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Abstract

Amorphous computing[1] is the study of programming
ultra-scale computing environments of smart sensors
and actuators that communicate locally via wireless
broadcast. In such environments, where individual el-
ements have limited resources, aggregation into groups
is useful for specialization, fault-tolerance, and re-
source allocation. This paper presents a new algo-
rithm, called clubs, that takes advantage of the local
communication to efficiently aggregate processors into
groups in an amorphous computer. Time taken is pro-
portional to the local density of processors, even in
an asynchronous setting. The physical embedding of
the amorphous computer is used to derive an upper
bound on the number and density of groups formed.
The clubs algorithm can be extended to adapt to pro-
cessor failures and to find the maximal independent set
(MIS) and A + 1 vertex coloring in O(log N) rounds,
where N is the total number of elements and A is the
maximum degree. Simulation results and example ap-
plications are presented.
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1 Introduction

Recent developments in micro-fabrication and nan-
otechnology will enable the inexpensive manufactur-
ing of massive numbers of tiny computing elements
with integrated sensors and actuators. These smart
agents can be embedded in structures to create active
surfaces, improved materials and responsive environ-
ments [2, 3]. Amorphous computing [1] is the study
of such ultra-scale computing environments. Aggre-
gating processors into groups is a useful paradigm for
increasing robustness, task specialization and efficient
resource allocation [4, 5, 6]. This paper presents a new
algorithm for forming groups efficiently in the context
of an amorphous computer.
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2 Computational Model

An amorphous computer consists of myriad identical
processing elements. Each processor has limited com-
puting resources and no globally unique identifier. In-
stead it has a random number generator for breaking
symmetry. Processors have similar clock speeds but do
not operate in lockstep. They are unreliable and may
stop executing at any time. The processors have no
precise interconnect. They are randomly and densely
distributed on a surface or in a volume. These features
make it possible to cheaply manufacture and program
large quantities of smart elements, and embed them in
materials. What makes an amorphous computer dif-
ferent from traditional distributed and parallel com-
puters is the physical embedding of the amorphous
computer and the communications model.

e Each processor communicates locally with proces-
sors within a circular region of radius 7. The aver-
age local neighborhood size, dgy4, is much smaller
than the total number of processors, N.

e Processors communicate with their local neigh-
borhood by wireless broadcast. All processors
share the same channel. Collisions occur when
two or more processors with overlapping broad-
cast regions send messages simultaneously. Colli-
sions result in those messages being lost. A pro-
cessor listening to the channel can detect a colli-
sion because it receives a garbled message. How-
ever the sender cannot detect collisions because
it cannot listen and transmit at the same time.
This model is similar to that of multi-hop broad-
cast networks such as packet radio networks [7].

While this communication model allows for the sim-
ple assembly of large numbers of processors, the inter-
ference due to overlapping broadcast regions, lack of
collision detection and processor asynchronicity make
it difficult and inefficient to emulate reliable point-to-
point communication. Group forming algorithms such
as [5, 8], that are designed for point-to-point networks,
are difficult to extend to the amorphous environment
without a huge loss in efficiency. In addition, such al-



integer R (upper bound for random numbers)
boolean leader, follower = false

procedure CLUBS ()
1 ti =R
r; := random[0,R)
while (not follower and not leader)
ti =t; -1
if (Ti > 0)
rii=1r;-1
if (not_empty(msg_queue))
if (first(msg_queue) = “recruit”)
follower := true
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10 else

11 leader := true

12 broadcast(“recruit”)
13 while (¢; > 0)

14 listen for other leaders
15 ti=t; -1

Figure 1: CLUBS ALGORITHM

gorithms often require synchronizers to function cor-
rectly in asynchronous environments [9]. These gen-
erate large numbers of messages, further exacerbating
the problem of message loss. The clubs algorithm takes
advantage of the local broadcast nature of the commu-
nications model and asynchronicity of the processors,
to form groups efficiently and reliably.

3 Clubs Algorithm

In order for the groups to be useful for resource al-
location and self-organizing communication networks,
there are three requirements [6]. First, all proces-
sors must belong to some group. Second, all groups
should have the same diameter. Third, a group should
have local routing [4], which means that all processors
within the group should be able to talk to each other
using only processors within that same group. The
clubs algorithm forms overlapping groups, called clubs,
with a maximum group diameter of two hops.

