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Abstract

High-quality Monte Carlo image synthesisrequiresthe ability to
importancesamplerealisticBRDF models.However, analyticsam-
pling algorithmsexist only for the Phongmodelandits derivatives
suchas Lafortuneand Blinn-Phong. This paperdemonstratesn
importancesamplingtechniqueor awide rangeof BRDFs,includ-
ing complex analyticmodelssuchasCook-Torranceandmeasured
materialswhicharebeingincreasinglyusedor realisticimagesyn-
thesis.Our approachs basedn acompactfactoredrepresentation
of theBRDFthatis optimizedfor sampling.We shaw thatouralgo-
rithm consistentlyoffers betteref ciency thanalternatvesthatin-
volve tting andsamplinga Lafortuneor Blinn-Phonglobe, andis
morecompacthansamplingstratgiesbasedon takulatingthe full
BRDF. We areableto ef ciently createimagesinvolving multiple
measuredndanalyticBRDFs,underboth complex directlighting
andglobalillumination.

Keywords: BRDF, ImportanceSampling,Monte Carlo Integra-
tion, Globallllumination, RenderingRay Tracing

1 Introduction

Themodelingof complex appearances akey componentn using
photo-realistidenderingechniquego producecorvincingimages.
Thesubtletiesof how light interactswith differentsurfacesprovide
importantcluesaboutmaterialand nish—impressionghatcannot
be corveyed by geometryalone. In this paper we focuson one
componentof appearancenodels, the Bidirectional Re ectance
Distribution Function(BRDF) [Nicodemuset al. 1977]. A major
challengein incorporatingcomple«c BRDF modelsinto a Monte
Carlo-basedylobal illumination systemis ef ciency in sampling:
whentracing a paththroughthe scene,it is desirableto generate
re ected raysdistributed accordingto the BRDF. Whensimulat-
ing light re ecting from amirror-lik e surface for example,mostof
the enegy will bein rayscloseto the direction of ideal specular
re ection. In this situation,it is wastefulto generatee ected rays
in randomdirections: mary fewer total pathswill be necessaryf
theraysaregeneratednostly in the speculadirection. This tech-
nigue,known asimportancesampling reducesmagevarianceand
is critical for ef cient rendering.

Effective importancesamplingstrat@iesareknown only for the
simplestLambertianand Phongmodels,and generalizationsuch
asLafortunes cosinelobes[1997]. More complex BRDFs,includ-
ing bothmeasuredataandphysically-basednalyticmodels(such
as Cook-Torrance[1982], which hasbeenusedfor over 20 years)
have no correspondingmportancesamplingstratgies. This dif -
culty hasimpededthe widespreadcadoptionof realistic BRDFsin
imagesynthesis.
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(a) Lafortunesampling

(b) Our method

Figure 1: Monte Carlo renderingsof a vasewith a shiny Cook-brrance
BRDF under comple illumination. Theseimages were geneated with a
pathtracerthat selectedl6 re ectedraysper pixel accodingto (a) a best-
t Lafortunemodelwith 3lobes,and(b) our factored BRDFrepresentation.
Noticethe reducedhoisein theimage on theright that wasmadewith our
appoad: theotheralgorithmwouldneedroughly6 timesmore samplego
achieve the samequality.

This paperdevelopsa general ef cient importancesamplingal-
gorithmfor arbitraryBRDFs. Our algorithmis basedon repaam-
eterizingthe BRDF, followed by a compactand accuratedecom-
positioninto factors. We expressthe four-dimensionalBRDF as
a sumof (a small numberof) terms,eachof which is the product
of atwo-dimensionafunctionthatdepend®nly onview direction,
andtwo one-dimensiondlnctions.This representatioallowsim-
portancesamplingby numericalinversionof the Cumulatie Dis-
tribution Functionsof the 1D factors.In contraswith otherBRDF
factorizationtechniquegKautz and McCool 1999; McCool et al.
2001],which aregearedowardsreal-timerenderingour represen-
tationis developedespeciallyfor sampling.To this end,we present
the rst factoredBRDFrepresentatiothatcanbedirectly sampled.
We demonstrat¢éhe bene tsof our methodwith examplesin which
the varianceof a Monte Carlo estimatoris reducedby a factorof
2-10over the bestalternatve samplingstratgiesfor both analytic
models suchasCook-Torrance(seeFigurel), andmeasurednate-
rials, includingthe BRDFsacquirecby Matusiketal. [2003].

2 Related Work

Thegoalof globalillumination algorithmsis numericalintegration
of therenderingequation,rzst formulatedby Kajiya [1986]:

Lo(X Wo) = Le(X; Wo) + Liw) r (6 wi; wo) (i n) dwg:

P
The approactof Monte Carlo algorithmsis to evaluatetheincom-
ing radiance.j by recursvely castingraysthroughthesceneo sim-
ulatelight transportpaths.

In orderto reducevariance,it is desirableto importancesam-
plere ectedraysby preferentiallyconsideringpathscarryinghigh
enegy. One possibility is to importancesampleaccordingto the
lighting Lj, asin samplinglight sourcedor directillumination. In
the specialcasewhenlL; is describedby an ervironmentmap, ef-
fective illumination samplingmethodshave recentlybeendemon-
stratedAgarwal etal. 2003;Kollig andKeller 2003]. Thesemeth-
ods are intendedfor diffuse or rough semi-glossymaterials,and
typically requirea few hundredsampledor goodresults.At low to
mediumsamplecounts they maymissimportantdetails,especially
for glossymaterialsandslowly-varying ervironments.



In the generalcaseof globalillumination (Figure 10), it is not
practicalto pre-computehe incomingradianceat all pointsin the
sceneThereforewe seekto sampleaccordingo the productof the
BRDF r andtheincidentcosinetermw; n. Theremaindeof this
sectiondescribegelatedwork on obtainingthe complex analytic
andmeasuredBRDFswe would like to sample,deriving factored
representationgndperformingimportancesamplingn thecontext
of globalillumination.

BRDF models: Thereexist mary analyticalmodelsfor theBRDF
that approximatethe way speci ¢ materialsre ect light. Some
of theseare phenomenologicalsuchas the popularPhongshad-
ing model [Phong 1975]. More sophisticated physically-based
analyticalmodelscan captureeffectsincluding Fresnelre ection
androughmicrogeometnyfTorranceand Sparrav 1967;Cookand
Torrance1982; He et al. 1991]. Anisotropic re ection models
characterizinghere ective propertiesof orientedsurfacessuchas
brushednetalhave alsobeendevelopedKajiya 1985;Ward1992;
PoulinandFournier1990;AshikhminandShirley 2000]. Otheran-
alytical BRDF models,suchasthosemeantto describedusty sur
faces,exhibit backscatteringghenomendHapke 1963; Orenand
Nayar1994]. Despitethelargeamountf researctontheseBRDFs,
mostof thesemodelshave sofarbeendif cult to sampleefciently.
Thistypically arisesbecaus¢heanalyticformulais dif cult orim-
possibleto integrateandinvert.

