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This lecture covers the basics of Fourier Analysis.

1 Background

Images are made up of dots. This is true no matter what kind of image you are dealing
with, be it paper, a monitor, photo film, a painting, etc. Therefore, we want as much
spatial resolution as possible. This is however limited to our media, be it the screen’s
resolution or film granularity.

Because images are made up of dots, it is impossible to display the correct image.
The image is merely a discrete sampling of a continuous function. This introduces errors
known as aliasing. There errors arise because we are throwing away information. The
trick is to be very careful with what you throw away.

To make matters worse, the human visual system fills in the data that we discard, so
we need to be careful about how the viewer will interpret what is shown to them. We
want the interpreted signal to match the original signal as closely as possible. The tool
we use for analyzing the quality of this match is Fourier Analysis.

2 The Fourier Transform

A Fourier Transform respresents a signal in frequency space. This representation helps us
understand what happens when a signal is turned into a bunch of samples. The Fourier
Transform decomposes a signal into a weighted sum of sines and cosines. The Inverse
Fourier Transform converts a signal in frequency space back into the time domain.

2.1 Basis Functions

Functions can be represented as a weighted combination of simpler basis functions. A
simple example is points in Euclidean space, where our reference frame is the origin and
three perpendicular unit vectors, X, y, and Z. To represent any vector V', we specify three
coordinates: V,, V, and V,. These are weights:

V=Vt +Vg+V,2=Vez)t+(Ve)y+(Ves:): (1)
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Figure 1: Example 5-unit bar chart functions (1,4,2,3,2) and (2,3,4,3,1)

2.2 Projecting Functions

Given any 1D function y = f(z), basis functions ®;(x), and scalar weights ¢;, we can
write:

f(z) =c1®P1(z) + c2Po(z) + ... + cPp(2) (2)

For example, consider the following 5-unit bar chart functions in figure ??.
The basis functions are:

o |1 i-1<t<i
7)1 0 otherwise

where ¢ € {1,2,3,4,5}.
Two questions that may arise about bases are:

1. How many do we need?

2. Is our set complete?

As an informal answer, it is good for basis vectors to be orthogonal.

2.3 Orthogonality

What does it mean for a pair of functions to be orthogonal?
Over some interval, ' = [t1, t5],

[ @m0t = (@jaey S0 7T (4)
w7 e #+0 otherwise
(the bracket notation can be thought of as a generalized dot product)
So the projection of any function in the set onto any other function in the set is zero.
Orthogonal sets are normalized if
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(®;|®;)r =1 (5)
(1i®s| s ®i)r = 1 (6)
17 (@3] ®i)r = 1 (7)

1

-1 8

Iz @ o0 (8)

So how do we project a function f onto an orthogonal basis {®;}? Come up with a
set of coefficients {c;} such that:

7~ Y i) 9)

Minimize the approximation error over some interval t; to ¢3. This can be done by
calculating the mean squared error MSE.

MSE = tzi » /: (f(t)—éc@i(t)) dt (10)
MSE = e . /tt (F() = 1By () — co®(t) — ... — ca®p(t))? dt (1)
msp= L ("0 + 3030 + 0300 + ..+ G20

26, f(E)B1(8) — 202 £ (B)Ba(t) — ... — 2, (D) B (2)) (12)
Let R; = <q)z|q)z>1", and Yi = <7|(I)z>1"

1
to — 1

MSE =

t2
{(/t f2(t)dt) + C%Ktl + cgmz 4+ ...+ cimn —2¢171 — 2CY9 — ... — 2cn'yn}
1
(13)

2
ite 2k — 20y = (e /s — i)™ — %
We write c;k; — 2¢;7y; = (Cz\/ ki Jni) » 50

1 ta n
MSE:t - {/t f2(t)dt+;(c\/;?—

2 U

n 2
Yi e e
\//-T,-) ;’%}

The goal is to minimize the mean squared error, but the only term we have control
over is ¢;. So we set the only term involving ¢; = 0.

(14)
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ci\/m_,-—\’/y;_izoﬁc,-:z-: (15)
_ (f1®)r
“= (@] ®i)r (16)

2.4 The Complex Exponentials as a Basis
Let U, (t) = ™. ¥ is periodic with a period of T' = 2.

2w

w

to .
(W [Upp = [ et gt (17)

to

For n = m, this obviously turns out to equal the period 7. but when n # m,

1 to+32L
\I/n ‘Ifm — i(m—n)wt 18
< | >P z(m — n)we ™ ( )
1 t(m—n)w 2w (m—n
(U, | W)r = o n)we( Joto (ef2nm=n) _ 1) (19)
0
(U, |¥)r =0 (20)

3 The Fourier Series

Our goal is to represent a continuous, periodic function as a sum of complex sinusoids.
We already know that these functions are an acceptable basis!
Consider a periodic signal z(t) with period T = 22. We can recover the original z(t):

z(t) = Zakeikwt = (a|Pg) (21)
k
Recall that
 (Wfz)r 1

Equation ?? is called the Synthesis Equation and equation ?? is called the Analysis
Equation. The ay’s are called the Fourier Series Coefficients, or the Spectral Coefficients.

Unfortunately, this only works for periodic functions because of the orthogonality on
an interval
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x(t)

IV ”\J(\”\”\

Figure 2: Aperiodic signal x(t) and a periodic version %(t)

4 Continuous Fourier Transforms

The basic idea is to approximate an aperiodic signal with a periodic one. We start with
an aperiodic signal z(t), where we are interested in some interval [a, b].

