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Abstract

High-quality Monte Carlo imagesynthesisrequiresthe ability to
importancesamplerealisticBRDFmodels.However, analyticsam-
pling algorithmsexist only for thePhongmodelandits derivatives
suchasLafortuneandBlinn-Phong. This paperdemonstratesan
importancesamplingtechniquefor awiderangeof BRDFs,includ-
ing complex analyticmodelssuchasCook-Torranceandmeasured
materials,whicharebeingincreasinglyusedfor realisticimagesyn-
thesis.Ourapproachis basedon acompactfactoredrepresentation
of theBRDFthatis optimizedfor sampling.Weshow thatouralgo-
rithm consistentlyoffers betteref�ciency thanalternativesthat in-
volve �tting andsamplinga Lafortuneor Blinn-Phonglobe,andis
morecompactthansamplingstrategiesbasedon tabulatingthefull
BRDF. We areableto ef�ciently createimagesinvolving multiple
measuredandanalyticBRDFs,underbothcomplex direct lighting
andglobalillumination.

Keywords: BRDF, ImportanceSampling,Monte Carlo Integra-
tion, GlobalIllumination,Rendering,RayTracing

1 Intr oduction

Themodelingof complex appearanceis a key componentin using
photo-realisticrenderingtechniquesto produceconvincing images.
Thesubtletiesof how light interactswith differentsurfacesprovide
importantcluesaboutmaterialand�nish—impressionsthatcannot
be conveyed by geometryalone. In this paper, we focuson one
componentof appearancemodels, the Bidirectional Re�ectance
Distribution Function(BRDF) [Nicodemuset al. 1977]. A major
challengein incorporatingcomplex BRDF modelsinto a Monte
Carlo-basedglobal illumination systemis ef�ciency in sampling:
whentracinga paththroughthe scene,it is desirableto generate
re�ected raysdistributedaccordingto the BRDF. Whensimulat-
ing light re�ecting from amirror-likesurface,for example,mostof
the energy will be in rayscloseto the directionof ideal specular
re�ection. In this situation,it is wastefulto generatere�ected rays
in randomdirections:many fewer total pathswill be necessaryif
the raysaregeneratedmostly in thespeculardirection. This tech-
nique,known asimportancesampling,reducesimagevarianceand
is critical for ef�cient rendering.

Effective importancesamplingstrategiesareknown only for the
simplestLambertianandPhongmodels,andgeneralizationssuch
asLafortune's cosinelobes[1997]. Morecomplex BRDFs,includ-
ing bothmeasureddataandphysically-basedanalyticmodels(such
asCook-Torrance[1982], which hasbeenusedfor over 20 years)
have no correspondingimportancesamplingstrategies. This dif�-
culty hasimpededthe widespreadadoptionof realisticBRDFsin
imagesynthesis.
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(a) Lafortunesampling (b) Ourmethod

Figure 1: MonteCarlo renderingsof a vasewith a shinyCook-Torrance
BRDF undercomplex illumination. Theseimages were generated with a
pathtracerthat selected16 re�ectedraysperpixel according to (a) a best-
�t Lafortunemodelwith 3 lobes,and(b) our factoredBRDFrepresentation.
Noticethereducednoisein the image on theright that wasmadewith our
approach: theotheralgorithmwouldneedroughly6 timesmoresamplesto
achievethesamequality.

This paperdevelopsa general,ef�cient importancesamplingal-
gorithmfor arbitraryBRDFs. Our algorithmis basedon reparam-
eterizingthe BRDF, followed by a compactandaccuratedecom-
position into factors. We expressthe four-dimensionalBRDF as
a sumof (a small numberof) terms,eachof which is the product
of a two-dimensionalfunctionthatdependsonly onview direction,
andtwo one-dimensionalfunctions.This representationallows im-
portancesamplingby numericalinversionof the Cumulative Dis-
tributionFunctionsof the1D factors.In contrastwith otherBRDF
factorizationtechniques[Kautz andMcCool 1999; McCool et al.
2001],whicharegearedtowardsreal-timerendering,our represen-
tationis developedespeciallyfor sampling.To thisend,wepresent
the�rst factoredBRDFrepresentationthatcanbedirectlysampled.
Wedemonstratethebene�tsof ourmethodwith examplesin which
the varianceof a Monte Carlo estimatoris reducedby a factorof
2-10over thebestalternative samplingstrategiesfor bothanalytic
models,suchasCook-Torrance(seeFigure1), andmeasuredmate-
rials, includingtheBRDFsacquiredby Matusiket al. [2003].

2 Related Work
Thegoalof globalilluminationalgorithmsis numericalintegration
of therenderingequation,�rst formulatedby Kajiya [1986]:

Lo(x;wo) = Le(x;wo) +
Z

W2p

Li(x;wi ) r (x;wi ;wo) (wi � n) dwi :

Theapproachof MonteCarloalgorithmsis to evaluatetheincom-
ing radianceLi by recursively castingraysthroughthesceneto sim-
ulatelight transportpaths.

In order to reducevariance,it is desirableto importancesam-
ple re�ected raysby preferentiallyconsideringpathscarryinghigh
energy. Onepossibility is to importancesampleaccordingto the
lighting Li , asin samplinglight sourcesfor direct illumination. In
the specialcasewhenLi is describedby an environmentmap,ef-
fective illumination samplingmethodshave recentlybeendemon-
strated[Agarwal et al. 2003;Kollig andKeller 2003].Thesemeth-
ods are intendedfor diffuse or rough semi-glossymaterials,and
typically requirea few hundredsamplesfor goodresults.At low to
mediumsamplecounts,they maymissimportantdetails,especially
for glossymaterialsandslowly-varyingenvironments.



In the generalcaseof global illumination (Figure10), it is not
practicalto pre-computethe incomingradianceat all pointsin the
scene.Therefore,weseekto sampleaccordingto theproductof the
BRDF r andtheincidentcosinetermwi � n. Theremainderof this
sectiondescribesrelatedwork on obtainingthe complex analytic
andmeasuredBRDFswe would like to sample,deriving factored
representations,andperformingimportancesamplingin thecontext
of globalillumination.

BRDF models: Thereexist many analyticalmodelsfor theBRDF
that approximatethe way speci�c materialsre�ect light. Some
of theseare phenomenological,suchas the popularPhongshad-
ing model [Phong 1975]. More sophisticated,physically-based
analyticalmodelscan captureeffects including Fresnelre�ection
androughmicrogeometry[TorranceandSparrow 1967;Cookand
Torrance1982; He et al. 1991]. Anisotropic re�ection models
characterizingthere�ective propertiesof orientedsurfacessuchas
brushedmetalhave alsobeendeveloped[Kajiya 1985;Ward1992;
PoulinandFournier1990;AshikhminandShirley 2000].Otheran-
alytical BRDF models,suchasthosemeantto describedustysur-
faces,exhibit backscatteringphenomena[Hapke 1963; Orenand
Nayar1994].Despitethelargeamountof researchontheseBRDFs,
mostof thesemodelshavesofarbeendif�cult to sampleef�ciently .
This typically arisesbecausetheanalyticformulais dif�cult or im-
possibleto integrateandinvert.

