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Exam 2: due now

Read Chapter 7

(we skip Ch 6)

Classes 1-13

All Languages

Regular Languages

Finite 

Languages

Context-Free Languages
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Add a stack:

Described by

CFG or NPDA

Described by

RG, DFA, NFA, RE

Classes 14-21

Languages that can be 

recognized by any mechanical 

computing machine

Decidable by any mechanical 

computing machine

Now (through most of rest of course)

Decidable

Undecidable

Tractable: “Decidable in 

a reasonable amount of 

time and space”

Computability             Complexity

Decidable

Undecidable

~1800s – 1960s

1900: Hilbert’s Problems

1936: Turing’s Computable Numbers

1957: Chomsky’s Syntactic Structures

(Mostly) “Dead”

Tractable

Intractable

1970s – 2199?

1956: Gödel letter

1960s: Hartmanis and  

Stearns: Complexity class

1971: Cook/Levin, Karp: P=NP?

1976: Knuth’s O, Ω, Θ

Very Open and Alive1 STOC 2010 paper: The HOM 

problem is Decidable 
~77 STOC 2010 papers  

(essentially all the rest)

Complexity Classes
• Computability Classes: sets of problems 

(languages) that can be solved 

(decided/recognized) by a given machine 

• Complexity Classes: sets of problems 

(languages) that can be solved (decided) by a 

given machine (usually a TM) within a limited 

amount (usually function of input size) of time or 

space



How Many Classes?

Computability Complexity

Infinitely many!  “Languages that 

can be decided by some TM 

using less than 37 steps” is a 

complexity class

Infinitely many!  “Languages 

that can be decided by some TM 

with fewer than 37 states” is a 

complexity class

How Many Interesting Classes?
1: Turing-decidable

2: Turing-decidable and Turing-

recognizable

~5: TM-D, TM-R, CFL, DCFL, RL
?

Interesting Complexity Classes

http://qwiki.stanford.edu/wiki/Complexity_Zoo

489 “interesting” 

complexity 

classes!

467 in 2008

What should the number of interesting complexity classes be?

The “Petting Zoo”

“Under construction! Once 

finished, the Petting Zoo will 

introduce complexity theory to 

newcomers unready for the 

terrifying and complex beasts 

lurking in the main zoo.”
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We will only get to the entrance of the “Petting Zoo”.  But, even 

here there are “terrifying and complex beasts lurking”!

The Most Terrifying Beast: P = NP?

Decidable

TractableNP

Option 1: There are problems in 

Class NP that are not tractable
Option 2: All problems in 

Class NP are tractable

Decidable

Tractable

NP

P = NP ?

• We need some more background before 
explaining this (but will Thursday)

• This is an open question: no one knows the 
answer
– Most important open question in Computer Science 

(and possibly in all of Mathematics)

– If you can answer it, you will receive fame, fortune, 
and an A+ in cs3102!

– You probably won’t (at least not by the end of this 
class!), but you should get some insight into what an 
answer would look like, and what it would mean

Orders of GrowthOrders of Growth



Asymptotic Operators

Warning: you have probably seen some of these notations 

before in cs201/cs2110 and  cs216/cs2150.  What you learned 

about them there was probably (somewhat) useful but 

incorrect.  (Note: if you learned them in cs150/cs1120, then 

you learned them correctly.)

Asymptotic Operators

These notations define sets of functions 

In computing, the function inside the operator is 
(usually) a mapping from the size of the input to the 
steps required.  We use the asymptotic operators to 
abstract away all the silly details about particular 
computers.

Big O

• Intuition: the set of functions that grow no 
faster than f (more formal definition soon)

• Asymptotic growth rate: as input to f
approaches infinity, how fast does value of f
increase

– Hence, only the fastest-growing term in f matters:

?

?

Examples

O(n3)

O(n2)

f(n) = n2.5

f(n) = 12n2 + n

f(n) = n3.1 – n2

Formal Definition O Examples

x ∈ O (x2)? Yes, c = 1, n0=2 works fine.

10x ∈ O (x)? Yes, c = 11, n0=2 works fine.

x2 ∈ O (x)? No, no matter what c and n0

we pick, cx2 > x for big enough x



Lower Bound: Ω (Omega)

Only difference from O: this was ≤

O(n3)

O(n2)

f(n) = n2.5

f(n) = 12n2 + n

f(n) = n3.1 – n2

Where is

Ω(n2)?

Ω(n2)

Ω(n3)

Ω(n2)

f(n) = n2.5

f(n) = 12n2 + n

f(n) = n3.1 – n2

O(n2)

Inside-Out Recap

• Big-O: grow no faster than f

• Omega (Ω): grow no slower than f

O(n3)

O(n2)

f(n) = n2.5

f(n) = 12n2 + n

f(n) = n3.1 – n2

Ω(n2)

What else might be useful?
Theta (“Order of”)

Intuition: set of functions that grow as fast as f

Definition:

Slang: When we say, “f is order g” that means



O(n3)

O(n2)

f(n) = n2.5

f(n) = 12n2 + n

f(n) = n3.1 – n2

Ω(n2)

Faster Growing

Tight Bound Theta (Θ)

Θ(n2)

Summary

Which of these did you use to analyze algorithms 

in cs201/cs2110/cs2150/cs216?

