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Today:	

q 	Data	RepresentaMon	for	ML	systems	

q 		Review	of	Linear	Algebra	and	Matrix	Calculus		
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A	Typical	Machine	Learning	Pipeline	 

9/1/16	
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Evaluation 

Optimization 

e.g. Data Cleaning Task-relevant 



 e.g. SUPERVISED LEARNING 

•  Find function to map input space  X  to 
output space Y  

 
•  Generalisation:	learn	funcNon	/	hypothesis	
from	past	data	in	order	to	“explain”,	“predict”,	
“model”	or	“control”	new	data	examples	 
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A	Dataset	

•  Data/points/instances/examples/samples/records:	[	rows	]	
•  Features/a0ributes/dimensions/independent	variables/covariates/

predictors/regressors:	[	columns,	except	the	last]		
•  Target/outcome/response/label/dependent	variable:	special	

column	to	be	predicted	[	last	column	]		
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Main	Types	of	Columns		

•  Con7nuous:	a	real	
number,	for	example,	
age	or	height		

•  Discrete:	a	symbol,	like	
“Good”	or	“Bad”		
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e.g. SUPERVISED Classification	

•  e.g.	Here,	
target	Y	is	a	
discrete	target	
variable		
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f(x?)	

Training	dataset	consists	
of	input-output	pairs	
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Today:	

q 	Data	RepresentaMon	for	ML	systems	

q 	Review	of	Linear	Algebra	and	Matrix	Calculus		
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DEFINITIONS - SCALAR 

◆ ��a scalar is a number     
–  (denoted with regular type: 1 or 22) 
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DEFINITIONS - VECTOR 

◆ Vector: a single row or column of 
numbers 
– denoted with bold small letters 
– row vector                   
        a = 
–   column vector (default) 
 
        b =  

[ ]54321

⎥
⎥
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5
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2
1
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DEFINITIONS - VECTOR	
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•  Vector in Rn is an ordered set 
of n real numbers. 
–  e.g. v = (1,6,3,4) is in R4 

–  A column vector: 
–  A row vector: ⎟⎟

⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

4
3
6
1

( )4361
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DEFINITIONS - MATRIX  
◆ A matrix is an array of numbers  
                 
             A = 
 
◆ Denoted with a bold Capital letter 
◆ All matrices have an order (or dimension):  
   that is, the number of rows * the number of 

columns. So, A is 2 by 3 or (2 * 3). 
 
 
u  A square matrix is a matrix that has the 

same number of rows and columns (n * n) 
 

⎥⎦
⎤

⎢⎣
⎡

232221

131211

aaa
aaa
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DEFINITIONS - MATRIX 	

•  m-by-n matrix in Rmxn with m rows and 
n columns, each entry filled with a 
(typically) real number: 

•   e.g. 3*3 matrix 
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⎛

239
6784
821
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Square	
matrix		



Special matrices 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

f
ed
cba

00
0

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

c
b

a

00
00
00

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

ji
hgf

edc
ba

00
0

0
00

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

fed
cb

a
0
00

diagonal upper-triangular 

tri-diagonal lower-triangular 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

100
010
001

I (identity matrix) 
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Special matrices:  
Symmetric Matrices 

e.g.: 
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Review of MATRIX 
OPERATIONS 

1)  Transposition 
2)  Addition and Subtraction 
3)  Multiplication 
4)  Norm (of vector) 
5)  Matrix Inversion 
6)  Matrix Rank 
7)  Matrix calculus 
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(1) Transpose 

Transpose: You can think of it as  
–   �flipping� the rows and columns  

  

( )ba
b
a T

=⎟⎟⎠

⎞
⎜⎜⎝

⎛

⎟⎟⎠

⎞
⎜⎜⎝

⎛
=⎟⎟⎠

⎞
⎜⎜⎝

⎛
db
ca

dc
ba T

e.g. 
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(2) Matrix Addition/Subtraction 

•  Matrix addition/subtraction 
– Matrices must be of same size. 
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(2) Matrix Addition/Subtraction	
An	Example	

•  If	we	have	

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

1 2 7 10 8 12
+ = 3 4 + 8 11 = 11 15

5 6 9 12 14 18
C A B

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

1 2 7 10
3 4     and    = 8 11
5 6 9 12

A B

	then	we	can	calculate	C	=	A	+	B	by	
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(2) Matrix Addition/Subtraction	
An	Example	

