CHAPTER 4: Advanced Algorithms

The following procedure can be used to construct the frames for intermediate
joints.

1. For each joint, identify the axis of rotation for revolute joints and the axis of
displacement for prismatic joints. Refer to this axis as the z-axis of the joint’s
frame.

2. For each adjacent pair of joints, the ith — 1 and #th for i from 1 to #, con-
struct the common perpendicular between the z-axes or, if they intersect, the
perpendicular to the plane that contains them. Refer to the intersection of
the perpendicular and the ith frame’s z-axis (or the point of intersection of
the two axes) as the origin of the ith frame. Refer to the perpendicular as the
x-axis of the 7th frame. See Figure 4.16.

3. Construct the y-axis of each frame to be consistent with the right-hand rule
(assuming right-hand space).

4.2.4 Inverse Kinematics

In inverse kinematics, the desired position and possibly orientation of the end
effector are given by the user, and the joint angles required to attain that configu-
ration are calculated. The problem can have zero, one, or more solutions. If there
are so many constraints on the configuration that no solution exists, the system is
called overconstrained. If there are relatively few constraints on the system and
there are many solutions to the problem posed, then it is underconstrained. The
reachable workspace is that volume which the end effector can reach. The dextrous
workspace is the volume that the end effector can reach in any orientation.

If the mechanism is simple enough, then the joint angles (the pose vector)
required to produce the final, desired configuration can be calculated analytically.
Given an initial pose vector and the final pose vector, intermediate configurations
can be formed by interpolation of the values in the pose vectors, thus animating
the mechanism from its initial configuration to the final one. However, if the
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mechanism is too complicated for analytic solutions, then an incremental
approach can be used that employs a matrix of values (the Jacobian) that relates
changes in the joint angles to changes in the end effector position and orientation.
The end effector is iteratively nudged until the final configuration is attained
within a given tolerance.

Solving a Simple System by Analysis

For sufficiently simple mechanisms, the joint angles of a final desired position can
be determined analytically by inspecting the geometry of the linkage. Consider a
simple two-link arm in two-dimensional space. Link lengths are L1 and 2 for the
first and second link respectively. If a position is fixed for the base of the arm at the
first joint, any position beyond L1 — 2! units from the base of the link and
within L1 + L2 of the base can be reached. See Figure 4.17.

Assume for now (without loss of generality) that the base is at the origin. In a
simple inverse kinematics problem, the user gives the (X, Y) coordinate of the
desired position for the end effector. The joint angles, 61 and 82, can be solved for
by computing the distance from the base to the goal and using the law of cosines to
compute the interior angles. Once the interior angles are computed, the rotation
angles for the two links can be computed. See Figure 4.18. Of course, the first step is
to make sure that the position of the goal is within the reach of the end effector; that
is, L1~ [2< X+ Y 11+ 12

In this simple scenario, there are only two solutions that will give the correct
answer; the configurations are symmetric with respect to the line from (0, 0) to
(X, Y). This is reflected in the equation in Figure 4.18 because the arccosine is
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Figure 4.18 Equations used in solving simple inverse kinematic problem
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time step, a computation is performed that determines the best way to change
cach joint angle in order to direct the current position and orientation of the end
effector toward the desired configuration. The computation forms the matrix of
partial derivatives called the Jacobian.

To explain the Jacobian from a strictly mathematical point of view, consider the
six arbitrary functions of Equation 4.7, each of which is a function of six indepen-
dent variables. Given specific values for the input variables, x;, each of the output
variables, y;, can be computed by its respective function.

n = filxg x, X3, Xy, Xs, Xg)
Yy = folxy, %y, X35 X4 X5, Xg)
73 = filxg, x,, X35 X4 X5y Xg)
Yi = filxy, Xy X3, Xy X5, Xg)
Js = Sl %y, X3, Xgy X35 Xg)
Yo = folxp, x,, X3, X4y Xs5 Xg) (Eq. 4.7)

These equations can also be used to describe the change in the output variables
relative to the change in the input variables. The differentials of J; can be written
in terms of the differentials of x; using the chain rule. This generates Equation 4.8.