Thepotentialbene�t of usingmeasurementsof aBRDFhasalso
gainedrecentattention[Ward 1992; Greenberg et al. 1997; Dana
et al. 1999;Marschneret al. 1999]. Themeasurementsof Matusik
et al. [2003] provide a dense(90� 90� 180) samplingof many
isotropicBRDFs.Themaindrawbackof thesemodelsis their size,
sincethey typically representthefull 3D isotropicBRDFin tabular
form. In his thesis,Matusik[2003]alsodescribesoneapproachfor
samplingthesemeasuredBRDFs,but this representationrequires
asmuchstorageastheoriginalBRDF, makingit dif�cult to usefor
scenescontainingmany materials.

Factored BRDF representations: In an effort to reducethesize
of measuredBRDF modelswhile maintainingan accuraterep-
resentationof their effects, several researchershave investigated
techniquesfor factoringtheselarge datasetsinto a morecompact,
manageableform [Kautz andMcCool 1999; McCool et al. 2001;
Suykenset al. 2003]. In all cases,the 4D BRDF is factoredinto
productsof 2-dimensionalfunctionsthatcanberepresentedastex-
turemapsandusedto shadeamodelin real-time.However, in most
casesthesefactorizationsallow only a singleterm approximation.
More important,thereareno techniquesfor importancesampling
theserepresentations.

Importance sampling: Thebene�t of strati�ed importancesam-
pling within the context of physically-basedrenderinghas cer-
tainly beenjusti�ed by the work of Cook [1986]. SinceShirley
demonstratedhow to ef�ciently sample the traditional Phong
BRDF [Shirley 1990] and Lafortune introduceda generalization
of this cosine-lobemodel [Lafortune et al. 1997], a reasonable
approachto importancesamplingan arbitraryBRDF hasbeento
samplea best-�t approximationof one of thesesimpler models.
Although this techniquemarksa clear improvementover random
sampling,it hasseveral drawbacks. First, it is not always trivial
to approximatethemany complex BRDFsthatexist in naturewith
oneof thesemodels.Often,a nonlinearoptimizerhasdif�culty �t-
ting morethan2 lobesof a Lafortunemodelwithout carefuluser
intervention. Second,sincethesamplingis only asef�cient asthe
approximationis accurate,it is not alwaysthecasethat this strat-
egy will optimally reducethe variancefor an arbitrarily complex
BRDF. Our approach,on the otherhand,robustly detectsthe en-
ergy in a BRDF during the factorizationstepandprovidesa more
ef�cient samplingstrategy.

3 A BRDF Representation for Sampling
In this section,we considertherequirementsanddesignchoicesin
choosingour BRDF representationfor sampling.We discusswhy
our requirementsaredifferentfrom thoseof previousfactoredrep-
resentations,and presenta new factorizationapproachoptimized
for the needsof importancesampling. Sections4 and5 go on to
discussimplementationdetailsof our representationandsampling
algorithms.

We begin with theobservation that, in thecontext of a standard
backwardray- or path-tracer, we will generallyknow theoutgoing
direction (qo; f o) and will needto samplelighting and visibility
overtheincidenthemisphere.A straightforwardapproachwouldbe
to tabulate(qi ; f i) slicesof theBRDF for a densesetof directions
covering (qo; f o), andusethe appropriateone. This is essentially
the approachtaken by Matusik [2003] and,as far aswe know, is
the only previous approachfor importancesamplingof arbitrary
measuredmaterials.However, asalreadynoted,this representation
requiresa large amountof storagespacefor both analyticaland
measuredmaterials—aslargeasor largerthanthetabulatedBRDF
itself.

Instead,we observe that for nearlyall commonmaterialsthere
is coherencein theBRDFfor differentoutgoingdirections—forin-
stance,theshapeof thespecularlobe in a glossyBRDF will often
remainsimilar. Our goal is to exploit this coherenceto develop
a compactrepresentation.First, we reparameterize the BRDF,
e.g.by usingthehalf-angle[Rusinkiewicz 1998]. As a numberof
authorshave observed, reparameterizationby the half-angleprop-
erly alignsBRDFfeaturessuchasspecularre�ection, makingthem
simplerto represent.Next, we usefactored forms, writing the4D
BRDFasasumof asmallnumberof productsof 2D factors,to ex-
ploit thecoherencein theBRDFanddevelopacompactrepresenta-
tion. Similar approacheshave beendevelopedfor real-timerender-
ing, andhave shown that reparameterizationandfactorizationcan
be a compactandaccurateway to representmostBRDFs[Kautz
andMcCool 1999;McCoolet al. 2001].

Thespeci�c factoreddecompositionwe useis thefollowing:

r (wi ;wo) (wi � n) �
J

å
j= 1

Fj(wo) G j (wp); (1)

wherewe have decomposedtheoriginal 4D BRDF function(mul-
tiplied by thecosineof the incidentangle)into a sumof products
of 2D functions.Oneof thefunctionsalwaysdependson theview
directionwo, andtheotherfunctionis dependentonsomedirection
wp arisingfrom thereparameterization.In thecaseof a half-angle
parameterization,wp is takento be

wh =
wi + wo

j wi + wo j
: (2)

Unlikepreviousfactorizationapproaches,thisrepresentationsat-
is�es a numberof key propertiesfor sampling:

� One factor dependenton outgoing dir ection: Whensam-
pling accordingto our representation,we know theoutgoing
directionwo but not theincidentdirection(sincewe aresam-
pling over it). Therefore,we candirectly evaluateF andit is
critical thatit dependonly on theoutgoingdirection.

� Sum of products of two factors: Each term above is the
productof two factorsF andG, whereF dependsonly on the
outgoingdirection.Thus,it is easyto sampleaccordingto the
secondfactorG only. On theotherhand,approachessuchas
homomorphicfactorization[McCool et al. 2001] or chained
matrix factorization[Suykenset al. 2003]canincludemulti-
ple factorsin a term, makingimportancesamplingdif�cult.
Wecanalsoenablemultiple terms(with different j) for more
accuratesampling—anotherfeaturethat is dif�cult to incor-
poratein homomorphicfactorization.



