Derivation of the 2-D Model of Walker Dynamicswith 3-D
Forcesand Moments M easured at the Handles

February 2004

Cunjun Huang, Graduate Research Assistant
Pradip Sheth, Associate Professor

Mechanical and Aerospace Engineering
School of Engineering and Applied Science
University of Virginia

Charlottesville, VA 22904



INTRODUCTION

The walker, shown in Figure 1, consists of the frame, the power train and electronic box
that are connected to the frame tightly, so we can consider them as arigid body. The two
rear wheels are connected to the frame by revolute joints. Considering the low mass and
low speed of the walker usage, the two rear wheels are not considered as additional rigid
bodies in this model, but their inertial property are included with the main rigid body
(rigid body 1). The front caster wheel is modeled as the second rigid body to reflect the
offset effect of the caster wheel to the user. So in this model, there are two rigid bodies
involved. Two local coordinate systems and one global coordinate system will be defined
to illustration their kinematic relations (figure 2). The three wheels may aso have
nonholonomic constraints on the system, depending upon the friction forces involved.

Figure 1. Photograph of the Walker Used For Model Devel opment
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Figure 2 orientation of the local and global coordinate systens used in the model

Derivation of homogenous part of the system dynamics

Consider rigid body 1 representing the majority parts of the walker, the transformation
from the global coordinate system [xo,yo]T to local coordinate system [)(1,y1]T is given

by:
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1Yop &. sinq, cosq, §vip
Where: [XW, yW]TiS the position of the origin of the local coordinate system defined in
rigid body 1 relative to the global coordinate system (figure 2).
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So the transformation matrix is: Ay, = gxw coy, - sinqwg (2)
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For the rigid body 2 representing caster wheel, the transformation from the global
coordinate system [xo, yo]T to local coordinate system [xz, yz]T isgiven by:
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where: A, = gxc sing. - €osq. Yare the transformation matrix from local coordinate

gy, coxy, sing. {
system 2 to local coordinate system 1.

In 2D case, the kinematic energy of the rigid body can be expressed as'?:
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m is the mass of the rigid body. [u,v]is the position of the center of body mass in the

body local coordinate system. |, is principle inertial property of the body around axis of
rotation. (x,y) are the coordinates of the origin of the local coordinate system in the global
system. q is the absolute rotation angle of the local coordinate system in the global
system.

y,} of the
rotation axis of the two back wheels, then we choose position {x, ,}" and rotation

We define the origin of the walker frame to be in the middle point {x

w

angle q,, of the origin of the frame, together with the rotation angle q, of the caster wheel
relative to walker frame to be the 4 general coordinates needed in this dynamic model.



For the rigid body 1, three general coordinates {x, vy, d,}" ae related with the
kinematic energy of rigid body 1.
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Because M, is a positive definite and symmetric matrix, we can use the following
property of this kind of matrix:
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For rigid body 2, all the general coordinates are related with its kinetic energy. Following
shows how to represent the kinetic energy with these general coordinates.
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Thus the first derivatives of the position and angle of the origin of the caster wheel can be
represented as:
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Then the kinetic energy of rigid body 2 can be written as:
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Because M, is a positive definite and symmetric matrix, we can use the following
property of this kind of matrix:
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Put the above equations into LaGrange equations, and synthesize them together, we have
the following governing differential equations for this system:
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Cisthe coupling items:
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Nonholonomic constraints in the system

In this model, there exist 3 possible nonholonomic constraints in the system, two for the
back wheels and one for the front caster whesl.

A. First, the nonholonomic constraints for the two back wheels can be expressed as:
1V 5pg =0
(o e (18)
TV X¥pa =0

where point A and point B at the left and right point where rear wheel is mounted,
respectively.