Thepotentialbene t of usingmeasurementsf aBRDF hasalso
gainedrecentattention[Ward 1992; Greenbeg et al. 1997; Dana
etal. 1999;Marschneretal. 1999]. The measurementsf Matusik
et al. [2003] provide a dense(90 90 180) samplingof mary
isotropicBRDFs. Themaindravbackof thesemodelsis their size,
sincethey typically representhefull 3D isotropicBRDF in takular
form. In his thesis Matusik[2003] alsodescribe®neapproactor
samplingthesemeasuredBRDFs, but this representatiomequires
asmuchstorageastheoriginal BRDF, makingit dif cult to usefor
scenegontainingmary materials.

Factored BRDF representations: In an effort to reducethe size
of measuredBRDF modelswhile maintainingan accuraterep-

resentationof their effects, several researcherfiave investigated
techniquedor factoringtheselarge datasetsnto a more compact,
manageabléorm [Kautz and McCool 1999; McCool et al. 2001;
Suykenset al. 2003]. In all casesthe 4D BRDF is factoredinto

productsof 2-dimensionafunctionsthatcanbe representedstex-

turemapsandusedto shadeamodelin real-time.However, in most
caseghesefactorizationsallow only a singleterm approximation.
More important,thereare no techniquedor importancesampling
theserepresentations.

Importance sampling: Thebene t of strati ed importancesam-
pling within the context of physically-basedenderinghas cer
tainly beenjusti ed by the work of Cook [1986]. Since Shirley
demonstratechow to efciently sample the traditional Phong
BRDF [Shirley 1990] and Lafortune introduceda generalization
of this cosine-lobemodel [Lafortune et al. 1997], a reasonable
approachto importancesamplingan arbitrary BRDF hasbeento
samplea best- t approximationof one of thesesimpler models.
Although this techniquemarksa clearimprovementover random
sampling,it hasseveral dravbacks. First, it is not always trivial
to approximatehe mary complex BRDFsthatexist in naturewith
oneof thesemodels.Often,a nonlinearoptimizerhasdif culty t-
ting morethan 2 lobesof a Lafortunemodelwithout carefuluser
intervention. Secondsincethe samplingis only asef cient asthe
approximationis accuratejt is not alwaysthe casethatthis strat-
egy will optimally reducethe variancefor an arbitrarily comple
BRDF. Our approachpn the otherhand,robustly detectsthe en-
ey in a BRDF during the factorizationstepandprovidesa more
ef cient samplingstrateyy.

3 A BRDF Representation for Sampling

In this section,we considertherequirementanddesignchoicesin
choosingour BRDF representatiofior sampling. We discusswhy
our requirementsredifferentfrom thoseof previousfactoredrep-
resentationsand presenta new factorizationapproachoptimized
for the needsof importancesampling. Sections4 and5 go on to
discusimplementatiordetailsof our representatiomndsampling
algorithms.

We begin with the obseration that, in the contet of a standard
backwardray- or path-tracerwe will generallyknow the outgoing
direction (qo; fo) andwill needto samplelighting and visibility
overtheincidenthemisphereA straightforvardapproactwould be
to takulate(q;; f) slicesof the BRDF for a densesetof directions
covering (qo; f o), andusethe appropriateone. This is essentially
the approachtaken by Matusik [2003] and, asfar aswe know, is
the only previous approachfor importancesamplingof arbitrary
measurednaterials.However, asalreadynoted,this representation
requiresa large amountof storagespacefor both analyticaland
measurednaterials—asarge asor largerthanthetabulatedBRDF
itself.

Instead,we obsere that for nearlyall commonmaterialsthere
is coherencén the BRDF for differentoutgoingdirections—forin-
stancethe shapeof the speculalobein a glossyBRDF will often
remainsimilar. Our goalis to exploit this coherenceo develop
a compactrepresentation.First, we reparameterizethe BRDF,
e.g.by usingthe half-angle[Rusinkievicz 1998]. As a numberof
authorshave obsered, reparameterizatiohy the half-angleprop-
erly alignsBRDFfeaturessuchasspeculare ection, makingthem
simplerto representNext, we usefactored forms, writing the 4D
BRDF asa sumof asmallnumberof productsof 2D factorsto ex-
ploit thecoherencén theBRDF anddevelopacompactepresenta-
tion. Similar approachebave beendevelopedfor real-timerender
ing, andhave shawvn that reparameterizatioandfactorizationcan
be a compactand accurateway to represenmost BRDFs [Kautz
andMcCool 1999;McCool etal. 2001].

Thespeci ¢ factoreddecompositiorwe useis thefollowing:

J
r(wi;wo)(wi n) A Fj(wo) Gj(wp); )
j=1
wherewe have decomposethe original 4D BRDF function (mul-
tiplied by the cosineof theincidentangle)into a sumof products
of 2D functions. Oneof the functionsalwaysdependsn the view
directionw,, andtheotherfunctionis dependentn somedirection
wp arisingfrom the reparameterizatiorin the caseof a half-angle
parameterizationy, is takento be
W+ Wo

= — 2
i IW+ Wo | @
Unlike previousfactorizatiorapproacheshisrepresentationat-
is es anumberof key propertiedor sampling:

One factor dependenton outgoing dir ection: Whensam-
pling accordingto our representationye know the outgoing
directionw, but nottheincidentdirection(sincewe aresam-
pling overit). Thereforewe candirectly evaluateF andit is
critical thatit dependnly ontheoutgoingdirection.