•  Similarly,	if	we	have	

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

1 2 7 10 -6 -8
- = 3 4 - 8 11 = -5 -7

5 6 9 12 -4 -6
C A B

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

1 2 7 10
3 4     and    = 8 11
5 6 9 12

A B

	then	we	can	calculate	C	=	A	-	B	by	
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OPERATION on MATRIX 

1)  Transposition 
2)  Addition and Subtraction 
3)  Multiplication 
4)  Norm (of vector) 
5)  Matrix Inversion 
6)  Matrix Rank 
7)  Matrix calculus 
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(3)	Products	of	Matrices	
•  We	write	the	mulNplicaNon	of	two	matrices	A	
and	B	as	AB	

	

•  This	is	referred	to	either	as	
•  pre-mulNplying	B	by	A	
	 							or	

•  post-mulNplying	A	by	B	
	
•  So	for	matrix	mulNplicaNon	AB,	A	is	referred	to	as	
the	premul7plier	and	B	is	referred	to	as	the	
postmul7plier	
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(3)		Products	of	Matrices	

9/1/16	 24	

CondiMon:	n	=	q	

m x n q x p m x p 
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(3)		Products	of	Matrices	

•  In	order	to	mulNply	matrices,	they	must	be	
conformable	(the	number	of	columns	in	the	
premulNplier	must	equal	the	number	of	rows	
in	postmulNplier)	

	

•  Note	that	
•  an	(m	x	n)	x	(n	x	p)	=	(m	x	p)	
•  an	(m	x	n)	x	(p	x	n)	=	cannot	be	done	
•  a	(1	x	n)	x	(n	x	1)	=	a	scalar	(1	x	1)	
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Products	of	Matrices	

•  If	we	have	A(3x3)	and	B(3x2)	then	

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= =
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

11 12 13 11 12 11 12

21 22 23 21 22 21 22

31 32 31 3231 32 33

a a a b b c c
a a a x b b = c c

b b c ca a a
AB C

11 11 11 12 21 13 31

12 11 12 12 22 13 32

21 21 11 22 21 23 31

22 21 12 22 22 23 32

31 31 11 32 21 33 31

32 31 12 32 22 33 32

c = a b + a b +a b
c = a b +a b +a b
c = a b +a b +a b
c = a b +a b +a b
c = a b +a b +a b
c = a b +a b +a b

	where	 test	
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Matrix	MulNplicaNon	
An	Example	

•  If	we	have	

⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥=
⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦

11 12

21 22

31 32

c c1 4 7 1 4 30 66
2 5 8 x 2 5 = c c = 36 81
3 6 9 3 6 42 96c c

AB

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

11 11 11 12 21 13 31

12 11 12 12 22 13 32

21 21 11 22 21 23 31

22 21 12 22 22 23 32

31 31 11 32 21 33 31

32 31 12 32 22 3

c = a b + a b + a b =1 1 + 4 2 +7 3 = 30

c = a b + a b + a b =1 4 + 4 5 +7 6 = 66

c = a b + a b + a b = 2 1 +5 2 +8 3 = 36

c = a b + a b + a b = 2 4 +5 5 +8 6 = 81

c = a b + a b + a b = 3 1 +6 2 +9 3 = 42

c = a b + a b + a ( ) ( ) ( )3 32b = 3 4 +6 5 +9 6 = 96

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

1 4 7 1 4
2 5 8    and   = 2 5
3 6 9 3 6

A B

	then	

	where	
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Some	ProperNes	of	
Matrix	MulNplicaNon	

•  Note	that	
•  Even	if	conformable,	AB	does	not	necessarily	
equal	BA	(i.e.,	matrix	mulNplicaNon	is	not	
commuta7ve)	

• Matrix	mulNplicaNon	can	be	extended	beyond	
two	matrices	

• matrix	mulNplicaNon	is	associa7ve,	i.e.,														
A(BC)	=	(AB)C	
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Some	ProperNes	of	
Matrix	MulNplicaNon 

◆ Multiplication and transposition 
      (AB)T = BTAT 

 
u Multiplication with Identity Matrix 
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Special	Uses	for	
Matrix	MulNplicaNon	

•  Products	of	Scalars	&	Matrices	è	Example,	If	we	
have	

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

1 2 3.5 7.0
3.5 3 4  = 10.5 14.0

5 6 17.5 21.0
bA

⎡ ⎤
⎢ ⎥=
⎢ ⎥⎣ ⎦

1 2
3 4     and    b = 3.5
5 6

A

	then	we	can	calculate	bA	by	

Note	that	bA	=	Ab	if	b	is	a	scalar	9/1/16	 30	Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	



Special	Uses	for	
Matrix	MulNplicaNon	

•  Dot	(or	Inner)	Product	of	two	Vectors	
• PremulNplicaNon	of	a	column	vector	a	by	
conformable	row	vector	b	yields	a	single	value	
called	the	dot	product	or	inner	product	-	If	

  

aT = 3 4 6!
"

#
$    and    b =

5
2
8

!

