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ABSTRACT

This dissertation studies real-time application support in wireless ad-hoc and

sensor networks. Real-time applications are performance critical applications that

require bounded service latency. In multi-hop wireless ad-hoc and sensor networks,

communication delays are dominant over processing delays. Therefore, to enable

real-time applications in such networks, the communication latency must be bounded.

The shared nature of the communication medium makes the delay characteristics of

the medium access control (MAC) protocol in use very important. Furthermore, it

is desirable that the MAC protocols for such networks be distributed and be able to

spatially reuse the communication channel for scalability and efficiency.

In this dissertation, we derive expressions of real-time capacity that characterize

the ability of a network to deliver data on time as well as develop network proto-

cols that achieve this capacity. We introduce a hexagonal network topology based

architecture for wireless ad-hoc and sensor networks for real-time applications. We

present addressing and constant time routing protocols for the hexagonal network.

We develop two distributed spatial-reuse time domain multiplexed MAC protocols

with provable real-time properties for convergecast traffic. One protocol constructs

network-wide transmission schedule and gives equal bandwidth to all the nodes.

This protocol has zero scheduling message overhead and is optimal in the sense that

the base-station does not idle. The other protocol supports a more general (unequal

bandwidth to nodes) mixture of real and non-real time traffic. Clock synchroniza-

tion is achieved implicitly. Real-time capacity expressions are obtained and ana-

lyzed for the earliest deadline first, deadline monotonic and these two scheduling

algorithms.



Data gathering (many-to-one) and data dissemination (one-to-many) are two of

the three canonical traffic patterns in WSN. Unlike data gathering at base-stations,

transmission scheduling for data dissemination is an easy problem and hence is not

as much an issue as is the minimization of number of transmissions for interference

suppression and energy conservation. We present and prove the properties of an op-

timal multicast tree in WSN, which is cast as a generalized Steiner Tree Problem. We

present a distributed heuristic that constructs and maintains near-optimal multicast

tree on-line.

Advisor: Tarek Abdelzaher
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CHAPTER 1

Introduction

Wireless Sensor Networks (WSN) are self-organized ad-hoc networks whose node

are capable of sensing, gathering, processing and communicating data, especially

the data pertaining to the physical medium in which they are embedded. It is envi-

sioned that a typical WSN will consist of a large number of nodes [51, 63, 6]. This

enables sensing and actuation at a fine grained level, both spatially and temporally.

Though significant on their own, wireless sensor networks play a central role in

achieving the goal of truly ubiquitous computing and smart environments. By in-

terfacing the data collection and dissemination infrastructure of WSN with external

networks and devices, control and automation of physical entities like houses, fac-

tories, farms and so on can be achieved at a level that was not possible before.

1.1 REAL-TIME WIRELESS SENSOR NETWORKS

The performance-critical applications that require bounded delay latency are re-

ferred to as real-time applications. Those wireless sensor networks that are capable

of providing bounded delay guarantees on packet delivery are referred to as real-

time wireless sensor networks. A vast majority of WSN applications are real-time.

Design and analysis of real-time WSN are the focus of this dissertation. In the fol-

lowing, we describe a few representative applications.

Consider a wireless sensor network whose nodes report to a base-station when-

ever the presence or movement of humans, animals, vehicles or some other kind of

object is detected. In the case of moving object, it is also desired to monitor the move-

ments of the object. Upon receiving the data from the network, the base-station takes

some actions. The actions may be to turn on a camera, alert guards or something else

1
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pre-specified. If the base-station gets detection messages after the object has moved

out of the area where the reports originated, the camera won’t be able to take the

picture of the monitored object. In the case of intrusion, failing of timely tracking

will let the intruder escape. Application of WSN to monitor the health of senior citi-

zens and patients is an actively pursued area of research. Typically, the nodes of the

network report to a collector node, which is connected to the health-care provider

through an external network. The health-care provider’s server monitors the WSN

data for alarms, and alerts health care personnel upon alarm detection. The network

would be of little use if upon emergencies, doctors do not get alerted soon enough

to save patients’ lives.

A multitude of problems needs to be solved to achieve the goal of supporting

real-time applications in WSN. As mentioned earlier, the network uses shared (wire-

less) medium for communication. Therefore, one needs a distributed medium access

control (MAC) protocol that is capable of providing guaranteed bandwidth over

multiple hops. Bounded latency guarantee of end-to-end packet delivery is a nec-

essary first step. The real-time support must be achieved at low power and low

message overhead to limit interference and conserve energy. Since the network is

supposed to consist of a large number of nodes, scalability of the solutions is impor-

tant.

1.2 REAL-TIME CAPACITY EXPRESSIONS

Traditionally, network capacity has referred to the measure of data carrying capa-

bility of a network (see [32, 27, 4, 30]). We define real-time capacity of a network to be

its information carrying ability for given deadlines, where only those information

bits that arrive at their destination within the specified deadline count. For WSN

the unit of data is a packet rather than bits. If a packet does not reach its destination

by the given deadline, then its contribution to the real-time capacity is 0. This is in
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contrast to the capacity defined in [32] and other research cited above where every

transfer of bit counts.

Analytic expressions for real-time capacity facilitate the process of designing a

network that is guaranteed to meet specified throughput and delay requirements.

The expressions describe values of a set of variables that will enable the network to

meet anticipated real-time requirements. In other words, they define the feasibility

region in the space of such variables. In the event of dynamically changing network,

which is expected of WSN, besides planning and designing, the feasibility region

allows optimization of the operation of the network.

1.3 DATA DISSEMINATION IN WSN

Data gathering and data dissemination are the two key functionalities required

of WSNs. For data dissemination, capacity is not as important an issue as interfer-

ence and energy consumption. Due to the broadcast nature of the wireless medium,

data dissemination is trivial in uni-hop wireless networks. This, however, is not

the case with multi-hop wireless networks. Employing flooding-like algorithms is

wasteful in terms of energy consumption. Furthermore, since the execution pattern

and termination of such protocols are not deterministic, their co-existence with real-

time applications without affecting the latter is not possible. The problem of data

dissemination over multiple hops in energy-efficient manner is not straightforward.

Multicast is an appropriate method to disseminate data to a set of subscribers.

In multicast, multiple transmissions of the same packet along a given path is sup-

pressed, although packets are transmitted to each subscriber at the same rate. Asyn-

chronous multicast improves the energy efficiency of multicast by disseminating

packets at the desired rate of the individual subscribers. When the choice of inclu-

sion of additional intermediate nodes to construct a minimum cost tree exists, the

problem of constructing such a tree becomes the Steiner tree problem. Since there
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is a considerable freedom in selection of nodes to construct the asynchronous mul-

ticast tree, an optimal solution can be obtained by constructing a Steiner tree. The

construction of minimum Steiner tree, however, belongs to the class of NP-Hard

problems. Therefore, a distributed heuristic that constructs near-optimal asynchro-

nous multicast tree is useful for energy-efficient data dissemination.

1.4 RELATED WORK

1.4.1 Performance Guarantees

Enabling performance guarantees in WSN has been a very active area of re-

search. Providing latency bounds for many-to-one (or, convergecast) traffic topol-

ogy is the most difficult. It has been observed that even under very light load, a

significant percentage of packet loss occurs within first few hops from the base sta-

tion if CSMA based MAC protocols are used [5]. This is referred to as the funneling

effect. A number of MAC protocols have been developed that attempt to decrease

the latency of packet deliveries [54, 25, 56]. TRMA [54] is energy efficient CSMA

and TDMA based MAC protocol. It uses special protocols to (Neighbor and Sched-

ule Exchange Protocols) exchange two hop neighborhood and their schedule infor-

mation among nodes. These message exchanges take place in CSMA mode. Using

these messages, a somewhat complex algorithm (Adaptive Election Algorithm) con-

structs the schedule. A distributed link scheduling algorithm is presented in [25].

Z-MAC [56] operates in CSMA mode under low load conditions and switches to

TDMA mode under high load conditions. The cost of time synchronization in Z-

MAC is high. Motivated by the scalability problems of the existing TDMA MAC

protocols and designed for many-to-one traffic, FUNNELING-MAC [5] employs a

hybrid CSMA and TDMA scheme, where the TDMA scheduling is done in a small

neighborhood of the sink only. None of the above mentioned solutions give latency

guarantees.
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Caccamo and Zhang have proposed Implicit-EDF for conflict free prioritized

transmission in WSN [14]. The algorithm arbitrates access at the MAC layer. The

authors propose to divide the sensor network in cellular network like (honeycomb)

regions, where each cell operates at a different frequency than all of its six neigh-

bors. Within each cell, nodes coordinate to achieve a contention free schedule. The

solution provides real-time guarantees but the communication is assumed to be uni-

hop. Unfortunately, the solution is not scalable over multiple hops, and hence has

limited applicability for WSN which are inherently multi-hop.

1.4.2 Capacity

The first results for the capacity of ad-hoc wireless networks were obtained by

Gupta and Kumar [32]. The authors showed that in a network of n nodes spread

over unit area, where each node is capable of transmitting W bits per second, the

per node throughput capacity scales as Θ(W/
√
n logn) bits/sec for randomly chosen

source and destination, and as Θ(W/
√
n) bits/sec for optimally assigned traffic pat-

tern. The authors also showed that under optimal conditions, the network’s trans-

port capacity scales as Θ(W
√
An) bit-meters per second, where A is the area of the

network. Grossglauser and Tse incorporated mobility of the nodes to the network

model of [32], and showed that at the cost of unbounded delay, the throughput ca-

pacity of the network with mobile nodes can be Θ(n) bits/sec [30]. This is achieved

by one-hop relaying of the packets. Li et al. showed that the throughput capacity of

the network can be Θ(n) bits/sec, if the traffic is local [45].

Gastpar and Vetterli [27] obtain capacity expressions using network coding [4],

where all the other nodes (than the sender-receiver pair) cooperate in transmission.

