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� Introduction

Distribution ray tracing uses Monte Carlo integration to solve the rendering
equation� This technique was introduced by Cook et� al� and was notable
because of its simplicity and its ability to simulate areal luminaires� camera
lens e�ects� motion blur� and imperfect specular re�ection���� Distribution
ray tracing has been extended and modi�ed by many researchers� most no�
tably by Kajiya who added true indirect illumination�	
�� Distribution ray
tracing has also been used as the viewing component of radiosity systems
�e�g ��
� ���� In this paper we examine some of the central issues of distribu�
tion ray tracing that have been overlooked in the literature but are still of
importance�

Our interest in distribution ray tracing arises for three basic reasons�
The �rst reason is that we believe any rendering system that has imperfect
specular re�ection �e�g� brushed steel� will use distribution ray tracing as a
viewing method� Second� distribution ray tracing is a natural way to render
outdoor scenes� where the e�ects of single and double re�ection dominate
color� and where the geometry is extremely complex� Third� it is possible to
run ray tracing on large distributed memory multiprocessors�
���

Although the implementation of a simple distribution ray tracer is usually
implied to be straightforward� there are several important implementational

	



issues that have not been discussed in the literature� and the relationship be�
tween distribution ray tracing code and distribution ray tracing theory has
never been completely stated� In this paper� we present some implementa�
tional and mathematical details that we have found to be important in the
design of our software� In Section 
� we discuss the basics of Monte Carlo In�
tegration and Quasi�Monte Carlo integration� In Section �� we apply Monte
Carlo integration to pixel �ltering and use this as an example of how the
mathematics in�uence the design of distribution ray tracing code� Section ��
we discuss the illumination calculations in a distribution ray tracer� This sec�
tion argues that illumination calculation is not well understood and discusses
some problems that need further research� Section � discusses the need for
perception based display of the output of a distribution ray tracer� Section �
discusses several implementational considerations we feel are non�obvious and
have recently forced us to redesign our software� Finally� Section 
 summa�
rizes our results and current plan of research�

� Monte Carlo Integration and Quasi�Monte

Carlo Integration

In Monte Carlo integration� random points with some distribution are used
to �nd an approximate value for the integral� For an integral I of a function
f over some space S� we can generate an estimate of I using some set of
random points �� through �N � where each �i is distributed according to a
probability density function p�

I �
Z
x�S

f�x�d�x �
NX
i��

f��i�

p��i�
�	�

Although distribution ray tracing is usually phrased as an application of
Equation 	� many researchers replace the �i with more evenly distributed
�quasi�random� samples �e�g� ��� 	���� This approach can be shown to be
sound by analyzing decreasing error in terms of some discrepancymeasure����
��� 	�� 
�� rather than in terms of variance� However� it is often convenient
to develop a sampling strategy using variance analysis on random samples�
and to instead use non�random� but equidistributed samples in an implemen�
tation� This approach is almost certainly correct� but its justi�cation and
implications have yet to be explained�






We often have integrals that take the form of a strictly positive weighted
average of a function�

I �
Z
x�S

w�x�f�x�d�x

where w is a weighting function with unit volume� To solve this by Equa�
tion 	� the optimal choice for the probability function is p�x� � Cw�x�f�x��
but as is often pointed out� this choice requires us to already know the value of
I� Instead� people often either choose uniform p� or set p�x� � w�x���� 
�� 	���

In graphics we usually repeatedly perform an integral using many di�erent
f chosen from some set of functions F � To decide which p to use� we could
try to minimize the average variance of our estimate across all f � F � We
cannot do this with such a vague de�nition of F � but we can approximate
our situation in graphics by assuming that we are no more likely to have
large values of f in a particular point in S than any other� This leads to the
conclusion that the average value of f��x� at any given x is some constant
� f� �� The average variance of the estimator I � � w���f����p��� is then
just�

varave�I
�� �

Z
x�S

w��x� � f� �

p�x�
d�x � I�

Which can be shown by calculus of variations to be minimal when p �
w� This implies that the intuitively appealing choice of p � w has some
theoretical justi�cation as well�

� Pixel Filtering

The color of a pixel I�i� j� can be expressed as an integral�

I�i� j� �
Z
p�S

w�p�L�p�dAp �
�

where p is a point on the viewport �or �lmplane if a camera model is used��
L�p� is the radiance seen through the viewport at p� and S is the non�zero
region of the �lter function w�

Like other parts of the full rendering equation� Equation 
 can be solved
by Monte Carlo Integration� Rewriting with the assumption that the same
origin�centered weighting function is used for every pixel yields the estimator