Sum of products of two factors: Eachterm above is the
productof two factorsF andG, whereF depend®nly onthe
outgoingdirection. Thus,it is easyto sampleaccordingo the
secondactorG only. Onthe otherhand,approachesuchas
homomorphicfactorization[]McCool et al. 2001] or chained
matrix factorization[Suykenset al. 2003] caninclude multi-
ple factorsin a term, makingimportancesamplingdif cult.
We canalsoenablemultiple terms(with different j) for more
accuratesampling—anothefeaturethatis dif cult to incor
poratein homomorphidactorization.
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Figure 2: Stepsin factoringa BRDFinto our representationshownfor a Phong-lile anisotopic BRDF [Ashikhminand Shirley 2000]. (a) We r stcompute
regularly-sampledD slicesof the BRDFat a xed setof outgoingdirections.Noticethatin this casethe attened highlightmovesaccoding to the position
of perfectspecularre ection for eat view. (b) We would like to maximizethe symmetryin theseslicesof the BRDFto male the factorizationmore accumte
We accomplishthis by repaameterizinghesevaluesof the BRDF with respecto the half-anglevector asthe enegy in this BRDF is symmetricaboutthis
direction. (c) We organizethesesamplesinto a 2D matrix by unfoldingead 2D slice of the BRDF into a sepaate columnin the matrix accoding to its
half-angleparameterization Noticethat our choiceof parameterizatiorproducesa data matrix that hasa rankverycloseto 1. (d & e) We usenon-ngative
matrix factorizationto factor this datamatrix into the outer productof two vectos. Becauseherankof the original matrix wascloseto 1, we needonly one
termin the factorization. (d) In the end,we are left with a columnvectordependenbnly on theincomingdirection (G, repaameterizedvith respecto the
half-anglevectorin this case)and(e) a row vectorF; dependentnly on the outgoingview direction.

Non-negative factors: As opposedo usinga matrix decom-
position algorithm suchas SVD [Kautz and McCool 1999],
we usenon-ngative matrixfactorizatiorto ensurehatall val-
uesarepositive. Thisis necessaryor interpretingthe result-
ing factorsasprobabilitydistributions,accordingo whichwe
canthensample.

We now obsere thatmostBRDFscanbecompactlyrepresented
by further factoringeachof the G; into 1D functionsujk(qgp) and
Vijk(fp). By doingthis, we canseparatelyreatu andv as1D dis-
tributions, for which importancesamplingis straightforvard. Our

nal factoredBRDF representatiois therefore

J K
r(wiwe) (W n) & Fi(wo) & ui(@p)Vik(fp): (3
j=1 k=1

Thereareatotal of JK termsin the nal factorizationgacha prod-
uct of a two-dimensionalunction (Fj) andtwo one-dimensional
functions(ujk andvy).

It shouldbe notedthat this factorizationts the form of mary
isotropicandanisotropi@RDFswell. ForinstanceaBlinn-Phong
BRDF[Blinn 1977]canbe t exactlyby asingleterm(J= K = 1),
with variation appearingonly in the u(gy) function. Similarly,
only 2 terms(J = 1;K = 2) are neededfor an anisotropicPhong
BRDF [Ashikhmin and Shirley 2000]. The sameholds approxi-
matelyfor mary othermaterials sothe above representatiotypi-
cally givesaccurateesultswith a smallnumberof terms.

Notethat, unlike otherusesof factoredBRDF models,we typi-
cally usetherepresentatiombove only for choosingsamples.For
actually computingthe BRDF value, we use an analytic formula
whereavailable. In this case,the representatiombove is a com-
pact meansof samplingthesecommonly used analytic models,
which have hithertobeendif cult to sample. Similarly, for com-
pact basisfunction representationssuch as the Zernike polyno-
mial expansions[Koenderinkand van Doorn 1998] usedin the
CURET databas¢Danaetal. 1999]or sphericaharmonicapprox-
imations[Westinet al. 1992; Sillion et al. 1991], we canusethe
BRDF value representedby the basisfunctions,using our repre-
sentationonly for importancesampling. In other casessuchas
thedensemeasure®RDF representationsf Matusiketal. [2003],
we take adwantageof the compactnessf our multi-termfactoriza-
tion anduseit asthe primaryrepresentatiofor bothreconstruction
andsampling.This providesa 200-fold savingsin storagen mary
casesyhile remainingfaithful to the original data.

4  Factorization

We now describethe details of our methodto factor a takular
BRDF—Figure2 pravidesanoverview of theprocesslnlike some
previous methods,we use multiple non-n@ative termsin equa-
tions (1) and(3). This disallovs commontechniquessuchasho-
momorphicfactorizationor singularvaluedecompositionlnstead,
inspiredby Chenet al. [2002], we usenon-ngative matrix factor
ization (NMF) [Lee and Seung2000]to decomposehe reparam-
eterizedBRDF. NMF is aniterative algorithmthat allows multi-
term factorizationsguaranteeinghat all the entriesin the factors
arenon-n@ative. We have found it to be rohust for both single-
andmulti-term decompositionsandcapableof producingaccurate
approximationgor a wide rangeof both analyticaland measured
BRDFs.

Data matrix: We rst organizethe setof valuesof the original
reparameterizeBRDF into a matrix. We considertaking Ng, reg-
ular samplesalong the outgoingelevation angleand N, samples
along the outgoingazimuthalangle. For eachof theseNy, view
directions,we recordNy,, samplesof the BRDF intensity (multi-
plied by cosg;), spacedequallyin azimuthaland elevation angles
for the chosenBRDF reparameterization\We organizethe initial
datasamplesnto anNy, Ny, matrix.

First factorization: Using the appropriateNMF updaterules,
whicharesummarizedn theappendixwefactorY into theproduct
of two matricesof lower dimension:

2 3 2 3

4 Y 524 G5 F 4)

As shavnin Figure2,Gisan Np, J matrix, with eachcolumn
correspondingo a factorG;j in equation(1), while F isaJ Ny,
matrix, with eachrow correspondingo a factorF; in equation(3).
It canbe helpfulto interpretthe G; factorsashasisimagesover the
incoming hemisphereand Fj as encodingthe appropriatemixing
weightsto approximatethe original BRDF. In practice,we rarely
needmorethan3 or 4 termsto achieve anaccurateapproximation,
andwe alwaysreducethe sizeof the original BRDF by at leastan
orderof magnitudesinceour factoredrepresentatiotinvolves 2D
functionsratherthana 3D or 4D BRDF-.
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Figure 3: In orderto optimizeour representatiorfor importancesampling
we perform anotherfactorizationstepon the 2D functionsdependenbn
the incomingdirection (a) We r st re-omanizeead columnin G into a
matrix sud that the rows and columnsvary with respecto the elevation
andazimuthalanglesrespectively\We again apply NMF to decompos¢his
matrix into an outer productof terms. In this example we chooseto factor
thismatrixinto twoterms.In theend,weareleft with (b) two columnvectos
that eath dependonly on the elevation angleand (c) two row vectos that
dependnly ontheazimuthalangleof theincomingdirection. Theseare the
uandv terms,respectivelyin our nal representation.