It is assumed that only one pair of nodes transmit/receive at any given time. Using

this model, the authors obtain a throughput capacity of O(logn) bits/second. Jain

et al. present a linear programming based formulation of the capacity problem [36].
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Kodialam and Nandagopal present a polynomial time algorithm that achieves better

than 67% of the optimal throughput for a wireless network of specified configura-

tion [42]. The algorithm can compute whether a desired throughput rate between

a given pair of end nodes is feasible. For feasible flows, it computes routes and

schedules. The model does not account for interference due to transmissions from

neighboring nodes. Kozat and Tassiulas [44] and Liu et al. [46] independently pro-

pose addition of limited infra-structural support to the ad-hoc network to improve

capacity.

All of the above mentioned capacity results do not take the delays incurred by

individual data bits or packets into account. Our problem is different in that our goal

is to compute the capacity of the network for specified deadlines – arrival of packets

after deadlines do not contribute to the capacity. The above mentioned work relates

to our problem as a limiting case when the deadlines are so large that the packets

never miss their deadlines.

1.4.3 Real-Time Capacity

Abdelzaher et al. presented the first results on the real-time capacity limits of

wireless sensor networks [1]. Expressions for the real-time capacity limits are ob-

tained using sufficient conditions on schedulability. A class of time independent

fixed priority scheduling algorithms are considered. Load-balanced and converge-

cast – the two extreme traffic topologies are considered. In this dissertation, we

present the results and extend them for the EDF scheduling algorithm.

Yan et al. propose an energy-efficient service for providing differentiated surveil-

lance by varying the degree of sensing coverage [67]. Cao et al. present an stochas-

tic performance analysis of WSN for surveillance applications based on network

parameters [15]. Ting Yan presented schedulability analysis of periodic flows in
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WSN [66]. Using the results presented in the dissertation, design time analysis can

be performed if the flows are known in advance.

Schmitt and Roedig use and extend the Network Calculus [13] to formulate the

tradeoff between the buffer size requirements and power consumption with the

worst case delay [59]. A suitable arrival curve for WSN is presented. Koubaa et

al. extend the Sensor Network Calculus formulation of Schmitt and Roedig for a

cluster based tree topology and IEEE 802.15.4/ZigBee MAC protocol [43]. The au-

thors conclude that the bandwidth requirement grows exponentially with the depth

of the tree. Their conclusion is based on the incorrect assumption that number of

clusters grow exponentially with tree depth. The growth is in-fact quadratic in tree

depth. To see this, the number of clusters at depth n is approximated by the ratio of

the area contained within the ring of radii nR and (n − 1)R and the area contained

within one cluster πR2. Thus, the number of clusters at depth n is approximately 2n.

Therefore, the total number of clusters in the tree up-to depth n is
∑n

i=1 2i = n2 + n.

Furthermore, the delay bound obtained is based on the Concatenation Theorem of

Network Calculus. While the theorem has been proved for wired networks, it does

not hold in its current form for wireless networks. This phenomenon arises due to

interference of transmission on neighboring links. A Concatenation Theorem for

links with mutual exclusion constraints needs to be furnished.

1.4.4 Data Dissemination

This dissertation presents and proves the properties of a minimum Steiner tree

for data caching, namely binary structure and symmetrical internal angles, which to

the best of our knowledge, are new results. Bhattacharya et al. present a heuristic

for setting up a multicast tree in WSN [12]. The heuristic assumes the cost metric of

an edge to be refresh rate ∗ distance2, and does not try to approximate an optimal

Steiner Tree.
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Several query-response paradigm data dissemination solutions exist. Directed

Diffusion is a data-centric approach for communication [35]. In Directed Diffusion,

intermediate nodes cache data. A transport layer for Directed Diffusion to provide

guaranteed delivery and re-assembly has been proposed [64]. Ratnasamay et al.

propose data-centric storage in WSN [61, 55]. Data is stored as (key, value) pair, and

is replicated to avoid overloading. The keys are mapped to geographic locations for

caching. Both of these rely on GPSR [40] for routing to a geographic coordinate or

its closest neighbor. These efforts do not focus on minimum-energy multicast.

Kim et al. present SAFE, a protocol for data dissemination in WSN [41]. The

SAFE protocol caches the data on all intermediate nodes en-route to the destination.

Luo et al. propose data dissemination in a two-tier hierarchy supporting mobility of

the sinks [68]. A grid structure is constructed pro-actively for forwarding data. The

subscribers flood their local grid cell with their query. Nodes forming the grid for-

ward the query upstream until data is found, which is then forwarded downstream

to the subscriber. Finding a good grid size is crucial to good performance of this

scheme. Regardless of the grid size, routing on a grid tends to increase route length

and hence power consumption.

Cheng et al. present a protocol that builds a strongly connected minimum en-

ergy topology for WSN by adjusting the transmit power levels of nodes [19]. The

metric optimized is the sum of transmit powers of individual nodes. The topology

generated by the heuristics presented in the paper can be used for energy efficient

routing.

Bauer and Varma present two heuristics to setup a multicast tree in a (virtual)

circuit switched network for a given set of multicast members [10]. The K-SPH

heuristic builds the tree by first creating forests, one for each member, and then by

merging these forests pair-wise until a single tree is obtained. In the other heuristic,

the tree starts to grow at one multicast member, and terminates when all members
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are included. Unlike our heuristic, that manages the multicast tree dynamically, these

heuristics pre-compute the multicast tree before starting data dissemination.

1.5 THESIS STATEMENT AND DISSERTATION CONTRIBUTIONS

Thesis Statement

It is possible to develop a systematic theory of real-time capacity of wireless sen-

sor networks, and to construct low overhead protocols for real-time data gathering

and data dissemination applications in wireless sensor networks.

Dissertation Contributions

Real-time wireless sensor networks: This research advances the design and anal-

ysis of wireless sensor networks for real-time applications. It presents analysis

of real-time capacity limits of WSN for Deadline Monotonic (DM) and Earli-

est Deadline First (EDF) scheduling [Chapter 3]. It introduces an architec-

ture based on a two-tier hexagonal topology for real-time application support

in multi-hop wireless ad-hoc and sensor networks [Chapter 4]. It presents

scalable time domain multiplexed MAC protocols that provide guarantees on

bandwidth allocation. One protocol constructs network-wide transmission

schedule and gives equal bandwidth to all the nodes [Chapter 4]. This proto-

col has zero scheduling message overhead and is optimal in the sense that the

base-station does not idle. The other protocol supports a more general (un-

equal bandwidth to nodes) mixture of real and non-real time traffic [Chapter

5]. It presents distributed routing and implicit clock-synchronization proto-

cols for this architecture.

Energy efficient data dissemination protocols: This research contributes to the

area of energy efficient data dissemination [Chapter 6]. It extends the research

on the Minimum Steiner Tree problem by defining and analyzing a more gen-

eral construct called Steiner Data Caching Tree (SDCT). The tree cost metric of



1.6. Dissertation Outline 10

SDCT is function of traffic rate in addition to the Euclidean edge lengths. This

research presents and proves the optimality properties of this variant of the

Steiner tree. Using the analytical properties of minimum SDCT, a middleware

for data dissemination in WSN is presented. The middleware uses distributed

protocol to construct near-optimal asynchronous multicast tree.

EDF schedulability on pipelines: The research presented here also makes con-

tribution to the theory of real-time scheduling by presenting schedulability

conditions for aperiodic tasks on a sequential resource pipeline [Chapter 2].

1.6 DISSERTATION OUTLINE

Chapter 2 presents the theory of EDF schedulability of aperiodic jobs in pipelines.

It presents schedulability conditions for various load distribution scenarios. It fur-

nishes the theorem on schedulability of arbitrary jobs that is used in the next chap-

ter to derive real-time capacity limits in WSN. Chapter 3 presents a treatment of

the real-time capacity limits. The limits are derived for two extreme traffic topolo-

gies – namely, the load balanced topology and the convergecast (i.e., many-to-one)

topology. It considers DM and EDF scheduling algorithms, and discusses the impli-

cations of the capacity limit expressions. Chapter 4 presents an architecture for real-

time support in wireless ad-hoc and sensor networks. The architecture is based on

a cluster based hexagonal topology. The chapter presents addressing, routing, clock

synchronization and scheduling algorithm for equal bandwidth MAC protocol. It

presents the proofs of the optimality and real-time guarantees of the equal band-

width transmission scheduling algorithm. Chapter 5 extends the previous chapter’s

research for a more general traffic. It considers a mixture of real-time as well as non-

real time traffic, and the nodes are assumed to have a variable real-time bandwidth

demand. Chapter 6 presents the solution of energy conserving data dissemination

problem. It presents the analysis of optimal asynchronous multicast tree in WSN.

Based upon the properties of minimum SDCT, it presents a distributed algorithm
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that constructs and maintains near-optimal data dissemination tree dynamically.

Chapter 7 summarizes the research presented in this dissertation, and points out

the avenues for further research.



CHAPTER 2

EDF Scheduling in a Pipeline

2.1 INTRODUCTION

This chapter presents schedulability analysis of aperiodic jobs on pipelines. A

pipeline refers to a system of processors and resources, arranged in tandem. In the

next chapter, we present an analysis of real-time capacity of wireless sensor net-

works, where the packets are transmitted in priority order. We consider two priori-

tization algorithms, namely Earliest Deadline First and Deadline Monotonic. To de-

rive the real-time capacity expressions, we model the network as a pipeline. For the

derivation of the capacity expression for DM, we use the Stage-Delay theorem [2],

and that for EDF, we use Theorem 2.14 presented in this chapter.

Each individual unit of the pipeline is called a stage. For our purpose of schedu-

lability analysis, each stage is abstracted as a processor containing a dedicated job

queue. Pipelines are especially suited when a job’s overall execution consists of lin-

early partitioned sub-executions. In general, for the purpose of increasing through-

put, tasks may be partitioned into multiple linear sub-units and hence can be made

suitable for execution on a pipeline. Pipelines are a viable alternative to multipro-

cessors for increasing throughput.