(a)Slicesof BRDF (b) Reparameterizedslices (c) DatamatrixY (d) IncidentfactorG1 (e) View factorF1

Figure 2: Stepsin factoringa BRDFinto our representation,shownfor a Phong-like anisotropic BRDF[AshikhminandShirley 2000]. (a) We �r st compute
regularly-sampled2D slicesof theBRDFat a �xed setof outgoingdirections.Noticethat in this casethe�attenedhighlight movesaccording to theposition
of perfectspecularre�ection for each view. (b) We would like to maximizethesymmetryin theseslicesof theBRDFto make thefactorizationmore accurate.
We accomplishthis by reparameterizingthesevaluesof theBRDFwith respectto thehalf-anglevector, as the energy in this BRDF is symmetricaboutthis
direction. (c) We organizethesesamplesinto a 2D matrix by unfoldingeach 2D slice of the BRDF into a separate columnin the matrix according to its
half-angleparameterization.Noticethat our choiceof parameterizationproducesa datamatrix that hasa rankverycloseto 1. (d & e) We usenon-negative
matrix factorizationto factor this datamatrix into theouterproductof two vectors. Becausetherankof theoriginal matrix wascloseto 1, weneedonly one
termin the factorization. (d) In theend,weare left with a columnvectordependentonly on the incomingdirection(G1 reparameterizedwith respectto the
half-anglevectorin thiscase)and(e)a rowvectorF1 dependentonlyon theoutgoingview direction.

� Non-negative factors: As opposedto usinga matrix decom-
positionalgorithmsuchasSVD [Kautz andMcCool 1999],
weusenon-negativematrixfactorizationto ensurethatall val-
uesarepositive. This is necessaryfor interpretingtheresult-
ing factorsasprobabilitydistributions,accordingto whichwe
canthensample.

Wenow observe thatmostBRDFscanbecompactlyrepresented
by further factoringeachof the G j into 1D functionsu jk(qp) and
v jk(f p). By doing this, we canseparatelytreatu andv as1D dis-
tributions,for which importancesamplingis straightforward. Our
�nal factoredBRDF representationis therefore

r (wi ;wo) (wi � n) �
J

å
j= 1

Fj (wo)
K

å
k= 1

u jk(qp) v jk(f p): (3)

Therearea totalof JK termsin the�nal factorization,eacha prod-
uct of a two-dimensionalfunction (Fj ) and two one-dimensional
functions(u jk andv jk).

It shouldbe notedthat this factorization�ts the form of many
isotropicandanisotropicBRDFswell. For instance,aBlinn-Phong
BRDF[Blinn 1977]canbe�t exactlyby asingleterm(J = K = 1),
with variation appearingonly in the u(qh) function. Similarly,
only 2 terms(J = 1;K = 2) areneededfor an anisotropicPhong
BRDF [Ashikhmin and Shirley 2000]. The sameholds approxi-
matelyfor many othermaterials,so theabove representationtypi-
cally givesaccurateresultswith a smallnumberof terms.

Notethat,unlike otherusesof factoredBRDF models,we typi-
cally usetherepresentationabove only for choosingsamples.For
actually computingthe BRDF value, we usean analytic formula
whereavailable. In this case,the representationabove is a com-
pact meansof samplingthesecommonly usedanalytic models,
which have hithertobeendif�cult to sample. Similarly, for com-
pact basisfunction representations,suchas the Zernike polyno-
mial expansions[Koenderinkand van Doorn 1998] usedin the
CURETdatabase[Danaetal. 1999]or sphericalharmonicapprox-
imations[Westinet al. 1992; Sillion et al. 1991], we canusethe
BRDF value representedby the basisfunctions,usingour repre-
sentationonly for importancesampling. In other cases,suchas
thedensemeasuredBRDFrepresentationsof Matusiketal. [2003],
we take advantageof thecompactnessof our multi-termfactoriza-
tion anduseit astheprimaryrepresentationfor bothreconstruction
andsampling.This providesa 200-foldsavingsin storagein many
cases,while remainingfaithful to theoriginaldata.

4 Factorization

We now describethe details of our method to factor a tabular
BRDF—Figure2 providesanoverview of theprocess.Unlikesome
previous methods,we use multiple non-negative terms in equa-
tions (1) and(3). This disallows commontechniquessuchasho-
momorphicfactorizationor singularvaluedecomposition.Instead,
inspiredby Chenet al. [2002], we usenon-negative matrix factor-
ization (NMF) [Lee andSeung2000] to decomposethe reparam-
eterizedBRDF. NMF is an iterative algorithmthat allows multi-
term factorizations,guaranteeingthat all the entriesin the factors
arenon-negative. We have found it to be robust for both single-
andmulti-termdecompositions,andcapableof producingaccurate
approximationsfor a wide rangeof both analyticalandmeasured
BRDFs.

Data matrix: We �rst organizethe set of valuesof the original
reparameterizedBRDF into a matrix. We considertakingNqo reg-
ular samplesalong the outgoingelevation angleandNf o samples
along the outgoingazimuthalangle. For eachof theseNwo view
directions,we recordNwp samplesof the BRDF intensity (multi-
plied by cosqi ), spacedequally in azimuthalandelevation angles
for the chosenBRDF reparameterization.We organizethe initial
datasamplesinto anNwp � Nwo matrixY.

First factorization: Using the appropriateNMF updaterules,
whicharesummarizedin theappendix,wefactorY into theproduct
of two matricesof lower dimension:

2

4 Y

3

5 =

2

4 G

3

5
�

F
�

(4)

As shown in Figure2, G is anNwp � J matrix,with eachcolumn
correspondingto a factorG j in equation(1), while F is a J � Nwo

matrix,with eachrow correspondingto a factorFj in equation(3).
It canbehelpful to interprettheG j factorsasbasisimagesover the
incominghemisphereandFj asencodingthe appropriatemixing
weightsto approximatethe original BRDF. In practice,we rarely
needmorethan3 or 4 termsto achieve anaccurateapproximation,
andwe alwaysreducethesizeof theoriginal BRDF by at leastan
orderof magnitudesinceour factoredrepresentationinvolves2D
functionsratherthana 3D or 4D BRDF.



(a) IncidentfactorG1 (b) u jk terms (c) v jk terms
(reshuf�ed from Fig. 2d)

Figure 3: In order to optimizeour representationfor importancesampling,
we performanotherfactorizationstepon the 2D functionsdependenton
the incomingdirection (a) We �r st re-organizeeach columnin G into a
matrix such that the rowsand columnsvary with respectto the elevation
andazimuthalanglesrespectively. We again applyNMF to decomposethis
matrix into an outerproductof terms.In this example, wechooseto factor
thismatrixinto twoterms.In theend,weareleft with (b) twocolumnvectors
that each dependonly on the elevation angleand (c) two row vectors that
dependonlyontheazimuthalangleof theincomingdirection.Thesearethe
u andv terms,respectively, in our �nal representation.