If we wereinterestednly in reducingthe sizeof the BRDF, or
in usingour representatiofor real-timerenderingjt mightberea-
sonablego usethese2D functionsdirectly. Notice,however, thatwe
have approximatedheintensityof theBRDF, r it (W ; Wo) timesthe
cosineterm,which is appropriatefor importancesampling.There-
fore, we would needto updatethis representatiorto accountfor
the wavelengthdependencé the original BRDF. We accomplish
this by usingNMF to computea single-termapproximatiorof the
BRDFataparticularwavelength(e.g.red,greeror blue)dividedby
theintensity For theredcolor channelwe would factora datama-
trix composeaf samplewf thefunction: r req(Wi ; Wo) =r int (W ; Wo)
andreconstructhe red valueof the BRDF by scalingour approxi-
mationof theintensityby the approximatiorof this function.

Therealsoremainsa challengen samplingaccordingto the 2D
distribution Gj. It is possibleto useexplicit takular approaches,
by storinga Cumulatie Distribution Functionon gp for eachf p,
but suchrepresentationarenot compact.Furthermoregeffectively
generatingtrati ed samplegiventhese2D takulatedCDFsproves
to beadif cult problent. Thereforewe performa secondfactor
izationof G; into 1D functionsdependentn gp andf p, which not
only matchegheform of mostcommonBRDFs,but alsomakesthe
representatioeasyto sampleandfurther reducesstoragerequire-
ments.

Secondfactorization: As shavn in Figure3, we separatelyactor
eachcolumnof the matrix G, correspondindo a 2D functionthat
depend®nthereparameterizethcomingdirection(qp; f p):

2 3 2 3

46 S=4y S Vi O

whereuj(gp) isanNg, K matrix, with eachcolumncorrespond-

ing to afactoruji in equation(3), andvj(fp) isaK Nr, matrix,
with eachrow correspondingo afactorviy.

Normalization: For the purposesof sampling,it is desirableto
treatujx andvjx asnormalized1D probability distribution func-
tions. To dothis,we rst de ne

z Z,

p , p
Ujk = Oujk(CIp) singpdgp; ik = . Vik(fp)dfp:  (6)

1Effective 2D strati cation in the context of ervironmentmapsampling
hasbeenproposedy Agarwal etal. [2003] usingHochbaum-Shmys clus-
tering, but this approachrequires xing the numberof samplesa priori,
while in our casethe numberof sampledor eachG; depend®ntheview.

Thenwe normalizeeachtermTjy as

Tik = Fj(wo)ujk(ap) vik(fp)
_ I Ujk(Qgp) Vik(fp)
= Uik Vjk Fj(Wo) U—jk V—Jk
= FR(wo) (o) Vi (f p): 7

Finally, droppingthe primesandusinga singleindex |, we obtain
the nal form of our factoredrepresentationwhereu; andv; are
properlD probability distribution functions,

L
r(wiwe)(w n) A& Rwo)u(gp)vi(fp); L=JK: (8)
=1
Discussion: Our representatiotis designedwith a view to devel-
opingasamplingalgorithm,andlackstwo propertiegshataresome-
timestheoreticallydesirable First, thetermsin equation(1), whose
formis essentiafor sampling,do notexplicitly enforcereciprocity
(Of coursesincewe factorthe productof the BRDF andthe cosine
term, the input function is not reciprocalto begin with.) Second,
the representations not guaranteedo be continuous—therean
bea discontinuityat the pole gp = 0 in the secondfactorizationin
equation(3). In eithercase we have not obsenred ary dravbacks
in practicebecausef thesepropertiesandit canbe seenfrom our
resultsthatour multiple-term ts areaccurate.

5 Sampling

We now describenow to useour representatioim equation(8) for
importancesampling. Intuitively, eachtermin the approximation
correspondso a speci ¢ “lobe” of theoriginal BRDF, andthefac-
torizationalgorithmworksto nd the bestsetof lobesto approx-
imateits overall structure. We rst randomlyselectone of these
lobesaccordingto the enepy it contritutesto the overall BRDF
for the currentview. Next, we samplethe hemisphereccordingto
the shapeof this lobe by sequentiallygeneratingan elevation and
azimuthalangleaccordingo the 1D factorsu; andy;.

To furtherdemonstrat¢his idea,considerthe pair of factorsthat
we computedto approximatethe anisotropicBRDF in Figures2
and3. The rst termcreatesa pair of lobesthat extendalongthe
y-axis, centeredaboutthe speculardirection (Figure 4a), and the
seconderm createsa pair of attened lobesthat extendalongthe
x-axis (Figure 4b). We could imagine samplingthe hemisphere
accordingto justoneof theseterms(Figure4c,d): usingeachterm
alonegeneratesamplesn a differentregion of the BRDF. If we
generatesamplesaccordingto both termswith equal probability
however, the aggregateeffect is that we distribute samplesalong
theanisotropichighlight (Figure4e).

5.1 Importance Sampling

We now describethe mathematic®f samplingmoreformally. We
will beinterestedn evaluatingtheintegral of theincidentillumina-
tion for a x edoutgoingdirectionw, atagiven pixel with location
X andsurfacenorrgaln,

Li(x w) r (x; wh; wo) (Wi n) dwg

Wap

19 r (X; we; Wo) (Ws N)

= & Lix; A IS TS U 9
ngl i(X ws) a(We] wo) )

The rst line is simply the re ection equation—theincident
lighting Lj may be evaluatediteratively or recursvely for global
illumination. The secondine is a Monte Carlo estimatorthat de-
scribeghestandardapproacho importancesampling.It represents
a weightedaverageof eachof the samples,eachdivided by the
probabilityg of generatingsaampledirectionws assuminghatw, is
x ed. Thesubscriptin g denoteghatthe probabilitydistributionis
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Figure 4: Themainbene t of our factored representatioris that it canbe

usedto efciently samplea BRDF.(a & b) In thetop row, wegraphtheval-

uesofthe 1D termsin our factorizationof the BRDF consideedin Figures2

and 3. Thegreenlines showthe valuesof u1(gn) anduy(gn), wheeasthe

bluelinesrepresentv; (f) andv,(fy). Usingthe strategy detailedin Sec-
tion 5, we selecteither the r st or secondterm to geneate an incoming
direction. (c) Usingonly the r sttermto geneate samplesye noticethat

thedirectionsaccumulatearounda pair of lobesalongthey axis,centeed

within the highlight. (d) Using only the secondtermto geneate samples,
thedirectionsaccumulatearoundtwo lobescenteedat f, = O andf = p.

(e) Whenwe selectbetweerthesetwo termswith equalprobability, we pro-

ducea samplingpatternthat matdhestheenepy in theoriginal BRDF.

ovegncidentdirections.g shouldbe non-ngative andnormalized,
i.e. \wa(w jwo)dw = 1. Ourrepresentatiois usedto generate
samplesws, accordingto the probabilitiesg. For analyticmodels,
theactualBRDF canbeusedto evaluater . The moreaccurateour

representatiors, thelower thevariance but equation(9) is always

accurateandunbiased.

