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value of a number in the input list is limited, then we can consider < a con-
stant time procedure since all of the inputs passed to it in this context are
below some fixed size.

Then, we use pick-better to define list-find-best:

(define (list-find-best cf p)
(if (null? (cdr p))
(car p)
(pick-better cf (car p) (list-find-best cf (cdr p)))))

We use n to represent the number of elements in the input list p. An appli-
cation of list-find-best involves n — 1 recursive applications since each one
passes in (cdr p) as the new p operand and the base case stops when the list
has one element left. The running time for each application (excluding the
recursive application) is constant since it involves only applications of the
constant time procedures null?, cdr, and pick-better. So, the total running
time for list-find-best scales linearly with the length of the input list.

Deleting an Element. To implement best first sorting, we need to produce
a list that contains all the elements of the original list except for the best
element, which will be placed at the front of the output list. We define a
procedure, list-delete, that takes as inputs a List and a Value, and produces
a List that contains all the elements of the input list in the original order
except for the first element that is equal to the input value.

(define (list-delete p el)
(if (null? p)
null
(if (equal? (car p) el) ; found match, skip this element

(cdr p)
(cons (car p) (list-delete (cdr p) el)))))

We use the equal? procedure to check if the element matches instead of =,
so the list-delete procedure works on elements that are not just Numbers.
The equal? procedure behaves identically to = when both inputs are Num-
bers, but also works sensibly on many other datatypes including Booleans,
Characters, Pairs, Lists, and Strings. Since we assume the sizes of the in-
puts to equal? are bounded, we can consider equal? to be a constant time
procedure (even though it would not be constant time on arbitrary inputs).

The worst case running time for list-delete occurs when no element in the
list matches the value of el (in the best case, the first element matches and
the running time does not depend on the length of the input list at all). We
use 1 to represent the number of elements in the input list. There can be
up to n recursive applications of list-delete. Each application has constant
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parameter to this procedure so it can be used twice:

(define (list-sort-best-first-nodup cf p)
(if (null? p)
null
((lambda (best)
(cons best (list-sort-best-first-nodup cf (list-delete p best))))
(list-find-best cf p))))

This procedure avoids the duplicate evaluation of (list-find-best cf p), but is
quite awkward to read and understand. Scheme provides the let-expression
special form to avoid this type of duplicate work more elegantly.

The let-expression is a special form. The grammar for the let-expression is:

Expression = LetExpression
LetExpression ::= (let (Bindings) Expression)
Bindings = Binding Bindings
Bindings = €

Binding = (NName Expression)

The evaluation rule for the let-expression is:

Evaluation Rule 6: Let-expression. To evaluate a let-expression,
evaluate each binding in order. To evaluate each binding, eval-
uate the binding expression and bind the name to the value
of that expression. Then, the value of the let-expression is the
value of the body expression evaluated with the names in the
expression that match binding names substituted with their bound
values.

A let-expression can be transformed into an equivalent application expres-
sion. The let-expression

(let ((Name; Expression)
(Name, Expression;)

(Namey, Expressiony))
Expressiony,g,)

is equivalent to the application expression:
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Exercise 9.4. Instead of sorting the elements by finding the best element
first and putting at the front of the list, we could sort by finding the worst
element first and putting it at the end of the list. Define a list-sort-worst-
last procedure that sorts this way and analyze the running time of your
list-sort-worst-last procedure.

9.1.2 Insertion Sort

The list-sort-best-first procedure seems quite inefficient. For every output
element, we are searching the whole remaining list to find the best element,
but do nothing of value with all the comparisons that were done to find the
best element.

An alternate approach is to build up a sorted list as we go through the
elements. Insertion sort works by putting the first element in the list in the
right place in the list that results from sorting the rest of the elements.

First, we define the list-insert-one procedure that takes three inputs: a com-
parison procedure, an element, and a List. The input List must be sorted
according to the comparison function. As output, list-insert-one produces
a List consisting of the elements of the input List, with the input element
inserts in the right place according to the comparison function.

(define (list-insert-one cf el p) ; requires: p must be in sorted order by cf
(if (null? p)
(list el)
(if (cf el (car p))
(cons el p)
(cons (car p) (list-insert-one cf el (cdr p))))))

The running time for list-insert-one is in ©(n) where n is the number of
elements in the input list. In the worst case, the input element belongs at
the end of the list and we need to make n recursive applications of list-
insert-one. Each application involves constant work, so the overall running
time of list-insert-one is in ©(n).

To sort the whole list, we need to insert each element into the list that results
from sorting the rest of the elements:

(define (list-sort-insert cf p)
(if (null? p)
null
(list-insert-one cf (car p) (list-sort-insert cf (cdr p)))))




#

B

"
%S !
$E " !
1
43
# !
& "

# S&
& S&

" # R

B %R %
"% &
#

S
D) W

SR | &%

DC AB®
$ &%
B &
e &9

&4 B R

DC £ 9%

& 4"

#DC o

K"
w @®

PH$

QRB

| AW

s ey B

+~@ N

>H

# SRS

& R
# & H

N $ #

H & 8BS
& & W58

ROB OB

8

) K OpE) *

I

&Ub
wBH %

/01988
L

ol

8



Chapter 9. Sorting and Searching 219

The problem with our insertion sort is that it divides the work unevenly
into inserting one element and sorting the rest of the list. This is a very
unequal division. Any sorting procedure that works by considering one
element at a time and putting it in the sorted position as is done by list-sort-
find-best and list-sort-insert will have a running time in Q(n?). We cannot do
better than this with this strategy since there are n elements, and the time
required to figure out where each element goes is in Q(n).