If we wereinterestedonly in reducingthesizeof theBRDF, or
in usingour representationfor real-timerendering,it mightberea-
sonableto usethese2D functionsdirectly. Notice,however, thatwe
haveapproximatedtheintensityof theBRDF, r int (wi ;wo) timesthe
cosineterm,which is appropriatefor importancesampling.There-
fore, we would needto updatethis representationto accountfor
the wavelengthdependencein the original BRDF. We accomplish
this by usingNMF to computea single-termapproximationof the
BRDFataparticularwavelength(e.g.red,greenorblue)dividedby
theintensity. For theredcolorchannel,wewould factora datama-
trix composedof samplesof thefunction: r red(wi ;wo)=r int (wi ;wo)
andreconstructtheredvalueof theBRDF by scalingour approxi-
mationof theintensityby theapproximationof this function.

Therealsoremainsa challengein samplingaccordingto the2D
distribution G j . It is possibleto useexplicit tabular approaches,
by storinga Cumulative Distribution Functionon qp for eachf p,
but suchrepresentationsarenot compact.Furthermore,effectively
generatingstrati�ed samplesgiventhese2D tabulatedCDFsproves
to bea dif�cult problem1. Therefore,we performa secondfactor-
izationof G j into 1D functionsdependenton qp andf p, whichnot
only matchestheform of mostcommonBRDFs,but alsomakesthe
representationeasyto sampleandfurther reducesstoragerequire-
ments.

Secondfactorization: As shown in Figure3, weseparatelyfactor
eachcolumnof thematrix G, correspondingto a 2D function that
dependson thereparameterizedincomingdirection(qp; f p):

2

4 G j

3

5 =

2

4 u j

3

5
�

v j
�
; (5)

whereu j (qp) is anNqp � K matrix, with eachcolumncorrespond-
ing to a factoru jk in equation(3), andv j (f p) is a K � Nf p matrix,
with eachrow correspondingto a factorv jk.

Normalization: For the purposesof sampling,it is desirableto
treat u jk and v jk as normalized1D probability distribution func-
tions.To do this,we �rst de�ne

u jk =
Z p

0
u jk(qp) sinqp dqp; v jk =

Z 2p

0
v jk(f p) df p: (6)

1Effective 2D strati�cation in thecontext of environmentmapsampling
hasbeenproposedby Agarwal etal. [2003]usingHochbaum-Shmoys clus-
tering, but this approachrequires�xing the numberof samplesa priori,
while in our casethenumberof samplesfor eachG j dependson theview.

Thenwe normalizeeachtermTjk as

Tjk = Fj (wo) u jk(qp) v jk(f p)

=
�
u jk v jk Fj (wo)

�
�

u jk(qp)
u jk

� �
v jk(f p)

v jk

�

= F0
jk(wo) u0

jk(qp) v0
jk(f p): (7)

Finally, droppingtheprimesandusinga singleindex l , we obtain
the �nal form of our factoredrepresentation,whereul andvl are
proper1D probabilitydistribution functions,

r (wi ;wo) (wi � n) �
L

å
l= 1

Fl (wo) ul (qp) vl (f p); L = JK: (8)

Discussion: Our representationis designedwith a view to devel-
opingasamplingalgorithm,andlackstwo propertiesthataresome-
timestheoreticallydesirable.First,thetermsin equation(1),whose
form is essentialfor sampling,donotexplicitly enforcereciprocity.
(Of course,sincewefactortheproductof theBRDFandthecosine
term, the input function is not reciprocalto begin with.) Second,
the representationis not guaranteedto be continuous—therecan
bea discontinuityat thepoleqp = 0 in thesecondfactorizationin
equation(3). In eithercase,we have not observed any drawbacks
in practicebecauseof thesepropertiesandit canbeseenfrom our
resultsthatourmultiple-term�ts areaccurate.

5 Sampling
We now describehow to useour representationin equation(8) for
importancesampling. Intuitively, eachterm in the approximation
correspondsto a speci�c “lobe” of theoriginal BRDF, andthefac-
torizationalgorithmworks to �nd the bestsetof lobesto approx-
imate its overall structure. We �rst randomlyselectoneof these
lobesaccordingto the energy it contributesto the overall BRDF
for thecurrentview. Next, we samplethehemisphereaccordingto
the shapeof this lobe by sequentiallygeneratingan elevation and
azimuthalangleaccordingto the1D factorsul andvl .

To furtherdemonstratethis idea,considerthepair of factorsthat
we computedto approximatethe anisotropicBRDF in Figures2
and3. The �rst term createsa pair of lobesthat extendalongthe
y-axis, centeredaboutthe speculardirection (Figure4a), and the
secondterm createsa pair of �attened lobesthatextendalongthe
x-axis (Figure 4b). We could imaginesamplingthe hemisphere
accordingto just oneof theseterms(Figure4c,d): usingeachterm
alonegeneratessamplesin a differentregion of the BRDF. If we
generatesamplesaccordingto both termswith equalprobability,
however, the aggregateeffect is that we distribute samplesalong
theanisotropichighlight (Figure4e).

5.1 Impor tance Sampling

We now describethemathematicsof samplingmoreformally. We
will beinterestedin evaluatingtheintegralof theincidentillumina-
tion for a �x edoutgoingdirectionwo at a givenpixel with location
x andsurfacenormaln,

Z

W2p

Li(x;wi ) r (x;wi ;wo) (wi � n) dwi

�
1
n

n

å
s= 1

Li(x;ws)
�

r (x;ws;wo) (ws � n)
gi(ws j wo)

�
: (9)

The �rst line is simply the re�ection equation—theincident
lighting Li may be evaluatediteratively or recursively for global
illumination. The secondline is a MonteCarlo estimatorthat de-
scribesthestandardapproachto importancesampling.It represents
a weightedaverageof eachof the samples,eachdivided by the
probabilitygi of generatingsampledirectionws assumingthatwo is
�x ed.Thesubscriptin gi denotesthattheprobabilitydistribution is
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Figure 4: Themainbene�t of our factored representationis that it canbe
usedto ef�ciently samplea BRDF.(a & b) In thetoprow, wegraphtheval-
uesof the1D termsin our factorizationof theBRDFconsideredin Figures2
and3. Thegreenlinesshowthevaluesof u1(qh) andu2(qh), whereasthe
blue linesrepresentv1(f h) andv2(f h). Using thestrategy detailedin Sec-
tion 5, we selecteither the �r st or secondterm to generate an incoming
direction. (c) Usingonly the �r st termto generate samples,wenoticethat
thedirectionsaccumulatearounda pair of lobesalongthey axis,centered
within the highlight. (d) Using only the secondterm to generate samples,
thedirectionsaccumulatearoundtwo lobescenteredat f h = 0 andf h = p.
(e)Whenweselectbetweenthesetwo termswith equalprobability, wepro-
ducea samplingpatternthatmatchestheenergy in theoriginal BRDF.

over incidentdirections.gi shouldbenon-negative andnormalized,
i.e.