For point A in rigid body 1:
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For point B in rigid body 1:
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Then velocity \7A ,\7B can be expressed in the following way:
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Both of them lead to the following relation:
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B. For the caster wheel, the location of the center of the wheel can be represented as:
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Then its velocity can be represented as:
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The displacement vector 1, from the hinge joint to the center of the wheel in global
coordinate system can be got from:
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So Moo = thr + yth = LcSin(qc - qw)r + Lc COS(QC - QW)I (28)

For the caster wheel constraint, there exists such relation: the velocity of the center of the
wheel V_,in this 2D planshould be parallel to the displacement vector T, of the center of
the caster wheel to itsrotation joint on the walker frame:

S/ICO — yhc
Yo — Yhe (29)
X1c0 th

Hence we get the second kinematic constraint equation for the system:

SN, - ). - c0g0, - du)%, +(x.sing, +y, cosa. b, + L@, - d;)=0 (30)
which is due to the nonholonomic constraint from the caster wheel.

S0 (24) and (30) form the nonholonomic constraint equations for this system.

General forces for the system

To get the general forces for the system, the actual forcessmoments added on the walker
system in this planar case are: forces and moments exerted on the two handles of the
walker, friction forces on the three wheels and the forces due to nonholonomic
constraints.

In order to solve for the friction forces on the three wheels, we assume that the three
wheels of the walker aways contact the ground. Thus, we can get reaction force in
vertical direction using the equilibrium principle. There are three static equations:
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Then the vertical reaction forces are;
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where: Fy, Fy1, Fa, Ta, Ty, Fe, Fy2, F2, Tee, Ty2 are signals from the two load cells. L is
the distance between the two back wheels. d is the distance of the caster to the axis of the
back wheels. h is the height from the load cell to the ground. L. is the projection length to
the x-y plan of the distance from the center of the caster wheel to its hinge joint with the
frame. (u,, Vi) are the position of the center of mass of the walker, mis the mass of the
walker. (xi,y1) are the position of the left load cell relative to the center of left back
whesel. All the coordinates are expressed in the frame’s local coordinate system.

To identify the direction of the friction, we need to know the velocity of the whedl axis
relative to its the local coordinate system.

For point 1:
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then the projection to the local coordinate system 2 is:
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In this case the direction of the friction is determined in X’ direction:
I:fricl =- S|gr](S|r]( c qW)XW + COS(qC - qw)yw + (Xc Coq, - Y. Sinqc):lw)an (36)

For point 2 (A):
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then the projection to the local coordinate system 1 is:
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In this case the direction of the friction is determined in y’ direction:
- . . L-o
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Similarly, for point 3(B):
L -
Fiics = sgn@ sing,,X, +c0sq,Y,, + qu (41)

Also consider into the system the friction torque on the rotational joint connecting the
two rigid bodies, which is chosen to be approximated as to be linearly dependent on the
relative rotational velocity.

Then the virtual work done by these forces’moments are:
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where: Fuq, Fy1, Fa, Ta, Ty, Ta, Fee Fy2, Fo, Tae, Tyo, T are the signals got from the two
load cells, the two load cells are mounted at the point (-xc, Vic) and (X, Yic) in the local

coordinate system on the rigid body 1 (walker frame).

The general constraint forces corresponding to the two nonholonomic constraints can be

expressed as’¥:
2
c=al,a (=12..4)

j=1
where | ;isthe corresponding LaGrange multiplier.
From (24):
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From (30):
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Then the total general forces can be expressed as.
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4. Planar dynamics for the walker
Synthesize all the cortent derived above; this model contained 4 genera coordinates

%4

I, e
.. ild . .

% ywi', and two unknown LaGrange multipliersj 'y due to the nonholonomic constraints

.I.qw.l. Tl 2%

fach

on the walker. So there are totally six unknown variables in this model. The governing
differential equations are:

M {5} +c(z, %)= {q} (48)
where: [M ] ,C(Y(, Yk)and {Q} are given out at (16), (17) and (47), respectively. There are 4
equationsin (48), together with the two nonholonomic constraint equations shown at (24)
and (30), we can get the unique solution of the six variables in this model. Thus we can

access the total information about the dynamic movement and constraint forces that we
need to know to investigate user intent and further control issues.

5. Transform the model into standard format

To do the simulation, first, the two LaGrange multipliers are needed to be taken off from
the equations.

