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Abstract

The most comon de nition of the Poset category is incorrect. Here we presert a
valid categorical conceptusing morphismsthat are \closed" and \complete".

1 Intro duction

Except for simple sets, partially ordered sets, or posets,are probably the most commonly
used discrete structures in mathematics. Yet, our knowledge of their transformational
propertiesis quite incomplete. For example,in both [3, 10] we read that the collection of all
posets,together with all order preservingmorphismsf (that is,x vy impliesf(x) f(y))
constitute a category Poset. But, the image of a posetunder an order preservingmap need
not be a poset!

It is shown in [7] that if P I POis an order preserving function on a poset P then
its image P is a posetif and only if for every point in P?its preimageis \convex" in P.
Only order preserving functions with this additional property can be morphismsin Poset.
Howewer, we are getting ahead of ourseles. Let us start at the beginning.

2 Some Basic Concepts

2.1 Posets

Recall that a partial order is a relation on a set of points P sud that isreexive
(x  x), weakly anti-symmetric (x y;y x imply x = y), and transitive (x vy;y z
imply x  z).! The setP, together with the partial order , is commonly called a poset.

!There is an abundance of diering terminology. Some authors speak simply of \antisymmetry" [11];
somedo not require re exivit y. Almost any transitiv e relation can be regarded as a \pre-order" lacking only
the \anti-symmetric" property.



Alternativ ely, the posetconceptcan be castis the terminology of directed graphswhere
we have a set of points, or nodes, P, a relation E on P, and a path relation . A path
(x;z) 2 of length n is a sequenceof points < pg;:::pn >; N 0sud that pg= X; pn = 2z,
and 8i;0 i< n;(pi;pi+1) 2 E.2 Readily, the path relation is just the transitiv e closure
of the edgerelation E. A directed graph is said to be acyclic if (x;z) 2 ; (z;x) 2 imply
X = z. So, acyclic graphs are completely isomorphic to discrete posetsbecausere exivit y
and transitivit y have been assuredby the de nition of . This corresppndance becomes
especially evident if oneusesan in x path relation, sox z x z.

We prefer to work with the path relation rather than , becausethe former being
constructed over the edgerelation emphasisests discrete nature. It also distinguishes our
dewvelopmert from that of cortinuous, partially ordered domains [1]. We draw posets (or
acyclic graphs) from left to right just as one typically represens number lines. Figure 1
provides a typical example. We sometimesinclude arrowheads on the edges,as in this

Figure 1: A represertativ e poset.

illustration, to suggestthe < relation.

2.2 Homomorphisms

In [2, 6], afunction f : P ! PPis said to be a homomorphism of G = (P;E) into G°=
(PCEY if (x;y) 2 E implies (f (x);f (y)) 2 E® Unfortunately, this common de nition

doesnot necessarilyimply that G and G° have similar structure. For example, any totally
orderedchain of elemerits is the homomorphic (order preserving) image of the anti-chain (in
which E = ) on the sameset of elemerts. We will say sudh an edgepreservingfunction is
simply order preserving . We will call f a homomorphism if in addition, (x%y9 2 E°
implies 9x;y 2 P such that (x;y) 2 E, f(x) = x%f(y) = y% Now, no ordered set can be
the image of an anti-chain. Moreover, it ensuresthat any homomorphic monomorphism s
an isomorphism. In particular, the example shawvn later as Figure 4 becomesimpossible.

It is easily shavn that

2We de ne paths in terms of a sequenceof points in P rather than a sequenceof edgesin E simply so
we can have a path of length zero from every point to itself.



Prop osition 2.1 If (P;E) i (P%EY is edgepreservingthen (x; z) 2  implies (f (x);f (2)) 2
0 Or equivalently (P; ) | (P2 9 is order preserving.

