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Collective Modes of Dipole Oscillations in
Dusty Plasmas

By KUMAR SHASHI PRABH

Abstract

Dusty plasma consists of micron size negatively charged particles immersed
in plasma. Recent experiments have shown that under appropriate conditions
dust grains crystallize. This is significant because it provides an easily
observable and manipulable mesoscopic model for studying the dynamics and
structure of crystal lattices, solid- liquid phase transitions and to investigate
basic plasma interactions. Experiments also suggest that the crystallization
is affected by dipole-dipole interaction between dust grains. I have studied
the collective modes governed by the dipole-dipole interaction over linear
(1D), square (2D) and cubic (3D) lattices. The lattice structure is fixed by the
combined Coulomb and dipole interactions and the grains are assumed to
carry permanent dipole moments which undergo directional oscillations. The
interaction of these dipoles can lead to collective behavior. The dispersion
relations for these wobbling modes are discussed. The longitudinal and
transverse modes, and instability domains which delineate the different

structure boundaries are identified.
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Chapter 1

Introduction

1.1 Dusty Plasma

A dusty plasma consists of micron/ sub-micron size particles
immersed in plasma. Plasma electrons, ions and neutrals are
constantly hit these particles. Electrons, being much lighter than
ions, move faster. Therefore, more electrons than ions are
collected on the dust grains making them negatively charged. The
other charging mechanisms are photoionization (generally by UV
radiation), and secondary electron emission due to impact of
energetic electrons and ions. The grains acquire positive charge
because of these two charging processes. Overall charge on the
grain then depends on the relative strength of these competing
charging processes. Laboratory created dusty plasma grains are
negatively charged because of the dominance of the first
mechanism over the other two. The dust particles are screened by
surrounding plasma, primarily by electrons. Therefore, the
interaction potential is Yukawa type.
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In nature, dusty plasmas exist in interstellar clouds, planetary
rings (notably Saturn), comets, atmospheric aerosols, noctilucent
clouds etc. [Goretz, 1989]. The composition and size of grains of a

dusty plasma in space depends on its surroundings.

The charge on a grain is typically 10,000 times the charge of an
electron. In general, the strength of interaction in a plasma is
defined by I' which is equal to {(Ze )*/ak T }; Z e is the charge on the
grain, a is the interparticle distance. k i1s the Boltzmann constant.
and T is the temperature of the system. Because of the large value
of Z, I' can be quite large. However, because of the screening, it is
not a good measure of the ratio of potential energy over kinetic
energy. The true measure I'ex 1s defined as I’ exp( - k pa) where «p
is the inverse of Debye length of the electrons. In the one -
component plasma (OCP) limit. when there 1s no screening, the
critical value of I’ when the system crystailizes 1s about 180, as
obtained by molecular dynamics simulation [Hamaguchi, 1998]. In
general the value of I'es is much higher than this and the system

therefore crystallizes. It is known that the structure for three
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dimensional Coulomb crystals is bcc. Experimentally, some
systems are thin in perpendicular direction, i.e. there are only a
few layers [Pieper, 1996]. These systems are practically two-
dimensional. If the only interaction present is electrostatic, they
crystallize in triangular structure. Generally, the lattice points of
a layer should lie above the centers of the neighboring layer to
minimize interaction energy, but it has been found that they lie on
the top of the neighboring layers’ lattice sites. This implies
attractive interaction between the grains. Furthermore, if there
are many layers, they have been found to crystallize in simple
cubic [Lee 1997] in some cases. The fact that the dust grain
system can crystallize is very significant because it provides a
mesoscopic model for studying the dynamics and structure of
atoms in solids. However, this same crystal becomes an unwanted
object during the manufacturing process of semiconductor devices.
These crystals carry momentum large enough to produce defects
when they impact the wafer. In addition, the charged grains

deflect the ions and make them fall at wrong places.



Since dust particles are negatively charged, the presence of dust
particles in plasma allows the formation of electric fields within
the plasma due to the excess of local positive charge. Additionally,
electric and magnetic fields can affect these particles. The
combined dust and plasma system has now new degrees of
freedom as compared to the plasma — alone system. Therefore, the
collective behavior of the plasma is altered by the appearance of
new dust plasma modes, by the modification of the ion-plasma
waves etc. The transport properties of a plasma and its potential
profile are also altered.

It 1s understood that dusty plasma is an important agent 1n
structure formation in the universe, in nebulae and possibly in

quasars.