R
Wgi(wi j wo) dwi = 1. Our representationis usedto generate

samplesws, accordingto theprobabilitiesgi . For analyticmodels,
theactualBRDF canbeusedto evaluater . Themoreaccurateour
representationis, thelower thevariance,but equation(9) is always
accurateandunbiased.

If our factoredrepresentationexactly representstheBRDF mul-
tiplied by the cosineterm, the numeratorin the bracketedterm in
equation(9) will be exactly proportionalto the denominator, and
that termwill simply bea constant.Theestimatorwill thenrepre-
senttheidealimportancesamplingmethodbasedontheBRDF, and
will havelow variance.In fact,in thelimiting caseof aconstanten-
vironment(Li is constant),therewill bezerovariance.In practice
our representationis not exact,but it is a goodapproximationand
importancesamplingwith it signi�cantly reducesvariance.

5.2 Sampling Algorithm

We now describehow to choosedirectionsws and evaluategi in
equation(9). Our methodchoosesthe lobe l , azimuthalanglef p,
andelevationangleqp in turn,with eachstepinvolving computing
one randomnumberand inverting a 1D Cumulative Distribution
Function.

Choosinga term l: The probability of choosinga term l , for a
givenoutgoingdirectionwo is givenby

g(l jwo) =
Fl (wo)

å L
j= 1 Fj (wo)

: (10)

Fromtheseprobabilities,we calculatea 1D CDF over l . To se-
lect a term, we generatea uniform randomvariablein [0;1] and
performa binarysearchon theCDF to transformtherandomvari-
ableinto a valueof l . Notice that the probabilitiesdependon the
view direction,sowe mustrecomputethis CDF eachtime theout-
going directionchanges.However, L is typically very small, and
the sameCDF canbe usedfor all samplesthrougha given pixel
(sincewo is �x ed),sothecomputationis inexpensive.

Choosingazimuthal and elevation anglesf p and qp: Having
chosenthe term l to sample,we must now choosef p basedon
the probability distribution vl (f p). As before,we generatea uni-
formly distributed randomvariable in [0;1], and numerically in-
vert the CDF at that valueto determinef p. Choosingqp follows
thesamemethodology, but becauseof thesinqp areameasure,we
�nd it simplerto de�ne z= cosqp, anduseul (z) astheprobability
distribution. Inverting theCDF thenyieldsz, from which we �nd
qp = cos� 1 z. Note that we canprecomputetheseCDFsbecause
theprobabilitiesdo not dependon wo—a signi�cant bene�t of our
factorization.

Computing probability: Givenqp andf p, it is straightforwardto
generatea directionws. Dueto reparameterization,it is occasion-
ally possiblefor thesampledirectionsws to take valuesbelow the
horizon,but wecansimplysettheestimatorto 0 for thosedirections
without introducinginaccuracy or bias.Otherwise,wecalculatethe
probabilityfor equation(9) asthesumof themarginalprobabilities
for eachterm:

gp(z; f pjwo) =
L

å
l= 1

Fl (wo) ul (z) vl (f p)

å L
j= 1 Fj (wo)

: (11)

Oneissuewe mustaddressis reparameterization,sinceequation
(9) is in termsof the incident direction wi while our factorsare
reparameterizedusingthehalf-angleor, in general,somealternative
parameterizationwp. Sinceit is easyto convertbetweenthem,there
is nodif�culty in evaluatingequation(9). However, ourprobability
distributionsgp arein termsof thenew parameterization,andmust
bemodi�ed to conformto equation(9). In particular,

gi(wi j wo) = gp(wp j wo)

�
�
�
�
¶wp

¶wi

�
�
�
� ; (12)

wherethelast termis equivalentto theJacobianfor changingvari-
ablesin multidimensionalintegration,andconvertsdifferentialar-
easin wp to thosein wi . For thehalf-angle,this functionhasbeen
computedin many derivations,suchasfor calculatingtheTorrance-
Sparrow BRDF[1967],andis givenby

�
�
�
�
¶wh

¶wi

�
�
�
� =

1
4(wi � wh)

: (13)

Strati�cation: Theprecedingalgorithmgeneratessinglesamples
independently, but it is straightforwardto extendit to generatestrat-
i�ed samples:we simply stratifyeachof theindividual stages.Be-
causethesestagesdependonly on1D probabilitydistributionfunc-
tions,this is accomplishedby stratifyingthedomainof theuniform
randomvariablesusedin thosestages.We have found this to be
an effective methodof further reducingvariancein the generated
images.

6 Results
We now presentthe resultsof factoringboth analyticalandmea-
suredBRDFs,describingtheaccuracy andcompactnessof our rep-
resentation.In 6.2,weanalyzetheef�ciency of samplingaccording
to this representation.

6.1 Factorization

We factoredfour analytic BRDF modelsof varied behavior: the
Cook-Torrance[1982] rough-surfacemodel, an anisotropicWard
model [1992], Poulin-Fournier [1990] anisotropicre�ection from
cylinders,andtheHapke-LommelBRDF [1963] with strongback-
scatteringeffects. We alsotestedthreemeasuredBRDFsacquired
by Matusiket al. [2003]: nickel, plasticandmetallicblue. Table1
lists theresolutionandparameterizationof eachfactorizationalong
with thenormalizedmeanabsoluteerror(MAE) in theapproxima-
tion. Theseerrorswerecomputedover a densesetof samplesof



Original Resolution Terms Param. Compression NormalizedMAE
BRDF (qo � f o � qp � f p) (J � K = L) Ratio Factored Lafortune

Cook-Torrance 16� 16� 32� 16 4� 1 = 4 wh n/a 0.192 0.632
Ward 16� 16� 100� 100 2� 4 = 8 wh n/a 0.094 1.092

Poulin-Fournier 16� 16� 32� 16 3� 1 = 3 wi n/a 0.142 0.348
Hapke-Lommel 16� 16� 32� 16 3� 1 = 3 wi n/a 0.186 0.464
MeasuredNickel 16� 16� 128� 16 2� 1 = 2 wh 230:1 0.201 0.643
MeasuredPlastic 16� 16� 128� 16 3� 1 = 3 wh 200:1 0.266 0.874

