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Abstract.  Discrete systemssuch as sets,monoids, groups are familiar categories.The internal
strucutre of the latter two is de ned by an algebraic operator. In this paper we describe the
internal structure of the baseset by a closure operator. We illustrate the role of such closurein
convex geometriesand partially ordered setsand thus suggestthe wide applicabilit y of closure
systems.

Next we develop the ideas of closed and complete functions over closure spaces. These can
be used to establish criteria for asserting that \the closure of a functional image under f is
equal to the functional image of the closure". Functions with these properties can be treated
as categorical morphisms. Finally, the category ClosureSys of closure systemsis shown to be
cartesian closed.

1 Closure Systems

By adiscrete systemwe meana set of elemerts, points, or other phenomenawhich we will generically
call our universe, denoted by U. Individual points of U will be denoted by lower case letters:
a;b;:p;gi 2 U. By 2V, we meanthe powerseton U, or collection of all subsetsof U. Elemerts
of 2V we will denote by upper caseletters: S;T;X;Y;Z. A closure system, C, is any collection of
subsetsX;Y;:::Z U, including U itself, which is closedunder intersection. Subsetsin C are said
to beclosed. If U = fa;b;c;d;eg then the collection of closedsets

G =f ;fag;fbg;fabg; fbd;fabcg; fabdy; fabceg; f abcdey; f abcdefgg (2)

is a closure system. We require the empty set to beincluded in all closure systems;although this
will not be necessaryuntil we de ne direct products in the category.

A closuresystemcan equivalently bede ned as(U;' ), where' isaclosure operator satisfying
four axioms. For all Y;Z U,

co: ' =

cLy Y',

C2:Y Z impliesY:' Z:!,6 and
C3: vy =Y’

By C1, U itself must be closed.Here we are using a su x operator notation, aswe will throughout
this paper. Read Y:' as\Y closure". A setY isclosed if Y = Y:' . It is not hard to shaw that these
two de nitions of closure are equivalert.

A closure operator/system can satisfy other axioms depending on the mathematical discipline.
A top ological closure is closedunder union, or

Ca: (Y[ 2)!' =YY" [ Z:".
The closure operator of linear systems, often called the spanning operator, satis es the Steinitz-
MacLane exchange axiom



C5:if p;q62y:' andq?2 (Y[ fpg):' thenp2 (Y[ fqg):' .
Sud closuresystemsare called matroids . Still other closureoperators may satisfy an anti-exc hange
axiom

C6:if p;q62y:' andq2 (Y[ fpg):" thenp6Y [ fqg): .
These closure operators, which include the geometric corvex hull operator, are said to de ne anti-
matroid closure systems.An important antimatroid property is that:

Prop osition 1. Let' be antimatroid. If X:' =Y:" = Z closel, then (X \ Y):' = Z.

Proof. If X\'Y = X orY, the result is trivial. Sothere existspinX Y andq2 Y X.Now, suppose
(X\ Y)' 68Z,then(X\ Y[ fpg): =Z=(X\ Y[ fqg):CL (if notlet X\ Y[ fpg= X%and
X\ Y[ fogg= YP%and repeat the argumert) cortradicting C6. t

Let (U;') be a closuresystem. Containment, , forms a natural partial ordering on the closed
subsetsC; shown in (1), and it is well known that the closedsetsin (U;' ) soordered form a lower
semi-madular lattice.® Figure 1 illustrates the lattice of closedsetsof the closuresystem C; ordered
by inclusion.
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Fig. 1. The lattice of closedsets of C;

1.1 Relativ e Closure

In our developmert of closure spacefunctions we will also usethe following concept, which has the
feeling and avor of relative topologies.Let (U;' ) be any closuresystemand let W  U. By the
relativ e closure ' with respect to W, denoted' j,, , we mean
Yijw =Y\ W, 8Y W.
It is not hard to seethat if ' is antimatroid, then' j, is aswell.
As shown below, the restriction of a closedset will always be closed.The ability to infer that Y
is closedwrt. ' whenits restriction is closedwrt. ' j,, is of more interest. The following proposition
from [12] givestwo su cien t conditions. Neither is necessary

! This lower semimodularit y of closed subsetspartially ordered by inclusion has beenrepeatedly discovered
by many authors. SeeMonjardet [10] for an interesting summary.