In this chapter, we consider schedulability of hard real-time aperiodic jobs on a

pipeline. We derive sufficient feasibility conditions for a pipeline using end-to-end

deadlines and preemptive Earliest Deadline First (EDF) scheduling policy. These

feasibility conditions determine schedulability for the pipeline as a whole, as op-

posed to individual stages of the pipeline. While many utilization bounds have

12
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been derived for multiprocessors for various kinds of task sets ([29, 9, 47]), no simi-

lar bound exists for pipelines.

The rest of the chapter is organized as follows. We present the problem formu-

lation in Section 2.2, followed by the analytical framework in Section 2.3. We de-

rive schedulability bounds for various kinds of task sets in Section 2.4. We present

the simulation results that compare the performance of the bounds derived in Sec-

tion 2.5. We present the chapter summary in Section 2.6.

2.2 PROBLEM FORMULATION AND ASSUMPTIONS

In this section, we describe the system and our assumptions. We obtain bounds

on the utilization of the entire pipeline. The individual stages are not assumed to

maintain their individual state of utilization. We assume that the pipelines are se-

quential, and do not contain any loop or branches. Most scheduler implementations

insert jobs in a prioritized queue, and schedule jobs at the head of the queue. There-

fore, we do not assume that a lower priority job may skip a stage if its execution

requirement is zero at that stage. We consider schedulability of aperiodic task sets.

The inter-arrival time between any two instances of an aperiodic task is not assumed

to be bounded from below. Thus more than one instance of a task may be released

concurrently. Instances of a task are called jobs. Admitted jobs are scheduled to run

according to the preemptive EDF scheduling policy. To enforce the correct execu-

tion ordering in such cases, and to avoid excessive preemption delays among jobs

of the same priority, ties are assumed to be broken in FIFO order. We do not con-

sider resource blocking. We assume that the system is work conserving. No clock

synchronization among the stages of the pipeline is assumed.

In the next section, we present few basic results upon which we build the rest of

this chapter.
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2.3 ANALYTICAL FRAMEWORK

In this section, we first introduce some necessary notations. We follow these up

with obtaining expressions for the worst case waiting time of the jobs.

We denote the number of stages of the pipeline bym. We denote jobs by Ji, where

the indices reflect their priority (i.e., if i < j, then Ji is a higher priority job than Jj).

We denote a job Ji’s overall worst-case execution time by Ci, and Ci’s stage-wise

decomposition by Cik, 1 ≤ k ≤ m. We denote a job Ji’s release time by ri, its relative

deadline by Di, and its absolute deadline, (= ri +Di), by di. If at time t, a job Ji has

executed for ei(t) time units since its arrival, then we define its outstanding execution

as C∗
i (t) = Ci − ei(t). The per stage outstanding execution times, C∗

ik(t), are defined

likewise.

2.3.1 Waiting time

In this sub-section, we consider the time that a job spends waiting in pipeline

queues before it finishes its execution.

Definition 2.1 (Waiting time) Waiting time of a job is defined as the amount of

time during which the job waits in the ready queues for execution, while higher

priority jobs execute. The waiting time of a job Ji, that is released at ri and finishes

execution at fi, is given by Wi = fi − ri − Ci, where Ci is the end-to-end execution

time of the job.

To analyze the waiting time, the following theorem that considers execution or-

der of the jobs in a pipeline is useful. Recall that in sequential pipeline, jobs exit from

stages in priority order – a job can not skip a stage if execution requirement at that

stage is zero. We call scheduling algorithms job-level fixed priority if they preserve

the priority order among jobs. All (task-level) fixed priority scheduling algorithms

are also job-level fixed priority. Since EDF determines priority using absolute dead-

line of the jobs, the EDF assigned priority of a job does not change over time. This
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keeps the relative priority order between any pair of jobs fixed. Thus, although EDF

is a task-level dynamic priority scheduling algorithm, it is a job-level fixed priority

scheduling algorithm. However, Least-Laxity First is not a job-level fixed priority

scheduling algorithm.

Theorem 2.2 In a sequential pipeline, a job can preempt some lower priority job at-most

once if a job-level fixed priority algorithm determines the priority order.

Proof Let us consider two jobs Ji and Jn, where the latter is a lower priority

job than Ji. The time of arrival of Ji at stage k is ri,k. For the sake of clarity of

presentation, let us denote the time of departure of Ji from stage k (= ri,k+1) by fi,k.

If fn,k ≥ ri,k for all k, then the theorem is trivially true.

Let there exist a stage l such that fn,l < rn,l. At this stage Ji preempts Jn if the

latter was executing at t = rn,l, or Ji is scheduled to execute prior to Jn if the latter

was waiting in queue at t = rn,l. Since Ji is always ahead of Jn in stage l queue in

the event of possible future preemptions, Jn starts to execute at stage l only after Ji

exits this stage. Thus the number of preemptions of Jn by Ji at stage k is at-most

1, and fi,l ≤ fn,l. At all subsequent stages, Jn starts to execute only after Ji exits

there. Therefore, at no subsequent stage than l, Jn can be preempted by Ji. Hence

the proof.

Now we consider the stage waiting time of a job Jn at some stage k. After Jn

arrives at stage k, it can’t start execution until all the higher priority jobs that were

present at that stage have finished their executions. Furthermore, once Jn starts exe-

cuting, it may get preempted by higher priority jobs that arrive at stage k afterwards.

At the first stage Jn finishes execution after all higher priority jobs in the worst

case. Therefore, the first stage waiting time is bounded by simply the sum of the
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first stage outstanding execution time of all higher priority jobs.

Wn1 ≤
n−1
∑

i=1

C∗
i,1(MAX(rn, ri)) (2.1)

We found it convenient to calculate the stage waiting time of Jn at subsequent

stages by breaking the delay into two parts. We calculate the waiting time of Jn at

stage k due to those jobs that do not preempt Jn at stage k first, and then bound the

additional delay that is caused by those jobs that preempt Jn at stage k. Since the

jobs that arrive later than Jn can preempt the latter at some arbitrary stage, the last

job to execute at stage k before Jn finishes execution at that stage is not necessarily

Jn−1. Let us denote the index of the job that finishes immediately before Jn at stage

k by the predicate P (n, k, 1). Similarly, we denote the ith job to finish before Jn at

stage k by P (n, k, i). In the following Wnk denotes the waiting time of Jn at stage k

due to higher priority jobs than Jn that do not preempt Jn at stage k.

The expression for Wnk is equal to the sum of the execution and waiting times

of its immediate predecessor at stage k, JP (n,k,1), minus the execution time of Jn at

stage k − 1. A timing diagram depicting the relationship is shown in Fig. 2.1. In

the following x+ denotes MAX(x, 0). The following treatment is with reference to

{

Jn

JnJP(n,k,1)JP(n,k,2)

JP(n,k,x)

JP(n,k,x) JP(n,k,x−1)

rn

. . .

. . .

L

M

Wn,k

Stage k-1

Stage k

Figure 2.1 Execution at stage k from t = rn till t = fn,k

Jn, and hence all outstanding execution times are with reference to t = rn. We shall

abbreviate C∗
i,k(MAX(rn, ri)) as C∗

i,k. Let us consider execution at stage k from t = rn
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until the time when Jn exits the stage k (Fig. 2.1). Let JP (n,k,x) be the first job that

did not wait at stage k and JP (n,k,x−1) and all subsequent jobs up to Jn experience a

non-zero waiting time at stage k. Following our assumption about JP (n,k,x), Wn,k is

given by M − L in (Fig. 2.1). Therefore, we have:

Wnk =

(

x
∑

j=1

C∗
P (n,k,j),k −

x−1
∑

j=1

C∗
P (n,k,j),k−1− Cn,k−1

)+

=

(

C∗
P (n,k,x),k − Cn,k−1 +

x−1
∑

j=1

C∗
P (n,k,j),k − C∗

P (n,k,j),k−1

)+

≤
(

(

C∗
P (n,k,x),k − Cn,k−1

)+
+

x−1
∑

j=1

(

C∗
P (n,k,j),k − C∗

P (n,k,j),k−1

)+

)+

=
(

C∗
P (n,k,x),k − Cn,k−1

)+
+

x−1
∑

j=1

(

C∗
P (n,k,j),k − C∗

P (n,k,j),k−1

)+
. (2.2)

Computation of the second term of (2.2) requires knowledge of the state of the

pipeline when Jn arrives at each of the stages and the history of execution at that

stage. This conflicts with our goal to obtain a fast schedulability test. Therefore, we

further bound (2.2) as follows: C∗
P (n,k,x),k is less than or equal to the maximum exe-

cution time of all n jobs at stage k, i.e., C∗
P (n,k,x),k ≤ MAX

{i|i≤n}
C∗

i,k. Furthermore, the sum

∑x−1
j=1

(

C∗
P (n,k,j),k − C∗

P (n,k,j),k−1

)+

≤∑n−1
i=1

(

C∗
i,k − C∗

i,k−1

)+
, since on the right side the

sum is extended over all n− 1 higher priority jobs. Thus we have,

Wnk ≤
(

MAX
{i|i≤n}

C∗
i,k − Cn,k−1

)+

+
n−1
∑

i=1

(

C∗
i,k − C∗

i,k−1

)+
(2.3)

Now, we consider the kth stage waiting time of Jn due to jobs that preempt Jn at

stage k. Let the remaining execution time of Jn at the time of preemption be λ (Fig.

2.2), where λ < Ci,k. Let gn,k+1(i) denote the time interval between the arrival time

of Jn at stage k and its finishing time at stage k + 1 when it gets preempted at stage
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Ji

Ji

Jn

JnJn

λ
Cn,k - λ

Cn,k+1Ci,k+1

Ci,k

gn,k+1

Stage k+1

Stage k

Figure 2.2 Ji preempts Jn when the latter needs an additional execution time of λ

k by some job Ji. Then, gn,k+1(i) is,

gn,k+1(i) = Cn,k − λ+ Ci,k + Ci,k+1 + Cn,k+1.