MeasuredMetallic-Blue 16� 16� 128� 16 4� 1 = 4 wh 180:1 0.118 0.464

Table1: Accuracyof thefactoredBRDFrepresentation.Wefactored4 analyticalBRDFs:Cook-Torrance(d = 0:1,Rd = [0:12;0:22;0:48],s = 0:9,F0 = Rd,m=
0:2), Ward (r d = 0:1,r s = 1:2,ax = 0:2,ay = 0:02), Poulin-Fournier(d = 2:0,h= 0:0,n= 20:0,Rs = 0:8,Rd = 0:2), andHapke-Lommel(g= 0:6, f = 0:1,r = 1:0),
alongwith 3 measuredBRDFsfromMatusiket. al. [2003]: nickel, plastic,andmetallic-blue. For each BRDFwelist theresolutionof theoriginal datamatrix
Y, the numberof “outer” and “inner” terms(J and K, respectively)of the factorization,and the parameterizationof the incominghemisphere. For the
measuredBRDFs,wealsolist thecompressionratio. We report themeanabsoluteerror of the�nal factorization,normalizedby themeanBRDFvalue. This
is comparedto theerror resultingfrom�tting a multi-lobeLafortunemodelto theoriginal BRDFusinga standard non-linearoptimizer.

the4D domain,independentof the resolutionof the factorization.
We comparethis with a best-�t 2-lobeLafortunemodel,exceptfor
the Cook-TorranceBRDF, to which we �t a 3-lobemodel. For
mostmodels,wereparameterizedby thehalf-anglewp = wh, while
for themorediffusemodels(Poulin-FournierandHapke-Lommel),
we usedthestandardparameterizationby incidentanglewp = wi .
Compressionratiosarereportedfor measuredBRDFs,andrepre-
sentthereductionin sizewith respectto theoriginaldatamatrix.

Weseethatin all casesfactorizationproducesanaccurateresult,
in many casessigni�cantly moreaccuratethan �tting an analytic
modelsuchasLafortune. This accuracy in the representationex-
plainsthehigh quality of our samplingalgorithm.We furthernote
that �tting a 3-lobeLafortunemodelcanbeunstable,often taking
minutesto hoursto convergein a nonlinearminimizer, andcanre-
quiremanualtuning to �nd a good�t. By contrast,our methodis
automatic,robust,andfast(takingonly a few minutesto factorthe
BRDFsconsideredin theseexperiments).

We observe, as previous authorshave, that MAE or RMS er-
rors areimperfectmeasuresof the accuracy andvisual quality of
a BRDF approximation:in practice,the numericalerror is domi-
natedby regionssuchasthespecularhighlight andgrazingangles.
To this end,Figure5 shows theappearanceof somefactoredmod-
els,ascomparedto theoriginals,underpoint illumination. We see
thatthroughoutmostof theBRDFtherepresentationaccuracy is, in
fact,betterthanthenumbersin Table1 would suggest,andtheer-
ror of ourapproximationdecreasesrapidlyasmoretermsareadded
(Figure6). For the caseof measurednickel, note that our repre-
sentationregularizessomeof the measurementnoisearoundthe
highlight, relative to theoriginal data.We concludethat, for mea-
sureddata,our representationappearsto produceresultscompara-
ble with measurementerror (Matusiket al. observe errors,suchas
deviation from reciprocity, of 10� 15% at normalangles,ranging
to 60� 70%at grazingangles[personalcommunication]).

Selectingtheappropriateresolutionfor thefactorization,andthe
parameterizationof the incominghemisphereis a manualprocess.
In most cases,the analytical formula (for parametricBRDFs) or
generalappearance(for measuredBRDFs)providesenoughinfor-
mationfor anaccurateestimateof how many samplesaresuf�cient
andwhatparameterizationis optimal.Theoretically, thenumberof
termsshouldbeproportionalto theranksof thematricesY andG j
(or, at least,the numberof signi�cant eigenvaluesof thesematri-
ces).In practice,however, we simply increasethenumberof terms
(J andK) until the error in the approximationplateaus.Figure6
shows thisconvergenceprocessfor factorizationsof theanisotropic
WardBRDF listedin Table1.

Sinceour goal is to develop a representationsuitablefor ef�-
cient sampling,ratherthan a factorizationmethodmore accurate
thanpreviousapproaches,we did not directly comparewith previ-

(a) Cook-Torrance (b) FactoredCook-Torrance

(c) AnisotropicWard (d) FactoredAnisotropicWard

(e)MeasuredNickel (f) FactoredMeasuredNickel

Figure 5: Accuracy of the BRDF factorization. The left columnshows
a vaserendered with (a) a Cook-TorranceBRDF, (c) a Ward anisotropic
BRDF and (e) a measured nickel BRDF underdirect illumination. (b, d
& f) Theright columnshowsthe samevaserendered with a factored ap-
proximationof theoriginal BRDF.(b) Noticetheslightbandingeffectsthat
appearin the factored highlight of theCook-TorranceBRDF, which result
fromthe�nite samplingresolutionalongqh. (f) Thefactorizationactually
regularizessomeof themeasurementnoisethat appears in thehighlight of
themeasurednickel BRDF.
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Figure 6: Comparisonof the RMSapproximationerror of an anisotropic
Ward BRDF, asa functionof thenumberof termsin thefactorization.Each
line showsa different numberof “outer” terms(J) while the numberof
“inner” terms(K) increasesalong the x axis. Note the drop in error at
K = 2: thisshowsthatat leasttwo inner termsarenecessaryto capture the
anisotropic shapeof this BRDF.

ousfactorizationapproachesthat cannotbeeasilysampled.How-
ever, wedid factoraPoulin-Fourniermodelwith qualitatively com-
parableparametersto the onelisted in [McCool et al. 2001], and
produceda factorizationwith RMS errorcomparablewith thatap-
proach(althoughnot given in Table1, theRMS error for that fac-
torizationis 0.094).While this is not the focusof our paper, these
resultsindicatethatthebene�tsof amulti-termnonnegative factor-
izationmaybeapplicablein otherareassuchasreal-timerendering.

6.2 Sampling

We next considertheef�ciency of importancesamplingusingour
factoredrepresentation.For a controlledquantitative comparison,
weconductedtestsinvolving imagesof asphere(sovisibility is not
considered),lit by a constantenvironmentmap(so complex illu-
minationis not considered).Thecomparisonmethodsareuniform
samplingof a cosine-weightedhemisphere,analytic samplingof
eithera best-�t multi-lobeLafortunemodel[Lafortuneet al. 1997]
or a generalizedBlinn-Phongmodeldevelopedby Ashikhminand
Shirley [2000],andanapproachbasedon explicit tabulationof the
BRDF [Matusik2003].All methodswerestrati�ed.

We comparedvariance(averagedover 50 trials) asa functionof
the numberof samplesused(groundtruth was taken as the limit
with a very largenumberof samples)for theBRDFsconsideredin
Table1. We veri�ed for all samplingtechniquesthatthey wereun-
biased,andthat the imagevariancedecayedapproximatelyasthe
inverseof the numberof samples(Figure7). Table2 reportsthe
ratio of the varianceof the comparisonmethodsto our approach
with 100samples—therelative performancewith a differentsam-
plecountwouldbeessentiallythesame.Thisis anappropriatemet-
ric, sinceit directlycorrespondsto how muchlongerthealternative
approacheswould needto run (i.e., how many moresamplesthey
would require)to producethesamequality resultsasour method.
The imageRMS error correspondsroughly to the standarddevia-
tion, which is thesquarerootof thevariance.