Prop osition 2. In any closure system(U;" )
() X closed wrt. ' implies X \ W is closedl wrt. ' j,, .
(b) If W is closel wrt. * and X W, then X closa wrt. ' j,, implies X is
closal wrt. ' .
(c) If X isclosed wrt. ' j,, and (X:" X)\ (U W)= | then X closel wrt. ' .

Closure systemsare commonin discrete applications. One encourters transitiv e closurein many
guises.Three important types of closure system are 1) corvex geometries,2) poset closure,and 3)
Galois closure of relations. Since Galois closure need not be antimatroid [5], we will ignore it in
this paper. The other two are worth examining in a bit more detail becausethey can provide many
motivating examples.

1.2 Convex Geometries

By a convex geometry we shall mean a collection of discrete points in an n-dimensional Euclidean
space.For the illustrativ e purposesof this paper, we always assumea 2-space.The closure operator
is the convex hull operator. A much more complete treatment can be found in [3,4,6]. There the
closedsetsare called alignments.

A corvex hull closure operator provides the quintesserial example of antimatroid closure.Con-
sider Figure 2. The point q is in the corvex hull of Y [ fpg, consequetly p cannot possibly be in

Fig. 2. lllustration of antimatroid closure

the convex hull of Y [ fqg.

1.3 Posets as Closure Systems

SupposeU is a poset (P; ) such asFigure 3, wherea < c< e, etc: Or, equivalently, we may think
of Figure 3 asan acyclic graph G = (P; E). Two familiar closure operators on P are

a<=—c=<—=¢
/ et
b <—— d =
Fig. 3. A 6 point poset

Y#=fxj9y2Y;x ygand



Y"=fzj9y2Y;y zg.
\Do wnset closure", #, on Figure 3 yields the closure system G, introduced in Section 1 and the
closurelattice of Figure 1.2 Y:# is sometimescalled an ideal, and Y:" a lter. In this paper we will
emphasizethe downset closure,#, on posets;although others are possible.

A potentially more interesting closure operator on posetsis the convex closure operator, de-
noted by ' -, dened Y:' o = fxj9y1;y2 2 Y;y1 X  Yy.0. Someauthors call these closedsets
"causal sets[1]. The lattice of closedsetsgeneratedby ' - operating on the 5 point posetof Figure
3 is shown in Figure 4. Observe how many more closedsubsetsof P = fa;b;c;d;eg are created by
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Fig. 4. The lattice of closed setsformed by convex closure,' - on the poset of Figure 3.

' ¢ than by #. It is easyto show that ' - = #\ ". Wecall #", and"' .~ collectively path closures.
We now add two important conceptsto our developmert of closureobjects; they are the notion
of generators and an ordering of all subsetsof U, not just the closedsubsets.

1.4 Generators

Let Y be a closedset. A subsetX Y is saidto generateY if X:" = Y. By C4, every closedset
Z generatesitself. But, that tends to be uninteresting. We say a generator Y of Z is non-trivial

if Y Z.In fact, we are really only interested in minimal non-trivial generators. And, because
' is antimatroid know these minimal elemers are unique (as we showv immediately below). More
speci cally, if X is the minimal generating set, it is called the generator of Y, and denoted by
Y: .2 When there is only a single generating set for any closedsetY we say that (U;" ) is uniquely
generated . The three path closures,#;";" -, on posetsare all uniquely generated.

Prop osition 3. A closure system(U ;') is antimatroid if and only if it is uniquely geneated.

2 Since we draw partial orders from left to right, perhaps this should be called a \left set" ordering!
3 When a closed set may have more than one generator, the collection of all minimal generating sets we
denote by Y: = fY: ;i Y0 ,0[5].



Proof. If (U;") is not antimatroid then there exists someclosedset Y:' with p;q62Y:' sud that
p2 (Y[ g andg2 (p[ Y): . Then p and g are menbers of distinct generatorsof (Y [ p):' =
(Y[ 9):' . The cornverseis similarly shown.

This proposition can also be treated as a corollary of Prop. 1. ti

If (U;") is antimatroid, then the collection of all sets X; with the sameclosureY = X;:'
constitute a Boolean lattice with Y: Xi Y. In particular, if Xj;::: Xk generateY then X; \
..\ Xy alsogeneratesY.