To do that, we rewrite the fourth equation of (48) as:
I2='r[M41Xw+M42yw+M4ﬂw+M44qC+C(4)+ch] (49)

substitute into the first equation of (48):
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substitute (49), (50) into the third and second equations of (48), respectively:
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(51)
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¢ SIgnE Sing,%, +C0Sq, i +—G N, £ I
e 2 g b

2
M 41XW +M 42yw +M 43dw +M 44qc + C(4)+ ch]

(52)
simplify (51) and (52), we get:
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c 9 C a
+C(3)+ (Xcs-nqc i ch Coac i LC) C(4) =- XIC I:yl - yIchl + ch Fy2 - ylc F><2 +Tﬂ. +Tz2
a”;n(qc - qw)xw 0
. © , - .
+sign+cos(g, - a.,)Y., =N, (y, sing, - x,cosq, )
g+ (Xc Cos(q, - ycs.nqc):iwé
Sign sing,x, +cosa, 3, - =d, N,
e 2 g

o sL_ (xsng, +y, cosa, + L),
G S snq,x, +cosa, ¥, +=G, N, £ ~ (53)
e 2 g gy

tga, codg - 4, )+ Sin@, - au) y, U,

é
eM,, - toq, M, +

e L, 418XW

+§I\/I22 g M, + 9 000 qL“v)+Sin( e qW)M42§yW

+§M23 - tgq, M Lo, cos(g, - qu)”fSin(qc - d,) M43?W

+§|\/|24- tquMl4+tquCOS(qc y qu)’LSin( ¢ QW)MM%-c
c U

+C(2)- tquC(1)+tqu cos(q - qlivc)"'sm(qc - qw)c(4) -

sin(g. - g, )%, 0
+signg+cosld, - d., )Y -\, [tgq,, sin(g. - d,,)- cos(g, - g,,)]

g+ (Xc €O, - ycSinqc hw;

yl y2
cosq,,

Signee sing, X, +cosq,, Y, - Lq'W N,
e 27g

B

(54)

g tngcos(qc B qw)+Sin( c” qw)
cosq,, L

N B N e Y

('DW?VOBVOVO

. . L. o
+igng” sing, %, +00sq,,y,, +-, N
e

kq,

In order to avoid the singularity of the ODE group in the solution, (24) and (30) are
derived once more:
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CO&Z‘WXW-FSinquw :SianqWXW' Cogqvﬂ.wyw (55)

- COS(qC - qw)xw +Sin(qc - qw)yw + (XcSinqc *tYy.Coy, + Lch‘w - ch‘c =

A o . (56)
- sin@, - A, )G - du X, - cos(a - A, )G - G )3 + (v Sing, - x, cosq, g,

Change the modified ODE group (53), (54), (55) and (56) into the following format:
Ax=B (57)

dled] [0.u

where: A= ;
30]4’4 [SA‘]4'4ngs
X.sing, +y.co9 . + L,
A, =M, + SN v: o, i,
sing, +Yy.cosq, +L
s, =, + SN, Y. 0% Iy,
X.sing, +y.cosq, +L
A, =M, + eSinde .o SV
S,,Am:,\,|34+(><csinqc+chcosqc+LC)MM
t - ' -
A, =M, - tgq M, + ngcos(qc qLW)+Sm(qC qW)M41
t -q,)ts -
A, =My, - tgq, My, + quCOS(qC qCV) Sm(qc qW)M42
t -q,)+sinlg, -
Ay =My - tgq My + quCOS(qC qLN) Sm( < qW)M43
t -q,)ts -
SA24=M24'tgq\/\/|\/|14+ quCOS(qC qCV) Sm(qc qW)M44
A, =coxq,,
SA‘32:Sinqw

(58)
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Vs
Qu;
de;
- %eFy = YieFa ¥ XcFyo - YicFo ¥ T4+ T,
8in(a. - a, )%, 0
+signc+ cos(d, - a,,) Y., N, (y, sing, - x, cosq,)
&+ (x, cosq, - v, SN, i, 5

B

signgg sing, X, +¢osq,,V -Lq' QNZ <

& o WA =L (x.sing, +y,cosq, +L,) .