�



�

I�i� j� � 	

N

NX
k��

w�xk� yk�L�i� ��� � xk� j � ��� � yk�

p�xk� yk�
���

This assumes a coordinate system where a pixel �i� j� has unit area and is
centered at �i� ���� j � ���� as suggested by Heckbert����

But what is a good p� Does the analysis from the last section imply that
we should choose p � w� We are applying the same p to a large number
of integrals with di�erent L� and saying that there is an average � L� �
over a large number of pixels and images is not unreasonable because the
distribution of intensities is fairly uniform if taken over many viewing frames�
In other words� the bright spots will not favor particular places on the �lm�

Once a w is chosen for �ltering� implementation is straightforward pro�
vided that w is strictly positive �as it must be if negative pixel colors are disal�
lowed�� Points can be chosen uniformly from ��� 	�� and then a warping trans�
formation can be applied to distribute the points according to w��
� 
�� 	���

For several practical and theoretical reasons�

� we have chosen the width

 weighting function that is non�zero on �x� y� � ��	� 	���

w�x� y� � �	 � jxj� �	 � jyj� ���

We generate random points with density equal to w by applying a transfor�
mation to a uniform random pair �r�� r�� � ��� 	��� The transformed sample
point is just �t�r��� t�r��� where the transformation function t is�

t�u� �

��
�
�	 �p


u if u � ���

	 �
q

�	 � u� if u � ���

� The Two Forms of the Rendering Equation

In this section we describe how a distribution ray tracer uses Monte Carlo
integration to solve the rendering equation� This amounts to designing a
probability density function p� This is a solved� but tricky� problem for di�use
and ideal specular surfaces� However� it is not only an unsolved problem for
imperfect specular surfaces� we show that the simple di�use and specular
strategy does not easily generalize to the imperfect specular case for certain
BRDF�
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Figure 	� De�nitions for the rendering equations�

The rendering equation can be written down in two basic ways� inspired
by the two diagrams in Figure 	� It can be written down in terms of all
directions visible to x �as in �	����

L�x� �� �
Z
incoming ��

��x� �� ���L�x� ��� cos 	d
� ���

or it can written down as an integral over all surfaces �as in �	
���

L�x� �� �
Z
all x�

g�x�x����x� �� ���L�x�� ��� cos 	
dA� cos 	�

kx� � xk� ���

Equations � and � suggest two di�erent Monte Carlo solutions� If Equa�
tion � is used� then a scattered ray is sent from x in a random direction�
If Equation � is used� a shadow ray is sent to each luminaire to evaluate g�
Interestingly� a standard distribution ray tracer does both of these things�
Equation � is used for perfect mirrors� and Equation � is used for direct
lighting on di�use surfaces�

This combination of solution methods makes the implementation of this
part of a distribution ray tracer very confusing� We show that the imple�
mentation can be directly mapped to the mathematics� and discuss how this
is intimately related to the BRDF � at x�

When Equation � is used� we can view ��x� �� ��� cos 	 as a weighting
function and sample according to it� Because there is some energy absorbed
by a surface� this gives us the estimator�

L�x� �� � R�x� ��L�x� �� �
�

�



where � is a random direction with density proportional to ��x� �� ��� cos 	�
The re�ectivity term is simply�

R�x� �� �
Z
incoming ��

��x� �� ��� cos 	d


For an ideal specular surface� the � will always be the ideal re�ection di�
rection� For a dielectric� � can be chosen randomly between re�ected and
transmitted directions�	�� or it can be split into two integrals as is done in
a Whitted�style ray tracer��
�� For a di�use surface� � will be follow cosine
distribution� p���� � cos 	���

When Equation � is used� the sampling takes place over all surfaces in
the environment� In practice� only the direct lighting is calculated� so the
integration space becomes all luminaire surfaces� This can be split into one
integral for each surface���� or can be viewed as a single sampling space�	��
���� To simplify this discussion� we will assume only one luminaire� so the
sampling space is just a single surface� Looking at Equation �� an ideal
estimator for di�use luminaires would result if we sampled according to the
density�

p�x�� � Cg�x�x����x� �� ��� cos 	
cos 	�

kx� � xk�
where C is a normalization constant� In practice� this isn�t practical because
the geometry term g and the BRDF � can be very di�cult to character�
ize� Instead� many researchers��� 	
� sample uniformly within the solid angle
subtended by the luminaire� which yields�

p�x�� � C �
cos 	�

kx� � xk� ���

Even this must only be approximated� for polygonal luminaires����� but can
be exactly applied for spherical luminaires�	�� ���� If Equation � is used to
choose points on the luminaire� then radiance can be estimated to be�

L�x� �� � g�x�x����x� �� ���L�x�� ��� cos 	
 ���

where 
 is the total solid angle subtended by the luminaire as seen by x�

�Eric Chen has pointed out that any shape can be sampled uniformly in solid angle if
a rejection technique is used� but that this makes it hard to maintain strati�ed sampling
�personal communication�
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Possible scattered rays

Actual scattered ray

Implicit method: if scattered ray hits luminaire
then a bright sample is returned.