1.5 Partially Ordering a Power Set with respect to Closure

In the preceding sections, we partially ordered only the closedsets by containment. Now we seek
to partially order all the subsetsof U, simple containment no longer seemsquite so natural. In
particular, containment doesnot involve the closure operator. To partially order 2V with respect to
the closure' , we say

X v Z ifandonlyif zZz\ X:* X Z! (2)

forall X;Z U, It is not hard to shawv that v really is an ordering; only transitivit y takesa bit
of thought [12]. The value of this ordering we will seeaswe progress.

First, we obsene that if X and Z are closedin (U;' ) then X v Z if andonly if X Z, so
on the closedsetsit coincideswith the subsetpartial ordering. Second,if X; and X generateZ
then X v Xy if and only if Xy Xi. Third, it can be shown [12] that if U is nite and ' is
antimatroid then (U; v ) de nes a complete lattice, L, called its closure lattice [12]. Again, we
should properly usethe notation (2Y; v ) since v is an ordering of the powerset, but this abuse
of notation emphasizesthe role of the baseset U. Figure 5 illustrates the closure lattice generated
by the downset operator # on the poset of Figure 3. We had seenFigure 4 asits lattice of closed
subsets.In Figures 1 and 5, the top of the lattice has beenpushedto the right to more easily draw
the Boolean generator setsin an upper left to lower right orientation. The regularity of structure
suggestedby this gure really exists, c.f. [12]. The sublattice of closedsetsin this gure is denoted
by set labels that are joined by solid lines that are generally inclined from the upper right to the
lower left.

The generators,d; ad; c; cd; e; de and f, are connectedto the corresponding closedsets that
they generate by dashedlines generally inclined from the upper left to the lower right. Observe
that ead of the lattice intervals [Y:"; Y: ] is a boolean sublattice. In the caseof the 32 subsets
comprising the boolean sublattice [abcdef, f ] and the 8 subsetscomprising [abcdede] and [abcef],
we only indicate a few of their their constituent elemens and a dashedoutline.

The dash-dot lines denote a few of the covering relationships between non-closedelemerts in
di erent booleanintervals. These covering relationships, which correspond to the ordering X v Z,
edo those of the closedsubgraph sublattice. This pattern will be seenin all closure spaceswhere if
X1 is a generatorof Z; v Z,, then there exists a generator X, of Z, such that X, X1 = Z, Z;
[12].

Finally, we obsene that this closureis Ty, that is union preserving (C4) and antimatroid (C6)
sothis order v is preciselythe specialization order, v s describedin [8].

When we used convex closure,’ -, on the poset of Figure 3 we had many more closedsubsets
than werein Figure 5. Consequetly, we have many fewer \non-trivial" generatorsasshown in Figure
6. Again, dashedlines demarcate subsetswith the sameclosure.Observe that convex closureon any
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Fig. 5. A Closure Lattice, L' with the closedsets of Figure 4.

posetis antimatroid, that jY: j 2 and that any nite set closedwith respect to downset # or
upset " will be closedwith respectto ' .

The following proposition establishesthat with posetsthe closure spaceordering is conformant
to the posetorder. This, and the following 3 results, comefrom [12].

Prop osition 4. Let (P;#) be a poset. Then x y if andonly if x v .

Proof. x vy ifandonlyif x 2 y:# And readily fyg\ fxg#6 if andonly if x = y, sofyg\ fxg#

fxg fyg# t
There are many interesting relationships betweensubsetinclusion  and the closure space(lat-

tice) ordering v asdetermined by the closure operator ' .

Prop osition 5. If P\ X = then
@ X v X[ Pifandonlyif P\ X:" = |
() X[ Pv Xifandonlyif P X:".

Proof. X v X[ Pi (X[ P)\ X:" X (X[ P):,wherethe secondcontainment always holds,
but the rst istruei P\ X:' =

X[Pv Xi X[ X[ P) X[ P X!, wherereadily we needP  X: for the second
cortainment to be true. t

Prop osition 6. LetX v Z. If Z is closel then X is closel.
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Fig. 6. Generators of the convex closure' - of Figure 4

Proof. Z\ X:* X Z=2Z:!.ThusX ZandX X: soX X\ X:' whichasthe intersection
of closedsetsmust be closed.SinceX:' isthe smallestclosedset containing X, X = X\ X:' = X:'.
t

Sometimesthe contrap ositive, that isif X v Z and X is not closedthen Z cannot be closed,is a
more useful formulation.