1.2 Motivation

The size of a unit cell in a dusty plasma crystal is of the order of
100 microns across and hence they can be observed by eyve directly
[Thomas,1994]. Typically, laser beams are used for illumination

and the arrangement and motion of grains are recorded by a video
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camera for further analysis [Hayashi, 1996]. These crystals form a
mesoscopic system and provide a very convenient model to study
phase transitions and dynamics of the lattice configuration.
Recent experiments have shown that there 1s attractive
interaction between the grains in a dusty plasma
[Mohideen,1998]. One possible explanation of this is dipole-dipole
interaction. Grains acquire dipole moment because of uneven
impact of streaming ions and polarization due to external electric
field used to levitate them in laboratory. However. these two
mechanisms produce anti parallel dipole moments. The resulting
orientation of dipole moment depends on the net effect of these
competing mechanisms. In laboratorv experiments. the
orientation of the dipoles has not been determined experimentally
as yet. Furthermore, it has been verified experimentally that
increasing electric field results in shrinking of the lattice which
means that the dipole-dipole interaction is operating. It has also
been observed that the dust grains always line up parallel to the
field irrespective of the shape of the electric field lines. These facts
favor the dipole-dipole interaction hypothesis.
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It may be possible to drop ferromagnetic grains in plasma and
study the magnetic dipole-dipole interaction between the grains. A
UC-Irvine group (Rahman, Mohiddeen et.al.) is planning to do this
experiment. This experiment has also been suggested

independently by Resendes (Instituto Superior Tecnico).

As a consequence of the proposed dipole-dipole interaction.
collective modes associated with this interaction can exist. One
possible collective excitation corresponds to directional wobbling of
the dipoles without any displacement from their equilibrium
position. This mode is referred to as wobbling mode. The main
motivation behind my work is to study these collective mode
oscillations in a dusty plasma crystal. Not much work has been
done in this area although this problem of dipole lattices and their

collective excitations has been around for many vears [Luttinger.

1946], [Sauer, 1940], [Rozenbaum, 1996].



1.3 The Model

The following describes the essential features of the model used in
this thesis. (a) The dust grains have permanent dipole moments.
In the case of an external electric field, the grains would have both
permanent and induced dipole moments. We disregard the latter,
the reason being that induced dipole moment will always realign
itself according to the direction of the field. In case of magnetic
dipoles, the dipole moment would be permanent. In the thesis, I
have studied linear, square and cubic lattice structures. Although
the system is three dimensional, in order to gain better
understanding of the physical process I studied linear structure.
The used cubic structure is one of the experimentally observed
structures. (b) The lattice sites are fixed by combined coulomb and
dipole-dipole interactions. (c) The dipoles 1n my models are
arranged in minimum energy configuration. (d) Screening is not
accounted for.

Further details and calculations can be found in chapters 2, 3 and

4.



1.4 The Method

Collective coordinates describing the cooperative wobbling of the
grains are introduced. The dynamical matrix Duv (K), commonly
used in the theory of harmonic phonons in crystal lattices is
calculated [Pines, 1962]. In addition to the anisotropy induced by
the lattice structure, the dynamical matrix has an inherent
anisotropy of the dipole-dipole interaction. Then the terms
associated with each site are summed over a large number of
dipoles. The summation was checked for convergence. Finally, the
eigenvalues of Duyv (K) are determined to obtain the frequencies of
collective modes.

1.5 Instability

If the chosen initial configuration of the dipoles is not the
minimum energy configuration, then the dipoles will tend to
reorient themselves to lower the energy of the configuration. This
shows up as a dynamical instability in collective mode analysis. In

subsequent chapters the instability domains are identified.



Chapter 2
One Dimensional Model

In this chapter we consider an infinitely long one dimensional
array of dipoles having parallel aligned permanent dipole

moment which approximates a dusty plasma crystal in one

dimension.

The Model

o - e e P

i

Fig2.1: The minimum energy configuration for dipoles in a

dusty plasma crystal in one dimensional approximation.



Chapter 2

Let p;'s be the dipole moments of individual dipoles, J; * their

moments of inertia, @; ° their orientation with respect to z -

axis and r;; the radius vector from dipole i to dipole j. ¢ is the

lattice constant. In the following treatment, first Lagrangian

is introduced (2.1). Then the equation of motion for 6 is
obtained (2.3). The equation (2.3) is then linearized for small
oscillations (2.5). Following this, collective coordinates are
introduced (2.6). (2.6) is substituted in (2.5) and the resulting

equation is (2.7). (2.8) is sum over lattice sites. (2.11) is the

final dispersion relation.

The Lagrangian for this system is:

[s ]

(p: - r5) (pi - )

B
Lj=—o0

1¥}

2

oo
1,j=—00

i#j

H
N+

[Ii @) -

L= 1 Z (Ii(g-i)z_ Pi-Pj

rij 3

+3 — ] -(2.1)

rj;°

Di D; COS{E& - 6] , 3 Pibi Cos[G;] Cosl6;] ) _(2.2)
Ty Ly
= Ii 91 =
i Pi Dj Sm[Hl - 9]] _3 Pi Pj Sm[al] COS[ej] ) —(2.3)
;3 rij3

j=—oo

1#]
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Assumingsmalldand pi=p;j=p, i=Lj=1: -(2.4)

. 2 -206,-6;
_ P 1~ Yj _
01 - 21 Z]: rij3 (2.5)
Assuming 6 = Zeo (k) €@t 52 we get -(2.6)
-9 xkr,,
- 21 Z : -2D
-2 ~-ikan
ZI Z ¢ ; Injl=na —(2.8)
a =—00
nn#O
-4 — elkan Lkan
ZIa nz_:l n3 Bl