If our factoredrepresentatioexactly representshe BRDF mul-
tiplied by the cosineterm, the numeratorin the bracletedtermin
equation(9) will be exactly proportionalto the denominatgrand
thattermwill simply bea constant.The estimatowill thenrepre-
senttheidealimportancesamplingmethodbasednthe BRDF, and
will havelow variance.In fact,in thelimiting caseof aconstanen-
vironment(L; is constant)therewill bezerovariance.In practice
our representatioiis not exact, but it is a goodapproximatiorand
importancesamplingwith it signi cantly reduces/ariance.

5.2 Sampling Algorithm

We now describehow to choosedirectionsws and evaluateg in
equation(9). Our methodchooseghe lobel, azimuthalanglef p,
andelevationangleqp in turn, with eachstepinvolving computing
one randomnumberand inverting a 1D Cumulatize Distribution
Function.

Choosinga term I: The probability of choosinga term|, for a
givenoutgoingdirectionw, is givenby

oime) = 1), (10)
aj=1 Fj(wo)

Fromtheseprobabilities,we calculatea 1D CDF over|. To se-
lect a term, we generatea uniform randomvariablein [0; 1] and
performa binary searchon the CDF to transformthe randomvari-
ableinto a valueof |. Notice thatthe probabilitiesdependon the
view direction,sowe mustrecomputehis CDF eachtime the out-
going directionchanges.However, L is typically very small, and
the sameCDF canbe usedfor all samplesthrougha given pixel
(sincewg is x ed),sothecomputatioris inexpensve.

Choosingazimuthal and elevation anglesf and gp: Having
chosenthe term | to sample,we mustnow choosef , basedon
the probability distribution v| (f p). As before,we generatea uni-
formly distributed randomvariable in [0;1], and numericallyin-
vert the CDF at that value to determinef ,. Choosinggp follows
the samemethodologybut becausef the sing, areameasurewe
nd it simplerto de ne z= cosgp, anduseu;(z) asthe probability
distribution. Inverting the CDF thenyields z, from whichwe nd
gp = COS 17 Note that we canprecomputeheseCDFs because
the probabilitiesdo not dependon wy—a signi cant bene t of our
factorization.

Computing probability: Givengp andf p, it is straightforvardto

generatea directionws. Dueto reparameterizatiorit is occasion-
ally possiblefor the sampledirectionsws to take valuesbhelow the
horizon,but we cansimply settheestimatotto O for thosedirections
withoutintroducinginaccurag or bias.Otherwisewe calculatethe

probabilityfor equation(9) asthesumof themaminal probabilities
for eachterm:

g Filwo)u(@w(fp).

B(zfpivo) = A

11
1=1 élj'lej(Wo) h

Oneissuewe mustaddresss reparameterizatiorsinceequation
(9) is in termsof the incidentdirection w; while our factorsare
reparameterizedsingthehalf-angleor, in generalsomealternatve
parameterizatiomyp. Sinceit is easyto corvertbetweerthem,there
is nodif culty in evaluatingequation(9). However, our probability
distributions gy arein termsof the nev parameterizatiorandmust
bemodi ed to conformto equation(9). In particular

AW} we) = gp(Wp | we) % : (12)

wherethelasttermis equivalentto the Jacobiarfor changingvari-
ablesin multidimensionalntegration,andcorvertsdifferentialar
easin wp to thosein w;. For the half-angle this functionhasbeen
computedn mary derivations,suchasfor calculatingthe Torrance-
Sparrev BRDF[1967], andis givenby

fan _ 1
w 4w wh)

Strati cation: Theprecedingalgorithmgeneratesinglesamples
independentlybutit is straightforvardto extendit to generatestrat-
i ed sampleswe simply stratify eachof theindividual stagesBe-
causehesestageglependnly on 1D probabilitydistribution func-
tions, thisis accomplishedby stratifyingthedomainof theuniform
randomvariablesusedin thosestages.We have found this to be
an effective methodof further reducingvariancein the generated
images.

(13)

6 Results

We now presentthe resultsof factoringboth analyticaland mea-
suredBRDFs,describingheaccurag andcompactnessf our rep-
resentationln 6.2,we analyzetheef ciency of samplingaccording
to thisrepresentation.

6.1 Factorization

We factoredfour analytic BRDF modelsof varied behaior: the
Cook-Torrance[1982] rough-surace model, an anisotropicWard
model[1992], Poulin-Fournier[1990] anisotropicre ection from
cylinders,andthe Hapke-LommelBRDF [1963] with strongback-
scatteringeffects. We alsotestedthreemeasure®RDFsacquired
by Matusiketal. [2003]: nickel, plasticandmetallicblue. Table 1
liststheresolutionandparameterizationf eachfactorizatioralong
with the normalizedmeanabsoluteerror(MAE) in the approxima-
tion. Theseerrorswere computedover a densesetof samplesof



Original Resolution Terms Param. Compression NormalizedMAE

BRDF (o fo gp fp) @ K=1L Ratio Factored Lafortune
Cook-Torrance 16 16 32 16 4 1=4 Wh n/a 0.192 0.632
Ward 16 16 100 100 2 4=18 Wh n/a 0.094 1.092
Poulin-Fournier 16 16 32 16 3 1=3 W n/a 0.142 0.348
Haplke-Lommel 16 16 32 16 3 1=3 W n/a 0.186 0.464
MeasuredNickel 16 16 128 16 2 1=2 Wh 230:1 0.201 0.643
MeasuredPlastic 16 16 128 16 3 1=3 Wh 200:1 0.266 0.874
MeasuredMetallic-Blue 16 16 128 16 4 1=4 Wh 180:1 0.118 0.464

Tablel: AccumcyofthefactoredBRDFrepresentation\\e factored4 analyticalBRDFs: Cook-Drrance(d = 0:1,Ry = [0:12;0:22,0:48],s= 0:9,Fp = Ry,m=
0:2), Ward (rg = 0:1,rs= 1:2,ax = 0:2,ay = 0:02), Poulin-Fournier(d = 2:0,h= 0:0,n= 20:0,Rs= 0:8,Ry = 0:2), andHaple-Lomme(g= 0:6,f = 0:1,r = 1.0),
alongwith 3 measued BRDFsfromMatusiket. al. [2003]: nickel, plastic,and metallic-blue For ead BRDFwelist theresolutionof the original datamatrix
Y, the numberof “outer” and “inner” terms(J and K, respectivelypf the factorization,and the parameterizationof the incominghemisphez. For the
measued BRDFs,wealsolist the compessionratio. We reportthe meanabsoluteerror of the nal factorization,normalizedby the meanBRDFvalue This

is compaedto theerror resultingfrom tting a multi-lobeLafortunemodelto the original BRDF usinga standad non-linearoptimizer

the 4D domain,independenbf the resolutionof the factorization.
We comparehis with a best- t 2-lobeLafortunemodel,exceptfor

the Cook-TorranceBRDF, to which we t a 3-lobemodel. For

mostmodels we reparameterizely the half-anglew, = wh, while

for themorediffusemodels(Poulin-FournierandHaplke-Lommel),
we usedthe standardoarameterizatioiby incidentanglew, = w.