In a discrete closure space, covering relationships take on a special importance, just as the
existenceof individual edgescanbeimportant in graph theory eventhough the transitiv e relationship
is the path relation. Recall that a lattice elemen (subset) Z covers the elemert X inL if X v Z
andif X v Y v Z impliesX =Y.

Prop osition 7. If ' is antimatroid and Z is closeal, then for all px 2 Z: , Z covers Yy if and only
if Ye=Z2 Pk -

Proof. Let Yx = (Z: px):' Z. Readily px 62Yk, henceYy Z 6« Z. SinceZ 6y does not
generateZ, Z coversX pg in L, soby Prop. 6, Yx = Z py is closed.
The cornverseis similar. tl

It is worth verifying this relationship in Figure 5, aswell asall other antimatroid closure spaces.A
more generalrelation betweenthe generatorsof a closedset Z and the closedsetsthat it coverscan
be found in [5].

1.6 Generators in Convex Geometries and Concept Lattices

A closedcornvex hull is generatedby elemerts of its boundary. The minimal generatingsetis precisely
the verticesof the boundary. Since,in a discrete geometry, thesemust be unique, corvex hull closure



is antimatroid. The e ciency of the Simplex method for solving linear inequalities [2] is basedon
this principle. In Figure 7 there is a small 6 point geometry. Every singleton point or doubleton pair
is a trivial closedset. This is re ected in the \busy" structure of the closure lattice to the right.
The non-trivial generating setsare f abcd;abcf; abd , acde;bcdeabg abd;abf; acd, bcd;cdeg. In [3,4,
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Fig. 7. A small 6 point convex geometry

6] they are called extr eme points. The set of points abcdgeneratethe entire space(U ;"' ). Following
Proposition 7, deletion of any generating (extreme) point, say b, from Z = abcdef must createa new
closedsetY = acdef. In [9], this repeated deletion of generating/extreme points is called \shelling"
where they useit to de ne antimatroid behavior.

2 Functions on Closure Systems

A function f mapping a closure system C into another C° is a function taking the power set of U
into that of U To simplify notation, we denote these functions by U I U%instead of the more

correct2V 1 2Y°. .

Functions, or morphisms, taking 2V to 2Y " can be arbitrarily complex. To reducethe complexity
somewhat, we consider only monotone functions f for which X Y in U implies X:f  Y:f in
u®

Let U | UO%bea function betweenthe power setsof U and U° Now, considerU | UCasa
function betweenthe closuresystems(U;' ) and (U%"' 9. Doesthe function f presene the closure



structure of U in U % More particularly , doesthe following diagram commute, that is 8X U does
X 0= Xouf 2

?

) — = (%9

Fig. 8. f regarded as a closure system transformation

2.1 Complete and Closed Functions

A function (U;") i (U%" 9 is said to be complete if 8X 2 U, X:f closedin (U%"' 9 implies
X:f o= Xof.

In a discrete space,\completeness" has some of the characteristics more commonly assciated
with \continuity". In particular, it providesan analogto the notion that \the inverseimage of closed
setsis closed". To get a senseof why we might want a function to be \complete" considerthe simple
function f which maps a linear order on the 3 points, a;b, and ¢ shown in Figure 9 onto a linear
order on just 2 points a%c®, wherea:f = a%c:f = ¢® and b:f can be either a® or c®. This f is clearly

f
a=—b=—c E——— a=— ¢

Fig. 9. A \complete" function

\order preserving" and could be regardedas an epitome of a \w ell-behaved" discrete function. The
subsetalis closedwith respectto any of the closureoperators that we normally assaiate with such
partial orders,while ac2 fa%%:f ! is closedwith respectto noneof them. Clearly, we can't require
every pre-imagesetto be closed;but by requiring that whenewer the imageis closed,the closureof a
pre-imageset must also map onto this image set, we believe we have captured an essetial property.
The next sequenceof propositions provide additional con rmation of this.

Properly, Y%f 1 is a collection of setsthat map onto Y° Howevwer, it is more corveniert to let
Y% ®denote fY :Y:f =Y.

Prop osition 8. Let(U:') ! (U%' 9 becomplete.If YCis closal in U° then Y%f ! is close in
uU.