To do better, we need to either reduce the number of recursive applications
needed to sort the list (this would mean each recursive call results in more
than one element being sorted), or reduce the time required for each appli-
cation. The approach we take is to use each recursive application to divide
the list into two approximately equal-sized parts, but to do the division in
such a way that the results of sorting the two parts can be combined di-
rectly to form the result. This means, we should partition the elements in
the list so that all elements in the first part are less than (according to the
comparison function) all elements in the second part.

Our first attempt is to modify insert-one to partition the list into two parts
(this approach does not quite produce a sorting procedure with running
time in better than @(n?) because of the inefficiency of accessing list el-
ements; however, this attempt leads to insights for producing a quicker
sorting procedure).

First, we define the list-extract procedure that takes three inputs: a List, and
two Numbers indicating the start and end positions. As output, it produces
a List consisting of the elements of the input list between the start and end
position.

(define (list-extract p start end)
(if (= start 0)
(if (= end 0)
null
(cons (car p) (list-extract (cdr p) start (— end 1))))
(list-extract (cdr p) (— start 1) (— end 1))))

The running time of the list-extract procedure is in ©(n) where n is the
number of elements in the input list. The worst case input is when the
value of end is the length of the input list, which means there will be n
recursive applications, each involving a constant amount of work.

We use list-extract to define procedures for obtaining lists of the first and
second halves of the elements of an input list (when the list has an odd
number of elements, we put the middle element in the second half of the
list).
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224 9.1. Sorting

The top node has element value 7, and its left subtree is a tree containing
the tree elements whose values are less than 7. The null subtrees are not
shown. For example, the left subtree of the element whose value is 12 is
null. Note that although there are six elements in the tree, we can reach any
element from the top by following at most two branches. By contrast, with
a list of six elements, we would need five cdr operations to reach the last
element.

The depth of a tree is the largest number of steps needed to reach any node
in the tree starting from the root. The example tree has depth 2, since we
can reach every node starting from the root of the tree in two or fewer steps.
A tree of depth d can contain up to 27+ — 1 elements. One way to see this is
from this recursive definition for the maximum number of nodes in a tree:

1 : d=0

TreeNodes(d) = { TreeNodes(d — 1) + 2 x TreeLeaves(d —1) : d >0

A tree of depth zero has one node. Increasing the depth of a tree by one
means we can add two nodes for each leaf node in the tree, so the total
number of nodes in the new tree is the sum of the number of nodes in the
original tree and twice the number of leaves in the original tree. The max-
imum number of leaves in a tree of depth d is 27 since each level doubles
the number of leaves. Hence, the second equation simplifies to

TreeNodes(d — 1) +2 x 2971 = TreeNodes(d — 1) + 2°.

The value of TreeNodes(d — 1) is 2971 +2972 + .. +1 = 2¢ — 1. Adding
2% and 27 — 1 gives 29*1 — 1 as the maximum number of nodes in a tree of
depth d. Hence, a well-balanced tree containing n nodes has depth approx-
imately log, n.

The list-first-half, list-second-half, and list-append procedures that had run-
ning times in @(n) for the standard list representation can all be imple-
mented with constant running times using the tree representation. For
example, list-first-half can be implemented using tree-left and list-second-
half can be implemented using tree-right. To implement list-append requires
making a new tree using make-tree, which is also a constant time procedure.

The tree-insert-one procedure inserts an element in a sorted binary tree:
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input list into sublists containing elements below and above the compari-
son element, and then recursively applies list-quicksort to sort those sublists.

(define (list-quicksort cf p)
(if (null? p)
null
(list-append
(list-quicksort cf (list-filter
(lambda (el) (cf el (car p)))
(cdr p)))
(cons (car p)
(list-quicksort cf (list-filter
(Iambda (el) (not (cf el (car p))))
(cdr p))))

This is the famous quicksort algorithm that was invented by Sir C. A. R.
(Tony) Hoare while he was an exchange student at Moscow State Univer-
sity in 1959. He was there to study probability theory, but also got a job
working on a project to translate Russian into English. The translation
depended on looking up words in a dictionary. Since the dictionary was
stored on a magnetic tape which could be read in order faster than if it was
necessary to jump around, the translation could be done more quickly if the
words to translate were sorted alphabetically. Hoare invented the quicksort
algorithm for this purpose. A few years later, he worked for Elliot Broth-
ers, a small British computer manufacturer. His first assignment there was
to implement a sorting library procedure for a new machine they were de-
veloping. Quicksort proved to be faster than the best previously known
sorting algorithms, and remains the most widely used sorting algorithm.