Clearly, gn,k+1(i) is maximized when λ → 0. Now, we execution the corresponding

g of Jn had Ji arrived at stage k prior to Jn (Fig. 2.3). The time interval between the

arrival time of Jn at stage k and its finishing time at stage k + 1 in this scenario is

(written as g′n,k+1(i)) given by:

g′n,k+1(i) = Ci,k + MAX(Cn,k, Ci,k+1) + Cn,k+1.

The additional delay introduced by the late arrival of Ji is given by:

gn,k+1 − g′n,k+1 = Cn,k − λ+ Ci,k+1 − MAX(Cn,k, Ci,k+1)

≤ MIN(Cn,k, Ci,k+1)

This additional delay is bounded over all stages as (written as ∆gn(i)):

⇒ ∆gn(i) ≤ MAX
{k|k≤m}

(MIN(Cn,k, Ci,k+1))

≤ MAX
{k|k≤m}

(Cn,k, Ci,k).

Thus a later arriving job (than Jn) can decrease the parallel execution of a pipeline
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Ji

Ji Jn

Jn

g′
n,k+1

Cn,k

Cn,k+1Ci,k+1

Ci,k

Stage k+1

Stage k

Figure 2.3 Ji preempts Jn and the latter needs large execution time at stage k

by a quantity that is the larger of the preempting and the preempted job’s maximum

stage execution time. Since we proved earlier (Theorem 2.2) that a job can preempt

another job at-most once, for a given Ji, ∆gn(i) is non-zero for only one of the stages.

Therefore, the (end-to-end) waiting time of Jn due to all higher priority tasks is

bounded by the sum of Wn,k at all stages and one ∆gn(i) delay by every higher

priority job that arrived afterwards.

In other words,

Wn ≤
m
∑

k=1

Wnk +
∑

l∈{Higher priority jobs arriving afterJn}

MAX
{k|k≤m}

(Cn,k, Cl,k). (2.4)

After obtaining the bound on the stage-wise waiting time of Jn, we now proceed

to obtain the bound on the end-to-end waiting time of Jn in the pipeline.

Substituting the expressions for Wn1 (2.1) and Wnk (2.3) in (2.4), we get:

Wn =
n−1
∑

i=1

C∗
i1 +

m
∑

k=2

Wnk +
∑

l∈{Higher priority jobs arriving afterJn}

MAX
{k}

(Cn,k, Cl,k)
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⇒ Wn ≤
n−1
∑

i=1

(

C∗
i1 +

m
∑

k=2

(C∗
ik − C∗

i,k−1)
+)

)

+

(m− 1)

(

MAX
{i,k|1≤i≤n−1}

C∗
ik − Cn,k−1

)+

+
∑

l∈{Higher priority jobs arriving afterJn}

MAX
{k|k≤m}

(Cn,k, Cl,k)

⇒ Wn ≤
n−1
∑

i=1

(

C∗
i1 +

m
∑

k=2

(C∗
ik − C∗

i,k−1)
+

)

+(m− 1)

(

MAX
{i,k|1≤i≤n−1}

C∗
ik − Cn,k−1

)+

+ pn MAX
{i,k|1≤i≤n}

C∗
ik, (2.5)

where pn is the number of higher priority jobs arriving after Jn.

The first sum in (2.5) is:

n−1
∑

i=1

(

C∗
i1 +

m
∑

k=2

(C∗
ik − C∗

i,k−1)
+

)

=
n−1
∑

i=1

(

m
∑

k=1

C∗
ik +

m
∑

k=2

(C∗
ik − C∗

i,k−1)
+ −

m
∑

k=2

C∗
ik

)

=
n−1
∑

i=1

(

m
∑

k=1

C∗
ik −

m
∑

k=2

MIN(C∗
ik, C

∗
i,k−1)

)

=

n−1
∑

i=1

MAX
{k}

C∗
i,k,

since subtracting k − 1 of the smallest terms from k terms leaves the largest term.

Therefore, (2.5) can be written as:

Wn ≤
n−1
∑

i=1

MAX
{k}

C∗
i,k + (m− 1)

(

MAX
{i,k|1≤i≤n−1}

C∗
ik − Cn,k−1

)+

+ pn MAX
{i,k|1≤i≤n}

C∗
ik, (2.6)

2.3.2 Schedulable load

We now seek a metric to measure the amount of computation that the system

must perform during the time interval in which a certain job is current in order to
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make the job meet its deadline. For the sake of convenience of argument, let us con-

sider a job Jx, and assume that it arrives some time in the middle of the current busy

period. When it arrives, there are some jobs already executing at various stages of

their execution time. Furthermore, after the arrival of Jx and before its completion,

more jobs are admitted, some of which have earlier deadlines than Jx. Since we

concern ourselves here with EDF, all the jobs that have a deadline earlier than Jx

are also of higher priority than x. Out of all jobs described, let us isolate the jobs

that are of higher priority than Jx, and let the index of Jx in this set be i. Accord-

ing to our convention, we denote Jx by Ji. Ji uniquely determines this set, and we

refer to this set by Ji. The execution demand due to jobs that arrived earlier than

Ji (including itself, is
∑i

j=1C
∗
j (t = ri), whereas the execution demand due to jobs

that arrive after Ji does is
∑i

j=1Cj =
∑i

j=1C
∗
j (t = rj). Therefore, the total execu-

tion demand on the system due to Ji and its higher priority jobs can be written as
∑i

j=1C
∗
j (t = max(ri, rj)). This much computation must be done in the time interval

[ri, di], the magnitude of which is di − ri = Di.

Definition 2.3 (Load of a job) The load experienced by Ji, denoted by Li, is de-

fined as Li =
∑i

j=1C
∗
j (t = max(ri, rj))/Di.

We now derive an expression for load in terms of the execution demand, the

wait time in job queues and deadline that makes a job, Jn, critically schedulable. A

critically schedulable job is defined as follows:

Definition 2.4 (Critically schedulable job) A job Jn is defined as critically schedu-

lable if, were the execution requirement of Jn increased infinitesimally while keep-

ing its deadline fixed, Jn would have missed its deadline.

Since Jn is critically schedulable, its waiting time, Wn, equals its laxity. Hence,

Wn = Dn − Cn
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Using the inequality for the waiting time (2.6), we get,

Dn − Cn ≥
n−1
∑

i=1

MAX
{k}

C∗
i,k + (m− 1)

(

MAX
{i,k|1≤i≤n−1}

C∗
ik − Cn,k−1

)+

+ pn MAX
{i,k|1≤i≤n}

C∗
ik

⇒
n−1
∑

i=1

MAX
{k}

C∗
i,k ≤ Dn − Cn − (m− 1)

(

MAX
{i,k|1≤i≤n−1}

C∗
ik − Cn,k−1

)+

− pn MAX
{i,k|1≤i≤n}

C∗
ik

But,
∑n−1

i=1 C
∗
i ≤ m

∑n−1
i=1 MAX

{k}
C∗

i,k. Therefore,

n−1
∑

i=1

C∗
i ≤ m(Dn−Cn)−m(m−1)

(

MAX
{i,k|1≤i≤n−1}

C∗
ik − Cn,k−1

)+

−mpn MAX
{i,k|1≤i≤n}

C∗
ik (2.7)

From definition, the load Ln is given by,

Ln =
n
∑

i=1

C∗
i /Dn

=
n−1
∑

i=1

C∗
i /Dn + Cn/Dn

= 1 + 1/Dn

(

n−1
∑

i=1

C∗
i −Wn

)

.

But the waiting time can not exceed the total execution time of all higher priority

jobs. Therefore, we write

Ln = 1 + 1/Dn

(

n−1
∑

i=1

C∗
i −Wn

)+

.

Equivalently, for critically schedulable Jn,

Ln = 1 + 1/Dn

(

n−1
∑

i=1

C∗
i −Dn + Cn

)+

. (2.8)
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Plugging for
∑n−1

i=1 C
∗
i from (2.7) in (2.8), we get

Ln ≤ 1 + 1/Dn

{

(m− 1)(Dn − Cn)−m(m− 1)

(

MAX
{i,k|1≤i≤n−1}

C∗
ik − Cn,k−1

)+

−mpn MAX
{i,k|1≤i≤n}

C∗
ik

}+

. (2.9)

2.3.3 Bound on schedulable load

After obtaining the expression for load that makes a given job critically schedula-

ble, we now consider the load that will make every job of a given task set schedulable.

As we saw previously, the waiting time of a job Jn depends on the future arrival

of higher priority jobs (while Jn has not finished execution) – in addition to those

that arrived earlier. Let τ be the given task set.

Definition 2.5 (Schedulable system load) The schedulable system load, denoted

by L̂, is defined as sufficient condition on the least upper bound of the schedulable

load for any job in τ .

To construct the bound on schedulable load, we minimize the schedulable load

obtained in (2.9) over τ . Let Cikmax
and Cikmin

denote the upper and lower bounds

onCik. Let p denote the largest of the number of higher priority jobs that arrive while

any job in τ is current, the maximization is done over all jobs. Let uimax
= MAX

{i}
ui.

Minimization of (2.9) gives:

L̂ = 1 + ((m− 1)(1− uimax
)−m(m− 1) (Cikmax

− Cikmin
) /Dmin

−mpCikmax
/Dmin)+. (2.10)

The small number of variables of L̂ allows to keep the number of states to be

maintained by the admission controller small, and hence act fast. In the next sec-

tions, we shall obtain non-trivial bounds on the maximum admissible load as a

function of the properties of the tasks in τ , which we denote as L̂. The bound L̂
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has the property that if the load experienced by any job Ji that is an instance of

some task in τ does not exceed L̂ then Ji will not miss its deadline.

2.3.4 Utilization based acceptance test

In the previous section, we obtained a bound on the schedulable load of a pipeline.