. (3)_ X c c c c [C(4)+ kq ]’

- S'Qng' SlnquW+COSJWyW+_qW+N3: ]
e 2 g

+
CD-(VD»('stvO
|
N |

@)

sin(a. - a. )%, 0

(y;osq %2+ signg+coslg, - )Y, s, [iga, sin@. - a,,)- cos(g, - )]
) &+ (x, cosqy, - v, sing, )i, 5

6. ©

Sign&: sing, X, +cosq, Y, - Lq'W+N2 N
e 2 g

]

+sign§ sing,, X, +cosq,, Y, +%q'w gNsé
i - c(2)+tgq.ClL)-
— (2) +tga,.c()
tgq,, cos(g, - q,,) +sin(@, - g,,) :
w C w C w C4 k
: lc(@)+kd,|

cnm»aguo»o

C

u
;
:
'
:
:
:
:
:
'
:
:
:
:
:
'
|'
t
Y
i
|'
|'
|'
|'
|'
|'
|'
|'
|'
|'
|'
:
|'
|'
|'
|'
b

B e e e e e e e e e e e e e e e e e e et e e e e e e e e e e e e e e e e

' ‘ SianquN' Cosqwq yw’ o
- Sin(qc - qw)((1c - qw)xvv - COS(qC - qw)((10 - qwjl.yw + (ycSinqc - chosqchcqw

(59)

. . . . - |T
whilex={x, ¥, Q. 9 X Y Gu G
Initial conditions must comply with (24) and (30) to get correct solution.
X =A'B, use ode45 in matlab to solve.

6. Further discussions

In this model, the forces to make nonholonomic constraint exist are represented by the
LaGrange multipliers | ; and | ,. The physical meaning of these LaGrange multipliersis

| ,: The force applied on the two back wheels on their wheel axis direction. Expressed in
local coordinate, positive direction is to the right.
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| ,: The negative of the force applied on the frontal caster wheel on the perpendicular
axis of its moving direction. Expressed in local coordinate, positive direction is to the
right.

The condition that nonholonomic constraints exist is. the constraint forcel ,or | , isless
than its corresponding limit: the corresponding maximal frictional force. If the required
constraint force |, or | , is greater than its maximal friction the ground can provide, then

the corresponding nonholonomic constraint will no longer exist, the corresponding wheel
will dlide along the direction of the constraints force.

If this case happens, then we need to update the governing differential equations by
setting the corresponding constraint forcel ; to be the maximal frictional force and discard
the corresponding constraint equation from the equation group. By reducing the same
amount of variables and constraints equations, we still get the same amount of variable as
differential equations, thus we still get a unique solution of the systems dynamic
response.

In general, there will be four possible cases happening when all the wheels have contact
with the ground:

1. All nonholonomic constraints exist

2. Only frontal wheel nonholonomic constraint exist

3. Only back wheels nonholonomic constraint exist

4. All nonholonomic constraints don’t exist

1. For thefirst case, the standard format of the equations are (57), (58) and (59).

2. The second case happens when |, >m (N, +N,) or I,<-m(N,+N,), then
takel , =m (N, +N,) or I, =-m,(N, +N,).
Use (49), (51) and the following equation:
MllX\N + Mlew + Mlsqw + Ml4qc +C(1)= I:xlcosqw - I:ylSinqw + Fx2 Cosqw - I:yZSinqw
. . . x. . . . L.o 0
ain(q, - q,, )X, 6 Caign& sing, X, +cos,, ¥, - =0, N, =
.G . j . c e 2 g " =
- S|gng+ COS(qC - qw)yw _:angn(qc - qw)+ rrb 2 L 5 +S|nqw
+ - i » +Sign - Sinqw. +COS(quw+_qw+N :
g (chogqc ycSInqchwﬂ g g X 2 . 3@