"

%
%

#

$

&
&
  

  

aTb = a•b = 3 4 6!
"

#
$

5
2
8

!

"

%
%

#

$

&
&
 = 3 5( )+ 4 2( )+ 6 8( )= 71 = bTa

	then	their	inner	product	gives	us	

	which	is	the	sum	of	products	of	elements	in	
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Special	Uses	for	
Matrix	MulNplicaNon	

•  Outer	Product	of	two	Vectors	
• PostmulNplicaNon	of	a	column	vector	a	by	
conformable	row	vector	b	yields	a	matrix	
containing	the	products	of	each	pair	of	
elements	from	the	two	matrices	(called	the	
outer	product)	-	If	

  

aT = 3 4 6!
"

#
$    and    b =

5
2
8

!

"

%
%

#

$

&
&
  

  

abT =
3
4
6

!

"

#
#

$

%

&
&

5 2 8!
"

$
% =

15
20
30

6
8
12

24
32
48

!

"

#
#

$

%

&
&

	then	abT	gives	us	
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Special	Uses	for	
Matrix	MulNplicaNon	

•  Outer	Product	of	two	Vectors,	e.g.	a	special	
case	:		
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Special	Uses	for	
Matrix	MulNplicaNon	

•  Sum	the	Squared	Elements	of	a	Vector	
• PremulNply	a	column	vector	a	by	its	transpose	
–	If		

	then	premulNplicaNon	by	a	row	vector	aT	

	
	

	will	yield	the	sum	of	the	squared	values	of	
elements	for	a,	i.e.	

⎡ ⎤
⎢ ⎥=
⎢ ⎥⎣ ⎦

5
2   
8

a

aT = 5 2 8!
"

#
$  

aTa = 5 2 8!
"

#
$

5
2
8

!

"

%
%

#

$

&
&
 = 52 +22 + 82 = 93 
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Special	Uses	for	
Matrix	MulNplicaNon	

•  Matrix-Vector	Products	(I)		
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Special	Uses	for	
Matrix	MulNplicaNon	

•  Matrix-Vector	Products	(II)	
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Special	Uses	for	
Matrix	MulNplicaNon	

•  Matrix-Vector	Products	(III)	
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Special	Uses	for	
Matrix	MulNplicaNon	

•  Matrix-Vector	Products	(IV)	
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MATRIX OPERATIONS 

1)  Transposition 
2)  Addition and Subtraction 
3)  Multiplication 
4)  Norm (of vector) 
5)  Matrix Inversion 
6)  Matrix Rank 
7)  Matrix calculus 
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A norm of a vector ||x|| is informally a measure of 
the �length� of the vector. 

 

–  Common norms: L1, L2 (Euclidean) 

–  Linfinity 

(4) Vector norms	
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Vector	Norm	(L2,	when	p=2)	
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Vector	Norms	(e.g.,)	



More	General	:	Norm	

•  A	norm	is	any	funcNon	g()	that	maps	vectors	
to	real	numbers	that	saNsfies	the	following	
condiNons:		
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Orthogonal	&	Orthonormal	 

If	u•v=0,	||u||2	!=	0,	||v||2	!=	0		
à	u	and	v	are	orthogonal	

If	u•v=0,	||u||2	=	1,	||v||2	=	1		
à	u	and	v	are	orthonormal	

x•y=	

Inner	Product	defined	between	
column	vector	x	and	y	,	as		
è	
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Orthogonal matrices 

• 	A	is	orthogonal	if:	

• 	NotaNon:	

Example: 
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Orthogonal matrices 

• 	Note	that	if	A	is	orthogonal,	it	easy	to	find	its	inverse:	

Property: 
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•  DefiniMon:	Given	a	vector	norm			||x||,		the	matrix	
norm	defined	by	the	vector	norm	is	given	by:	

	

•  What	does	a	matrix	norm	represent?		
•  It	represents	the	maximum	“stretching”	that	A	does	
to	a	vector	x	->	(Ax).	

