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Bertrand Russell (1872-1970)

• 1910-1913: Principia 
Mathematica (with Alfred 

Whitehead)

• 1918: Imprisoned for pacifism

• 1950: Nobel Prize in Literature

• 1955: Russell-Einstein Manifesto 

• 1967: War Crimes in Vietnam

“Great spirits have 

always encountered 

violent opposition 

from mediocre 

minds.” 

Albert Einstein 

(talking about 

Bertrand Russell)

Principia Mathematica

Whitehead and Russell (1910– 1913)

Three Volumes, 2000 pages

Attempted to axiomatize mathematical reasoning

– Define mathematical entities (like numbers) using 
logic

– Derive mathematical “truths” by following mechanical 
rules of inference

– Claimed to be complete and consistent:

All true theorems could be derived

No falsehoods could be derived

All true statements 

about numbers



Perfect Axiomatic System

Derives all true 

statements, and no false 

statements starting from a 

finite number of axioms 

and following mechanical 

inference rules.

Incomplete Axiomatic System

Derives 

some, but not all true 

statements, and no false 

statements starting from a 

finite number of axioms 

and following mechanical 

inference rules.

incomplete

Inconsistent Axiomatic System

Derives all true 

statements, and some false 

statements starting from a 

finite number of axioms 

and following mechanical 

inference rules.
some false 

statements 

Russell’s Paradox

Some sets are not members of themselves

e.g., set of all Jeffersonians

Some sets are members of themselves

e.g., set of all things that are non-Jeffersonian 

S = the set of all sets that are not members of 

themselves

Is S a member of itself?

Russell’s Paradox

S = set of all sets that are not members of 

themselves

Yes? 

If S is an element of  S, then S is a member of 

itself and should not be in S.

No?

If S is not an element of S, then S is not a 

member of itself, and should be in S.

Ban Self-Reference?

• Principia Mathematica attempted to resolve 

this paragraph by banning self-reference

• Every set has a type

– The lowest type of set can contain only “objects”, 

not “sets”

– The next type of set can contain objects and sets 

of objects, but not sets of sets

– Can we define S?



Epimenides Paradox

Epidenides (a Cretan): 

“All Cretans are liars.”

Equivalently:

“This statement is false.”

Russell’s types can help with the 

set paradox, but not with these.

Kurt Gödel
1931: Über formal 

unentscheidbare Sätze
der Principia 
Mathematica und 
verwandter Systeme

1906 (Brno) – 1978 (Princeton)

(On Formally Undecidable 
Propositions of Principia 
Mathematica and Related 
Systems)

1939: flees Vienna

Institute for Advanced 

Study, Princeton

(with Einstein, von 

Neumann, etc.)

When I was at Princeton in the 1940s I could see what happened to those 

great minds at the Institute for Advanced Study, who had been specially 

selected for their tremendous brains and were now given this opportunity 

to sit in this lovely house by the woods there, with no classes to teach, 

with no obligations whatsoever. These poor bastards could now sit and 

think clearly all by themselves, OK? So they don't get any ideas for a while: 

They have every opportunity to do something, and they’re not getting any 

ideas. I believe that in a situation like this a kind of guilt or depression 

worms inside of you, and you begin to worry about not getting any ideas. 

And nothing happens. Still no ideas come. 

Nothing happens because there’s not enough real activity and challenge: 

You’re not in contact with the experimental guys. You don’t have to think 

how to answer questions from the students. Nothing!

Richard Feynman, Surely You're Joking, Mr. Feynman!, 1985

Gödel’s Theorem

In the Principia Mathematica system, 

there are statements that cannot be 

proven either true or false.



Gödel’s Theorem

In any interesting rigid system, there 

are statements that cannot be 

proven either true or false.

Gödel’s Proof – General Idea

Theorem: In the Principia 
Mathematica system, there are 

statements that cannot be 

proven either true or false.

Proof: Find such a statement.

Gödel’s Statement

G: This statement does not

have any proof in the

system of Principia
Mathematica.

G is unprovable, but true!

Gödel’s Proof Idea

G: This statement does not have any 

proof in the system of PM.

If G is provable, PM would be inconsistent.

If G is unprovable, PM would be incomplete.

Thus, PM cannot be complete and consistent!

Gödel’s Statement

G: This statement does not have 

any proof in the system of PM.

Possibilities:
1. G is true ⇒ G has no proof 

System is incomplete

2. G is false ⇒ G has a proof 
System is inconsistent

Incomplete
Axiomatic System

Derives 
some, but not all true 

statements, and no false 
statements starting from a 

finite number of axioms 
and following mechanical 

inference rules.

incomplete

Inconsistent Axiomatic 

System

Derives all true 

statements, and some

false statements starting 

from a finite number of 

axioms and following 

mechanical 

inference rules.

some false

statements
Pick one:



Inconsistent Axiomatic System

Derives 

all true 

statements, and some false 

statements starting from a 

finite number of axioms 

and following mechanical 

inference rules.
some false 

statements
Once you can prove one false statement,

everything can be proven!  false ⇒ anything

Finishing The Proof

Turn G into a statement in the Principia 
Mathematica system

Is PM powerful enough to express G?