2—4 ZC(;s[kan] (2.10)
ZIa o n

2

2 Coslk
o =L [4 £+ Z osl an]] ~ (2.1D)
21Ia’ n3
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Chapter 2

w? vs.ka, n=91

\VAN

Fig 2.2: Dispersion Curve ( w? in units of p> /2 Ia3)

From the dispersion curve it can be concluded that in-phase
oscillation, k*a =2 n x, corresponds to the maximum
frequency and out of phase oscillation, k*a = (2n+1)x,
corresponds to the minimum frequency. It was observed that
the value of w? saturates very fast with the number of dipoles

( see the table and graph below).
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Chapter 2

n

ka=nxn

ka = 2x

21

2.98789

7.18519

61

3.00302

7.20911

101

3.00436

7.21116

141

3.00474

7.21173

181

3.00489

7.21197

Fig 2.3 : Table : Conversion of the sum for w?

2
W 2 vs. no. of terms, n = 2« #terms +1, ka = 2x

40 60 80

7.211

Terms

100
7.209

7.208
7.207
7.206

Fig 2.4 : Conversion of the sum for w?
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Chapter 3

Two Dimensional Model

In this chapter we consider an infinite two dimensional array

of dipoles having permanent dipole moment in a

configuration which approximates a dusty plasma crystal in

two dimensions having minimum energy.

e e e e

SR

e e e e

Fig3.1: The minimum energy configuration for dipoles in a

dusty plasma crystal in two dimensional approximation.
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Chapter 3

Let p be the dipole moment of individual dipoles, I their
moment of inertia, ©; S their orientation with respect to z - axis,
ri; the radius vector from dipole i to dipole j and &; ° the
orientation of the radius vector with respect to z-axis. Let a be
the length of unit cell along x-axis and ¢ the length of unit cell
along z-axis; m be the index for columns (x-axis) and 1 the
index for rows (z-axis). It should be noted that 1 and j run over
two indices. In the following treatment, first Lagrangian is
introduced (3.2). Then the equation of motion for 8 is obtained
(3.4). The equation (3.5) is then linearized for small oscillations
(3.8). Following this, collective coordinates are introduced
(3.11). (3.11) is substituted in (3.10) and the resulting equation
is (3.12). The sum is over lattice sites. (3.14) is the final

dispersion relation.

From the figure above,
Cos Cbij =

le ~ 3.1
\/(ma)2 + (ley-




Chapter 3

The Lagrangian for this system 1s:

oo

L=%_Z L6)° -

1L,)=—
i#
- -

f)’lf)', .3 (I_J’i-lzi’j)(Pj-rii) ~(3.2)

=é— i I(gi)2-

Lj=—co
1#)

p> Cos[6; — 6] .3 p> Cos[6; — ¢;;] Cos[6; — o]

r;3 r;;3

-(3.3)

| S .
;;3—[31!1 [6; — 6;] — 3 Sin[6; — 5] Cos[6; — ;] —(3.4)

p? & 1 -
ZET_Z ?ﬁ-(Cos[Gj]Sm[Gi]—

J=—
1%}

Cos[6;] Sin[6;] — 3 {COS[¢ij] Sin[6;] — Cos[6;] Sin[ad;1}

{Cosl6;] Cos[dy;] + Sin[6;] Sin[é;1D - (3.9)
Define :
6, = mn + 6swhere6; issmall. -(3.6)

= Cos[6;] = (-1)® Cos[bs] =~ (-D)™
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Chapter 3

Sin[ej] = (-1 Sin[es,-] ~ (-1 933' . —(3.7)

In this approximation :
6; =

2 &1 o m :
;—1_ Z 5 (FD76 (-1 653 {Cos(é;) 6 — Sin[eyl}
) i;j
{(—1)™ Cos[¢y] + (—1)™ 0 Sin[d;1}
~(3.8)

_p2 - (==
—-2_1 Z rij3

J.m=-00
1#)
( 6;— 65— 3 {Cos[¢] 6; — Sinldy1} { Cosld;] + 6 Sin(dy1h
D S S N G Vi
) ﬁjmgm ry;® (0=fa=

1%}

3 6, Cos’[s5] + 3 65 Sin*[65] + ( ) Sin[dy] Cos(d;])
(3.9
The last term is odd fn .of @, therefore is equal to zero.

5T 2

J.m=-—o0
1#])

(==
3

——(6:-05-3 6 Cos’[#;] + 365 Sin’[d;]) - (3. 10)
y
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Chapter 3

Introducing 65 = Z 0o (ky, k,) €tl@tksma-klc)
ke ke
we get -(3.11)

_w‘?: p2 (-D"
21

3
[ r
=: (m2a2+1%¢2)?

m& 10

[1 _ ei(—k,ma—k,lc) _

2.2 2,2
31 c" +ei(-k,ma-k,lc) 3 m‘)a
m2 a2 + 12 ¢2 m2a2+1%¢2
-(3.12)
2 =, _1ym
= —0)2..—_ ‘I))I (=D - [

mleo (m2a2+12¢2)

9 92 9 1(— = P4
m..a2_21-c-+ el( k.ma-k,lc) (2m232_1_c2)]

-(3.13)
2 —m2a2+2 122
- w2=§ Z [ 4 Cos[ m m] ( 1?1a5;_1c-)+
21 m 120 (m2?a+1%c2)”"
4 Cos[(k.a — mm] Cos[ k, 1 c](-2 m? a> +12¢?)
(m2 a2 + 12 c2)5/2
-(3.14)
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Settingc/a =y :

p2

- 2133

(3]

i.

m.1=0

[

4 Cos[(kya — mm]Cos[k,;1c](-2 m2 +129?)

4Cos[7 m] (-m2 +2 129?) .