We seethatcomparedto uniform randomsampling,BRDF im-
portancesamplingalwaysdoesat least5 to 10timesbetter, andsig-
ni�cantly betterfor shiny materialssuchasmeasurednickel. Rela-
tiveto analyticmodels,thedegreeof improvementdependsonhow
closelytheanalyticmodelis ableto matchtheBRDF. Lafortune's
model,for instance,is agood�t of thePoulin-FournierandHapke-
LommelBRDFs(asseenin Table1). Notethatthesematerialsare
morediffuseandrandomsamplingalsodoesfairly well on them.
However, we always do at leasttwice aswell assamplingbased
on a Lafortune�t, and for measuredmaterials,and even for the
widely known Cook-Torrancemodel,we do anorderof magnitude
better. On theotherhand,theAshikhmin-Shirley modelrepresents
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Figure 7: Image varianceas a functionof the numberof samples.These
plots showthe relationshipbetweenthe average image varianceand the
numberof samples/pixelfor all 5 samplingstrategiesconsideredin thispa-
per. Top: the variancein the image of a sphere with the Cook-Torrance
BRDFfromTable 1 underconstantillumination. Bottom: variancein the
image of a sphere with a measuredmetallic-blueBRDFunderconstantil-
lumination. Asexpected,thevarianceconvergesto 0 asthesamplecounts
increase, con�rming that each strategy producesan unbiasedestimate. At
100 paths/pixelwe seethe valuesfor which the factor of improvementis
listedin Table2.

lobesdependingon the half-anglewell, andthereforedoesbetter
thanLafortuneat samplingmetalsandplasticssuchasthe Cook-
Torrance,nickel andplasticBRDFs. However, our methodis still
at leasta factorof 2 better, andfor many of thematerials,weseean
improvementby a factorof 5-10.

We alsomeasuredtheeffectivenessof importancesamplingthe
BRDF using the factoredrepresentationundercomplex illumina-
tion (Table3). The experimentalsetupis identical to that for Ta-
ble 2, exceptthat thespherewasplacedin thebeachenvironment
[http://www.debevec.org/Probes/].Becausethe shapeof the inte-
grandof therenderingequationis affectedby varyingillumination,
samplingtheBRDF alonewill not beasef�cient asfor constantil-
lumination.As expected,for morediffuseBRDFs(Hapke-Lommel
andPoulin-Fournier)we noticethat the illumination becomesthe
dominantfactorin the integrandanduniform randomsamplingis
a reasonablestrategy. For themorespecularBRDFs,however, we
still seethe bene�ts of importancesamplingthe BRDF, and our
methoddecreasesthevarianceby a factorof 2-20over best-�ts of
either parametricformula. One exampleof this is the measured
metallic-blueBRDF. Thespecularpeakof thisBRDFdeviatessub-
stantiallyfrom theidealspeculardirection,andis alsonot well ap-
proximatedby a functionof qh, particularlyastheview approaches
the horizon. As a result, the best-�t Lafortuneand Ashikhmin-
Shirley parametricmodelsfail to matchthe BRDF well in these
regions.Althoughour factoredrepresentationusesa half-anglepa-
rameterizationof the incominghemisphereaswell, it canhandle
small deviations from this direction throughthe inherent�e xibil-
ity a numericalapproximationprovides.As a result,our technique
samplesthis BRDF moreef�ciently thaneitherparametric�t (Fig-



Ef�ciency of BRDF Samplingin ConstantEnvironment
Original Improvementrelative to:
BRDF Unif. Laf. A&S Mat.

Cook-Torrance 16.38 13.27 3.53 0.75
Poulin-Fournier 5.86 1.85 6.11 n/a
Hapke-Lommel 3.32 2.14 11.61 1.99

Nickel 306.17 11.52 2.17 1.66
Plastic 157.12 14.40 1.34 18.53

Met. Blue 8.88 6.73 6.75 0.44

Table2: Ef�ciency of importancesamplingtheBRDF. This table lists the
factor of improvementin varianceresultingfrom samplingthe BRDF ac-
cording to our factored representation,compared to four alternativeap-
proaches: uniformly samplinga cosine-weightedhemisphere, samplinga
best-�t multi-lobeLafortunemodel,samplinga best-�t generalizedBlinn-
Phongmodeldescribedby Ashikhminand Shirley, and samplingfrom a
densesetof tabulatedCDFs, as describedby Matusik. Becausevariance
is linearly proportional to runningtime, thesevaluescanbeinterpretedas
thefactor of time, or numberof paths,that wouldberequiredfor theother
samplingapproachesto reach thesamenoiselevel asour representation.

Ef�ciency of BRDF Samplingin BeachEnvironment
Original Improvementrelative to:
BRDF Unif. Laf. A&S Mat.

Cook-Torrance 25.79 10.28 2.23 0.75
Poulin-Fournier 1.40 1.09 1.53 n/a
Hapke-Lommel 0.89 1.61 1.87 1.00

Nickel 572.76 3.45 2.17 4.80
Plastic 381.94 21.60 1.67 55.64

Met. Blue 9.17 5.96 5.71 0.55

Table3: ImportancesamplingtheBRDFundercomplex illumination. This
tablepresentsthefactorof improvementof our samplingstrategycompared
to alternativeapproacheswhenrenderinga particular BRDFin thebeach
environment. Becausethe illumination contributesto the shapeof the in-
tegrand in therenderingequation,samplingaccording to theBRDFalone
will be lessef�cient than whenthe illumination is constant.Althoughour
factoredrepresentationstill outperformsthealternativesamplingstrategies
by a factor of 2-20, theseresultssuggestthe potentialdesirability of com-
biningenvironmentandBRDFsampling.

ure8). Together, theseresultsindicatethegeneralityandef�cacy of
ourapproachfor importancesamplingcomparedto �tting aspeci�c
analyticmodel.