As the last step in the treatment of our schedulability analysis, we take up the subject

of the construction of a small time complexity acceptance test. As pipeline executes

the jobs, the outstanding computation times of some or all of the jobs change. There-

fore, load changes continuously with time. We now seek a metric that changes only

for a constant number of times during the execution of a job so that using this metric,

constant time complexity utilization tests can be constructed. Few definitions are in

order here.

Definition 2.6 (Current job) A job Ji is defined to remain current in the time

interval [ri, di] where ri is the release time of Ji, and di is its absolute deadline.

Definition 2.7 (Job synthetic utilization) The synthetic utilization of an aperiodic

job Ji is defined as ui = Ci/Di when Ji is current.

Please note that we shall use the terms synthetic utilization and utilization in the

following interchangeably. Whenever, we shall discuss real utilization, we shall

make a note of the fact.

Definition 2.8 (Busy period) A busy period for a pipeline is defined as the inter-

val of time during which at-least one of the stages of the pipeline has one or more

jobs to execute.

Definition 2.9 ((Synthetic) Utilization of a system) LetB(t) be a boolean function

of the state of the pipeline which is defined to be 1 during a busy period, and 0

otherwise. Then, the system utilization, U(t), of a pipeline is defined as equal to

U(t) = B(t)
∑

i∈{Current jobs who arrived since the last idle time} ui.
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In other words, the system utilization is defined as equal to the sum of utiliza-

tions demands of all current jobs in the system who arrived since the last idle time,

and 0 whenever the system has no outstanding execution (i.e., when the system is

idle). This definition implies that for the purpose of schedulability tests, we need

to consider the latest busy period only. U(t) changes only when a job is admitted,

when a job expires and whenever the system gets idle. Hence updating U(t) re-

quires at-most 2 updates (of a constant number of variables) per admitted job. This

makes obtaining a bound on U(t) suitable for the construction of fast admission con-

trol tests. In the following theorem, we prove that enforcing U(t) ≤ L̂ at the time of

admission of the jobs ensures schedulability.

Theorem 2.10 If the system utilization, U(t), is kept below L̂ whenever a job is admit-

ted, then all jobs meet their deadline.

Proof The proof is in two parts. Let us consider some job Jn, that is current in

the time interval [rn, dn].

In the first part we consider the case when all higher priority jobs that are current

in [rn, dn] arrive after rn. And in the second part, we consider the case when some of

the higher priority jobs arrive before rn.

Part-I of the proof :

Let Un(t) denote the pipeline utilization due to Jn and all other higher priority jobs

in (rn, dn]. Since we are considering EDF priority, all such jobs must have a deadline

no greater than di.

Consider a plot of Un(t) (Fig. 2.4). Since there was no contributing job to Un(t)

prior to t = rn, and the utilization is non-zero only until the deadline of jobs, the

curve Un(t) is 0 everywhere outside [rn, dn]. Furthermore, the utilization demand uj

of a job Jj is nonzero only in the interval [rj , dj]. Hence,
∫ dn

rn
uj(t) dt =

∫ dj

rj
uj(t) dt =
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Cj/Dj

∫ dj

rj
dt = Cj/Dj ×Dj = Cj. The integral

∫ dn

rn
Un(t) dt can then be written as:

∫ dn

rn

Un(t) dt =

∫ dn

rn

n
∑

j=1

uj(t) dt

=

n
∑

j=1

uj

∫ dn

rn

dt

=

n
∑

j=1

Cj. (2.11)

Let us denote by Ûn the largest value of Un(t). Then using (2.11), we can write the

rn

Un(t)

t
dn

Figure 2.4 A busy period utilization curve

following:

Ln =
n
∑

j=1

Cj/dn =

∫ dn

rn

Un(t) dt/Dn

≤
∫ dn

rn

Ûn dt/Dn

≤ Ûn (2.12)

But U(t) ≤ L̂ at all times in [0, dn] by design. Therefore from (2.12) Ln ≤ L̂ at all

times, including the time when Un(t) attains its maximum. This completes the first

part of the proof.



2.3. Analytical Framework 27

Part-II of the proof :

Proof by induction. WLOG, we assume that the pipeline is fully utilized, for it fol-

lows from the definition of load that a fully utilized pipeline would never decrease

the load of some job obtained while pipeline is partially occupied. Therefore, if the

load for some job were to exceed L̂ with a partially occupied pipeline, it would still

exceed L̂ with more jobs executing. We consider fully utilized pipeline because if

the pipeline is fully utilized, U(t), touches the curve of L̂ for at-least one time instant

during the time interval when the job Jn was current. Hence, showing Ln > U(t)

immediately implies Ln > L̂. In the event of partially used pipeline, the implication

of Ln > U(t) remains inconclusive.

Base case: consider the highest priority job that arrived since the beginning of

the busy period.

L1 = C1/D1 = u1

Clearly, u1 ≤ Û1. Furthermore, Û1 is equal or smaller than the largest value of

U(t) in [r1, d1]. Since U(t) ≤ L̂ at all times by design, L1 ≤ Û1 ≤ L̂. General case:

rn dn

Jn

rn−1 dn−1

Jn−1

Figure 2.5 Load for Jn and Jn−1

Let Li ≤ Ûi ≤ L̂ for i = 1, . . . , n − 1. Recall that Jn−1 is the job that has immediate

higher priority than Jn, that is, after the expiration of the deadline of Jn−1, the next

job whose deadline expires is Jn, since we are using EDF. In the following, we write

the total execution in an interval [x, y] asW(x, y). The load for job Jn (Fig.(̃2.5)) can

be written as:
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Ln =
Ln−1Dn−1 + Cn −W(rn−1, rn)

Dn
.

By induction hypothesis,

Ln ≤
Ûn−1Dn−1 + Cn −W(rn−1, rn)

Dn

=

∫ dn−1

rn−1
Ûn−1 dt+

∫ dn

rn
un dt−W(rn−1, rn)

Dn

≤
∫ dn

rn
Ûn dt

Dn

−
(

W(rn−1, rn)−
∫ rn

rn−1

Ûn−1 dt

)

/Dn

= Ûn −
(

W(rn−1, rn)−
∫ rn

rn−1

Ûn−1 dt

)

/Dn (2.13)

Since the pipeline is executing at its full capacity, W(rn−1, rn) ≥
∫ rn

rn−1
L̂ dt, but L̂ ≥

Ûn−1 by design. Therefore,W(rn−1, rn) ≥
∫ rn

rn−1
Ûn−1 dt. Application of this inequal-

ity to (2.13) gives,

Ln ≤ Ûn ≤ L̂.

This completes the proof.

Now we are ready to spell out sufficient conditions for schedulability that have

time complexity that is constant in the number of current jobs. For reader’s con-

venience, we present a list of frequently used symbols before proceeding on to the

derivation of utilization bounds.
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List of frequent symbols

m Number of stages of the pipeline

Ji Jobs

Ci The overall execution time of Ji

Cik The execution time of Ji at stage k

ri Release time of Ji

Di Relative deadline of Ji

di Absolute deadline (= ri +Di) of Ji

ei(t) The amount of time that Ji has executed at time t, since its release

C∗
i (t) The outstanding overall execution time of Ji at time t, (= Ci − ei(t))

Wi Waiting time of Ji

αik The fraction Cik/Ci

α∗
ik The fraction C∗

ik/Ci

Li The load for Ji (=
∑i

j=1C
∗
j (t = ri)/Di)

ui Utilization of job Ji (=Ci/Di)

U Utilization of the pipeline

2.4 CONSTANT TIME UTILIZATION BOUNDS

In the following sections, we present constant time utilization bounds for three

types of task sets, namely the set that contains tasks of arbitrary, but known decom-

position of execution time across the stages of the pipeline, the set that contains tasks

of a fixed decomposition of execution time at any given stage, and the set that con-

tains load balanced tasks, that is, the task instances execute for equal time at every

stage.

We also show that in a pipeline, the uniprocessor bound is the best that we can

guarantee if the decomposition of execution time of the tasks is unknown. This in-

cludes those tasks that use only one of the stages of the pipeline. As we shall see in
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Section 2.4.4, such tasks are responsible for bringing the schedulable system utiliza-

tion down to that of a uniprocessor. In practice, however, the tasks will have their

execution requirements distributed over multiple, possibly all, stages of the pipeline

(when pipelines are used to scale up computation, the sub-unit size distribution is

programmer controllable indeed). Such task sets are of interest for our system. We

show that the guaranteeable system utilization for such task sets is considerably

higher. For load-balanced task sets in an m stage pipeline, O(m) system utilization

is achievable (see Section 2.4.3 for the exact relation).

2.4.1 Known Decomposition of Execution Time

We now state the bound on pipeline utilization when the decomposition of exe-

cution times across the stages is known.

Theorem 2.11 (UBound1) Total system utilization U =
∑n

i=1 Ui ≤ 1 + ((m − 1)(1 −
uimax

) −m(m − 1) (Cikmax
− Cikmin

) /Dmin − mpCikmax
/Dmin)+ is a sufficient condition

for schedulability of jobs J1, . . . , Jn in a pipeline using EDF.

Proof of Theorem 2.11 The theorem follows immediately from Theorem 2.10 and

the bound on load L̂ (2.10).

To construct an on-line admission controller from this utilization bound, we need

to assume that the task set is periodic. This is due to the fact that for aperiodic job

arrivals, p, the largest number of higher priority jobs that can preempt some given

job can be large enough to render this bound too pessimistic and hence useless. Us-

ing game theoretic arguments, Dertouzos and Mok show that optimal scheduling

on multiprocessors is impossible if start times, deadlines or the computation times

of the jobs are not known apriori [23]. Algorithm 1 presents a constant time admis-

sion control for periodic task sets based on the bound of Theorem 2.11. The time
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complexity of computing p is O(|τ |), and that of the rest of the steps is O(1) for ev-

ery task; where |τ | is the size of the task-set. Therefore, the time complexity of this

algorithm is O(|τ |2). Observe that the number of tasks is in general much smaller

than the number of jobs running on the pipeline.