While (P; ) | (P2 9 isorder preserving,wecannotconcludehoweverthat (P; ) 1 (P® 9
is a homomorphism. Consider the function g of Figure 2 which is a homomorphism
P;E) ¥ (P®EY but not a homomorphism(P; ) ? (P® 9, becausebecause(a®cd 2

O but there is no (a;c) 2 . We can strenghten the homomorphism concepta bit more by

aebi g
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Figure 2: A homomorphismw.r.t. E that is not homomorphic w.r.t

requiring that if (x%z% 2 Cthen 9x;z 2 P sud that f (x) = x%f (y) = y®and (x; z) 2
We call this a path  homomorphism

2.3 Why Posets with Order Preserving Morphisms are not a Category

It is not surprising that order preservingmaps, in which x Ry implies f (x) Rf (y), are often
introduced as early categorical examples;it is so easyto show that the composition is also
order preserving. But, all that can be guararteed is that the image will be a pre-order
that is re exiv e and transitive. They neednot be partial orders as is sometimesclaimed
[3, 4, 10]. Figure 3 illustrates a homomorphism f on an acyclic graph, or poset, whose
image is not acyclic. Here, the only non-trivial pre-image subsetof f is fb;hg. It is not
dicult to seethat f isreally edgepreserving,and that (x;y) 2 implies (f (x);f (y)) 2 ©
Even requiring f to be a path homomorphism is insu cien t. Consider Figure 3. It is a
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Figure 3: An order preservinghomomorphismf .

path homomorphism becauseif there exists a path in P say (f®h% 2 ©C there exists a
pre-imagepath in P, in this case(f;b) 2

Considering f asjust a point function on P, we seeit is an epimorphism, but not a
monomorphism. However, it is easily shovn that



Prop osition 2.2 Thefunction (P;E) | (P®e9 is order preservingif andonly if E  E°

Consequetly the monomorphism g on P shown as Figure 4 provides another, somewhat
simpler, example of an order preserving function failing to presene acyclicity.

g £\
<—b — : b’
2 a\\j

Figure 4: An order preservingmonomorphism g whoseimage is not acyclic.

3 Closure and Closure Morphisms

Closure operators, ' , which are de ned over sets of elemeris, play an important role in
our dewelopmert. Typically, we will be looking at the closure of subsetsX P which we
donote by X:' (read this as X closure). Recall, that closure operators must satisfy the

three closureaxioms (a) X X:', (b) X Y implies X' Y:',and (c) X:" ' = X:".
We call (P;' ) aclosure system where' canbe any closureoperator. A subsetY P is
closed if Y:' = Y. Given any closureoperator ' , its closedsubsets,partially ordered by

inclusion, form a complete lower semi-madular lattice [5, 7].

While there exist many closure operators in the literature, we will focus on just three
path closures ' ;' g and' -, whereforallY P,

YL =fxj9y2Y;(x;y)2 ¢

Y'r=1zj92Y;(y;2)2 ¢

Y e =1yj9yy22 Yi(yny) 2 and(y;y2) 2 ¢
Obsene that ' | is sometimescalled a \downset" operator, #, or ideal [1], and that ' g is
called an \upset" operator, ", or lter. The closedsetsof ' - are called \causal sets" by
sometheoretical physicists [12]. A setY P is closedw.r.t. '  if and only if there exist
subsetsX;Z P closedw.rt. ' | and' g respectively, whereY = X \ Z.

Path closuresparticularly nice becausethey are anti-matroidal ; that is, if x;y 62Z:'
andy 2 (Z[ fxg):'" thenx 62Z[ fyg):" . In this case,the collection of all subsetspartially
ordered by

X Yifandonlyif Y\ X X vy
forms a complete lattice [8].

Well-behaved functions over cortin uous domainsare often characterizedas\contin uous"
or \di eren tiable", where these properties are topologically de ned in terms of open sets.
In discrete closure systems, the open set concept seemsforced. Instead, we can describe
functions in terms of closure.



A morphism (P;") i (P%' 9 is said to be closed if Y closedin P with respect to
implies its image Y:f is closedin P°with respectto ' 22 This property is clearly analogous
to that of topologically open functions. The morphism (P:') | (P%' 9 is said to be
complete if Y:f closedin P°with respect to ' implies Y:*f = Y:f. That is, if Y
maps onto a closedset Z° then its closure must map onto Z%as well. It turns out that
completenesss analogousto corntinuity, although that is far from obvious.