+ l 1COSqw +M[M 41XW + M42yw + M43q'w +M 44q‘c +C(4)+ ch]

(60)
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M, X, +M,Yy, +M 23q‘w +M 24q.c + C(Z) =

?n( c” qw)xw 9
F)d.s.nqw + I:yl COS:]W + FXZS.nqw + I:y2 COS]W - Slgn(;+ Coiqc - qw)yw _EanCOiqc - qw)
g+(xc coy, - ycs.nqch.wé
ee. . . . L. & 0
gSIgn? anwxw +COS:1wyw - EqngZ -
nf oo,
+Gar&E . . L. o, .
Slgn(;_ anwxw +COS:1wyw +_quN3+
g e 2 g
. dn ¢ Ou . B . . .
+I 19Nq,, - y[l\ﬂ aXy T M42yw +M43qW +M44qc +C(4)+ ch]
(61)
Simplify (60), (61), we have:
coslg. - 4., 0, e cosig. - dy, 0. e codq. - 4, 0.
éMn S(CI = )M41:XW+§M12_MM42:)/W+§M13_MMHQW
9 c %) c %]
+§a%/l14 - MMM%'C =F,cosq, - F,sng, +F,,cosq, - F,sing,
c 9
a@in(q, - q,,)x, 6 Rign sing,x, +cosq,y, - =, N, 2
. G . - ) c e 2 g -,
- signg+ codd, - ., )Y, AN, Sn@,-a,) g zsnq,
& (x, cosq, - v, 9nq X, g g Sigrg- sin, X, +cosq, ,, + q N x
ﬂ

+1,cosq,, + S(q° [C +ch] C

(62)
0. sn(g, - 9, 0..
g?\/ln"' (L ) 41JW+§A22+¥M42in+§/IZ3+ (qL A )M433:]w
c c a2 c a2
+g 24 +MM44%; :Fxls.nqw-'_Fylcong+Fx2gnqw+Fy2cosqw
&@n(g. - qu ), 0
- signg+codg, - )Y, =N, codg, - q,)
g+(xc coyj. - ycs.nQCh‘wé
& > . . . L.o 0
¢signe- sing, %, +co,, Y, - =0, N, *
g € 2o ~cog
nb . e 0 - "
G+ Sign? sing, X, + o3, +3 qW9N :
e g 9
: sn@. -4, :
+1,snq, - (L—[C(4)+ ch]- c(2) 63)

C

23



(62), (63), (53) and (56) together give:

co -
SA.L1:M11' MMM

co -
A, =My, - S(qli qW)M

42
c

CO! -

SA; =My, - MM%
Co -

SA, =My, - S(qlf QW)MM

C

Sq21=|v|21+w|\/|41

C

A, =My, +MM42

C

sin(g. -
SA23:M23+MM43

C

Sq24:M24"'Sin(qc-qW)MM

L.
s, = M31+(Xcdnqc+{ccosqc+Lc)M4l
sa, =m, + XSG * >L/ cosl *+Lo)
s, = + SN, +>£:cosqc )y
S =M., +(xcsinqc+>L/:cosqc+Lc)M44

C

SA41 =- cos(qc - qw)

SA42 = Sin(qc - qw)

SA43 = Xc Sinqc + yc Cosqc + Lc
SA44 =- Lc

24
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x=A"'B, A*

F

+

xL

Vs
Qus

cosq,, - F,snqg, +F,,cosq, - F,sng,

L.o
—qg,, =N
2qwg

g@'n( ¢ = G o 0 E%ign?? snq,,%, +cosq,, V., - ,
i e

signg+ cosd. - 9., )Y <N, sin(q - g,,)+ g

I I -0

|, cosq,, + s(qc- [C +ch] C
Fa.snqg, +F,cosq,, + F,snqg, +F,,cosq,
&n(q. - . )%, 0
- signg+ cos(d. - G,,)u =N, cosl(g. - d.,)
&+ (x, cosq, - y,snq, K,