Equation 4.7 and Equation 4.8 can be put in vector notation, producing Equation
4.9 and Equation 4.10 respectively.

8, : of; of;
6)11, = a—xl-8x1+972‘5x2+a_x3'6x3+a—x4'5x4
of; i
+ a—xs + O + 8—x6 - O (Eq. 4.8)
Y = F( X) (Eq. 4.9)
5 = g;]; ax (Eq. 4.10)

The 6x6 matrix of partial derivatives, 0F/9X, is called the Jacobian and is a
function of the current values of x;. The Jacobian can be thought of as mapping
the velocities of X'to the velocities of ¥ (Equation 4.11). At any point in time, the
Jacobian is a linear function of x;. At the next instant of time, X has changed and
so has the linear transformation represented by the Jacobian.

Y B ](X) . X (Eq. 4.11)
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When one applies the Jacobian to a linked appendage, the input variables, Xp»
become the joint angles and the output variables, y;, become the e'n.d effector posi-
tion and orientation. In this case, the Jacobian relates the velocities of the joint
angles to the velocities of the end effector position and orientation (Equation

4.12).
V= J(6)0 (Eq. 4.12)

Vis the vector of linear and rotational velocities and represents the desired
change in the end effector. The desired change will be based on the difference
between its current position/orientation to that specified by the goal configura-
tion. These velocities are vectors in three-space, so each has an % % anfi z compo-
nent (Equation 4.13). § is a vector of joint angle velqcitles whlch are the
unknowns of the equation (Equation 4.14). /, the Jacobian, is a matrix that relates
the two and is a function of the current pose (Equation 4.15).

V=g, Y 4, O, Q) OJZ]T (Eq. 4.13)
6 = [6,, 6, 93, ey én]T (Eq. 4.14)
—avx Jv, i/g
08, 06, 99,
i

/=108, 96, " 08,

dw, Jw o,
36, 38, 36

(Eq. 4.15)

a

Fach term of the Jacobian relates the change of a specific joint to a specific
change in the end effector. The rotational change in thf: end effec‘tc?r, ®, is merely
the velocity of the joint angle about the axis of revolution at the joint under con-
sideration. The linear change in the end effector is the cross product of the axis of
revolution and a vector from the joint to the end effector. The rotation at the
joint induces an instantaneous linear direction of travel at the end effector. See
Figure 4.19. ‘ '

The desired angular and linear velocities are computed by finding the difference
between the current configuration of the end effector and the desired conﬁgqra—
tion. The angular and linear velocities of the end effector induced by tbe rotation
of a specific joint axis are determined by the compurations shown in Figure 4.19.
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Figure 4.19 Angular and linecar velocities induced by joint axis rotation

The problem is to determine the best linear combination of velocities induced by
the various joints that would result in the desired velocities of the end effector. The
Jacobian is formed by posing the problem in matrix form.

When one assembles the Jacobian, it is important to make sure that all of the
coordinate values are in the same coordinate system. It is often the case that joint-
specific information is given in the coordinate system local to that joint. In form-
ing the Jacobian matrix, this information must be converted into some common
coordinate system such as the global inertial coordinate system or the end effector
coordinate system. Various methods have been developed for computing the Jaco-
bian based on attaining maximum computational efficiency given the required
information in local coordinate systems, but all methods produce the derivative
matrix in a common coordinate system.

A Simple Example

Consider the simple three-revolute-joint, planar manipulator of Figure 4.20. In
this example, the objective is to move the end effector, E, to the goal position, G.
The orientation of the end effector is of no concern in this example. The axis of
rotation of each joint is perpendicular to the figure, coming out of the paper. The
effect of an incremental rotation, g;, of each joint can be determined by the cross
product of the joint axis and the vector from the joint to the end effector, V; (Fig-
ure 4.21). Notice that the magnitude of each g; is a function of the distance
between the locations of the joint and the end effector.