Yes!  If you don’t believe me read Gӧdel’s 

paper or Hofstadter’s Gӧdel, Escher, Bach

G: “This statement does not have any 

proof in the PM system.”

Gödel’s Proof

G: This statement does not have any 

proof in the system of PM.

If G is provable, PM would be inconsistent.

If G is unprovable, PM would be incomplete.

PM can express G.

Thus, PM cannot be complete and consistent!

Generalization

All “powerful” logical systems are 

incomplete: there are statements that 

are true that cannot be proven within 

the system.

“powerful” = able to express: 

“This statement has no proof.”

flickr cc: annieinbeziers

The initial reaction was surprise and dismay, and a 

feeling that Gödel had pulled the rug out from 

under mathematics. But human beings have 

wonderful psychological defense mechanisms. The 

crisis has passed, and the mathematical community 

now has forgotten about incompleteness. 

Gregory Chatin

Does this solve the 

Entscheidungsproblem? 

Decision procedure: given a well-formed 

statement, determine whether it can be proven.

“Truth” procedure: given a well-formed statement, 

determine mechanically whether it is true.

Gödel (1930): this is impossible!

Turing, Church (1936): this is impossible!



Estimate: $29.99

Amazon: $19.79

http://www.thocp.net/biographies/papers/turing_oncomputablenumbers_1936.pdf

Estimate: $0.00

Not Visiting UVa

This Month

Turing Award

Ed Clarke, 2007

(with Allen Emerson, Joseph Sifakis)

Barbara Liskov, 2008 Charles Thacker, 2009

Monday, March 29

3:30pm in Olsson 009

Thursday, April 1

4:00pm in Muary 209

Not Visiting UVa

Next Week

Defining Computable Numbers

A number is computable if its decimal can be written down 

by a machine.

All green text: taken directly from A. M. Turing, On 
Computable Numbers, with an application to the 
Entscheidungsproblem, 1936. (The low budget version.)

I give some arguments showing that the computable numbers include all 

numbers which could naturally be regarded as computable.  In particular, 

I show that certain large classes of numbers are computable.  They 

include, for instance, the real parts of all algebraic numbers, …, the 

numbers π, e, etc.

Computable convergence:

(Defined carefully by Turing, but not by us.)

How many computable numbers 

are there?

“Je le vois, mais je ne le crois pas.”
Georg Cantor

How many computable numbers are there?

How many strings in Σ* are there?

How many computable numbers are there?

How many Turing Machines are there?

Countable:  

Natural Numbers

Any set that has 1-to-1 mapping to whole numbers

Not Countable:

Real Numbers

Set of strings in ΣΣΣΣ*



How many computable numbers are there?

Countable:  

Natural Numbers

Any set that has 1-to-1 mapping to whole numbers

Set of strings in Σ*

Not Countable:

Real Numbers

Set of all Turing Machines

Computable Numbers

Each TM produces at most one new number!

Languages that can be 

recognized by any mechanical 

computing machine

All Languages

Do we know this picture is 

right now?

How many languages in Σ* are there?

Countable:  

Natural Numbers

Any set that has 1-to-1 mapping to whole numbers

Set of strings in Σ*

Set of all Turing Machines

Computable Numbers

Not Countable: 

Real Numbers

All strings in {0, 1}*:

ε 0 1 00 01 10 11 000 001 010 011 …
A

ll 
la

n
g

u
a

ge
s 

in
 {

0
, 

1
}?

How many languages in Σ* are there?

Countable:  

Natural Numbers

Any set that has 1-to-1 mapping to whole numbers

Set of of strings in Σ*

Set of all Turing Machines

Computable Numbers

Not Countable:

Real Numbers

Set of all languages in ΣΣΣΣ*

Languages that can be 

recognized by any mechanical 

computing machine

All Languages

So, what is a language that is 

not Turing-recognizable?



Remember 

Gödel

All “powerful” 

logical systems are 

incomplete: there 

are statements that 

are true that 

cannot be proven 

within the system.

Systems break when they have to answer deep questions about themselves!

Turing Machine Questions

The set of all Turing Machines is countable:

Can we describe all TM’s using 

an encoding in {0, 1}*?

Are all strings in Σ* valid 

descriptions of TMs?

The Language of TMs

qreject

Self-Rejecting Language

Suppose there is a TM MSR that recognizes 

SELF-REJECTING:

Yes?

Contradiction!

No?

Contradiction!

The assumption leads to a contradiction: thus, MSR must not exist!



Languages that can be 

recognized by any mechanical 

computing machine

All Languages
SELF-REJECTING

Charge

• Thursday morning office hours are now 8:45-
10am

• Reading this week: Chapter 4

• PS5 will be posted soon (due April 6, 
postponed 1 week from original due date)

• Next class:

– Diagonal argument for Self-Rejecting

– A language that is Turing-recognizable but not 
Turing-decidable