Actual scattered ray

Not sensitive to light
emitted from luminaire

luminaire

Shadow ray

Explicit method: shadow ray sent to
luminaire and scattered ray calculates
only indirect lighting.

Figure 
� Implicit and explicit lighting calculation�

We call the use of Equation � an implicit direct lighting calculation be�
cause any scattered ray that hits a luminaire will account for light from
that luminaire� The use of Equation � is an explicit direct lighting calcu�
lation because each luminaire is explicitly queried using shadow rays �see
Figure 
�� Which should be used� an implicit or explicit direct lighting cal�
culation� Clearly� the implicit method must be used for perfect mirrors�
because that method implicitly evaluates the delta function BRDF� For a
di�use surface� the explicit method is usually used for direct lighting� and
the implicit method is used only for indirect lighting�	
� �	� 	��� To decide
which method to use we analyze the variance of each method in a simpli�ed
case� a di�use luminaire S subtending solid angle 
 with emitted radiance
E� and no absorption�� We also assume that there are no other objects other
than the one being illuminated� so the background radiance is zero �the lu�
minaire is the only radiance source�� The estimator for the implicit method
becomes�

L�x� �� � L�x� ��

where � is distributed according to probability density function ��x� �� ��� cos 	�
The term L�x� �� will be E if � goes toward the luminaire� and zero otherwise�
We can write down the variance of this estimator� var� as an integral over

�Omitting this restriction yields the same result� but more algebra is required�






Figure �� Phong spheres with luminaire to the right� Phong ex�
ponent is constant in each row� To to bottom� N � 	�� ��� ���


�� Luminaires increase in solid angle from left to right� with 
 �
�������� ���	
��� �������� ��	���� ��
���� 
� sr� In each frame� scattered rays
are sent on the top� and explicit direct lighting is calculated on the bottom�

�



the luminaire S by eliminating the portion of the integrated function�

var� �
Z
�� toward S

�����in� cos 	E
�d
 � L��x� �� �	��

The variance� var�� of the explicit estimator is�

var� �
Z
�� toward S

�������� cos� 	E�
d
 � L��x� ��

If var� is larger� we should use explicit direct lighting� Otherwise we should
use an implicit �scattered ray� calculation� We can evaluate the quantity
var� � var� and test its sign to see which method is to be preferred� This
quantity is�

var�� var� � E�

Z
�� toward S

������� cos 	�	� 
������� cos 	�d
 �		�

For the case of a di�use surface �� � 	���� and a spherical luminaire directly
above x� the equality case for variance di�erence occurs when 
 � 	����� sr��
so using the second method is best unless the luminaire is very large �such
as a cloudy sky��

A more interesting case is imperfect mirrors� We use a Phong�like BRDF
similar to the one used in �	��� The probability scattering function for a
direction is�

p��� 
� �
N � 


��
cosN

�



where � is the angle relative to the ideal re�ection direction� 
 is an an�
gle around the re�ection direction� and N is a Phong�like exponent� As N
becomes large� the behavior becomes that of a mirror� The energy conser�
vation properties of this function become increasingly unphysical as N gets
smaller� but it is approximately correct and is easy to implement� A scattered
direction can be generated with the warping function

��� 
� � �
 arccos��	� r��
�

N�� �� 
�r��

where r� and r� are random numbers on ��� 	�� Applying Equation 		 to the
Phong function� yields an expression with the same sign �positive constants
eliminated� as�

��N � 	��	 � cosN��
�



�� �N � 
���	 � cos�

�



��	 � cos�N��

�



� �	
�
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When this expression is zero� it is a borderline decision whether to calculate
using the direct lighting implicitly or explicitly� We have used Methematica�s
root �nding feature for several values of N on Equation 	
 to �nd what solid
angle 
 �in this case 
 � 
��	 � cos��� the luminaire S should cover for
a borderline decision� Our results are that for N � 	�� ��� ��� 

�� we get

 � ���	
��� �������� ��	���� ��
��� respectively� In Figure �� we test the
expression in Equation 	
 by testing both the implicit and explicit method for
N � 	�� ��� ��� 