Figure 1 presents the code run on a single processor.
The processors start competing to form new groups by
choosing random numbers from a fixed integer range
[0, R). Each processor counts down from that number
silently. If it reaches zero without being interrupted,
the processor becomes a group leader and recruits its
local neighborhood into its group by broadcasting a
“recruit” message. The processors that get recruited
are called followers. Once a processor has been re-
cruited as a follower, it stops counting down and listens
for additional recruit messages. Groups are allowed to
overlap. If a processor detects a collision (hears a gar-
bled message) while counting down, it assumes that
more than one of its neighbors tried to recruit it at
the same time and becomes a follower. At the end

of R steps, all processors are leaders or followers, and
the clubs formed satisfy the group requirements. We
first present the analysis for synchronous processors
and then extend it to the asynchronous case.

Theorem 1: The clubs algorithm completes in
R steps and produces valid groups, for a synchronous
amorphous computer. (Proof omitted)

The upper bound on the range of random numbers,
R, is chosen so as to minimize the number of lead-
ership conflicts. These occur when two neighboring
processors declare leadership at the same time. Ex-
cept when leadership conflicts occur, leaders are non-
adjacent and at least distance r apart. For many ap-
plications of clubs it is desirable that group leaders be-
long to only one club (their own) and that the overlap
between clubs be limited [6]. In addition the spacing
between clubs allows us to place an upper bound on
the number of groups formed (Section 3.1). There-
fore, we would like to keep the number of leadership
conflicts low.

Theorem 2: The expected number of leadership
conflicts, E(conflicts), is at most (d;}”{)N, for a syn-

chronous amorphous computer.

Corollary: If we choose R = adyyg, where o is
a constant and o > 1, then the expected number of
conflicts is at worst a constant fraction of the total
number of nodes, (1/2a)N.

Proof omitted. Detailed proofs for all theorems in
this paper are provided in [10]. Thus, a can be cho-
sen to make the percentage of leadership conflicts ac-
ceptably (or arbitrarily) small. The running time is
O(dqvg), which is significantly smaller than N.

Theorem 3:  For asynchronous processors with
the same clock speeds, the clubs algorithm completes
in D+ R steps, where D is the delay between when the
first processor starts counting down and the last proces-
sor starts counting down. For processors with different
clock speeds, the clubs algorithm completes in the time
taken for the slowest processor to count R steps. The
ezpected number of leadership conflicts E(conflicts) re-
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mains at most (Ul2 )N in both cases.

This can be proven by allowing an adversary to
choose the delay or speed ratio. The probability of
conflict is maximized when the delay is zero and the
speeds are the same (proof omitted).

In addition, the algorithm satisfies several other con-
straints that occur in large distributed systems. For
example, the algorithm does not require global IDs, or
global knowledge of NV or the diameter of the network.



Processor Failures:  The clubs algorithm is robust
to non-leader processor failures because processors ex-
ecute relatively independently and the communication
is simple. Leaders guarantee local routing and diame-
ter. The failure of a leader may potentially disconnect
the group and increase the diameter. The clubs algo-
rithm can be extended so that whenever a leader fails,
its followers rerun the clubs algorithm to elect a new
leader(s). Each leader periodically reasserts its leader-
ship to indicate it is alive. The overlap in groups pro-
vides further robustness by decreasing the number of
orphaned followers. Details of the timeouts parameters
and correctness are provided in [10]. Thus, clubs can
reorganize to accommodate failures as well as newly
added processors.

3.1 Physical Properties of Clubs

A distinctive property of an amorphous computer is
that it has topology as well as geometry derived from
the communication radius and the embedding of the
amorphous computer. The geometry can be used to
derive additional properties of the clubs algorithm.
Assuming that there are no leadership conflicts and
processors are embedded in a two dimensional plane,
we can derive two bounds on the clubs algorithms:

Theorem 4: The mazimum number of clubs formed
is fized for a given surface area and communication
radius, and does not depend on N.

Theorem 5: In the club graph, where clubs are
nodes and overlapping regions are edges, the degree of
a club is at most 24. A follower can belong to no more
than 9 clubs.

Since non-adjacent leaders are at least distance r
apart, both theorems can be restated as packing prob-
lems for circles of radius /2 (proof omitted). If the
number of leadership conflicts is small, these theorems
still hold with high probability as is shown by the sim-
ulation results presented. These bounds are useful for
designing algorithms that use clubs. For example, the
second bound indicates that the processors can be de-
composed into groups of small diameter such that the
graph induced by the groups has small degree. This is
the basis for several distributed algorithms [5, 6].