Proof. SinceY%f *:f = YO whichisclosed,by completenessvehaveY%f *:' :f = YOorYCf 1 =
YOf 1, t
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Thus the inverseimage of a closedset is indeed closed.

Prop ositon 9. A function (U:') | (U%' 9 is completeif andonlyif 8X U; X::f  X:f: O
Proof. X:f X:f: O Let YO= X:f:' % soYCisclosed.Let Y = Y% 1 SinceX Y, by complete-
ness,X::f  Y:if = X:f: 0

Conversely let X:f be closed.Then X:"f XA 0= X:f.NowX X:!,soX:{ X:f and
equality holds. X :f:' ©= X:f and f is complete. t

We will say a function (U;") | (U%' 9 is closed if f takesclosedsetsin (U;') onto closed
setsin (U%' 9

Prop osition 10. A function (U:') 1 (U%' 9 is closal if andonly if 8X  U; X:f: 0 X:f .

Proof. Let f beclosed.X X: implies X:f  X::f . But, becauseX:' is closedand f is closed,
X0 Xonf

Conversely let X beclosedin (U;' ). X:f:* © X::f = X:f.But, readily X:f  X:f:' °soequality
holds. t

Theorem 1. A function (U;") | (U%" 9 is closal and completeif and only if for all X U,
X:f o= Xifr O

Proof. Propositions 10 and 9. t

Theorem 1 providesnecessaryand su cien t conditions on a monotonefunction f sothat f commutes
with the closure operator ' asin Figure 8.

Prop ositon 11. LetU ! U%U° ¥ U%ecomplete(closed) thenU ' !¢ U%is complete(closed).

Proof. That the composition of closedfunctions is closedis trivial.

Let f and g be complete and let Y:(f g) = Y:f:g = Y2 U%be closed. We must shov that
Y (f g) = YO Sinceg is complete, (Y:f:* 9:g = Y®and f complete implies rst that Y:"f
Y:f:' Oand then that Y::f = Y:f:' O Thus, Y::f :g= Y:f: Cg= Y@ u

2.2  Homomorphisms of Posets

Just as one normally de nes a closure system by an operator ' on the baseset U rather than by
enumerating the closedsets,sotoo one commonly de nes functions betweenthe power sets2V and
2Y° by meansof a point function f : U ! U We then lift f is the usual way to X:f* = fy®2
U% 9x 2 X;x:f = y%. Similarly, Y&f = fx2 Uj9y°2 Y%x:f = y%. Obsenethat f is identical
to f ! we have beenalready using. The lifting notation f* andf seemsto be dueto G.Q. Zhang
[14,15].

A lifted function f must be monotone, as described at the beginning of Section 2. They provide
an excellent sourceof examplesand courter examples.In this section we examine homomorphisms
on posets.

Recall that f : P ! P%is a homomorphism of the poset P into P%if x y in P implies
x:f  y:f in P Sincean anti-chain can be the pre-imageof any ordered set under a homomorphism,
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it would be an exaggerationto call them \structure preserving". Often one wants the structure of
the domain to have someresenblenceto its image. For this reason some authors prefer \strong
homomorphisms" where a homomorphism is called strong if in addition x° y°in P?implies
9x;y 2 P such that x:f = x%y:f = yoandx .

Prop osition 12. A function f : (P; ) ! (P% 9 is a homomorphismif and only if the lifted
function (P;') "1 (P%' 9 is completewith resgct to a path closure.*

Proof. Let f be a homomorphism and let Y P.Forally 2 Y, if x ythen x:f y:if So
Y#f*  Y:if*:#and by Prop. 9f* is complete.

Conversely assumef * is completeand that x y. Then x 2 y:# and x:# y:#. Again by Prop. 9,
fxg#f*  fygf*#orxf yif.

The proof when the closureis ' - or " is similar. t

In an early application of this principle [11] it was shown that if f : G ! G° was any graph
homomorphism, the G° would be acyclic if and only if the inverseimage of every point in G°was a
corvex (in the senseof ' - of Section 1.3) setin G.

But, poset homomorphisms need not be closed. In Figure 10, fa;b;dg is closed (assuming #

a/b i fﬁ a'/bl\d'
\Cbe \/

Fig. 10. A homomorphism f that is not closed.

closure), but fa% b’d% is not. Even strong homomorphismsneednot be closed,as shown by Figure
11, becausef byg is closedbut fb,g:g = fb% is not. However, we can show

a<—="»> g
\ ———— a<—Dpb<—"
b, =<=——¢

Fig. 11. A strong homomorphism g that is not closed.