Compressionatios are reportedfor measureRDFs,andrepre-
sentthereductionin sizewith respecto theoriginal datamatrix.

We seethatin all casedactorizatiorproducesanaccurateaesult,
in mary casessigni cantly more accuratethan tting an analytic
modelsuchasLafortune. This accurag in the representatiomx-
plainsthe high quality of our samplingalgorithm. We further note
that tting a 3-lobeLafortunemodelcanbe unstable pftentaking
minutesto hoursto convergein a nonlinearminimizer, andcanre-
quiremanualtuningto nd agood t. By contrastour methodis
automaticrohust,andfast(taking only a few minutesto factorthe
BRDFsconsideredn theseexperiments).

We obsere, as previous authorshave, that MAE or RMS er
rors areimperfectmeasure®f the accurag andvisual quality of
a BRDF approximation:in practice,the numericalerroris domi-
natedby regionssuchasthe speculahighlightandgrazingangles.
To this end,Figure5 shavs the appearancef somefactoredmod-
els,ascomparedo the originals,underpointillumination. We see
thatthroughoutmostof theBRDFtherepresentatioaccurag is, in
fact, betterthanthe numbersin Table 1 would suggestandthe er-
ror of ourapproximatiordecreasesapidly asmoretermsareadded
(Figure 6). For the caseof measuredickel, notethat our repre-
sentationregularizessomeof the measurementhoise aroundthe
highlight, relative to the original data. We concludethat, for mea-
sureddata,our representatiomppeargo produceresultscompara-
ble with measuremergrror (Matusik et al. obsere errors,suchas
deviation from reciprocity of 10 15% at normalanglesranging
to 60 70%atgrazinganglegpersonakcommunication]).

Selectingheappropriataesolutionfor thefactorizationandthe
parameterizationf theincominghemispheras a manualprocess.
In most casesthe analyticalformula (for parametricBRDFs) or
generalappearanc€or measure®RDFs) pravidesenoughinfor-
mationfor anaccurateestimateof howv mary samplesaresufcient
andwhatparameterizatiors optimal. Theoretically the numberof
termsshouldbe proportionalto the ranksof the matricesy andG;
(or, at least,the numberof signi cant eigervaluesof thesematri-
ces).In practice however, we simply increasehe numberof terms
(J andK) until the errorin the approximationplateaus.Figure 6
shaws this corvergenceprocesdor factorizationf theanisotropic
WardBRDF listedin Tablel.

Sinceour goal is to develop a representatiorsuitablefor ef-

cient sampling,ratherthan a factorizationmethodmore accurate
thanprevious approachesye did not directly comparewith previ-

(a) Cook-Torrance (b) FactoredCook-Torrance

(c) AnisotropicWard (d) FactoredAnisotropicWard

(e) MeasuredNickel

(f) FactoredMeasuredNickel

Figure 5: Acculacy of the BRDF factorization. The left columnshows
a vaserendeed with (a) a Cook-Drrance BRDF, (c) a Ward anisotopic
BRDF and (e) a measued nickel BRDF underdirectillumination. (b, d
& f) Theright columnshowsthe samevaserendeed with a factored ap-
proximationof the original BRDF. (b) Noticethe slight bandingefectsthat
appearin the factored highlight of the Cook-brrance BRDF, which result
fromthe nite samplingresolutionalong gy. (f) Thefactorizationactually
regularizessomeof the measuementoisethat appeas in the highlight of
themeasued nickel BRDF.
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Figure 6: Comparisonof the RMSappoximationerror of an anisotopic
Ward BRDF, asa functionof the numberof termsin thefactorization.Each
line showsa different numberof “outer” terms(J) while the numberof
“inner” terms(K) increasesalong the x axis. Notethe drop in error at
K = 2: thisshowsghat at leasttwo innertermsare necessaryo captue the
anisotopic shapeof this BRDF

ousfactorizationapproacheshat cannotbe easily sampled.How-

ever, we did factora Poulin-Fourniermodelwith qualitatively com-
parableparameterso the onelisted in [McCool et al. 2001], and
produceda factorizationwith RMS error comparablevith thatap-
proach(althoughnot givenin Table 1, the RMS errorfor thatfac-
torizationis 0.094). While this is not the focusof our paper these
resultsindicatethatthebene ts of amulti-termnonn@ative factor

izationmaybeapplicablen otherareasuchasreal-timerendering.

6.2 Sampling

We next considerthe ef ciency of importancesamplingusingour
factoredrepresentationFor a controlledquantitatve comparison,
we conductedestsinvolving imagesof asphergsovisibility is not
considered)lit by a constantervironmentmap (so complex illu-
minationis not considered)The comparisormethodsare uniform
samplingof a cosine-weightechemisphereanalytic samplingof
eitherabest- t multi-lobe Lafortunemodel[Lafortuneetal. 1997]
or ageneralizedlinn-Phongmodeldevelopedby Ashikhminand
Shirley [2000], andanapproactbhasedon explicit tatulationof the
BRDF [Matusik 2003]. All methodswerestrati ed.

We comparedrariance(averagedover 50 trials) asa function of
the numberof samplesused(groundtruth wastaken asthe limit
with avery large numberof samplesfor the BRDFsconsideredn
Tablel. We veri ed for all samplingtechniqueshatthey wereun-
biased,andthat the imagevariancedecayedapproximatelyasthe
inverseof the numberof samplegFigure 7). Table 2 reportsthe
ratio of the varianceof the comparisonmethodsto our approach
with 100 samples—theelative performancewith a differentsam-
ple countwould beessentiallthesame.Thisis anappropriatanet-
ric, sinceit directly correspondso how muchlongerthealternatie
approachesvould needto run (i.e., hav mary moresampleshey
would require)to producethe samequality resultsasour method.
TheimageRMS error correspondsoughly to the standarddevia-
tion, whichis the squareroot of the variance.