The desired change to the end effector is the difference between the current
position of the end effector and the goal position. A vector of the desired change
in values is set equal to the Jacobian matrix multiplied by a vector of the unknown
values, which are the changes to the joint angles (Equation 4.16).
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Figure 4.20 Planar, three-joint manipulator
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Figure 4.21 Instantaneous changes in position induced by joint angle rotations
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Solution Using the Inverse Jacobian

Once the Jacobian has been computed, an equation in the form of Equation
4.17 is to be solved. In the case that /is a square matrix, the inverse of the Jaco-
bian, / =1 is used to compute the joint angle velocities given the end effector
velocities (Equation 4.18).

V= ]9 (Eq. 4.17)

]_1 V=20 (Eq. 4.18)

If the inverse of the Jacobian (/') does not exist, then the system is said to be
singular for the given joint angles. A singularity occurs when a linear combination
of the joint angle velocities cannot be formed to produce the desired end effector
velocities. As a simple example of such a situation, consider a fully extended, pla-
nar arm with a goal position somewhere on the forearm (see Figure 4.22). In such
a case, a change in each joint angle would produce a vector perpendicular to the
desired direction. Obviously, no linear combination of these vectors could produce
the desired motion vector. Unfortunately, all of the singularities of a system cannot
be determined simply by visually inspecting the possible geometric configurations
of the linkage.

Problems with singularities can be reduced if the manipulator is redundant—
when there are more degrees of freedom than there are constraints to be satisfied.
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Figure 4.22 Simple example of a singular configuration

In this case, the Jacobian is not a square matrix and there are an infinite number of
solutions to the inverse kinematics problem. Because the Jacobian is not square, a
conventional inverse does not exist. Instead, the pseudo inverse, J*, can be used
(Equation 4.19). Equation 4.19 works because a matrix multiplied by its own
transpose will be a square matrix.

V=76

J'v=J78

N Tv=dn T8

J'V=26 (Eq. 4.19)
T =TI JT= JT (775 is called the pseudo inverse of J. It maps the

desired velocities of the end effector to the required velocities of the joint angles.
After making the substitutions shown in Equation 4.20, LU decomposition can be
used to solve Equation 4.21 for . This can then be substituted into Equation 4.22
to solve for §.

J'V=20
Juh ' v=16
B = (/]T)_1 v (Eq. 4.20)

s T)B =V . (Eq. 4.21)
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J TB = 9 (Eq. 4.22)

It is important to remember that the Jacobian is only valid for the instantaneous
configuration for which it is formed. That is, as soon as the configuration of the
linkage changes, the Jacobian ceases to accurately describe the relationship
between changes in joint angles and changes in end effector position and orienta-
tion. This means that if too big a step is taken in joint angle space, the end effector
may not appear to travel in the direction of the goal. If this appears to happen dur-
ing an animation sequence, then taking smaller steps in joint angle space and thus
recalculating the Jacobian more often may be in order.

Adding More Control ‘

The pseudo inverse computes one of many possible solutions. It minimizes joint
angle rates. The configurations produced, however, do not necessarily correspond
to what might be considered natural poses. To better control the kinematic model,
a control expression can be added to the pseudo inverse Jacobian solution. The
control expression is used to solve for control angle rates with certain attributes.
The added control expression, because of its form, contributes nothing to the
desired end effector motion. The form for the control expression is shown in
Equation 4.23. In Equation 4.24 it is shown that this form of the control expres-
sion does not add anything to the velocities. As a consequence, the control expres-
sion can be combined with the pseudo inverse Jacobian solution so that the given
velocities are still satisfied [27].