3.2 Simulation Results

The simulation results correspond well with the analy-
sis. We simulated an amorphous computer running the
clubs algorithm with 1000, 4000 and 8000 processors,
each with average neighborhood sizes of 10, 30 and 50,
for different values of a. The processors are uniformly
distributed over a unit square surface and are asyn-
chronous with a small delay. The processors choose a
random value from the range [0, R) where R = adgyg.
Graph 2 plots the average number of leadership con-
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Figure 3: NUMBER OF CLUBS VS. RADIUS

flicts, as a percentage of N, for four (N, dyy,) pairs'.
The average percentage of conflicts varies as expected
with o and does not seem to be affected by N or dyyg.
Graph 3 plots the average number of clubs formed in
the same experiments against the communication ra-
dius. Even with up to 10% conflicts, the total number
of clubs varies with the radius as expected.

4 Extensions

In this section we describe the extension of the clubs al-
gorithm to solve for a maximal independent set (MIS)
and A + 1 vertex coloring. A MIS is a set of nodes
in a graph such that no two nodes in the set are adja-
cent (independent) and no nodes can be added to that
set without violating independence (maximal). Com-
puting a MIS of a network is useful for solving many
distributed computing problems [9, 8]. A A+ 1 vertex
coloring is a graph coloring that uses at most A + 1
colors, where A is the maximum degree of the graph.
A + 1 coloring is closely related to MIS [8].

A set of club leaders with no leadership conflicts con-
stitutes a MIS on an amorphous computer. Leadership
conflicts can be removed by running a new round of
clubs on only those processors that experienced con-

IThe remaining curves also occupy the same region, so for
clarity we have plotted only 4 of the 9 curves



flicts in the previous round. Since in each round, at
most a constant fraction, (1/2a), of the competing pro-
cessors are expected to have conflicts, the number of
rounds of clubs is expected to be O(log N). This is
comparable to algorithms presented in [8]. However,
the clubs algorithm uses fewer messages per round,
avoids collisions and a can be chosen to reduce the
number of rounds and hence reduce the total cost of
synchronization between rounds, which is significant
in an asynchronous amorphous environment.

In order to achieve A + 1 coloring, the clubs algo-
rithm is modified so that there are no leaders or fol-
lowers. When a processor’s countdown reaches zero,
it simply chooses the smallest color it has not heard
broadcasted and broadcasts that color. If there are
any conflicts due to two adjacent processors choosing
colors at the same time, only those processors need to
run a new round of color-picking. The algorithm has
similar running time to that for finding the MIS.

Theorem 6 : The expected time to find the MIS
or produce a A + 1 coloring is O(dmazlogN) in a
synchronous amorphous computer, where d,,.. 15 the
mazimum neighborhood size. (Proof omitted)

5 Example Applications

Clubs can be used for task specialization, increased ro-
bustness, or resource allocation. In this section we pro-
vide examples of using the clubs to address the issue
of efficient communication in an amorphous computer.
Several other examples are presented in [6, 10].

The clubs can be used as a higher level point-to-
point network where the leaders communicate point-
to-point with each other and relay messages to and
from their members. The communication between ad-
jacent leaders is accomplished via elected representa-
tives in the overlap regions, significantly reducing po-
tential collisions. For example, a full broadcast oper-
ation can be implemented by constructing a spanning
tree on the graph induced by the leaders. Alterna-
tively, a cellular network can be organized by using a
coloring algorithm to assign different channels to over-
lapping clubs, requiring at most 24 distinct channels
(Theorem 5). It is also possible to use the clubs-based
A + 1 coloring algorithm to implement CDMA (code
division multiple access) in an asynchronous amor-
phous computer [7]. This will create more efficient
communication for applications that require frequent
local exchanges of values, such as partial differential
equation (PDE) calculations and cellular automata
style local rules. Our hardware prototype will support
spread spectrum CDMA.

6 Conclusion

In this paper we present the clubs algorithm for form-
ing groups in an amorphous computer. The algorithm
performs efficiently by relying on the local broad-
cast mechanism rather than point-to-point message ex-
changes and by keeping leadership conflicts probabilis-
tically low. The simplicity of the local leader election
mechanism allows it to perform in the asynchronous
environment without loss of efficiency. The algorithm
is extended to adapt to processor failures and solve
traditional symmetry breaking problems such as MIS
and A + 1 coloring. We show how the physical em-
bedding of the amorphous computer can be used to
derive additional properties of the clubs. Lastly, we
present simulation results and examples of applying
the clubs algorithm to address communication issues
in an amorphous computer.
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