As with [ist-sort-tree-insert, the expected running time for a randomly ar-
ranged list is in ®(nlogn) and the worst case running time is in ®@(n?). In
the expected cases, each recursive call halves the size of the input list (since
if the list is randomly arranged we expect about half of the list elements
are below the value of the first element), so there are approximately log n
expected recursive calls.

Each call involves an application of list-filter, which has running time in
©(m) where m is the length of the input list. At each call depth, the total
length of the inputs to all the calls to list-filter is n since the original list
is subdivided into 27 sublists, which together include all of the elements
in the original list. Hence, the total running time is in ®(nlogn) in the
expected cases where the input list is randomly arranged. As with [ist-sort-
tree-insert, if the input list is not randomly rearranged it is possible that all
elements end up in the same partition. Hence, the worst case running time
of list-quicksort is still in @(n?).

Sir Tony Hoare

Photo by Gespiir fiir Licht

There are two ways of
constructing a software design:
one way is to make it so simple
that there are obviously no
deficiencies, and the other way
is to make it so complicated that
there are no obvious
deficiencies. The first method is
far more difficult. It demands
the same skill, devotion, insight,
and even inspiration as the
discovery of the simple physical
laws which underlie the

complex phenomena of nature.
Sir Tony Hoare, The Emperor’s
Old Clothes (1980 Turing Award
Lecture)
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engine companies dedicate large numbers of machines to maintaining the
index as new web pages are found.

Merging indexes. Our goal is to produce an index for a set of documents,
not just a single document. So, we need a way to take two indexes pro-
duced by index-document and combine them into a single index. Then, we
can use this repeatedly to create an index of any number of documents. To
merge two indexes, we need to combine their word occurrences. If a word
occurs in both documents, the word should appear in the merged index
with a position list that includes all the positions in both indexes. If the
word occurs in only one of the documents, that word and its position list
should be included in the merged index.

(define (merge-indexes d1 d2)
(define (merge-elements p1 p2)
(if (null? p1)
p2
(if (null? p2)
pl
(if (string=7? (car (car p1)) (car (car p2)))
(cons (cons (car (car p1))
(list-append (cdr (car p1)) (cdr (car p2))))
(merge-elements (cdr p1) (cdr p2)))
(if (string<<? (car (car p1)) (car (car p2)))
(cons (car p1) (merge-elements (cdr p1) p2))
(cons (car p2) (merge-elements p1 (cdr p2))))))))
(list-to-sorted-tree
(lambda (e1 e2) (string<? (car el) (car e2)))
(merge-elements (tree-extract-elements d1)
(tree-extract-elements d2)))))))

To merge the indexes, we first use tree-extract-elements to convert the tree
representations to lists. The inner merge-elements procedure takes the two
Lists of word-position Pairs and outputs a single List.

Since the lists are sorted by the target word, we can perform the merge
efficiently. If the first words in both lists are the same, we produce a word-
position pair that appends the position lists for the two entries. If they are
different, we use string<? to determine which of the words belongs first,
and include that element in the merged list. This way, the two lists are kept
synchronized, so there is no need to search the lists to see if the same word
appears in both lists.

Obtaining documents. To build a useful index for searching, we need
some documents to index. The web provides a useful collection of freely
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disappears as a constant factor (that is, we are assuming w < C for some
constant C. Thus, the overall running time is in @(logd).

Here are some example uses of search-in-index using our index of Shake-
speare’s plays:

> (search-in-index shakespeare-index "mathematics")
("mathematics™"
("http://shakespeare.mit.edu/taming_shrew/full.htmi" . 26917)
("http://shakespeare.mit.edu/taming_shrew/full.html" . 75069)
("http://shakespeare.mit.edu/taming_shrew/full.html" . 77341))

> (search-in-index shakespeare-index "procedure")

false

> (search-in-index shakespeare-index "abstraction™)

false

Our search-in-index and index-pages procedures form the beginnings of a
search engine service. A useful web search engine needs at least two more
capabilities: a way to automate the process of finding documents to index,
and a way to rank the documents that contain the target word by the likeli-
hood they are useful. The two explorations at the end of this section explore
how to provide these capabilities.

Histogram. = We can also use our index to answer various interesting
questions about Shakespeare’s writing. For example, the procedure index-
histogram produces a list of the words in an index sorted by how frequently
they appear.

(define (index-histogram index)
(list-quicksort
(lambda (eI e2) (> (cdr el) (cdr e2)))
(list-map (lambda (el) (cons (car el) (length (cdr el))))
(tree-extract-elements index))))

The expression

(list-filter (lambda (entry) (> string-length (car entry) 5))
(index-histogram shakespeare-index))

evaluates to a list of Shakespeare’s favorite 6-letter and longer words:

The mathematics and the
metaphysics, Fall to them as
you find your stomach serves
you; No profit grows where is
no pleasure ta’en: In brief, sir,

study what you most affect.
William Shakespeare,
The Taming of the Shrew
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