Prop osition 13. Letg: (P; ) ! (P% ). If (P;") 9 (P;' 9 is closal with respct to a path
closure then g is a (strong) homomorphism.

Proof. Assumethat # is the closure’ . Let x y or x 2 y:#, sox:g* 2 y:#g*. Sincey:# is closed,
y:#g* is closed,sox:g* 2 y:#g*:#or x.g y:0. gisahomomorphism.

4 Note that we use the traditional notation f : U ! U° for point functions on U, and U "I U® for
functions betweenthe power sets.
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Now let x° y%in PO andlet fy%:g ' = Y. Y:g" = fy%gsox®2 Y:g":# Y:#g" implying there
existsyy 2 Y and x; 2 Y:#sox; ykx wherex;:g = x°and by de nition of Y, yx = y° Sog" is
strong. t

Combining Prop. 12 with Prop. 13 we readily have that if g* is closed,then g is a homomorphism
sog" must alsobe complete. But, only in this special casewhere we have lifted functions over poset
closuresneedthis be true. It is not a generalimplication.

2.3 Intersection of Functions, f \ g

One can de ne the operators +; ; and on numeric functions in a pointwise fashion; that
is, f + g is dened 8x to be x:f + x:g. Since the domain of our functions is a power set, we
de ne the intersection, \ , or meet, of two functions on a closure systemin a \set-wise" fashion as,
X:(f \ g)= X:f \ X:g. Earlier we had obsenedthat ' - = #\ ".

Our next step is to show that the meet of closed(complete) functions is closed(complete).

Prop osition 14. If (U;") i (U%" 9 and(U;") y (U%" 9 are closal functions then (U ;" ) Ak
(U%' 9 is a closel function.

Proof. Let Y be closed.Sincef and g are closedfunctions, Y:f and Y:g are closedsetsin U°and
since(U%" 9 is a closuresystem, Y:(f \ g) = Y:f \ Y:gis closed. t

Prop ositon 15. If (U:') 1 (U% 9and(U:') ¥ (U%' 9 arecompletefunctionsthen(U:') "¢
(U%" 9 is a complete function.

Proof. SupposeY:(f \ g) is closedin U° Either Y:f:' = Y:g:' ®or not. If Y:f:' 6 Y:g:' °then by
Prop. 14,Y:(f\ g) = Y:f:' O Y:g:' ° By completenesff andg, Y::f = Y:f: CandY:.g = Y:g:' °
SoVY:m (F\ g)=Y:f OV Y g 0= X:f: O\ Yig! O= Yi(f \ Q).

If Y:f:' 0= Y:g’ Cit's abit moredirect, Y:(f \ @) = Y:(f \ g):' °= (Y:f \ Y:g):' O= Y:f: © u

Let F be a family of functions (U;") | (U%" 9. We say the family F is closed if for all
f;g2 F;f\ g2 F. This is a standard de nition using \closure under intersection". (There are
ertirely too many common mathematical meanings of the term \closed" and \closure". A setis
\closed" if ...; a function is \closed" if ...; an operator is \closed" if ... We court on context to
disambiguate them.) We now de ne a closureoperator ' in the \usual way".

Let [U ! U9 denotethe universeof all functions (U;" ) | (U%" 9, or all such functions sat-
isfying speci ¢ properties, s&tdw as completenessor closure. Let F be any subsetof [U | U9 then
Fr =fg2[U! U%jg= ,fi; wheref; 2 Fg.

Prop osition 16. LetC;; G be closure systems.The family of all closeal, completefunctions [U 1 b u 2]
is a closure system.

Proof. It is sucient to just obsenethat f \ g 2 [C | C,]. Alternativ ely, one can de ne the
closureoperator ' asabove. It is not hard to shaw that the 3 closureaxioms, C1, C2, and C3, are
satis ed. u
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3 The Category ClosureSys

Becausewe have composition (Prop. 11), the collection of all closure systemstogether with all
complete, closed functions as its morphisms can be easily shovn to constitute a category, say
ClosureSys .