• Big-O: grow no faster than f

• Omega: grow no slower than f

• Theta:

Algorithm Analysis

What is the asymptotic running time of the 

Java-ish procedure below:

int gaussSum (int m) {

int sum = 0;

for (int i = 1; i <= m; i++) {

sum = sum + i;

}

return sum;

}

Good “cs2[01][156][0_]” answer:

O(n)

What does this mean?

What does it assume?

Algorithm Analysis
“gaussSum is O(n)”:

int gaussSum (int m) {

int sum = 0;

for (int i = 1; i <= m; i++) {

sum = sum + i;

}

return sum;

}

What is n?

What are we really measuring?

• Input size: number of tape squares it takes to 

write down the input

• Running time: number of steps it takes before 

TM enters a final state

• Input size for gaussSum = n

– Number of tape squares to represent m (not its 

magnitude)

Why doesn’t the alphabet size matter?

Algorithm Analysis

int gaussSum (int m) {

int sum = 0;

for (int i = 1; i <= m; i++) {

sum = sum + i;

}

return sum;

}

Assumes:

m is unbounded 

(not true for Java)

+ is constant time 

(not true if m is unbounded)

Note that these assumptions 

are mutually inconsistent so the 

answer is definitely wrongish

(but not necessarily incorrect).



More Correctish Answer #1

int gaussSum (int m) {

int sum = 0;

for (int i = 1; i <= m; i++) {

sum = sum + i;

}

return sum;

}

Assume m is bounded (e.g., 

32-bit integer as in real 

Java). Then, running time of 

gaussSum is in O(1).

More Correctish Answer #2

int gaussSum (int m) {

int sum = 0;

for (int i = 1; i <= m; i++) {

sum = sum + i;

}

return sum;

}

Assume m is unbounded 

and n is size of input. Then, 

there are up to 2n

iterations, each involving a 

+ operation.  The running 

time of the + is in Θ(n), so 

the running time of 

gaussSum is in Θ(n2n).

Algorithm Analysis

In Big-O notation, what is the asymptotic 

running time of algorithm X?

This is surely correct, at least for all 

algorithms you saw in 

cs201/cs2110/cs216/cs2150.

Should ask: In Theta notation, what is the asymptotic running 

time of algorithm X?

Given an algorithm, should always be able to find a tight bound 

(at least for worst-case input).

Complexity of Problems

So, why do we need O and Ω?

We care about the complexity of problems 

not algorithms. The complexity of a 

problem is the complexity of the best 

possible algorithm that solves the problem.

gaussSum Problem

So, what is the time complexity of the 

gaussSum problem?

Input: a positive integer m

Output: sum of the integers from 1 to m.

From the previous analysis, we know an algorithm 

that solves it with running time in ΘΘΘΘ(n2n).

This means the time complexity of the problem is in

O(n2n).  But it does not give a tight bound.

gaussSum Problem

Can we get a lower bound?

Input: a positive integer m

Output: sum of the integers from 1 to m.

At a minimum, we need to look at each symbol in the input.  

So, there is no algorithm asymptotically faster than ΘΘΘΘ(n).

This means the time complexity of the problem is in 

ΩΩΩΩ(n).  But it does not give a tight bound.



gaussSum Problem: Tight Bound?

Ring of

possibilities

Getting a Tighter Bound

Johann Carl Friedrich 

Gauss, 1777-1855

gaussSum(n) = (n + 1)(n/2)

What is the fastest known multiplication 

algorithm?

Until 2007: Schönhage-Strassen algorithm

in Θ(n log n log log n)

Today: Fűrer’s algorithm

in Θ(n log n 2O(log*n))

Tomorrow: unknown if there is a faster 

multiplication algorithm

Best Known Bounds

Input: a positive integer m

Output: sum of the integers from 1 to m.

The time complexity of the 

problem is in ΩΩΩΩ(n).  

The time complexity of the problem

is in O(n log n 2O(log*n)).  

Ring of

possibilities

Getting a tight bound for a problem is very hard!

Need to prove you have the best possible algorithm.

Charge

• If you’re in cs2150 (or TAing cs2110): give the 
answers the teachers in those classes expect

– But, remember they are relying on lots of incorrect 
assumptions

– And, if its big-O, easy correct answers are probably still 
considered “wrongish”

– These answers are still sort-of useful for predicting real 
program performance

• To answer deep theoretical questions, we need to 
be much more precise

• Read Chapter 7


