WEDUCT tonN EXARPLLE  #72

Theorem 13.7 The directed Hamiitonian cycle problem is reducible to the undirected
Hamiltonian cycle problem. (Thus, if we know that the directed Hamiltorian cycle problem
*is N'P-complete, we can conclude that the undirected Hamiltonian cycle problem is also

NP-complete.) ‘
Proof Let G=(V, E) be a directed graph with s vertices. G is transformed into the
undirected graph G’ = (V”, E"), where, for each vertex v € V, the transformed vertex set ¥’
containg three vertices named v?; v?, and v, Also, for each v € V, the transformed edge set
E' contains undirected edges v'v? and v*v?, In addition, for each directed edge vw € E,
E' contains the undirected edge viw!. In other words, each vertex of G is expanded to .
three vertices connected by two edges, and an edge vw in E becomes an edge from the

- .third vertex for v to the first for w. See Figure 13.3 for an iliustration. The transformation

is straightforward, and G' can certainly be constructed in polynomially bounded time, ‘If ' ’
[VI=nand |E] = m, then G’ has 3n vertices and 2n + m edges. ' : :
Now suppose G has a (directed) Harniltonian cycle vy, vy, . . ., v,. (That is, vy, v, .., '
- U, are distinet, and there are edges vivie, for | < i < n, and v,u;.) Then vl‘-, vlz, vf’, vzl, ‘ o
U%, vg’, o vl uﬁ, vf,’ is an undirected Hamiltonian cycle for G'. On the other hand, if G/
has an undirected Hamiltonian cycle, the three vertices, say v w2, and o7, that correspond
to one vertex from G must be traversed consecutively in the order v, v2, v3 or 3, 42, !
since v? cannot be reached from any other vertex in G’. Since the other edges in G’ connect
vertices with superscripts 1 and 3, if for any one tiple the order of the superscripts is1,2,
3, then the order is |, 2, 3 for all triples. Otherwise, itis 3, 2,1 for all wiples. Since &' is :
undirected, we may assume its Hamiltonian cycle is u,.[!, vf” ufl - u'}n, vi, vg'. Then v;,, '
Uiz« « Ui, 18 @ directed Hamiltonian cycle for G. Thus G has a directed Hamiltonian cycle C
if and only if G’ has an undirected Hamiltonian cycle.” o o :
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It is of course much easier to see that the G’ defined in the proof is the proper
transformation to use than it is to think up the correct G in the first place, so we make a
few observations to indicate how G’ was chosen. To ensure that a cycle in ' corresponds -
to a cycle in G, we need to simulate the direction of the edges of G. This aim suggests
giving G two vertices, say v' and v*, for each v in G with the interpretation that v! is used -
for edges in G whose head is v and v° is used for edges whose tail is v, Then wherever
vl and v? appear consecutively in a cycle for G’ they can be replaced by v to get a cycle -

- for G, and vice versa. Unfortunately, there is nothing about G/ that forces v! and w3 1o
appear consecutively in all of its cycles; thus G’ ¢ould have a Hamiltonian cycle that does
not correspond to one in G (see Exercise 13.13). The third vertex, v2, which can only be
teached from v! and v?, is introduced to force the vertices that correspond to v to appear -
together in any cycle in G ' . P

G=(V,E) _ sz(vl’E!)

Figure 13.3 .Reduction of the directed Hamiltonian cycle problem to the undiréfcte-d Hamilto- .
nian cycle problem, . A