Let C 2 ClosureSys . The empty set, , is the unique terminal object of C becausethe
morphism f dened X:f = ;8X 2 Cis unique. Obsene that in the category Set, s the initial
object and individual elemerns are terminal objects [13]. The di erence is that in a closure system

is literally a singleton elemen, not shorthand for the \absence" of any elemers.

Let C; and G, be closure systemsover the basesetsU ; and U,. (For simplicity, we assumethat
U, and U, are disjoint, elsewe emplay uniquely nhamed copies.) We let the disjoint union U;] U
be the base set of the direct product C; &, and sa that for all closedX; 2 G, Y; 2 G,
Xil Yj = Z¢ isclosedin G  G.

Prop osition 17. The closure system(U ;' ;) (Ug;' ) = Ui Uz g4 categorical direct product.

Proof. First, C; G, sode ned really is a closuresystembecausef Z1;Z, are closedsetsin C; G,

Z1\ Zo= (X1\ X2)] (Y1 Yo) = (X1] Y1)\ (X2] Y2) 2 G G,. We can now de ne pro jection

morphismsC, G ' C,C G P G,byZ:;=2Z\ U,. By Proposition 2, Z\ U; is

closed.And if 2 G, then ; is a surjective morphism onto G becauseZ;\ ;= Z; 2 G and
1\ Zz = Zz 2 C2

Finally, if Cis any closuresystemwith morphismsC | CiandC ¥ G, welet h bethe morphism,

822CzZh=2zf]292C GC.Thus,f =h j;andg=h ,. t

Consequetly, ClosureSys is a category with direct products and unique terminal objects.

It is interesting to note that products in closuresystems\feel" very much like the disjoint unions
(or co-products) in Set or Matroid . However, it cannot be a co-product in ClosureSys , even
though de ning injections is trivial, becausethe arrow h neededto make the appropriate diagram
commute neednot be unique.

Prop osition 18. Let C;; G; G be closure systems,andlet G, G 5 Gs. (l:e:f is a function of
two variables.) Then f is closal (complete) if and only if f is closel (complete) on each of C; and

G.

Proof. Let Z beclosedin C;. Then Z:f = (Z[ 2)f = (Z 2):f which is closedin GC;.
Completion and the corverseare demonstrated analogously t

The power of category theory appears to arise from situations where the morphisms on the
category can be also regarded as objects in the category. Examples are linear spaces(matroids)
wherethe linear operators can be treated as linear spacesthemseles;or algebraic groups where the
homomorphismsalsoexhibit group properties. We have the samephenomenawith directed complete

partial orders, or dcpds, whereit is shavn [7] that the set of (Scott)-contin uous functions D | E,
where D and E are dcpds is itself a dcpa This appearsto be the essetial step in shawing that a
category is cartesian closed.

With Proposition 16, which establishesthat a collection of closed, complete functions can be
regardedas a closuresystem, we have provided a basic motivation for the possibility of treating sets
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of morphisms as objects in ClosureSys . By making a slight notational change,we can make this
embedding more evider.

All objects in ClosureSys will be represeried by collections of ordered pairs (X;Y) of sets
with X 2 2U;Y 2 2Y° where possibly U = U% We say < U;U°> is the type of the elemert in
ClosureSys . The category ClosureSys canthen be de ned by a single axiom:

Al: Let (X1;Y1); (X2;Y2) 2 ClosureSys both be of type< U;U°>,
if X1 = Xz then (X1;Y1\ Yz) 2 ClosureSys .

Now, we considerthe consequencesf this notational change.Let C denote someclosure system
over U, then C consists of a collection of 2V) elemeris of type < U;U >. If Z is a closed set
of U, that is Z 2 C, we represert Z by the pair (U;Z). If Y is not closed, it is represeried by
(Y: ;Y), that is the left sideis the generatorof Y's closure.We can verify that these pairs satisfy
the categoricalaxiom, Al. If Z; and Z, are closedin U, and sodenoted (U ;Z;); (U;Z,), they force
(U;Z1\ Z,) to be closedas well. This, of course,is the basic property of all closure systems. If
Y1; Y2, denoted by (X; Y1); (X;Y>), are not closed,then Y; and Y, are both in the boolean interval
[X:; X]generatedby X, and becaus€ is antimatroid by Proposition 1 Y1\ Y, 2 [X:; X]aswell,
and so(X; Y1\ Y2) 2 ClosureSys asrequired by Al.