(m2 + 1% yz)sﬂ

(m2 + 12 72)5/2

Settinga/c=a :

-(3.15)

Dy

2 P~
21c3

i.

m.l=0

(

4 Cos[(kya — 1)m] Cos[k,1c] (-2 m? +1%)

4Cos[x m] (-m*>a® +2 12 .

(m2 a2 + 12 )Ol2

(m?a? + 12)°/2

—-(3.16)
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Chapter 3

Variation in w? with lattice parameters
Two dimensional model

Casel: k,a =0 =k.c; c=1

9 p> £ —~ 2 Cos[m m] 4 Cos[(kya — m)m] .
) _ .

2 (m2 a2)¥? (m2 2)*7

lzi ( 14 N 2 Cos[k,lc])+

3 13

(m? a2 + 12

i i ( 4 Cos[n m] (-m2 a2 +2 1% .

9 5/2

4Cos[(kya — mm]Cos[k,lc](-2 mZa? +1%) )
(m2 a2 +1%)

p
_p° — 6 Cos[ r m]
~ 2Ic3 Z_:l ( 3/2 ]+

(m? a2)

i _6+i Z“:[ 12 Cos[ 7 m] (—m202+12)}
13

5 < 9 572
I=1 m=1 (m2 a® +1°)




w w? vs. afc, ky a = 0, k,c=0; ~12000 dipoles

50 |
40
30
20

10

0.5 1 LS 2 25

Fig3.2: w® vs the ratio a/c (w?in units of p2/2 I c?)
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Case2: k.a =0, kyc=x

( — 2Cos[7 m] 4COS[(kxa"7f)m]]+

- 21c3 = (mZ 02)3/2 (m2 02)3/2

i( 4 2CoS[kzIC])+Zp:Zp:( 4Cos[7rm](_mzaz+212)+

3 5
o7 V1 I=1 m=1 (m2e? +1?) &

4 Cos[(kya — 7)m] Cos[k,1c}(-2 m202+12)J

(m2 a2 + 12)5/2

2 P
s D* —6Cos[7tm])
Y P n; ( (m2 a2)3? *

Z":(; 2COS[n1])+ZZ":[ 4 Cos{n m] (- f25f+212)+

=1 i=1 m=1 (mza +1~)

2.5/2

4 Cos[r m] Cos[n] ] (-2 m2a? +1%) ]
(m2 a? +1%)

o
o



w w? vs. afc, ky a = 0, k,c=x; ~12000 dipoles

40 |

30

20

10

0.5 1 1.5 2 2.5

Fig3.3: w’ vsthe ratioa/c(w?in units of p2/2 I ¢3)
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Case3:kea = x, k

> -

2 D
- — 2Cos[{r m] 4Cos[(kra — 7)m]
213 Z ( ]+

oy (m?2 02)3/2 - (m2 02)3/ 2

i( 4 ZCos[kzlc])_i_Zp:i( 4 Cos[n m] (-m2a? +2 1%

+
I=1 13 13 =1 m=1 (m2 02 + 12)5,2
4 Cos[(kra — n1)m] Cos[k,1c](-2 m2a? + 12 ]
(m? a2 + 12)5/2
2 p e p
2_ D 2 Cos[ 7 m] _ 4 +Z _6+
2]c3 o (]:n2 02)3ﬂ (m2 (12)3/2 =1 13

& 4 Cos[n m] (-m?a®+2 %) 4( 2 m?a? +1%)
Z}_Z 52 9.5/2

m=1 (m2 a2 + 1%) (m?2 a2 +1°)



w w? vs. afc, k; a = x, k,c=0; ~12000 dipoles

—

0.5 1 1.5 2 25

-10}

-40

Fig 3.4: w? vstheratioa/c(w?in units of p%/2 I c3)
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Cased: ke =x, k, =

2 b
2 P - 2Cos[ 7 m] B 4 Cos[(k,a — m)m]
@ = 31¢3 mz=:1 [ ]

(m2 02)3/2 (m2 02)3/ 2
p 4 2 Cos[kzlc] ( 4Cos[zw m] (-m2a2+2 1%
gf ( P ) 121: mz— (m2 o2 +12)°7
4 Cos[(kea — mm] Cosfk,1c](~-2 m2a? + 1% ]
(m2 a2 + 12)5/2
(‘l)2 =
2 p p
p~ — 2Cos[m m] 4 2 Cos[nl ]
21c3 mzl [ (m20.2)3/2 3/.. ]+IZI )+