We design a periodic function X(t) = z(t) if ¢ € [a, b]. X(t) simply repeats the interval
over and over.

The trick is to extend [a,b] to include the zero function on the left and right.

[a,b] = [a —d,b+d]

b — a = w, and the period of X(t)=T > w if d # 0.
The Fourier series coefficients for X are:

]_ ~ ]- 71&)
o= U 1.2 = F (W) g2 = F(Wle) = 5 [aO S @3

These ay, are essentially scaled samples of a continuous function, X (w).

X(w) = / o(t)e"“tdt = (W) (24)

So
= 1X k 25
ar = T (wk) (25)

We have constructed this new periodic function and analyzed it to get these coeffi-
cients. What do they synthesize?

2(t) = (a|¥) (26)

#(t) = (%X(wkhl!) (27)

B(t) = o (X(@h)|¥) (29)
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Figure 3: X (wk)eth«t
(29)
(30)

What is this summation?
Remember that we want 7" — oo so this periodic function %X(t) becomes z(t). But as

T — 00, w — 0, so this summation simply becomes the integral!

1 foo -
- X iwt 1
2(t) = 5 /_ "~ X(w)e'dw (31)
We now have the analysis and synthesis equations, 7?7 and ?7?:
X@) =5 [ alt)e “dt = o (¥]a) (32)
o2 ) Con
z(t) = /oo X (omega)e™tdw = (V|z) (33)
X and z are called a fourier pair.
X(w) = F{z(t)} (34)
z(t) = FH{X(w)} (35)
z(t) 2 X (w) (36)
4.1 Example: The box signal
Recall the box signal looks like Figure ?7?.
(37)

X(w) = /o:o Bozx(t)e ™“dt
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w
2 —iw
X(w) = /le tdt (38)
w
X(w) = Wsinc(%w) (39)
Does this make sense? We can prove it by synthesizing it!
1 oo w ot
I ; e iw 4
z(t) o /oo Wsmc(27rw)e dw (40)
1 oo sin(rlw) .
)= [ Wl 41
=(t) 21 J—o0 W%w ¢ (41)
1 oo 2 w :
z(t) = o Wsin(?w)e“"t (42)
1 0 in(<W
2(t) = - / [coswt + i sinwi] %dw (43)
1 0 in (W o] im (eW
z(t) = —/ cos wtmdw +i/ sin wtmdw (44)
™ J—0 w —00 w

The second term in this equation is an odd fcuntion, so the integral is zero! We can
look up the solution to the first term in a table of integrals:

1 oo sin
z(t) = —/ cos wt#
mwJ—00 w

wW) 1 ‘t‘<
dw = % t| =% (45)

0 otherwise

S

Equation ?? is actually the box function! This verifies our original analysis equation.
We can also do this the other way around. Starting with the Box spectrum, we can
analyze it and synthesize it to give a box.

1 oo )
z(t) = %/_oo Box(w)e™tdw (46)
1 (5,
o(t) = 5= [, €dw (47)
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z(t) = %Wsinc( W

—t
T 2T

) (48)

The proof is the same except the zero term has a minus instead of a plus.

4.2 Example: Gaussians

An unnormalized gaussian can be represented as

2

g(t) = e (49)

) +2 1
Todt= —— 50
/—ooe 0'\/27'(' ( )

The Fourier Transform is:

Gl)= [~ emtetar = [~ ety (51)

By completing the square, we get:

Gw) = [ e -4 g (52)
Glw) = e % / ~ e (53)
Glw) = e 5 (54)

This is a Gaussian!

4.3 Example: Delta Functions

2(t) = 6(t) (55)
X(w) = [ 7 5()e et dt (56)
X(w) =e° (57)
X(w)=1 (58)

So the fourier transform of a spike is a flat signal. This is known as a DC signal. The
value of a fourier transform at w = 0 is called the DC component.
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4.4 Example: Shah Functions

Consider a shah function with spikes at intervals of T apart, >, (¢t — k7). The fourier
coeflicients are %, and the fourier transform is

X(w) = ?25(w—k?) (59)

which is another shah function!

5 Fourier Transforms of Periodic Signals

Consider a simple example:

X(w) =2m6(w — w,) (60)

The inverse fourier transform of this function is

o(t) = % |7 x(@)etaw (61)
z(t) = % /_o:o 26 (w — w,)e™ dw (62)
z(t) = e“tdw (63)

This makes sense. et has only one frequency, w,.
In general, we can consider some periodic signal x(t) with fourier series coefficients

X(w) = ; 2magd(w — kw,) (64)
o(t) = % [ Z(; 2mard(w — hwy))etduw (65)
z(t) = Xk:ak /5(w — kw,)e™ dw (66)

z(t) =Y ape™* (67)
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6 The Convolution Theorem

What is the Fourier Transform of a convolved signal?
Y(w)= / f ® he“'dt

/oo /o:o f(T)h(t — 7)dre "“'dt

(e}

/oo f(7) - h(t — 1)e “'dtdr

e} —o0

Y = [ f(re“ Hw)ir
Y(w) = F(w)H(w)

(70)

(71)

(72)

So convolution in the time domain is multiplication in the frequency domain! We can

similarly show the inverse:

f)h(t) = F(w) ® H(w)

(73)