�� If our analysis is correct� we expect near equal accuracy
for the �fth column from the left in the top row� and one step to the left for
each successive row� thus ending with equality in the second from the left in
the bottom row� This agrees fairly well with the actual pictures�

The unfortunate implication of this test case is that deciding between the
implicit and explicit method is not a local problem� The decision cannot be
made soley on material properties of an object� In fact� the correct method
may vary for di�erent points on a particular object� This issue clearly needs
further investigation� and perhaps more complex probability density func�
tions are the ultimate solution�

� Representation of Output

Most rendering programs use a simple mapping to take �oating�point ra�
diance values to limited precision �e�g� ��bit per channel� pixel values� A
common technique is to set an arbitrary radiance value to be white �e�g� 	���
and scale other radiance values in kind� If this is done� then the luminaires
in the picture will usually have radiance values far above the white point�
These high radiance values also map to white� This brings up a problem
on luminaire edges� the samples on the pixel that are within the luminaire
boundary have high radiance values �e�g over 	���� and the samples outside
the luminaire boundaries have a small radiance value �e�g� ��	�� When we
average these samples and then map them to pixel color� even one luminaire
sample will send the pixel to white� This produces jagged luminaire bound�
aries� If we map to color and then average� the luminaires will be nicely
antialiased� but other pixels will have incorrect estimates �e�g� a white pixel
with half the samples at ��� and half at 	�� will map to ��
� which is too
dark��

This problem stems from the �nite dynamic range of computer graphics
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display medium� This problem is very serious in any system that has visible
luminaires� One way around this problem is to use a �oating point output
format such as that used in Ward�s Radiance program����� and to convert
to a displayed image using a perceptually based spatially varying map such
as the one used by Tumblin and Rushmeier����� This will map the same
radiance values to possibly di�erent pixel colors on di�erent parts of the im�
age� and will thus be much more complicated than the spatially constant
map� but will solve the problem of images with great ranges in radiance�
Further modi�cations can include corrections for dark adaptation and chro�
matic adaptation of the viewer� For example� in a virtual reality system� a
user entering a house lit by incandescent light from outside at night should
�rst see a very bright yellowish scene� and should gradually adapt to see a
neutral normally illuminated room� Especially dark scenes should lose their
chromatic qualities� For especially bright spots in a scene� e�ects such as
those used used by Nakamae et al��
	� have proven e�ective�

� Implementational Issues

Although usually talked about is if trivial� writing a full�blown ray tracer is
di�cult� and object�oriented design techniques have proven useful�	�� �� 
���
We outline some of our more recent design decisions in this section�

In implementing a camera model���� we have assumed a thin�lens camera
model based on the fundamental rules of a thin�lens� We have not modeled
the cos�� 	 fallo� in intensity at the �lm�plane� because real cameras include
corrections for this e�ect�
��� We have also allowed moving a camera with
changing �eld�of�view� When doing this� it is important to generate the
rays in the original object space� rather than transforming the objects into
a canonical viewing space� because the latter would force the objects to be
transformed for every ray�

Both �	�� and �
�� suggest that objects have a simple hit routine and a
query function to later determine material properties for the nearest object�
We have found that this is an unnatural approach if procedural objects are
used� because the objects will have to be regenerated to get orientation and
material information� Instead we can have the hit routine calculate all in�
formation� This makes the implementation procedural objects cleaner at the
expense of a simple hit routine� We decided against caching any information

		



because we want to port our implementation to a distributed system� where
it helps to have a read�only scene database�� Currently� we have three sepa�
rate hit routines� one for viewing rays� another for shadow rays� and a third
for power �radiosity� rays� This is because the power rays do write to the
database� so splitting of the routines was essential�

We organize our objects by maintaining a linked list� where each un�
bounded or in�nite primitive �e�g� in�nite plane� �eld of multiple instance
grass� occupy one node in the list� and all bounded primitives reside in a
BSP tree�		� ���� The BSP tree also occupies one node in the list� Our
code has been designed in the spirit of �	��� where every object or object
collection can be treated with the same interface� so the management of a
list containing both simple primitives and a BSP tree is straightforward to
manage� To support multiple instancing� we allow subdivision structures to
be nested arbitrarily as in �	���

We have adopted a fairly simple adaptive sampling strategy in the spirit
of �	
� 
��� More e�ective strategies have been demonstrated for textures�����
but we have not pursued these because our system is targeted at environ�
ments where most complexity comes from geometry rather than texture�
Schlick has implemented an e�ective antialiasing scheme for distribution ray
tracing�
��� but his initial sampling phase could miss detail in a highly com�
plex environment� so we have not implemented his method�

For a material model� we allow �ve types of surfaces�
��� luminaires� lam�
bertian� conductors� dielectrics� and polished� The last three allow a Phong
style exponent to control specularity� The chief di�erence between our model
and more traditional ones is the inclusion of Fresnel Equations for the re�
�ectivity of conductors� dielectrics� and polished materials� We have not
implemented a more physically based model for BRDF functions� such as
the one recently presented in �
�� because we have not found an analytical
attack on the mathematics of scattered ray distribution� We also allow solid
textures�
�� to modify material parameters such as the amount of polish on
a surface� We have tried to allow e�ects such as those in ���� while still
disallowing physically invalid materials� This is the part of the code where
we are the most unsure of proper design�

�Andrew Glassner has observed that this caching could take place while maintaining
the read�only condition if a more complicated object intersection code is written� and it
is perhaps desirable to put the complexity within the intersection routines rather than in
the interfac �personal communication��

	




We use a spectral color model in our code with twenty one evenly spaced
spectral samples from ���nm to 
��nm� We originally implemented the four
unevenly spaced spectral samples suggested by Meyer�	��� but we found that
metallic colors generated using the Fresnel Equations lacked richness with
only four samples� In all other ways� the four samples were satisfactory� We
have had di�culty �nding spectral re�ectance data for many materials� Two
of our most valuable sources have been �

� for conductor parameters� and
�
� for the re�ectance data for common artist pigments� We still support
the input of RGB data for texture maps and di�use re�ectances� and use
the Glassner�s method��� to choose a plausible spectrum associated with the
RGB triple� The most important consideration here is the selection of basis
functions that disallow negative spectral values at any wavelength� This can
be accomplished by using the RGB primaries associated with the RGB input
as basis functions�

For sample point selection� we choose N sampling points from ��� 	�N in
the spirit of �	��� and then use appropriate warping transforms for our sample
points to be distributed properly �e�g� points on the disk of the camera lens�
re�ected ray directions�� Whether better distributions could be obtained by
sampling directly �without warping� in the integration domain is an open
question�

One of the most di�cult sections of the code deals with the interaction
of viewing rays and objects� As mentioned in Section �� a specular surface
may calculate direct lighting implicitly by sending a scattered ray� A di�use
surface will also send a scattered ray� but only to calculate the indirect light�
ing� This means that di�erent scattered rays may be evaluating di�erent
integrals �one the light from all surfaces� the other the re�ected light from all
surfaces�� This bookkeeping is handled by associating a parameter with each
ray specifying which integral is being solved� A viewing ray also carries along
two sampling pairs to choose shadow rays and re�ection rays in a strati�ed
manner� If one of these pairs are used �e�g� a shadow ray is generated by
using the pair to choose a point on a luminaire�� then the re�ected ray will
carry a newly generated random pair� If it is not used �e�g� a perfect mirror
is hit by the ray�� then the old pair is carried by the re�ected ray� This will
prevent re�ections of shadows being noisier than directly viewed shadows�

For scenes with many luminaires� it is important to optimize the gen�
eration and use of shadow rays� Instead of pruning methods� which have
been shown to work on scenes with many luminaires���� 	��� we use prob�
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abilistic methods� We send only one shadow ray to all luminaires����� For
extremely complex scenes with thousands of luminaires� we construct a spa�
tial subdivision structure with each spatial cell containing a list of important
luminaires��	��

� Conclusion

In this paper we have discussed some theoretical and practical issues involving
distribution ray tracing� The most important result in this paper was dealt
with in Section �� choosing between explicit and implicit direct lighting
calculations cannot be optimally done based on BRDF characteristics� the
relation of an illuminated point and the luminaire must also be considered�
This eliminates any possibility of a simple low�noise implementation of ray�
object interaction in a distribution ray tracer� unless much better sampling
methods of complex probability density functions are developed�

We believe that many of the implementational problems we have en�
countered over the years have also been encountered by other researchers�
Unfortunately� the literature communicates very little of this information�
As evidence of this� one should note that SIGGRAPH course notes are of�
ten referenced more than o�cial journals� We think that researchers should
publish more implementational details of their systems� because the transla�
tion of mathematical and physical principals is often very interesting science
itself�

In the future of distribution ray tracing research� we need to develop
better adaptive sampling techniques� support for procedural objects such
as displacement maps� procedural material properties� and examine di�erent
ways to incorporate radiosity calculations into subenvironments of our scene�
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