Now, let (X:Y) have type < U:U°> U 6 U° Then (X:Y) 2 2V | 2U° If there exists
another elemen (X;Z) with type < U;U°%> then (X;Z) 2 2V ? 2Y° and by the axiom AL,
(X;Y\ Z) 229 "V92U°in ClosureSys .

Lastly, for every X 2 2V we must throw into ClosureSys the pair (X;X) of type< U;U >
corresponding to the morphism idy . It is easyto verify that this addition completely conformsto
the categorical axiom.

Consequetly the category ClosureSys is a massiwe collection of typed ordered pairs. Those of
type< U;U > denotea closuresystemover U, or elsethe identit y morphismid .°> Di eren t closure
systemsover the samebaseset U are distinguished by creating a disjoint copy of U, denoted U °, as
we did when de ning direct products.

Any collection f of 2Vi elemens of type < U;U°> can be treated as a morphism U i u®
provided 8X  U;9(X;Y) 2 f (ice: f is atotal function) and the collection satis es monotonicity,
completenessand closure® The ability to de ne a morphism/function in this elemen-wise fashion
is a signi cant advantage of working with discrete spaces.

Recall that a category C is cartesian closed [7,13]if

(1) there is a terminal object T in C suc that for any object A 2 C there is exactly

one morphism A | T;
(2) for any two objects A; B 2 C there existsan object A B 2 C with morphisms
A B " A/A B P B having the property that for any object C and morphisms

c | A;c ¥ B, thereisa unigue morphisms C " A B sud that
h aA=fandh g = g(i:e: C hasproducts); and
(3) for any two objects A; B 2 C there exists an object BA in C and a morphism

BA A 9 B suhthat foreahC A ! B there exists a uniqgue morphism

5 If jUj = n, there exist precisely 2"*! such elemerts, half denoting the setsin the powerset, half denoting
the identit y morphism.

6 Instead of monotonicity, closure, and completeness, one can have any set of characteristic properties
provided only that they are preserved under composition.
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c ? BAsudthat (g ids) ev=f.
(The object BA is called the expnential object).

A ev
BxA——= B
A
f
gxid !

A
|

CxA

Fig. 12. Exponertial diagram.

Sinceobjectsin ClosureSys are appropriate collectionsof typed orderedpairs, to showv ClosureSys
is cartesian closedwe must show that these objects/collections exist.

Theorem 2. The category ClosureSys is cartesian closel.

Proof. Since is the terminal object and by Prop. 17 direct products exist, we needonly show (3).

Let Ca;Cs;Cc be closure systemsover basesetsU o;Ug;Uc and supposethat Cc Ca 5 G.
We must show there exists a unique morphism g into BA = [A'! B] (or a collection of category
elemerts of type< Ua;Ug >) suchthat (g ida) ev=f.

Consideran elemert (X ] Y;Z) oftype< Uc] Ua;Ug > in the collection that is the morphism f .
Let (X ] Y):ida = Y 2 Ca, and let X:g be the elemert (Y;Z) of type< Ua;Ug >2 BA. With this
construction, forany X ] Y2 C Ca,(X] Y):(G ida):iev=(X:g Y)iev=2Z = (X] Y):f.The
only problem is to show that the collections of pairs (Y;Z) 2 B” denoting X :g really constitutes
a monotone closed,complete function. This almost follows from Prop. 18, but it takesa bit more.
We illustrate by demonstrating the monotonicity of X:g. Let Y1 Y2 2 Ca. Then, for any X 2 C¢,
X]VYr X]Y2inC Ca,andsincef is monotone,Z; Z,. u

This construction is most easily visualized by its analog, the discrete Cartesian product of the
integersl J. Let f beafunction overl J, then foranyi 2 | < [i][J]:f denotesthe \column" in
the Cartesian array, which can be regarded as a function f; of one integer variable. And f; would
be constructed analogouslyto Theorem 2, by collecting all function values (i; k):f;k 2 J. If f is,
for example, non-decreasingusing a city block metric then one can shaw that f; is non-decreasing.
This is important, becauseit is not the closure systemsthemselwesthat are \cartesian closed", but
rather their morphisms.

The author wishesto acknowledgethe valuable criticism of earlier drafts by G.Q. Zhang followed
by stimulating conversationsat Dagstuhl.
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