INIT: U← 0 {U is the pipeline utilization}
UBound1 ←∞
τ ← φ
loop

5: Do upon arrival of every task Tx

U′
Bound1

← UBound1 for τ ∪ Tx

if U + Cx/Dx ≤ U′
Bound1

then
Admit Tx

U + = Cx/Dx

10: UBound1 ← U′
Bound1

τ ← τ ∪ Tx

else
Reject Tx

end if
15: end loop

Admission control algorithm 1: Using UBound1

2.4.2 Fixed Decomposition of Execution Time

In the following, we derive bounds for further restricted task sets where every

job executes for the same fraction of its end-to-end execution time at any given stage

of the pipeline. In other words, αik = αk for all i, where αik is the fraction of the

end-to-end execution time of a job Ji at stage k, that is αik = Ci,k/Ci. The jobs are

however free to have arbitrary total execution time and deadline. Since the α’s are

fixed, (2.10) can be written as:

L̂ = 1+((m−1)(1−uimax
)−m(m−1) (αmax − αmin)Cmax/Dmin−mpαmaxCmax/Dmin)+.

(2.14)



2.4. Constant Time Utilization Bounds 32

Let Umax denote Cmax/Dmin. Then, (2.14) is:

L̂ = 1 + ((m− 1)(1− uimax
)−m(m− 1) (αmax − αmin)Umax −mpαmaxUmax)

+ .

(2.15)

Therefore, we have the following theorem:

Theorem 2.12 (UBound2 : Sufficiency condition when Ck
i = αkCi,

∑

k αk = 1)

U =
∑n

i=1 ui ≤ 1+((m−1)(1−uimax
)−m(m−1) (αmax − αmin)Umax−mpαmaxUmax)

+

is a sufficient condition for schedulability of jobs J1, . . . , Jn in a pipeline using EDF, if the

fractions of execution time are fixed and the same for all jobs.

Admission control algorithms corresponding to the UBound2 , and the following

bounds can be written in a similar manner as Algorithm 1, and are omitted for the

sake of space.

2.4.3 Load Balanced Execution Time

From (2.15), the bound that we derived in the previous theorem (2.12) attains its

maximum when the jobs spend equal fraction of their (unrestricted) execution time

at every stage of a pipeline, i.e., αik = 1/m for all k.

Theorem 2.13 (UBound3 : Sufficiency condition whenCk
i = Ci/m, ∀k) U =

∑n
i=1 ui ≤

1+((m−1)(1−uimax
)−pUmax)

+ is a sufficient condition for schedulability of jobs J1, . . . , Jn

in a pipeline using EDF, if the fractions of execution time that the jobs execute at all the stages

are equal.

2.4.4 Unknown Decomposition of Execution Time

We now consider the task set where stage-wise decomposition of the overall ex-

ecution time is unknown.
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Theorem 2.14 (UBound4) U =
∑n

i=1 ui ≤ 1, that is UBound4 = 1, is a sufficient

condition for schedulability of jobs J1, . . . , Jn in a pipeline using EDF if the decomposition

of the execution times of the jobs is unknown.

Proof of Theorem 2.14 The expression (2.10) tends to 1 from above as the second

term under ()+ sign tends to 0. Without knowledge of the decomposition of execu-

tion time, the second term is 0, and L̂ = 1. Application of Theorem 2.10 to L̂ = 1

completes the proof.

The sufficiency condition of Theorem 2.14 is also the utilization bound for unipro-

cessors. This is a tight lower bound for a general task set when the decomposition

of C is unknown. To show, consider the following example (Fig. 2.6): two jobs J1

and J2 are to be scheduled on an m-stage pipeline. Suppose that J1 has a very small

execution time requirement, 0 < ǫ < 1, at the first stage, and 0 execution time at all

subsequent stages. J2 also needs ǫ execution time at the first stage, but it also needs

1 execution time at some subsequent stage. Finally, let the relative deadlines of J1

and J2 be 1 and 1+ ǫ, respectively, and let they be released simultaneously. EDF will

schedule J1 before J2, and hence J2 will miss its deadline. The system utilization of

this example of unschedulable set of jobs is 1 + ǫ. By choosing small enough ǫ, the

system utilization can approach arbitrarily close to 1. This establishes the bound’s

tightness.

This example also serves the purpose of showing that EDF is not optimal for

pipelines. An optimal scheduling algorithm would have scheduled J2 before J1 at

the first stage, thereby enabling both jobs to meet their deadline.

2.5 EVALUATION

We performed simulations to evaluate the actual utilization of a pipeline when

an admission control based on the bounds derived in this chapter is used. We im-

plemented a simulator that generated a number of periodic tasks whose deadline
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ǫǫ

J1

J2Stage 1

Stage k

1 + ǫ

J2 misses deadline

Figure 2.6 Non-optimality of EDF for pipelines.

was set equal to period. Therefore, the task utilization also represented the actual

utilization of the pipeline. We studied the actual pipeline utilization as a function

of the size of the pipeline and the utilization of individual tasks. The reported ac-

tual system utilization is averaged over all the stages of the pipeline. Each point

corresponds to the average of 1000 runs.

In all simulations, the pipeline was run at the maximum load allowed by the

bound. The stage computation times of the pipeline of fixed α (cf. section 2.4.2) was

varied by a normally distributed random number, where 99.99% of the values varied

between ±15% of the mean. The per stage execution times of arbitrary jobs, and

individual end-to-end execution times of load balanced task set was varied similarly.

We measured utilization by creating task sets where every member of the set

had a given utilization u. Figure 2.7 shows the system utilization averaged over all

stages as a function of task sets of individual utilizations u. The performance ratio

tends to get more pessimistic for the jobs of larger utilization because in this case

there is less slack available to allow for execution parallelism. In the limit of u → 1,

all bounds tend to the uniprocessor bound. The curves converge to 0.1 at u = 1

because the simulated pipeline had 10 stages.
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Figure 2.7 Actual system utilization vs. task utilization. In the legend, UBoundi
refer

to the utilization bounds derived earlier.

Figures 2.8a–d show the variation of utilization as a function of the number of

stages of a pipeline. The figures are parameterized by u. For load balanced task

sets of smaller individual task utilizations, the bound scales well with the number

of stages of the pipeline. Using the result for load balanced task set, UBound3 (2.13),

it can be shown that in the limit of large number of stages and in the presence of

small fluctuations in Ci and Di for a load-balanced periodic task set, the per stage

utilization tends to (1 − u)/2. In the simulations, actual per stage utilization for

load balanced task set nearly achieves this limit for a pipeline of 15 or more stages

(Fig. 2.8). For task sets of larger utilizations, the bounds for load balanced task sets

and that for task sets of fixed per-stage execution ratio achieve 20-25% average uti-

lization and do not become pessimistic as the number of stages of the pipeline is

increased. We conclude that u is a more dominant parameter than pipeline size, and

that the task sets that issue heavy or mixed jobs tend to make the schedulable system

utilization of pipelines pessimistic.
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Figure 2.8 Actual system utilization vs. number of pipeline stages

2.6 SUMMARY

We shall use Theorem 2.14 to derive the real-time capacity expressions in the

next chapter. We also note that the utilization bound for the load balanced case has

somewhat direct but rather limited applicability to predict schedulability of streams

in WSN. For the case of isolated streams, the nodes on the path of the stream are

equally loaded, and therefore, one may apply Theorem 2.13 to determine the EDF

schedulability of aperiodic or periodic flows (periodic flows are special case of ape-

riodic flows) in WSN by modeling links as the stages. An appropriate interference

model can easily be taken into account by scaling down the schedulable utilization.

For example, let the schedulable utilization obtained is x. If the interference model

tells that the links connected by an edge from get blocked, then, only one in three
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stages of the pipeline can operate in the worst case. Therefore, if the schedulable

utilization incorporating the interference is x/3.

In regards to the theory of real-time scheduling in pipelines, we derived bounds

on the schedulable system utilization using EDF for a general task set and for sev-

eral interesting special cases. We saw that the bounds on schedulable utilization

increased as we moved towards more specific task sets. We also saw that under

load-balanced conditions, the utilization bound for a pipeline can be of the order

of number of stages in the pipeline. This is the first time that we have a utilization

bound for pipelined architectures that guarantees utilization of the order of number

of stages of the pipeline. We showed non-optimality of EDF in pipelines.



CHAPTER 3

Real-Time Capacity Limits

3.1 INTRODUCTION

Capacity is a measure of information carrying ability of a network. Real-time ca-

pacity of a network is defined to be its information carrying ability for given dead-

lines. Only those information bits that arrive their destination within the specified

deadline count. This chapter obtains closed-form analytic expressions for real-time

transport capacity of multi-hop wireless sensor networks. Our focus will be primar-

ily on large networks. The expressions are obtained using sufficient schedulability

conditions, and therefore provide a conservative estimate. Using simulation studies,

we found that the level of pessimism of the expressions varies in the range of 10-40%

in most cases. The analytic expressions for real-time capacity facilitate the process

of designing a network that is guaranteed to meet specified real-time requirements.

The feasibility region defined by the capacity expressions can be used for optimiza-

tion of the operation of the network in the event of dynamically changing network,

which is expected of WSN.

The treatment of real-time capacity limits for Deadline Monotonic scheduling

algorithm (DM) uses earlier results of Abdelzaher et al. on schedulability of aperi-

odic jobs in pipelines [2]. In DM, the priority assignment depends upon the relative

deadline. Jobs with smaller relative deadline are assigned higher priority. The treat-

ment for EDF scheduling algorithm uses the schedulability results presented in the

previous chapter.

The rest of this chapter is organized as follows: we present the problem formula-

tion in the next section, followed by our assumptions in Section 3.3. We present the

38
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path feasibility conditions in Section 3.4, followed by derivation of real-time capac-

ity expressions in Section 3.5. We present simulation results in Section 3.6. After that

we present a discussion of the limitations of the theoretical results of this chapter.

Finally, we present the chapter summary in Section 3.8.