We seethatcomparedo uniform randomsampling,BRDF im-
portancesamplingalwaysdoesatleast5 to 10timesbetter andsig-
ni cantly betterfor shiny materialssuchasmeasuredickel. Rela-
tiveto analyticmodels thedegreeof improvementdepend®n how
closelythe analyticmodelis ableto matchthe BRDF. Lafortunes
model,for instancejs agood t of thePoulin-FournierandHapke-
Lommel BRDFs(asseenin Tablel). Notethatthesematerialsare
more diffuse and randomsamplingalsodoesfairly well on them.
However, we always do at leasttwice aswell as samplingbased
on a Lafortune t, andfor measurednaterials,and even for the
widely knovn Cook-Torrancemodel,we do anorderof magnitude
better Onthe otherhand,the Ashikhmin-Shirl¢ modelrepresents
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Figure 7: Image varianceas a function of the numberof samples.These
plots showthe relationshipbetweenthe average image varianceand the
numberof samples/pixefor all 5 samplingstrategiesconsideedin this pa-
per Top: the variancein the image of a sphee with the Cook-Brrance
BRDF from Table 1 underconstantillumination. Bottom: variancein the
image of a sphee with a measued metallic-blueBRDF underconstantil-
lumination. As expectedthe variancecorvemesto 0 asthe samplecounts
increase con rming that eac strategy producesan unbiasedestimate At
100 paths/pixelwe seethe valuesfor which the factor of improvementis
listedin Table2.

lobesdependingon the half-anglewell, andthereforedoesbetter
thanLafortuneat samplingmetalsand plasticssuchasthe Cook-
Torrance nickel andplasticBRDFs. However, our methodis still

atleastafactorof 2 better andfor mary of thematerialswe seean
improvementby afactorof 5-10.

We alsomeasuredhe effectivenesf importancesamplingthe
BRDF usingthe factoredrepresentatiomindercomple illumina-
tion (Table3). The experimentalsetupis identicalto thatfor Ta-
ble 2, exceptthatthe spherewasplacedin the beachenvironment
[http://Iwww.debeec.og/Probes/]. Becausehe shapeof the inte-
grandof therenderingequationis affectedby varyingillumination,
samplingthe BRDF alonewill notbeasefcient asfor constanil-
lumination. As expectedfor morediffuseBRDFs(Hapke-Lommel
and Poulin-Fournier) we notice that the illumination becomeshe
dominantfactorin the integrandand uniform randomsamplingis
areasonabletratgy. For the morespeculaBRDFs,however, we
still seethe bene ts of importancesamplingthe BRDF, and our
methoddecreasethe varianceby a factorof 2-20 over best- ts of
either parametricformula. One example of this is the measured
metallic-blueBRDF. Thespeculapeakof thisBRDF deviatessub-
stantiallyfrom theideal speculadirection,andis alsonot well ap-
proximatedby afunctionof gy, particularlyastheview approaches
the horizon. As a result, the best- t Lafortune and Ashikhmin-
Shirley parametricmodelsfail to matchthe BRDF well in these
regions.Althoughour factoredrepresentationsesa half-anglepa-
rameterizatiorof the incoming hemisphereaswell, it canhandle
small deviations from this directionthroughthe inherent e xibil-
ity anumericalapproximatiorprovides. As aresult,our technique
sampleghis BRDF moreefciently thaneitherparametrict (Fig-



Ef ciency of BRDF Samplingin ConstanEnvironment
Original Improvementrelative to:
BRDF Unif. Laf. A&S Mat.
Cook-Torrance | 16.38 | 13.27| 3.53 | 0.75
Poulin-Fournier | 5.86 1.85 | 6.11 n/a

Haple-Lommel | 3.32 214 | 1161 | 1.99
Nickel 306.17| 11.52| 2.17 | 1.66
Plastic 157.12| 14.40| 1.34 | 18.53

Met. Blue 8.88 6.73 | 6.75 | 0.44

Table 2: Ef ciency of importancesamplingthe BRDF. Thistable lists the
factor of improvementin varianceresultingfrom samplingthe BRDF ac-
cording to our factored representationcompaed to four alternative ap-
proaches: uniformly samplinga cosine-weightedhemispheg, samplinga
best- t multi-lobe Lafortunemodel,samplinga best- t generlized Blinn-
Phongmodeldescribedby Ashikhminand Shirley, and samplingfrom a
densesetof tabulated CDFs, as describedby Matusik. Becausevariance
is linearly proportionalto runningtime thesevaluescanbeinterpretedas
thefactor of timeg or numberof paths,that would be requiredfor the other
samplingapproacesto read the samenoiselevel asour representation.

Ef ciency of BRDF Samplingin BeachErnvironment
Original Improvementrelative to:
BRDF Unif. Laf. | A&S | Mat.
Cook-Torrance | 25.79 | 10.28 | 2.23 | 0.75
Poulin-Fournier | 1.40 1.09 | 1.53 n/a
Haplke-Lommel | 0.89 161 | 1.87 | 1.00

Nickel 572.76| 345 | 217 | 4.80
Plastic 381.94| 21.60| 1.67 | 55.64
Met. Blue 9.17 596 | 5.71 | 0.55

Table3: Importancesamplingthe BRDF undercomple illumination. This
table presentghefactor of improvemenbf our samplingstrategy compaed
to alternativeappmoadceswhenrenderinga particular BRDFin the bead
ervironment. Becausehe illumination contributesto the shapeof the in-
tegrandin the renderingequation,samplingaccoding to the BRDF alone
will belessefcient thanwhentheillumination is constant. Althoughour
factoredrepresentatiorstill outperformghealternativesamplingstrategies
by a factor of 2-20, theseresultssugyestthe potentialdesimability of com-
bining ervironmentand BRDFsampling

ure8). Togethertheseresultsindicatethegeneralityandef cacy of
ourapproacHor importancesamplingcomparedo tting aspecic
analyticmodel.