4 Cos{nl ](-2 m~ ar'+l’)]

(m2 a2 + 1%) o2
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@ w? vs. afc, Ky a = x, k,c=x; ~12000 dipoles
A
5|
-10
-15
-20

Fig3.5: w? vs the ratio a/b( w®in units of p2 /21a%)
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Dispersion curves for two dimensional model

(w?inunitsofp?/21a%)

w "2 vs. kya and k,c and a=¢c

Fig3.6: «’vs kyaandk,c

28



w2 vs. k;a and k,c and a=c/1.5

Fig 3.7: w® vs kca and k,c (unstable near k,a = n);
(w?in units of p?/2 1 c3)



w”2vs.fandk;c=a

Fig 3.7: Dispersion curve in polar coordinates :
w? vs k and 8 ; («?in units of p?/2 | a%)
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Chapter 4

Three Dimensional Model

In this chapter we consider an infinite three dimensional
array of dipoles having permanent dipole moment in a
configuration which approximates a dusty plasma crystal in
three dimension having minimum energy.

o
LY

| B v

¥

Yo A

¥

Fig 4.1: The minimum energy configuration for dipoles in a
cubic dusty plasma crystal.
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Let p be the dipole moment of individual dipoles, I their moment
of inertia, 6 their orientation with respect to z - axis. ¢~ their
orientation with respect to x - axis, r;; the radius vector from
dipole i to dipole j. Let a be the length of unit cell along x-axis. b
the length of unit cell along y-axis and ¢ the length of unit cell
along z-axis. Let m be the index for columns along x-axis. n the
index for columns along y-axis and n the index for rows 1ie. z-

axis.

In the following treatment, first Lagrangian is introduced (4.1).
Then the Lagrangian is linearized for small oscillations in 6
(4.5 - 4.7). ¢ could be anything between 0 and 2r . Therefore the
oscillation is broken into two perpendicular parts of small
amplitude (4.8 - 4.9). Then eqn. of motion for these coordinates
are obtained (4.12 - 4.13). Following this. collective coordinates
are introduced (4.14 - 4.13). Dvnamical matrix is obtained (4.28 -
4.29). The eigenvalues of the dynamical matrix are (4.30) and
(4.31).
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The Lagrangian for this system is:

1 & (a2 ez, DBy, (T (piem))
L = 5 L;_m L (6, + ¢ Sin” ;) 3 +3 oS (4.1)
23]

Defining :

©; = (m +n) +0; where 6, is small

.. 2
= Cos[6] = (-1)™" Cos[f] =~ (- l)m*“[ 1- s; ]

-

and Sin[6] = (- D™ Sinff] ~ (- D=6, - (4.2)

Assuming :
pi=pj=p, Li=[j=1 -(4.3)
Then

1 = =2 LD e D
L = :—2- Z (1(0, +¢;Sm’[9,])—

L (Sin[6;] Sin(6;] Cosly; - ¢;] + Cos{6] Cos;]) +

Lij
3 rp; (ma Sm[oi] COS[(,Ci] +nb Sin[f)i] Sin[q;i] +lec COS[ a1
ij
(m a Sinf6;] Cosl¢;] +

n b Sin[6;] Sin[g;] + 1c Cosl[ 6;]) _(4.4)
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1
L=5 2,
Lj m nl=-c
9 24
’2 5 . _ m+n .2 0 2
(I(& +¢i-es;)—%—p—[o 65 Cosle: - ¢i] +[1—
1
(_1)m+np2
ST m a8 Cos[g;] + nblg Sinfg;] + 1cj1 -
i

(maos,- Cos[¢g;] + n b 65 Sin[e;] + lc(l - ej ]]]

.9 » R (-1 m+n .2 Gi’l
(I(Hi +¢a205i')——)—-p—(95195,- Cosl¢i — ;] +(1- =

3

- (4.9)

ri,-3
( l)m‘—n

o (a m> Cos|;] Cosly;] 05 0 +
ij

b” n” Sin[¢;] Sin[e;] 6s; 05 + > 12 - é ol S A

Si

7c‘128§]+ —c2120;7' 0‘ +aclm Cosfg;] 65 +
bcln Sinf¢;] 65 + a clm Cosfg;] 65 + beln Sinfg;] 65 +

a b m n Cos{y;] Sin[y;] 6« 65 + a bm n Cos(¢; ] Sinfg;] 05 655 —

1 ) .
aclmCos[gc,]O;lBs, -3 bclnSm[¢j]0§i95j -

lvl et lvl ot

aclm Cos[g;] 60s; 62 1 — belnSin{g;] 6 63
3 ) J

- (4.6)
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1

L= EZ (I(0i2+¢i20312)—

( 1)m+n 9 2 95.2
[0 0s; Coslepi — <pj]+(1— 5~ ?f)]+

1 m+n 2 o °
3 & )rij - (a- m* Cos[¢;] Cos[y;] 0s; Osj +
b? n? Sin[y;] Sin[y;] 0s; 05 + —21‘ 12 (2 -6 - 93;') +
a b m n (Cos[y;] Sin[¢;] + Cos(ei] Sin{g;]) O 05,-)]