Theonlymethodcompetitivewith oursis thatof Matusik[2003].
For a setof �x edview directions,this methodcomputesa 2D CDF
over incident directionsaccordingto the sphericalparameteriza-
tion of thehemisphere.For accurateresults,this approachrequires
densesamplingalongall variables,anddoesnot provide thecom-
pactnessof our factoredrepresentation.In fact, Matusik reports
usingresolutionsof 90� 90� 180 for isotropicmaterials,andac-
knowledgesthe infeasibility of this approachfor anisotropicma-
terials. Even with theseresolutions,however, therearestill situ-
ationswhen the closestCDF (i.e. the closestview for which the
CDF is tabulated)differssigni�cantly from theactualshapeof the
BRDF. This is apparentwith measurednickel andmeasuredplas-
tic, for which the BRDF has a sharpspecularpeak. For views
nearnormal incidence,samplingaccordingto the sphericalcoor-
dinatesof the incidentdirectionis suf�cient to accuratelycapture
theshapeof theBRDF. Neargrazingangles,however, the2D CDF
for thenearestview oftenvariessigni�cantly from theactualshape
of the BRDF, degradingthe samplingef�ciency in theseregions
(Figure9). Our factoredrepresentation,on theotherhand,avoids
this situationthrougha betterparameterizationof the hemisphere
anda morecontinuousapproximationof theBRDF over all views.
Moreover, our representationsupportsanisotropicre�ection andis
morecompact.For theBRDFspresentedin thispaper, thecomplete

(a) Lafortune (b) A&S (c) Factored

Figure 8: Importancesamplinga BRDF according to best-�t parametric
modelsand our factored representation(cf. last row of Table 3). These
imagesshowa metallic-bluespherein thebeach environment,renderedwith
100samplesgeneratedaccording to (a) a best-�t 2-lobeLafortunemodel,
(b) a best-�t Ashikhmin-Shirley model,and(c) our factoredrepresentation.
We showboth a varianceplot on a logarithmic scaleand a closeupat a
region where the view approachesthe horizon. In this part of its domain,
the BRDF hasa shapethat is dif�cult to �t with either of the parametric
models,andour factoredrepresentationallowsmoreef�cient sampling.

MatusikSampling FactoredSampling

Figure 9: Samplingmeasurednickel with a densesetof 2D CDFs,asde-
scribedby Matusiket. al. andusingour factored representation(cf. fourth
row of Table3). For such shinyBRDFs,computinga �xed setof 2D CDFs
canstill causeproblemsfor regionsof thedomainfor which thenearestpre-
computedCDF of a particular view poorly matchestheactualBRDF. Our
factored representation,on theotherhand,gainsbettercontinuitythrough
anappropriateparameterizationandapproximation,resultingin moreef�-
cientimportancesamplingthroughoutthedomain.

factoredrepresentationrequiresroughly200KBascomparedto the
60MB requiredto storethesamplesof the3D BRDFalongwith the
pre-computed2D CDFsrequiredfor theapproachof Matusik.

In generatinga sampleusingour approach,thedominantcostis
thatof invertingthree1D CDFsusinga binarysearch.This makes
our approachreasonablyfast,comparablewith analyticallydraw-
ing a sampleaccordingto theLafortuneandPhongsamplingalgo-
rithms. It is somewhat slower thanthe simplerrandomsampling,
andalmostidenticalto theapproachof Matusik,whichalsoinverts
a pair of 1D CDFs. In practice,all of thesetimesaresmall com-
paredto thecostof propagatingasampleor tracingaray for global
illumination, andhencethe numberof samples(andthe resultsin
Table2) correspondscloselyto actualrunningtime.



6.3 Global Illumination

Wealsorendereda complex scenewith globalilluminationusinga
pathtracer(Figure10). In this case,the incidentillumination and
visibility areunknown and,consequently, importancesamplingthe
BRDF is the only reasonablestrategy (i.e., environmentsampling
is not possible). We usedour factoredrepresentationto sample
all � ve BRDFs in the sceneand to representthe threemeasured
BRDFs.Wecompareour resultswith thoseof a systemusingbest-
�t Lafortunemodelsto samplethe differentBRDFs. We present
renderedimagesat equaltime (300 paths/pixel for both sampling
strategies)andequalquality (1200paths/pixel for Lafortunesam-
pling) alongwith false-colorvisualizationsof the variancein the
sceneon a logarithmic scaleand several magni�ed views show-
ing differentBRDFsin thescene.Clearly, differentregionsof the
sceneconverge at different rates,but our methodis roughly 4-5
timesmoreef�cient overall andan orderof magnitudemoreef�-
cienton dif�cult BRDFssuchastheplastichandle.This example
highlightstheusefulnessof ageneralapproachto bothrepresenting
andimportancesamplingBRDFs.

7 Conc lusions and Future Work

Thisworkaddressesalong-standinggraphicsproblemof ef�ciently
importancesamplingcomplex analyticandmeasuredBRDFs. We
introducea new factoredrepresentationof theBRDF that reduces
samplingto inverting three1D cumulative distribution functions.
This providesa compactpracticalrepresentationanda simpleal-
gorithm for sampling,which in many casesreducesvarianceand
samplingtimes relative to previous methods. We useour repre-
sentationand importancesamplingmethodto rendersceneswith
multiple isotropicandanisotropicmaterialswith global illumina-
tion andshadows.

In futurework, we would like to extendour techniqueto allow
for mixedparameterizationsof the factoredBRDF, suchthateach
term may have a differentparameterization.This would allow us
to betterapproximateBRDFs that exhibit several different types
of scattering(e.g.side,backward and forward) at the sametime.
A secondareaof future researchis investigatinghow to combine
strategiesfor samplingtheBRDF andtheincidentillumination. In
general,illumination samplingand BRDF samplingare comple-
mentarytechniques,andit would beinterestingto investigatemul-
tiple importancesamplingmethods[VeachandGuibas1995] for
combiningour algorithmwith environmentmapsampling.

Our factorizationmethodmight alsohave applicationsin sam-
pling bi-directionaltexture functions(BTFs)andlight �elds—two
examplesof high-dimensionalfunctionsthat,likeBRDFs,typically
have signi�cant redundancy. More generally, we seeour work asa
�rst steptowardsef�cient techniquesto samplehigh-dimensional
measuredfunctions. With the increasingimportanceof measured
andimage-baseddatain computergraphics,this problempromises
to have growing signi�cance.
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Appendix: Non-negative Matrix Factorization
We usenon-negative matrix factorization(NMF) [Lee andSeung2000] to
decomposeamatrixof BRDFvalues,Y, into two lower-dimensionalfactors
Y � GF. NMF is an iterative algorithm and initially both G and F are
seededwith non-negative randomvalues.At eachiteration,theentriesin the
currentfactorsareupdatedaccordingto thedeviation betweentheir current
approximationof the target matrix, (GF), and the actualtarget matrix Y
usingthefollowing updaterules:

Fi j  Fi j å
k

Gki
Ykj

(GF)kj
; (14)

Gi j  Gi j å
k

Yik

(GF) ik
Fjk; (15)

Gi j  
Gi j

å k Gkj
: (16)

This algorithmis guaranteedto converge to a local minimumof thefol-
lowing errormetric:

D(YjjGF) = å
i j

�
Yi j log

Yi j

(GF) i j
� Yi j + (GF) i j

�
: (17)

Becausefor aBRDFrelative differenceis moreperceptiblethanabsolute
difference,wefoundthatminimizingthis“divergence”errorwasdesirable.