6 =7-Dz (Eq. 4.23)
V=76

V=JJT-1)z

V=(JJ-])z

V=(0-J)=

V=0 2z

V=0 (Eq. 4.24)

To bias the solution toward specific joint angles, such as the middle angle
between joint limits, H is defined as in Equation 4.25, where 8 are the current
joint angles, 8,; are the desired joint angles, a; are the desired angle gains, and  is
the yth norm (for W even). Variable z is equal to the gradient of H, VH (Equa-
tion 4.26). This does not enforce joint limits as hard constraints, but the solution
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can be biased toward the middle values so that violating the joint limits is less

probable.
H= Y o ,-6,)" (Eq. 4.25)
i=1
” -1
z=VoH = i,—l-el =y (6,-8,)" (Eq. 4.26)

=1

The desired angles and gains are input parameters. The gain indicates t.he rela-
tive importance of the associated desired angle; the higher the gain3 the stiffer the
joint.2 If the gain for a particular joint is high, then the solution will be such that
the joint angle quickly approaches the desired joint angle. The control expression
is added to the solution indicated by the conventional pseudo inverse of the Jaco-
bian (Equation 4.27). If all gains are zero, then the solution will reduce to the
conventional pseudo inverse of the Jacobian. Equation 4.27 can be solved by re-
arranging terms as shown in Equation 4.28.

0 = J'V+(JJ-1)VeH (Eq. 4.27)

8 = J'V+(JJ-1)VoH
0 = J'V+ ] JVgH-IV4H

0 = J(V+]JVeH)-VoH
6 = ST (V4] VeH) - VoH
0 = JTG) (V4 JVoH)] - VoH Eq. 429

To solve Equation 4.28, set B = (DY (V+]VgH) so that Equation 4.29
results. Use LU decomposition to solve for B in Equation 4.30. Substitute the
solution for B in Equation 4.29 to solve for 9.

6 = ]TB— VoH (Eq. 4.29)
V+] VeH = (JJ T)B (Eq. 4.30)

2. Stiffness refers to how much something reacts to being perturbed. A stiff spring is a strong spring. A stiff joint, as used
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Simple Euler integration can be used at this point to update the joint angles. The
Jacobian has changed at the next time step, so the computation must be performed
again and another step taken. This process repeats until the end effector reaches the
goal configuration within some acceptable (i.e., user-defined) tolerance.

4.2.5 Summary

Hierarchical models are extremely useful for enforcing certain relationships among
the elements so that the animator can concentrate on just the degrees of freedom
remaining. Forward kinematics gives the animator explicit control over each
degree of freedom but can become cumbersome when the animation is trying to
attain a specific position or orientation of an element at the end of a hierarchical
chain. Inverse kinematics, using the inverse or pseudo inverse of the Jacobian,
allows the animator to concentrate only on the conditions at the end of such a
chain but might produce undesirable configurations. Additional control expres-
sions can be added to the pseudo inverse Jacobian solution to express a preference
for solutions of a certain character. However, these are all kinematic techniques.
Often, more realistic motion is desired and physically based simulations are
needed. These approaches are discussed below.

4.3 Rigid Body Simulation

A common objective in computer animation is to create realistic-looking motion.
A major component of realistic motion is the physically based reaction of rigid
bodies to commonly encountered forces such as gravity, viscosity, friction, and
those resulting from collisions. Creating realistic motion with key-frame tech-
niques can be a daunting task. However, the equations of motion can be incorpo-
rated into an animation system to automatically calculate these reactions. This can
eliminate considerable tedium—if the animator is willing to relinquish precise
control over the motion of some objects.

In rigid body simulation, various forces to be simulated are modeled in the sys-
tem. These forces may arise due to relative positioning of objects (e.g., gravity, col-
lisions), object velocity (e.g., viscosity), or the absolute position of objects in user-
specified vector fields (e.g., wind). When applied to objects, these forces induce
linear and angular accelerations based on the mass of the object (in the linear case)
and mass distribution of the object (in the angular case). These accelerations,
which are the time derivative of velocities, are integrated over a delta time step to
produce changes in object velocities (linear and angular). These velocities, in turn
integrated over a delta time step, produce changes in object positions and orienta-