(Discarding odd and higher order ( > 2) terms)

- (4.7)
Substituting:
Ui = O Sinfe;] - (4.8)
n; = 0 Cos[y;] - (4.9)
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Upon this linearization, we get
1 < -2 9
L=3), (I ()" + G1)?) -

(—Dh==p2( _ U +nd U+ .
l‘ij3 2 2

~1ym+n 42
3()—p(a2m2mm+ b? 0 Ui +

2,2 ;2 + i ‘”j2 + ’lj2
c1°|1- -
2 2

)-i— abmn ;g + l!fjﬂi)])
- (4.10)

= —Z( W)* + (i)?) -

1m+n ,12
e ) ( T+ G+ 1= =

( 1)m+ 2

92 2 9
z (a m- 70+ b n” ¥ &5 +
rij

2 2

att —

l[/'2 2 d/_2+ 2
0212(1— N W ]+abmn(tl/i77j+¢1/,-ni)

- (4.11)

36



Then the equations of motion for ¢y and n are :
B f (- 1)2*+n 2
21 = - ), ((——)——L( 0= )~

3 (_ 1)m+n p2

I‘ij 3

(b2 n2y; + B (—yy) + abmnqj))

l'gj5
i.e.,
. 2 —1)m+o o
A D — (i (-a®m® b n® + 221 +
21 (a2m? + b2n? +c212)2
Ui@>m?-2b*n*+c*1*)+ abmnny)
- (4.12)
2 __1\ym+n Y .
= __pT_ D . (ni(—azmg—bzn“+2c-1-)+

(a2m? + b2 n2 +¢212)7

n(-2a2m?®>+b>n®+c?P)+abmnu;)
] ]

- (4.13)




Introducing :

U= 3ty et -Remack skt - (4.14)
k
pe S ekt
k
_wzwo =
9
2 R _1 m+n
- 21;: = 5 (‘ﬁo(“a?'lnz—b2 n2+20212)+
(a2 m? + bZn? +¢c212)Z
v, e i(-kxma-k nb~k;lc) (32 m2-2b%2n%+c2 12) +
abmn p,e i-kma-kob-kley (4 16)
- w” 770 =
9
9 . _1)m+n . . 2 1
_ ;} c — (o (—a2m? -b?n® +2c% %) +

(a2m? + b2n? +c212)?
To e—l(—k, ma -k, nb-k,lc) (-2 a.? m2 + b2 n2 + C?’ 12) +
abmnuy,e (kma-kab-kley (4 17)
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2
> -wY, =
2 \ .
21 (a2m2 + b2n2 +c212)?

woe—i(-k,ma-kynb—k,,lc)(a2 m2_2b2 n2+c?.12)+

abmn 7, e {Ckma-kynb-kilo)y
~(4.18)
2
- W Ny =
o . i
D Z Exp(i(m + n) 7] (7o (-~a2m?-b%n+2c212) +
21 (a.‘?. m2 + bZ2nZ +¢2 12)?
o e~ (- kxma-kynb-k.lc) (-2 aZm?+b®nZ+c?1%) +
abmnuy, e (~kma-knb-iklo)
-(4.19)
p> : 1
= -, = Y Z :
2 (a2 m? + b2n? +c212)?

(¥, Expli(m + n) 7] (—aZm?-b*n’>+22 1)+
W ei(( ky-m)ma Hky-m)nb+k,lc) (a2 m2 -9 b2 n2 + c2 12) +

abmn n, et ky—7)ma +(k_v-7r)nb+k,,lc)),
—(4.20)
2 p2 ' 1
- W o= "—21 =
(a2 m2 + b2n2 +c212)2

(1, Exp[i(m + n) r} (~a2m?-b%n?+22 1)+
To ei(( kya-mym +kyb-m)n+k,lc) (_2 a2 m2 + b.‘Z n:Z + C'Z 12.) +
i((kya-m)m Hky b—-m)n+k.lc) )

-(4.21)

abmny,e
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(>

p? ' 1

=0’ Y, =
21 mnl=0 (aZ2m?2 + b2n2? +¢2 12)%
(W, 8 Cos[m ] Cos[nn] (a2 m? -b%n? +2c21%) +
¥, 8 Cos[( ks a — 1) m] Cos[(ky, b — 7) n]
Coslk,1c](@®m?-2b%n’ +2 ) +
abmn 7, 8 Sin[( k. a — 7y m] Sinf(ky, b — 7) n] Cos[k, 1c]),
—(4.22)

9 <o
2 o 1
o= 57

5
z

m.mi=0 (a2 m2 + b2 n? + c212)
(170 8 Cos[m 1] Cos[n 7] (—a®m? - b%®n® + 22 ) +
1o 8 Cos[( ky a — 71) m] Cos[(ky b — 7) n]
Coslk,1¢c](-2a°m? +b%>n® + > 1?) +
abmn ¢, 8Sin[( ky a — 1) m] Sinf(ky b — 1) n] Cos(k, lc])
-(4.23)

For the following substitutions :

o0

A= 21;0 (8 Cos[m x] Cos[n 7]

