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Proof by contradiction: only 30 minutes to write
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Proof by contradiction

Theorem: A is true.
We proceed by contradiction.

Assume Not A to prove this

Not A proves FALSE
Therein lies the contradiction.
Therefore

A is true.

Often how we prove something is impossible in computing
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Proof by contradiction

2 3
Prove \/E\/g is not a rational number

We proceed by contradiction:
Suppose that \/5 {/§ is a rational number.

By the definition of rational numbers:

x€EQiffx = 4 Wherea€Z andb €7

b

So \/5{/5 can be expressed as a fraction
of 2 integers.
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Proof by contradiction

What next?

First 1dea: Square both sides, to get:

23 = &



Proof by contradiction

Second 1dea: Raise both sides to the 6th
pPOWET.

ARABY = (9 = 2%32 = 72



Proof by contradiction

Second 1dea: Raise both sides to the 6th
pPOWET.

ARABY = (9 = 2%32 = 72

By algebra, we get:
a® = 725°
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Third Idea: Keep 1n prime factor form.
a® = 2°3°p°



Proof by contradiction

Third Idea: Keep 1n prime factor form.
a® = 2°3°p°

3
Now, we know that ¢® = 27°3%h must

have an odd multiplicity of 2’s in a°®’s

prime factorization.



Proof by contradiction

But this 1s impossible because a number
raised to an even power (6) must have
even multiplicities of all its factors.



Proof by contradiction

But this 1s impossible because a number
raised to an even power (6) must have
even multiplicities of all its factors.

Therefore, assuming \/5{/5 1s a rational
number led to a contradiction, we have

proven that \/5{/5 1s not a rational
number. W
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Proof by contradiction
1415

Prove — - isnota rational number

We proceed by contradiction:

Suppose that % is a rational number.

By the definition of rational numbers:

xEQiffx = 4 Wherea€Z andb€Z

b

1+4/5 :
So T\/ can be expressed as a fraction of

2 integers.
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jands :
Prove T\/ is not a rational number

We proceed by contradiction:

Suppose that % is a rational number.

By the definition of rational numbers:

xEQiffx = 4 Wherea€Z andb€Z

b

1+4/5 :
So T\/ can be expressed as a fraction of

2 integers.



Proof by contradiction

1+v5

5— can be broken up into
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Proof by contradiction

1+v5

By arithmetic, —— can be broken up into

two fractions:
1,5
2 " 9

|

By observation, the first fraction, 5, 1s a

rational number, since 1 =a and 2 = b.



Proof by contradiction

Since we know that adding an 1rrational
number to a rational number will result in
an 1rrational number, we can now focus on

5

determining 1f the second fraction, —-,1s

rational.
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Proof by contradiction

5 =
—- can be expressed as a fraction of 2

integers if it 1s rational:

V5 _
2

a
b

Squaring both sides, we get:
5 _ a’

4 bh>

By algebra, 5b° = 274>



Proof by contradiction

Now, we know that 55 = 2°¢®> must have
the same prime factorization by the
fundamental theorem of algebra. So, we
must have an odd multiplicity of 5°s in
2°a*’s prime factorization.



Proof by contradiction

Now, we know that 5 = 2°4*> must have
the same prime factorization by the
fundamental theorem of algebra. So, we
must have an odd multiplicity of 5°s in
2°a*’s prime factorization.

But this 1s impossible because a number
raised to an even power (2) must have
even multiplicities of all its factors.



Proof by contradiction

. 1+V5 . :
Therefore, assuming —— 1s a rational

number led to a contradiction, and we have

l+\/§

proven that — 1s not a rational number. ®
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