3.2 PROBLEM FORMULATION

We consider a multi-hop wireless sensor network where the number of nodes is

denoted by n. The set of nodes that can receive packets from node j is denoted by

neighborhood(j). The packets are denoted by Pi. The arrival time of a packet, Ai is

defined as the time when the packet arrives at the transmit queue of the originating

node. Each packet has a relative deadline Di associated with it. The packet must be

delivered to its destination by the time Ai +Di. We associate a per-hop transmission

time, Ci, with each packet. This transmission time is a function of raw bandwidth

and characteristics of the physical medium. In terms of the effective bandwidth, W ,

Ci is the ratio of the packet size and W .

The per-hop utilization is defined as Ci/Di. A packet contributes this much to

the overall utilization of every node in its path from time Ai to Ai +Di. Therefore, if

Sj(t) is the set of packets that are present in the network at some given time t, whose

deadline has not expired yet and whose path includes node j, then the utilization of

node j, denoted by Uj is defined as

Uj(t) =
∑

Pi∈Sj(t)

Ci/Di (3.1)

Since WCi is the packet size, WUj(t) gives the real-time capacity demand at

node j. Therefore, the real-time capacity demand for the entire network is given

by W
∑

j Uj(t). If we obtain an upper bound on Uj such that if the node’s utiliza-

tion does not exceed Uj then all packets are guaranteed to meet their deadline, then

no deadline miss would occur if the real-time capacity demand does not exceed
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W
∑

j Uj(t). In other words,

RTC = W
∑

j

Uj(t), (3.2)

where RTC stands for real-time capacity.

In the following, we shall denote the real-time capacity expressions for fixed

priority and EDF scheduling of packets by RTCFP and RTCEDF respectively.

3.3 ASSUMPTIONS

For channel access, we assume an ideal MAC protocol, that is the MAC proto-

col transmits packets in priority order. The propagation speed in wireless medium

is speed of light, and the distance scale is of the order of a few kilometers. There-

fore, the propagation delay of the packets is negligible as compared to queuing and

transmission delays. Accordingly, we ignore the propagation delay of packets in the

following analysis. We do not assume circular radio range in the theoretical deriva-

tions. We, however, assume that the number of nodes that may be blocked due to a

transmission is upper bounded, and that the bound is known.

We assume that the per-hop transmission time of a packet remains constant

throughout the route of the packet. We use the assumption of large number of nodes

to perform approximations of fixed priority real-time capacity limit expressions.

3.4 FEASIBILITY CONDITIONS

We consider transmission of a packet through a sequence of nodes, which we

call the packet’s path. We now derive a path-specific condition on meeting end-to-

end deadlines as a bound on a function of utilization values. If the value of this

function does not exceed the bound, then the packets transmitted along this path

are guaranteed to meet their deadline.

In the following analysis, we use theorems for schedulability of tasks contending

for a given (set of) resource(s). In the context of WSN, the resource is the channel
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at the receiver node j + 1. Let neighborhood(j) denote the set of nodes who contend

for the transmission of node j. The broadcast nature of wireless medium allows

only one node of this to transmit at a time. Therefore, all packets scheduled for

transmission in neighborhood(j) form one single virtual queue whose total utilization

is equal to

Vj =
∑

i∈neighborhood(j)

Uj, (3.3)

where Vj is the neighborhood utilization.

Let m be upper bound on the size of neighborhood(j) for all j. Then,
∑

j Vj ≤
m
∑

j Uj . Therefore, (3.2) can be written as

RTC ≥ W/m
∑

j

Vj, (3.4)

3.4.1 Corrections for priority inversion

In wireless networks, since no concurrent transmission can occur in the neigh-

borhood of a receiver, the transmission of a packet can block another transmission up

to two hops away. From the point of view of prioritized transmissions, this can lead

to priority inversions of a unique kind [1]. For example, consider the case of a re-

ceiver receiving a high priority packet. No node in the neighborhood in the receiver

can transmit simultaneously. If there is some lower priority packet sender at the

periphery of the neighborhood that has packets for a receiver in the nearby neigh-

borhood, then it gets blocked. If this latter transmission were the highest priority for

the latter receiver, from the perspective of the receiver, this is a priority inversion.

Since this phenomenon arises not due to waiting for a lower priority transmission,

it is referred to as pseudo priority inversion.

The effect of delays due to pseudo priority inversion decreases the real-time ca-

pacity. We quantify the the effect of pseudo priority inversion as an increase in
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neighborhood utilization by a factor 1 ≤ β ≤ 2. Applying this correction to the

expression for the real-time capacity (3.5) gives,

RTC ≥ W

mβ

∑

j

Vj, (3.5)

3.4.2 Fixed Priority Scheduling

Let us consider some packet Pn
1. Let Lj denote the time between the arrival of

the last bit of Pn at node j and departure of its last bit from the same node. In other

words, Lj is the packet’s delay at node j.

The following theorem proved by Abdelzaher et al. gives the bound on the delay

of a task as a function of utilization for time-independent fixed priority scheduling

algorithms:

Theorem 3.1 (The Stage Delay Theorem [2]) If task T spends time Lj at resource j,

and uj is a lower bound on the maximum utilization at that hop, then:

Lj =
uj(1− uj/2)

1− uj
Dmax (3.6)

where Dmax is the maximum end-to-end deadline of all tasks of higher priority than T.

This theorem applies to a very general class of resources, where the access to the

resource is granted to only one task.

Correspondingly for wireless sensor networks, from the stage delay theorem,

Lj =
Vj(1− Vj/2)

1− Vj

Dmax. (3.7)

In other words, if the neighborhood utilization of node j does not exceed Vj, then

the packet delay at that node does not exceed Lj . The end-to-end bound on the delay

is obtained by simply summing over all nodes:

1This section is based on [1]
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N
∑

j=1

Lj =
N
∑

j=1

Vj(1− Vj/2)

1− Vj

Dmax, (3.8)

where N is the number of hops on the packet’s path. For the packet to meet it’s

deadline, the end-to-end delay must not exceed its relative deadline, Dn. Therefore,

N
∑

j=1

Vj(1− Vj/2)

1− Vj

Dmax ≤ Dn (3.9)

Rearranging the terms, we get:

N
∑

j=1

Vj(1− Vj/2)

1− Vj

≤ Dn/Dmax (3.10)

To obtain a sufficient bound, the ratio of the deadline of packet Pn to that of

a higher priority packet that delays its transmission, Dn/Dmax must be minimized

over all possible cases. Let us denote the minimum of this ratio for a given fixed pri-

ority scheduling policy as α. Deadline monotonic algorithm assigns priority in the

order of decreasing relative deadlines. Thus, by definition, α = 1 for deadline mono-

tonic scheduling algorithm. Clearly, this ratio can not be larger than 1. Therefore,

deadline monotonic scheduling algorithm gives the maximal bound:

N
∑

j=1

Vj(1− Vj/2)

1− Vj
≤ 1 (3.11)

3.4.3 EDF Scheduling

We use Theorem 2.14 to derive schedulability bound on neighborhood utilization

for EDF. Similar to the derivation for fixed priority scheduling algorithms presented

in the previous section, we consider transmission of a packet along some path whose

nodes are labelled 1 . . . N . Since Vj is the neighborhood utilization of each node j on

this path, the total utilization on the path is
∑N

j=1 Vj. From Theorem 2.14, all packets

on this path are schedulable provided
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N
∑

j=1

Vj ≤ 1. (3.12)

3.5 CAPACITY LIMITS

In this section, we present the analysis of real-time capacity limits for Deadline

Monotonic and Earliest Deadline First scheduling algorithms.

3.5.1 Load balanced traffic

Load balanced traffic refers to the traffic pattern where every node has the same

node utilization. Equivalently, every neighborhood utilization becomes the same.

More precisely, every neighborhood utilization equals the lowest bound of all neigh-

borhood utilizations, determined by the upper bound on neighborhood size m. We

denote this common bound on neighborhood utilization by V . Let N be the upper

bound on the path length. Therefore, from (3.11),

N
∑

j=1

V (1− V/2)

1− V ≤ 1

⇒ V (1− V/2)

1− V ≤ 1/N (3.13)

Solving for V gets:

V = 1/N + 1−
√

1/N2 + 1 (3.14)

From (3.5),

RTCFP =
nW

mβ
(1/N + 1−

√

1/N2 + 1), (3.15)

where n is number of nodes in the network.

Now we obtain the real-time capacity for EDF. From (3.11),



3.5. Capacity Limits 45

N
∑

j=1

V ≤ 1

⇒ V ≤ 1/N (3.16)

From (3.5),

RTCEDF =
nW

mNβ
(3.17)
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Figure 3.1 Real-time capacity (Normalized in the units of nW/m)

Figure 3.1 shows a comparison of the real-time capacity limit expressions for DM

and EDF. The figure shows that the real-time capacity limit for DM approaches that

for EDF as the path length increases. This behavior of the curves can be explained

as follows: as paths get larger, 1/N2 → 0. Therefore, RTCFP → nW
mNβ

= RTCEDF .

3.5.2 Convergecast traffic

Convergecast refers to the traffic pattern in which nodes transmit data to a com-

mon data aggregation point or base-station (Figure 3.2). There may be a number

of data aggregation points distributed in the network. In such a case, the traffic is

destined to the nearest data aggregation point. The data aggregation points form
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the bottleneck. The nodes in the neighborhood of the data aggregation points are

loaded the most. In the following, we derive an approximate expression for real-

time capacity limit for convergecast.

Base Station

Figure 3.2 Convergecast traffic

Let K be the number of data aggregation points in the network. We consider the

traffic sent to an arbitrary data aggregation point k. Let Nk be largest path length of

the packets destined to k. Since all traffic ends up at the data aggregation point k, at

steady state, the total amount of traffic generated for k must equal the total amount

that can be delivered to k. Let m/πR2 be the average density of nodes in the area of

one radio rangeR. The number of nodes located j hops away from the data aggrega-

tion point is approximated by the product of the area of the ring πj2R2−π(j−1)2R2

and the node density m/πR2 which is equal to (2j − 1)m nodes. Therefore, the av-

erage node utilization, and hence neighborhood utilization, decreases with distance

from the aggregation point. If we denote the utilization at the data aggregation point

to be V , then the utilization of the jth hop nodes is Vj = V/(2j − 1)m.