3
v

2 2 24 4 9 492 9 9 ) D DD N
(-a“m~-b"n-+2c l‘)/(a‘ m-+ b°n” +c” l“)-)

-(4.24)

oo

B= Z (8 Cos[( kg a — 1) m] Cos[(k, b — ) n] Cos[k, lc]
m.n.}=0

b3
—
]

92 9 92 9 92,9, /1, 9 9 9 9 9 19, =
(a“m‘—2b‘n‘+c‘l')/(a“m‘+ b“n‘+c“1‘)-)
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- (4.25)

o0

C= Z (8 Cos[(kx a — m) m] Cos[(ky b — ) n] Cos[k, 1¢]

m,n.l=0
9 9 3
(-2 a%>m? +b? n? +c212)/(a2m“+ b% n? +c212)1)

—-(4.26)

o

D= Z (— 8 Sin[( ky a — 7) m] Sin[(k, b — ) n]

m,n.1=0
Coslk,lc] ab mn/(a2 m? + b®n? +¢? 12)%)
- (4.27)

=1

D ho (@) = (A +B @} #o (0 + D& 7o k) -(4.28)
W o0 = DB yo )+ {A(K) +C ()7, (k) -(4.29)

The eigenvalues of the matrix

A+B D . 2
( D A+C) BIVE W -
Therefore,
1 o
w_ ;(2A+B+C VB - C)‘+4D) ~ (4.30)
, 1 J R
w, 2 ;(2A+B +C+vVB-C)2+4D? ) _(4.31)

The corresponding eigenvectors are :
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(- —B+C+\/(2BD- CF +4D? )

-(4.32)

-B+C-yB-C)?+4D2
{— - \/2]) - ’1}

Expanding the coefficients, we get :

P P
A= Z (-2 Cos[m 7]/ (a® m*)) + Z{ (-2 Cos[n 7]/ (b3 n?)) +

m=1 n

kel

Z'(4/(c3 13)) + Zp: Zp:(— 4 Cos[m 7] Cos[nzr]/(a2 m?> + b? n2)7) +
1=1

m=1] n=1

(4 Cos[m n] (-a® m> + 2 ¢> 12)/(a2 m? + ¢ 12)%) +

-4
7

(4 Cos[n ] (-b>n? + 2¢? 12)/( b% n? +¢> 12)'-) +

M iV (DM
Me I TV

i (8 Cos[m n] Cos[n 7}

I=1

8
"
o
=]
]
-

3
7

2 9 92 9 242 2 9 2 9 212, 1
(—a“m‘—b’n‘+2c’1‘)/(a‘m‘+ b‘n‘+c‘1‘)')

-(4.34)

p P
B= Z (2 Cos[(k,a - 7r)m]/(@3m?) + Z (—4 Cos|(ky b — 7) n] /(b3 n3)) +

m=1 n=1
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p

Z (2 Cos[k, 1c]/(c®13)) + Zp: Z (4 Cos[(ky a — 7)m]

m=1 n=1

Cosl(ky b - — n)n](a® m? 2b2n)/(a m- +b'n)%)+

(4Cos[(k a- n)m]Cos[k,lc]/(a m? +c21%) ")+izp:(4

1 n=1 1=1

Cos{(ky b — m) n] Cos[k, lc] (-2 b% n® +¢? 12)/( b2 02 + 2 12)%) +

M=
M’O

B
0
~
T

p
Z (8 Cos[( ks a — ) m] Cos|(ky b — 7) n] Cos[k, 1c]

=1

M=
M’U

B
1
[
B
I
—

(a2m?-2b%2n% +c? 12)/(a2 m? + b%n® +¢2 12)%)
—(4.35)

C=

p 1Y
> (-4 Cosl(kea-mm]/(@®>m%) + > (2 Cosl(kyb—mn] /(b*n’) +
m=1 n=1
P P

Z (2 Cos[k, lcl/(c313) + Z Z (4 Cos[(k¢ a — 1) m]

m=] n=1

Cosl(ky b~ 7)n] (-2 a* m” + b’ ng)/(a2 m?> + b? nﬁ)%) +

[
M

(4 Cos[(ky a —m)m]

B
il
o
w
_

Cos[k, lc] (-2a” m* +¢? 12)/(a2 m? + ¢ 12)%) +

(4 Cosl(ky b - m) n] Cos[k, lc]/( b2n2 +c2 12)§) .