Homomorphismsand order preservingmapswerede ned aspoint functions over the base
setswith order preserving properties. These morphisms over closure systemsare propertly
\set-valued" mapsde ned over the subsetsof P, or more precisely over the elemerns of the
power set 2°. By corvertion, we shall require all such morphismsto be monotone , that
isX Y implies X:f Y:f. Given monotonicity of f, it can be shown that [9]

Prop osition 3.1 A morphism(P:') | (P° 9 is closal if andonly if 8X P, X:f: ©
X' of.

Prop osition 3.2 A morphism(P;') | (P° 9 is completeif andonlyif 8X P, X:" f
X:f:0

Soreadily it follows that

Prop osition 3.3 A morphism (P;" ) f (P% 9 is closal and completeif and only if 8X
P, X! =X:f:0

Closure and completenesswere introduced in [9] as necessaryand su cien t properties for
the diagram of Figure 5 to commute.

f
P - - PO
v 0

23

(Pi') — = (P%" 9

23

Figure 5: f regardedas a closure system transformation

f (P; ) | (P 9 is an order preserving function we can \ift" it to subsetsin the
usual way*

3We prefer to use sux functional notation when represerting set valued morphisms such as these. It
facilitates arrow chasing in categorical diagrams. We reserve more conventional pre x functional notation
for point functions. The change of notation hopefully alerts the reader to the paradigm shift.

4This notation f* and f for set mappings that habe been lifted from functions is found in [13]. The
mapsf andf ! areidentical.



Y+ = fy02 POy 2 Y;y0= f (y)g

YOf =fy2Pjoy?2 YOf(y)=yY
In [2], the setsfy%:f = f 1(y9 = fyjf(y) = y% are called the b ers of f, and the
pre-image partition induced on P is called the kernel of f.

Prop osition 3.4 A function (P; ) | (P® 9 is order preservingif and only if the lifted
function (P;*) "I (P%' 9 is completewith respect to a path closure.?

Pro of: Let' bedownsetclosure' . Let f bea homomorphismandletY P. Forally2Y,if
x ythenxf y:if SoY:!  :f* Y:A7F: | andby Prop. 3.2f " is complete.
Conversely assumef * is complete and that x y. Thenx 2 y:' | and x* | y:' | . Again by
Prop. 3.2,fxg:"' [ f* fygf*:  orxf yif.
The proof whenthe closureis ' - or ' g is similar. 2

So\complete" and \order preserving" are e ectiv ely synonyms. We use\order preserv-
ing" and \homomorphism" to describe point functions on P that also presene the partial

order. \Complete" describesa set-valued morphism 2P i 2P° which may have beenlifted
from a point function. The following proposition suggestswhy completenessis analogous
to cortinuity. Both presene closedsetsunder inversemaps.

Prop osition 3.5 Let (P;E) | (P%E9 be order preserving. If YO is closal in (P%' 9
w.r.t. any path closure' © thenY = Y:f is closel w.r.t ' .

Pro of: Sincef * is order preserving,f * is complete. SinceY:f * is closedY::f * = Y:f* implying
Y' =Y.2

Prop ositon 3.6 Let (P; ) ? (P% ). If (P;") 9 (P;' 9 is closel with respgct to a
path closure then g is a path homomorphism.

Pro of: Assumethat ' | isthe closure' . Letx yorx2y: ,soxg* 2y’ :g". Sincey:  is
closed,y:' | :g* isclosed,sox:g* 2 y:' [ :g":' | orxig y:g. gisahomomorphism.

Now let x° y%in P% andlet fy%:g * = Y. Y:g* = fygsox®2 Y:g*:' | Y  :g" implying
there existsyx 2 Y and x; 2 Y' | soX; Yk wherex;:g= x%and by de nition of Y, yx = y% So
g* is a path homomorphism.

Again, the proof is similar when the closureis' - or' . 2

Prop osition 3.7 Let (P; ) be nite, acyclic. Let (P;") f!+ (P%' 9 be closal with respct
to any path closure. Then (P%' 9 is acyclic.

SNote that we use the traditional notation f : U ! U® for point functions on U, and U "t U® for
functions betweenthe power sets.