B

- . . L.¢§ o]

signg- sng,, X, + €osq, Y, - Eqw+N2 -

e 2 :COSC]W
sign¢- Inqg, X, +cosq,, Y, +—=d, N, =
é 2 g g

1
mm»rsuo»n

+1,dnq,, - M[C@)*'kdc]' c(2)

- XIcFyl - yIchl + chFyZ - yIch2 +Tzl +T12
?n(qc- qw))gv 9

+ Signg+ COS(qC - qw)yw _Ean(ycs.nqc - Xc CO&]C)
g+ (Xc Ccosq, - ycs.nqc):iwg

8

sngrfa;@ sng,x,, +cosq, Y, - Eq- O, ¢
wtw ww Wg 2 ;L (XCSinqc"'yCCOch"'Lc)[
-9 : c(

5'9”9 anwXN*'COSquw*'zqw N3:
2

+
mm«'avoo

-Sn(qc A.)e - Gk, - cosla, - A, )d - Gu Vu +(ve S, - X, cosg, Kid,

(65)
_di.] [0, u
30]4' 4 [SA]_l“' 4uug8

3. The third case happens when |,>mN, or |, <-mN,, then takel, =mN, or
2 =-MN,.

25

_sing,,
&+ (x_cosq, - y,snq. K, & ‘g‘+8|gng sing, X, +€osq,, ¥, + qw ng

4)+ch];

a
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
i
y
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
I
T
|

b



T I:><10031w+ I:ylsinqw_ Fx2 COS}W‘F FyZSinqw :
1 . . e T
T é\wn( c qw) w 9 )
L rsngteodac -y, N sin@e-a,) ]
Then: 1= oa, | g+(xccosqc- Y. Sind, K., v (09
T x . . . L-o 0 T
.|. gggng- S|anXW +C0$wyw - Eqw BNZ : .|.
T- sm T
i mQ L. o * dw i
T g"'S'gnQ sing, X, +cosq,. Y, + = qw 3T T
i g g b
M, X, + MY, +M 23C‘|‘w +M 24C‘|.c + C(Z) =
?n( c” qw)xw 9
F.snq, +F,cosq, +F,,snq,, +F ,cosq, - signg+codg, - q,,)Y,, —Erercos(qC -
&+ (x cos, - y,sng K, g
&ign sing,x, +cos, ¥, - —d, N, 2
c e 2 g +
- g ~ .cosq,,
. e . . . L.o
g+S|gnQ_ anwxw +COS:1wyw +_qw+N3:
e 2 g
I My %, + M9, + Myd, + Myd, +C(1)+1 , codg, - g, )i
: - F,cosq,, + FylsinqW - F,,cosq,, + FyzsinqW :
; . . ) ;
T éan( c qw)xw 9 )
s I +signc+codg, - q,,), -, snfg, -q,) T
wl g i .o L +] .9n -
Cog:]w:' e (Xc coy, - ycanchwﬂ ?/ 2 (qc qW)
. 5 ;
i &ign® sna,x, +com,y, - =4, N, ° i
i I’T'g e Yo Tsinq i
i g SO snaux, oos, g, + qw- . i
0 e 2 b
(67)

i Mllxw + |vllZYw + MlSq"w + Ml4q'c +C(1)+I ZCOS(qc - qw)u
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MSIXW + M 32yw + M33qw + M34qc +C(3) =
- XicFyl - yIchl + XicFyZ * Ve I:x2 +Tzl +T22

?n(qc - qW)XW 9
+signg+ cos(g, - g, )Y, +mN, (y, sinq, - %, cosq) (68)
§+ (Xc COS(]C - Ye anchwa
E%ign? sng,,X, +¢0sq,,Y, - %q'WQN2 Q
+n€~ € 2 :£+|2(Xcs-nqc+yccog:]c+l-c)
- . . L.-9, 12
g- signg- sinq,, X, +¢osq,,Y,, +—q, N,
é 2 g g
M41Xw+M42yw+M43q.w+M44q"c+c(4):-| 2Lc- ch (69)

Simplify (67), we have:
(M 21" tngMll)xw + (M 22" tngM 12)yw + (M 23~ tngMlaﬁw + (M24 - tngMuﬁc + C(Z) =

i ®.