Matrix	Norm	

x
Ax

A
x 0
max

≠
=



Theorem	A:	The	matrix	norm	corresponding	to	1-norm	
is	maximum	absolute	column	sum:	

Proof:	From	previous	slide,	we	can	have		
Also,																																																																		
	
where	Aj	is	the	j-th	column	of	A.				
		
	
																				

Matrix	1-	Norm	

∑
=

=
n

i
ijj
aA

1
1
max

111
max AxA
x =

=

  

� 

Ax = x1A1 + x2A2 +!+ xnAn = x jA j
j=1

n

∑



MATRIX OPERATIONS 

1)  Transposition 
2)  Addition and Subtraction 
3)  Multiplication 
4)  Norm (of vector) 
5)  Matrix Inversion 
6)  Matrix Rank 
7)  Matrix calculus 
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(5)	Inverse	of	a	Matrix	

•  The	inverse	of	a	matrix	A	is	commonly	
denoted	by	A-1	or	inv	A.	

•  The	inverse	of	an	n	x	n	matrix	A	is	the	matrix	
A-1	such	that	AA-1	=	I	=	A-1A	

•  The	matrix	inverse	is	analogous	to	a	scalar	
reciprocal	

•  A	matrix	which	has	an	inverse	is	called	
nonsingular		
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(5)	Inverse	of	a	Matrix	

•  For	some	n	x	n	matrix	A	,	an	inverse	matrix	A-1		

may	not	exist.	
•  A	matrix	which	does	not	have	an	inverse	is	
singular.	

•  An	inverse	of	n	x	n	matrix	A	exists	iff	|A|	not	0		
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THE DETERMINANT OF A 
MATRIX 

◆ The determinant of a matrix A is 
denoted by |A| (or det(A) or det A). 

◆ Determinants exist only for square 
matrices. 

◆ E.g. If A =  ⎥
⎦

⎤
⎢
⎣

⎡

2221

1211

aa
aa

21122211 aaaaA −=
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THE DETERMINANT OF A 
MATRIX 

2 x 2 

3 x 3 

n x n 
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THE DETERMINANT OF A 
MATRIX 

diagonal matrix: 
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HOW TO FIND INVERSE MATRIXES? 
An example,  

◆ If                                     
◆                                        and |A| not 0 

⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

ac
bd-

)det(
11

A
A

⎥
⎦

⎤
⎢
⎣

⎡
=

dc
ba

A
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Matrix Inverse 

•  The inverse A-1 of a matrix A has the property: 
                                 AA-1=A-1A=I 

•  A-1 exists only if  

•  Terminology 
–  Singular matrix: A-1 does not exist 
–  Ill-conditioned matrix: A is close to being singular 
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PROPERTIES OF INVERSE 
MATRICES 

◆ ��

◆ ��

◆ ��

( ) 111 -- ABAB =−

  

€ 

AT( )−1 = A-1( )
T

( ) AA =−11-
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Inverse of special matrix 

•  For diagonal matrices  

•  For orthogonal matrices  
–  a square matrix with real entries whose columns and rows 

are orthogonal unit vectors (i.e., orthonormal vectors) 
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Pseudo-inverse 

•  The pseudo-inverse A+ of a matrix A (could be 
non-square, e.g., m x n) is given by: 

•  It can be shown that: 
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MATRIX OPERATIONS 

1)  Transposition 
2)  Addition and Subtraction 
3)  Multiplication 
4)  Norm (of vector) 
5)  Matrix Inversion 
6)  Matrix Rank 
7)  Matrix calculus 
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(6) Rank: Linear independence 

•  A set of vectors is linearly independent if none of them 
can be written as a linear combination of the others. 

x3	=	−2x1	+	x2	

è	NOT	linearly	independent	
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(6) Rank: Linear independence	

•  Alternative definition: Vectors v1,…,vk are 
linearly independent if c1v1+…+ckvk = 0 
implies c1=…=ck=0 

9/1/16	 62	

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

0
0
0

|||

|||

3

2

1

321

c
c
c

vvv

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=⎟⎟⎠

⎞
⎜⎜⎝

⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

0
0
0

31
32
01

v
u

(u,v)=(0,0),	i.e.	the	columns	are	
linearly	independent.	

e.g. 