Mo DM
Mo LM

p
Z (8 Cos[( kx a — 1) m] Cos[(ky b — 7) n] Cos[k, 1 c]

1=1

B
1
—
=]
L
—
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(-2a’m® +b%n?+¢? 12)/(a2 m? + b?n? +¢? 12)%)

—(4.36)

D= izp:(—4Sin[(kxa—7r)m]

m=1n=1

Sin[(ky b —7) n] abmn/(a2 m2 + b2 nz)%)+

zp: ii(- 8 Sin[( k a — 7) m] Sin[(ky b — 7) n]
m=1n=1 1=1

Cos(k,1c] abmn/(a2m2+ b2 n? + ¢? 12)')
- (4.37)

44 - A



Variation in «? with lattice parameters
Three dimensional model

Casel:k.a =0 =k,b=FEk,c;a=b

9

" wlvs.c; kya=0=kyb=k,c and a=1=b

4.3

4.2

4.1

c/a

Case2: k.a =7z, k,b=0=Fk.c; a=b

9

wW"  w"2vs.c; kya=x; kyb=0=k,c and a=1=b

30
25
20
15
10 \
3 \
S — — — 3 4+ s
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Case3: kra = 7, kR, b =0, kzc=x

w? w?vs.c: kra=x=k,c;k,b=0 and a=1=b
25

20
15

10 \

c/a

PRSI B

Cased4: kra =7, k,b=x, k,c=x

4

W™ w”2vs.e; kya=x=k,b=k,c and a=1=b

10
8 (wA2)+
6|
4 (w"2)-
2
c/a
1 ~2___ 3 4 5
-2
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Case5:k.a =7 = kyb =k,c; c=b

w? w?vs. afc; kya=x=k,b=k,c and c=1=b

75

25

-2.5 /
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Dispersion curves for three dimensional model
(«?inunitsof p?/21a3)

w w vs. k a; k,c=0 and c=1=a=b
15
Disp. Curves
12.5
o (?)+ $=0
1
75 ((-')2)+9¢=1'/ 4
5 (w?)-p=0
2 _
2.5 (w°)_Pp=x/4
e—— k

w? w?vs.k a; k,=0=k, and c=a=1=b

14

12
10

RPN N
/
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Transverse Mode
(w?inunitsof p?/212a%)

a)2+ vs.k;a & kybk,=0 and a=1=c=b
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Longitudinal Mode
(w?inunitsof p?/21a%)

w?_ vs.ksa & kyb,k,=0 and a=l=c=b

—
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Chapter 5

5.1 Conclusions

In reviewing the general features of the results, we find the

following as main features:

(a). There exists finite frequency at k=0 even though the
interaction is not a Coulomb interaction. This corresponds to
jelly - like motion. The order of magnitude of this frequency
for electric dipoles is estimated below:

Z~ 10,000

m~ 10 E —12 gm ( assuming mass density of 1 gram/ cc, 1
micron grain size)

a ~ 100 microns

oerr= Effective polarizability.

Therefore, 2~ 5 (Ze )2/ m adaes~ 10 E 8 Hz.

Furthermore, ©2~ op*.
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For the ferromagnetic dipoles, the frequency depends on the
square of magnetic dipole moment, and in the planned
experiment, it is expected to be close to plasma frequency.

(b). We get two modes of collective oscillation in a real lattice
which can be identified as longitudinal and transverse
modes. Near K=0, the frequency of the transverse mode
increases with K and that of the longitudinal mode decreases
with K. There are additional symmetry points where modes
become identical.

(c). There are instability domains which coincide with the
boundaries of the minimum energy configurations. For
square lattices the most unstable oscillations are out of
phase oscillations ( K« a, Kz ¢) = ( n, ©) along x and z axes.
For cubic lattices, for equal lattice constants along x and v
axes, the most unstable oscillation corresponds to ( K« a, K,
b, K. ¢) = ( &, 0, ). However, one finds that the critical value
of c¢/a 1s higher for (m, x, ©) oscillations. The reason for this
behavior is that the dipoles contained in adjacent x-z planes

support their neighbors from being flipped. Additionally,
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only the longitudinal mode becomes unstable for (
w, 0, ™) oscillations but in the case of (m, &, n) oscillations
both, longitudinal and transverse, modes become unstable.

(d). In the case of ( &, 0, ) oscillations in cubic lattices, the system
becomes quasi one-dimensional for sufficiently low c/a.

5.2 Outlook

Future work should address these problems.

(a). There 1s screening in the system. Yukawa type potential is the
correct potential for electric dipoles. Magnetic dipoles are
unscreened. As the result of screening, the importance of
dipole-dipole interaction relative to Coulomb interaction
increases because the former acquires exp(- kpa)/ r term.

(b). If the grains are electric dipoles, then the effect of external
electric field used to levitate them is important. The electric
field will polarize the grains and the effect of induced dipole
moment is important. Additionally, there is interaction
between the field and the dipoles which tries to align the
dipoles along field lines.

(c). There are charge fluctuations in the grain chrge and dipole
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moment.

(d). The collisions with neutrals damps the motion of dust grains.

(e). Grains are not identical in reality. Depending on their shapes
and other properties, they acquire different charges, which
leads to additional degrees of freedom.

(f). Plasma oscillation could probably excite wobbling modes. In
that case, these modes would be coupled to plasma
oscillations.

(g). If external magnetic field is present, then the effect of B on the
motion of the plasma particles will affect the wobbling
motion of grains. Induced currents due to the external
magnetic field will affect the dielectric properties of the
plasma and the effective dipole — dipole interaction.

(h). The planned future experiments with ferromagnetic grains
would provide an exciting opportunity to verify our results.

Q). For l<< legr< [er, the system is in liquid state and the wobbling

modes could be studied through the quasi localization of charge

[Kalman & Golden, 1990] developed for this situation.
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