&N, - a, )%, 0
I:>d.slr]qw + I:yl coyg,, + FXZS.an + I:y2 cosq,, - S|gn(;+ COiqC - qw)yw janCOiqc - qw)
g+ (Xc coyy., - ycs.nqc):iwé
Rign sing, %, +cos, v, - =4, N,
c € 2 g -
g L2 oo,
g+ Signg- Sing,, X, + o, ¥y, + =0, 2Ny £
e 279 g
1C[)+1,codg, - a,,) i
':'_ F)G_COQ]W"‘Fyls.an- Fx2 CO&:IW"-FyZS.nqw |
: ?n( c” qw)xw 9 ’
g, | FSONG+ 00k, - A, )Y, s, sing, - ,) i
+COS:]\:IV':' g-l_(xc coyy, - ycs.nqchwé y+| an(qc_qW)

S|gn§ S.nqw).(w +COS:Iwyw - qugNZ 9
e 2 [} = . .
anqw..

4 L. s

|
|
|
|
i
|
|
|
: ¢ I
i-nf :
i §+s|gn§SianXW+COSJWyW+—qw+N3i i
i e 28 g ID

(70)

(70), (68), (69) and (55) together give:
SAll = M21 - tngMll
SAlz =M 2" tngMlZ
SAls = M23 - tngMlS
SA&4 =M 24~ tngMM
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MSl

Ay

M32

Ay

M33

A

M34

A,

SaSl = |\/|4l

Sa32 = M 42

Sa33 = M 43

S, =My,

SA41 = Cosqw

SA‘42 = Sinqw

(71)

=0

A, =
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X}
\
u;
de;
- C(2)+F,snq, +F,cosq, +F,,sng, +F,,cosq,

?n( C-qW)XW 9

- signg+cos(g. - d,,)¥. s, cos(g. - q,)
g+ (Xc Ccosq, - ycgnQChwé

B

gsigr{?‘ sng, X, +cosq,,Y, - %q'WQNZ 9
e “cosq,,

o

g+5|gng- snq,Xx, +cosq,, yW+LqW. o
9 9

C(1)+1 , coslg - ) i
- Fxl coy,, + Fyls-nqw - Fx2 cosq,, + FyZS-nQW

+signg+ cosfy, - a,, )y, N, sin@, - q,) T
—— & (x cosq, - Y.Sna, K g y+l,sn(, - q, ),

T & e . . ) Lo

¢
L
y

|
|
?n( c_qw)xw 9 i
|

0
| Slgrt}_ snqg,, X, +C05quw - _qwéNz :
I _smqW
i 5|gng— snq,X, +cosq, Y, + q N =
I z
- C(3) ch yl yIcF + ch y2 yIch2 +T +T12

?n( c” qw)xw 9
+ Sigrp-i- COS(qC - qw)yw ml(ycgnqc - X COS:]C)
g+ (Xc €cosq, - ycs.nqchwé

Si n? sInQW).(W +CO§:1WS/W - £qw 9N2 9
a .

L .

=+l (x sng, +y,cosq, +L,) i
* L. o 2
- signg- sing %, +cosq, Y, +—d, N, =

e 25 °5
- C(4)_ I ZLC_ chi
sing,4,X, - €0sq,d,Y,
i aa_Glea [0ls 0
x=A'B, Al= O
30]4'4 [9\] 4'4Lb'8

?B

+
(Dmv("gvovo

(72)

Bt e e e e e e e e e e e e et i e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e
o)
=

4. All nonholonomic constraints will not exist when |,>m(N,+N,) or
,<-m(N,+N,) and a the same time |,>mN, or |,<-mN, , then
teakel , =m (N, +N;) or I, =-m(N,+N;)and | ,=m,N, or I , =-m,N,.
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A 41, [0, u
x=A"'B, A'lzg[“ “*y . B=Q-C
go 42 [M] 14'438,8
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