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	



(6) Rank of a Matrix 

•  rank(A) (the rank of a m-by-n matrix A) is 
= The maximal number of linearly independent columns 
=The maximal number of linearly independent rows 

•  If A is n by m, then 
–  rank(A)<= min(m,n) 
–  If n=rank(A), then A has full row rank 
–  If m=rank(A), then A has full column rank 

Rank=?	 Rank=?	
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(6) Rank of a Matrix 

•  Equal to the dimension of the largest square 
sub-matrix of A that has a non-zero 
determinant. 

     Example:  
has rank 3 
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(6) Rank and singular matrices 
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MATRIX OPERATIONS 

1)  Transposition 
2)  Addition and Subtraction 
3)  Multiplication 
4)  Norm (of vector) 
5)  Matrix Inversion 
6)  Matrix Rank 
7)  Matrix calculus 
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( ) ( )
0

lim
h

f a h f a
h→

+ −
is	called	the	derivaNve	of					at					.	f a

We	write:	 ( ) ( ) ( )
0

lim
h

f x h f x
f x

h→

+ −
′ =

�The	derivaNve	of	f		with	respect	to	x	is	…�	

There	are	many	ways	to	write	the	derivaMve	of	 ( )y f x=

Review:	DerivaNve	of	a	FuncNon	

è	e.g.	define	the	slope	of	the	curve	y=f(x)	at	the	point	x		
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3 3
lim
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x h x
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y x h
→
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0

→

Review:	DerivaNve	of	a	QuadraNc	FuncNon	
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Some	important	rules	for	taking	derivaNves			
	

9/1/16	 Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	 69	



Review:	DefiniNons	of	gradient		
(Matrix_calculus		/		Scalar-by-matrix)		
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In	principle,	gradients	are	a	
natural	extension	of	parNal	
derivaNves	to	funcNons	of	
mulNple	variables.	

è	Denominator	layout	



Review:	DefiniNons	of	gradient		
(Matrix_calculus		/		Scalar-by-vector)		
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•  Size	of	gradient	is	always	the	same	as	
the	size	of		

if		
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è	Denominator	layout	



For Examples 

9/1/16	 Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	 72	



Exercise:	a	simple	example	
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!!

f (w)=wTx = w1 ,w2 ,w3
!
"

#
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1
2
3

%

&

'
'
'

(

)

*
*
*
=w1+2w2+3w3

!!

∂ f
∂w

=
∂wTx
∂w

= x =
1
2
3

"

#

$
$
$

%

&

'
'
'

è	Denominator	layout	



Even	more	general	Matrix	Calculus:		
Types	of	Matrix	DerivaMves 

By	Thomas	Minka.	Old	and	New	Matrix	Algebra	Useful	for	StaNsNcs	
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Review:	Hessian	Matrix	/	n==2	case			

•  1st	derivaNve	to	gradient,	

•  2nd	derivaNve	to	Hessian	

f (x, y)

g =∇f =
∂f
∂x

∂f
∂y

#

$

%
%

&

'

(
(

H =
∂2 f
∂x2

∂2 f
∂x∂y

∂2 f
∂x∂y

∂2 f
∂y2

#

$

%
%
%

&

'

(
(
(
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Singlevariate										à	mulNvariate		



Review:	Hessian	Matrix		

9/1/16	 Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	 76	



Today	Recap	

q 	Data	RepresentaMon	
q 	Linear	Algebra	and	Matrix	Calculus	Review	
1)  Transposition 
2)  Addition and Subtraction 
3)  Multiplication 
4)  Norm (of vector) 
5)  Matrix Inversion 
6)  Matrix Rank 
7)  Matrix calculus 
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Extra:		

•  HW1	is	released	today	@	Collab	
•  HW1	is	due	next	Sat	@	midnight	

•  Handout	for	Lecture2	has	been	posted	@	
hxp://www.cs.virginia.edu/yanjun/teach/
2016f/schedule.html		

	

9/1/16	 Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	 78	



Extra	

•  The	following	topics	are	covered	by	handout,	
but	not	by	this	slide	(will	be	covered	…)		
– Trace()	
– Eigenvalue	/	Eigenvectors	
– PosiNve	definite	matrix	,	Gram	matrix	
– QuadraNc	form	
– ProjecNon	(vector	on	a	plane,	or	on	a	vector)	
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