Theonly methodcompetitive with oursis thatof Matusik[2003].
For asetof x edview directions this methodcomputesa 2D CDF
over incident directionsaccordingto the sphericalparameteriza-
tion of the hemisphereFor accurateesults this approachrequires
densesamplingalongall variables,anddoesnot provide the com-
pactnesof our factoredrepresentation.In fact, Matusik reports
usingresolutionsof 90 90 180 for isotropic materials,andac-
knowledgesthe infeasibility of this approachfor anisotropicma-
terials. Even with theseresolutions however, therearestill situ-
ationswhenthe closestCDF (i.e. the closestview for which the
CDF is tahulated)differs signi cantly from the actualshapeof the
BRDF. This is apparenwith measuredickel andmeasureglas-
tic, for which the BRDF hasa sharpspecularpeak. For views
nearnormalincidence,samplingaccordingto the sphericalcoor
dinatesof the incidentdirectionis sufcient to accuratelycapture
theshapeof theBRDF. Neargrazingangleshowever, the2D CDF
for thenearesview oftenvariessigni cantly from theactualshape
of the BRDF, degradingthe samplingefciency in theseregions
(Figure9). Our factoredrepresentatiomn the otherhand,avoids
this situationthrougha betterparameterizatioof the hemisphere
anda morecontinuousapproximatiorof the BRDF over all views.
Moreover, our representatiosupportsanisotropicre ection andis
morecompactFor theBRDFspresentedh this paperthecomplete

(a) Lafortune (b) A&S

Figure 8: Importancesamplinga BRDF accoding to best- t parametric
modelsand our factored representation(cf. last row of Table 3). These
imagesshowa metallic-bluespheein thebead environmentyendeedwith

100 sampleggenenated accoding to (a) a best- t 2-lobe Lafortunemodel,
(b) a best- t Ashikhmin-Shirbe model,and (c) our factored representation.
We showboth a varianceplot on a logarithmic scaleand a closeupat a

region whee the view appmoadesthe horizon. In this part of its domain,
the BRDF hasa shapethat is dif cult to t with either of the parametric
modelsandour factored representatiorallows more ef cient sampling

(c) Factored

Matusik Sampling FactoredSampling

Figure 9: Samplingmeasued nickel with a densesetof 2D CDFs, asde-
scribedby Matusiket. al. andusingour factored representatior(cf. fourth
row of Table 3). For sut shinyBRDFs,computinga xed setof 2D CDFs
canstill causeproblemsfor regionsof thedomainfor which theneaestpre-
computedCDF of a particular view poorly mathesthe actual BRDF. Our
factored representationpn the other hand,gainsbettercontinuitythrough
an appropriate parameterizatiorand approximation,resultingin more ef -
cientimportancesamplingthroughoutthe domain.

factoredrepresentatiorequiresroughly 200KB ascomparedo the
60MB requiredto storethesampleof the3D BRDF alongwith the
pre-compute@D CDFsrequiredfor the approachof Matusik.

In generatinga sampleusingour approachthe dominantcostis
thatof invertingthree1lD CDFsusinga binarysearch.This makes
our approactreasonablyfast,comparablevith analytically draw-
ing a sampleaccordingto the LafortuneandPhongsamplingalgo-
rithms. It is somevhat slover thanthe simplerrandomsampling,
andalmostidenticalto the approactof Matusik,which alsoinverts
a pair of 1D CDFs. In practice,all of thesetimesare small com-
paredto the costof propagatinga sampleor tracingaray for global
illumination, andhencethe numberof sampleqgandthe resultsin
Table2) correspondsloselyto actualrunningtime.



6.3 Global Illlumination

We alsorendereda complex scenewith globalillumination usinga
pathtracer(Figure 10). In this case theincidentillumination and
visibility areunknawvn and,consequentlyimportancesamplingthe
BRDF is the only reasonablestratgy (i.e., ernvironmentsampling
is not possible). We usedour factoredrepresentatiorio sample
all ve BRDFsin the sceneandto representhe three measured
BRDFs.We compareour resultswith thoseof a systemusingbest-
t Lafortunemodelsto samplethe differentBRDFs. We present
renderedmagesat equaltime (300 paths/pixel for both sampling
stratgies) and equalquality (1200 paths/piel for Lafortunesam-
pling) alongwith false-colorvisualizationsof the variancein the
sceneon a logarithmic scaleand several magni ed views shaw-
ing differentBRDFsin the scene.Clearly, differentregionsof the
sceneconverge at differentrates,but our methodis roughly 4-5
timesmoreefcient overall andan orderof magnitudemore ef -
cienton dif cult BRDFssuchasthe plastichandle. This example
highlightstheusefulnes®f agenerabpproactto bothrepresenting
andimportancesamplingBRDFs.

7 Conclusions and Future Work

Thiswork addressealong-standingyraphicgproblemof ef ciently
importancesamplingcomple analyticandmeasuredRDFs. We
introducea new factoredrepresentationf the BRDF thatreduces
samplingto inverting three 1D cumulatie distribution functions.
This provides a compactpracticalrepresentatiomnd a simple al-
gorithm for sampling,which in mary casesreducesvarianceand
samplingtimes relative to previous methods. We use our repre-
sentationand importancesamplingmethodto rendersceneswith
multiple isotropic and anisotropicmaterialswith global illumina-
tion andshadavs.

In future work, we would like to extend our techniqueto allow
for mixed parameterizationef the factoredBRDF, suchthateach
term may have a differentparameterizationThis would allow us
to better approximateBRDFs that exhibit several different types
of scattering(e.qg. side, backward and forward) at the sametime.
A secondareaof future researchs investigatinghowv to combine
stratgiesfor samplingthe BRDF andtheincidentillumination. In
general,illumination samplingand BRDF samplingare comple-
mentarytechniquesandit would beinterestingto investigatemul-
tiple importancesamplingmethods[Veachand Guibas1995] for
combiningour algorithmwith ervironmentmapsampling.

Our factorizationmethodmight also have applicationsin sam-
pling bi-directionaltexture functions(BTFs) andlight elds—two
examplesof high-dimensionalunctionsthat,like BRDFs,typically
have signi cant redundang More generally we seeour work asa

rst steptowardsefcient techniquego samplehigh-dimensional
measuredunctions. With the increasingimportanceof measured
andimage-basedatain computergraphicsthis problempromises
to have growing signi cance.
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Appendix: Non-negative Matrix Factorization

We usenon-ngative matrix factorization(NMF) [Lee and Seung2000]to

decompose matrix of BRDF values,Y, into two lower-dimensionafactors
Y GF. NMF is aniteratve algorithm and initially both G andF are
seededvith non-ngative randomvalues.At eachiteration,theentriesin the
currentfactorsareupdatedaccordingto the deviation betweertheir current
approximationof the target matrix, (GF), andthe actualtaget matrix Y

usingthefollowing updaterules:

Yi
Fij ua (GF)k (14)
Gij Gua (GF) Fik: (15)
. GIJ
Gij ékaj : (16)

This algorithmis guaranteedo corverge to alocal minimum of the fol-
lowing errormetric:

D(Y[iGF) = a Yijlog-—=— Yij+ (GF)jj : an

(GF)

Becausdor aBRDF relatve differenceis moreperceptiblehanabsolute
differencewe foundthatminimizingthis“divergence”errorwasdesirable.