Proof: Let (X%y9;(y%x%9 2 , x° 6 yO constitute a directed cycle. Let X = fx%:f and
Y = fy%:f be distinct subsetsin the kernel of f. Sincef* is closedwith respect to ', but
X:f* = x%is not, X cannot be closed. In particular, there exists xo 2 X;yo 2 Y suc that
Xo 2 fyog:' . Sincefyog:f* = y%is not closed,9x 2 fyog:' , x 2 X. Call it x;. Since(P; ) is
acyclic, x1 6 Xp.
Next we nd y; 2 fx10:"; y1 6 Yo, and soforth. Since(P; ) is nite, this processmust terminate,
leading to a contradiction. 2

Although closedhomomorphismsmust be path homomorphisms,in generalhomomor-
phims that presene acyclicity neednot be closedw.r.t all path closures,as illustrated by
f in Figure 6. The subsetfd;b;ag is closedwith respectto ' |, but its image fd® b’ a% is

a/b i é a'/bl\d'

c<=———e
Figure 6: A homomorphismthat is not closedw.r.t. ' | .

not.
Even path homomorphismsthat presene acyclicity need not be closed as shavn in
Figure 7. g is a path homomorphismbecause(x%y% 2 Cimplies9(x;y) 2 in P. But, gis

\ ég a<—Dbp=<=—=

Figure 7: A path homomorphismthat is not closedw.r.t. ' | .

not closed. For instance, f g is closedwith respectto ' | in P but i°= f (k) is not closed
w.rt ' in P2

By Prop. 3.7, we can create a Poset category by simply requiring its morphismsto be
complete (e:g order preserving) and closed. It is not hard to show that the composition of
closed(complete) morphismsis closed(complete) [9]. But, asshavn above, such a category
would exclude many order preserving morphismsthat also preserne acyclicity. We needto
be more careful and concertrate on the ' -~ closure operator.

If Y P isclosedwith respectto ' ¢ then ewvery path < pg; p1;:::;pn > With po;pn 2 Y
lies completely within Y. That is, for all i, p; 2 Y. For this reason' - has beencalled a
convex closure and its closedsubsetscalled convex [7].

Prop osition 3.8 Let(P: ) | (P® 9 be order preserving. Its image (P® 9 is acyclic if
and only if 8y°2 PO fp%:f s closel with respct to ' (.



Pro of: That (P; °must be acyclic if f is closedfollows from Prop. 3.7. Let (P% 9 be acyclic.
We claim that f* must be closedw.rt. ' . It is sucient to show that the ber fydgf of
any y°2 PYis convex in P. If not, there is a path (yo;y1) 2 ; Yo;y1 2 Y and x 62Y sud that
(Yo;X) 2 ; (x;y1) 2 rho. Now f order preservingimplies (y% x9; (x%y9 2 Ccontradicting acyclicity.
2

4 The Category Poset

The category Poset consistsof the collection Obj of all nite partially orderedsets,(P; )

together with the collection M or of all morphisms(P; ) E (P% 9 that are completeand
closedwith respect to corvex closure' . Proposition 3.4 assuresus that sud morphisms
are order preserving; Proposition 3.7 assuresus that the codomains are all partial orders
(acyclic) and that, moreover, every order preserving function g whose image is a poset
(acyclic) is an elemert of M or.5

Let F M or denote the family of all morphisms (P; ) f (P% 9. Sincethe mor-
phims of Poset are properly functions de ned on the powerset 27, we can de ne a new
morphismf \ gby Y:(f \ g = Y:f\ Y.g, 8y P.

Prop osition 4.1 Let F be the family of all complete, morphisms(P; ) 1 (P® 9 then
f\g2F.

Pro of: Readily, f \ g maps2® into 2°°. We need only show it is closedand complete.

If Y is closed,then Y:f and Y:g must be closed,soY:(f \ g) = Y:f \ Y:gis closed. Moreover,f \ gis
complete becauseany edge(x;y) 2 E is presened by both f and g (which are complete) and hence
by f\ g 2

Prop osition 4.2 Let F be a family of all closal, completemorphisms(P; ) 1 (P® 9.
F is a partial ly ordered setin Obj.

Proof: Letf;g2 F.Denef giff\g="f.2
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