
-	Fast	convergence	~	O(lg(p))	

	
In	numerical	
analysis,	the	
speed	at	which	
a	convergent	
sequence	
approaches	its	
limit	is	called	
the	rate	of	
convergence.	



generalizaJon	error	

LogisJc	Regression	

Naive	Bayes	

Size	of	training	set	

Ng,	Jordan,.	"On	discriminaJve	vs.	generaJve	classifiers:	A	
comparison	of	logisJc	regression	and	naive	bayes."	Advances	in	
neural	informaEon	processing	systems	14	(2002):	841.	
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Xue,	Jing-Hao,	and	D.	Michael	Ti{erington.	"Comment	on	“On	discriminaJve	vs.	generaJve	classifiers:	A	comparison	
of	logisJc	regression	and	naive	Bayes”."Neural	processing	le0ers	28.3	(2008):	169-187.	

generalizaJon	error	

Size	of	training	set	



Discriminative vs. Generative 

●  Empirically,	generaJve	classifiers	approach	
their	asymptoJc	error	faster	than	
discriminaJve	ones	
○  Good	for	small	training	set	
○  Handle	missing	data	well	(EM)	

●  Empirically,	discriminaJve	classifiers	have	
lower	asymptoJc	error	than	generaJve	ones	
○  Good	for	larger	training	set	
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