Therefore, from the feasibility condition for DM (3.11),
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Nk
∑

j=1

Vj(1− Vj/2)

1− Vj
≤ 1

⇒
Nk
∑

j=1

V
(2j−1)m

(1− V
(2j−1)2m

)

1− V
(2j−1)m

≤ 1

⇒
Nk
∑

j=1

{

V

(2j − 1)m

2(2j − 1)m− V
2(2j − 1)m− V

}

≤ 1

⇒
Nk
∑

j=1

{

V

2(2j − 1)m

(

1 +
(2j − 1)m

(2j − 1)m− V

)}

≤ 1 (3.18)

Inequality (3.18) is nonlinear in V . We present a closed form expression that

approximates the exact solution below. From (3.5),

RTCFP = KWNkV/β, (3.19)

where V is solution of (3.18).

Now we obtain the real-time capacity for EDF. From (3.11),

Nk
∑

j=1

Vj ≤ 1

⇒ V/m

Nk
∑

j=1

1

2j − 1
≤ 1 (3.20)

To obtain the sum
∑Nk

j=1
1

2j−1
, we note that the Euler’s constant γ(≅ 0.577) is given

by

γ = 1 + 1/2 + 1/3 + . . .+ 1/x− log x, (3.21)
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where the series approximation gets better as x → ∞. Let S =
∑Nk

j=1
1

2j−1
, and let

S ′ =
∑Nk

j=1
1
2j

. From (3.21), S ′ = 1/2(γ + logNk). Furthermore,

S + S ′ = 1 + 1/2 + 1/3 + . . .+ 1/2Nk

= γ + log 2Nk (3.22)

Therefore,

S = γ/2 + log 2Nk − 1/2 logNk

= γ/2 + log 2 + 1/2 logNk

≅ 1 + 0.5 logNk (3.23)

We get V by plugging (3.23) into (3.20) as:

V =
m

1 + 0.5 logNk

(3.24)

From (3.5),

RTCEDF =
KWNk

β(1 + 0.5 logNk)
(3.25)
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Figure 3.3 Real-time capacity for convergecast traffic (normalized in the units of KW )
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Figure 3.3 presents a graph of the real-time capacity limit for DM and EDF sched-

uling algorithms. The values were obtained using numerical solution of the capacity

expressions derived above. The plot shows that the relative difference in the capac-

ity expressions get diminished as Nk increases. This can be reasoned by noting that

in ( 3.18), the second term can be approximated by unity, given that V < 1. Upon

this approximation, ( 3.18) becomes same as the bound on V for EDF (3.20).

From (3.5),

RTCFP ≈
KWNk

β(1 + 0.5 logNk)
(3.26)

3.5.3 Convergecast vs. Load-balanced Traffic

In the following, we compare the real-time capacity limits obtained for load bal-

anced traffic and convergecast traffic. For the purpose of comparison, we use the

expressions for EDF since the approximate closed form expressions for DM resem-

ble that for EDF. LetRTCLB and RTCCC be the real-time capacity limits for the load

balanced and convergecast cases respectively. Then, for the similar path lengths,

namely N = NK , from (3.17) and (3.25), we have,

RTCLB

RTCCC
=
n(1 + 0.5 logN)

KmN2
. (3.27)

Since mN2 is approximately the number of nodes inside one aggregation point

domain, mN2
≅ n/K. Therefore,

RTCLB

RTCCC
≅ 1 + 0.5 logN. (3.28)

This ratio becomes 1 when N = 1. This is to be expected since each transmis-

sion excludes m− 1 nodes of the neighborhood in both traffic topologies. For larger

values of N , the capacity limit for load balanced case is larger than that for the con-

vergecast since the absence of bottleneck in the earlier case allows the reception of

larger amount of traffic at the destination per unit time. The gain, however, is only
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logarithmic. The reason for this phenomenon is that for the load balanced traffic,

the intersection of different flows, and hence interference grows with the path size.

But, for the convergecast traffic, the traffic flow is radial, and hence the interference

is not much of an issue at larger hop distances from data aggregation points. As we

shall see in the next chapter, the streamlined flow of packets in the convergecast case

can be leveraged to increase the parallelism of data transmission, and accordingly

much higher real-time capacity can be obtained.

3.6 EVALUATION

We implemented a simulator to evaluate the pessimism in the capacity expres-

sions. The simulator constructs a network of sensor nodes of a user-specified size

in a perturbed grid structure. The radio layer is implemented as a simplified disk

model of a specified radius (range). The sinks are distributed uniformly across the

network. We generated traffic at each non-sink node such that each packet was as-

signed a deadline at random from a preselected set. All packets were sent to their

nearest sink. Packet contention was resolved in priority order. Only those nodes

were allowed to transmit who were not within the radio range of another node that

was already scheduled to receive a transmission. Ties between simultaneously ar-

riving same priority packets were broken at random. We implemented a shortest

path routing scheme in which the neighboring node nearest to the sink was chosen

as the next hop. If this node was blocked due to another transmission, the packet

was not scheduled until that transmission was over. The MAC layer implements

deadline monotonic prioritization for medium arbitration.

All packets were checked for deadline misses. If there was a miss, the actual

capacity consumption of all in-transit traffic was computed by multiplying each in-

transit packet by the traversed hop count and normalizing by the end-to-end dead-

line. Each run was repeated 50 times with different randomized workloads. The
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minimum capacity consumption at which a deadline miss occurred was recorded,

and is shown on the plots as critical capacity.
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Figure 3.5 Effect of radio radius, 1600 nodes

Figures 3.4 and 3.5 show the effect of increasing the radio radius, shown on the

top horizontal axis, on real-time capacity in a network of 800 nodes and 1600 nodes

respectively. Observe that increasing the radio radius also increases the neighbor-

hood size (i.e., the number of nodes within the radio range), shown on the bottom



3.6. Evaluation 52

horizontal axis. The number of sinks was kept at 12. The lower curve in both fig-

ures is the analytic capacity bound computed from Equation 3.26. This equation

accounts for priority inversion. Parameters α and W are set to 1. The top curve

shows the minimum consumed capacity at which deadline misses were observed in

simulations. Note the very close match between simulation and analytic prediction

even at very large network sizes. As expected, capacity decreases with increasing

radio radius because the latter increases the effective density.
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Figure 3.6 Effect of the number of sinks, 800 nodes
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Figures 3.6 and 3.7 repeat the experiments for networks of 800 and 1600 nodes

respectively, this time varying the number of sinks. The radio range is kept constant

at a neighborhood size of 12 nodes. As before, a very close match is observed be-

tween simulation and analysis. Capacity grows with the number of sinks because

data collection bottlenecks are alleviated.
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Figure 3.8 Miss rate as a function of real-time capacity demand

Finally, Figure 3.8 shows the sharp increase in the miss ratio in a network of 800

nodes that occurs when capacity is exceeded. In this curve, the network workload

is increased past the capacity bound. The miss ratio is then plotted against the ca-

pacity requirements of the workload shown on the horizontal axis. Each point in the

figure corresponds to a single experiment. Two sets of data points are shown for two

different radio ranges that correspond to neighborhoods of 12 nodes and 24 nodes

respectively. From Figure 3.4, we can see that the capacity bounds for these two

cases are around 13 and 12 respectively. The miss ratio becomes non-zero shortly

after these bounds are exceeded and increases sharply soon thereafter.
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3.7 LIMITATIONS

Irregularities in node placement will affect the accuracy of the results derived in

this chapter. The capacity expressions depend on the upper bound on the neigh-

borhood size, that is the upper bound on the number of nodes that may be blocked

when a transmission takes place. The results obtained here will get pessimistic if the

upper bound on the neighborhood size deviates excessively from the average.

Another source of pessimism results from irregularity of radio range. If the radio

range is so irregular that the maximum path length deviates too much form the

average, then also, the expressions will not represent the true real-time capacity. We

make no assumptions about in-network data aggregation. The results presented

here remain valid even if in-network data aggregation is performed, except that the

capacity expressions refer to the aggregated data packets.

3.8 SUMMARY

In this chapter, we presented real-time capacity limit expressions under the suffi-

cient schedulability condition. We derived limiting expressions for large networks.

We saw that under such limiting circumstances, the real-time capacity limits for

deadline monotonic and earliest deadline first scheduling algorithms tend to agree

on a common value. We showed that for convergecast, the real-time capacity in-

creases as the square root of the number of nodes. This implies existence of dimin-

ishing return and hence favors multiple smaller networks as opposed to a large one.

We find that the real-time capacity obtained analytically agrees with that obtained

using simulation within 30-40% in general. The agreement gets better as the effec-

tive density increases.



CHAPTER 4

Hexagonal Wireless Ad-Hoc Networks

4.1 INTRODUCTION

We considered the real-time capacity limit of WSN previously. For analysis, we

assumed the existence of MAC layers that transmit packets in EDF or DM priority

order. In this chapter, we present TDMA based MAC protocol that gives determinis-

tic bandwidth guarantees, assuming that no fault occurs. We show that the real-time

capacity of the protocol is higher than that for EDF and DM. More importantly, the

MAC protocol presented here has zero scheduling overhead.

The problem of packet collisions in shared medium is alleviated by either sens-

ing the medium for possible ongoing transmissions and avoiding collisions, or by

carefully timing (scheduling) the transmissions so that no collision occurs. The

TDMA based collision avoidance algorithms that attempt to schedule transmissions

are referred to as transmission scheduling algorithms. While contention based colli-

sion avoiding algorithms offer a simpler and more dynamic solution to the medium

access problem, schedule based algorithms can provide deterministic service delay

bounds. It is crucial for real-time applications that the transmission delays be known

and bounded.

However, Arikan proved that the problem of scheduling in single frequency

multi-hop wireless networks to meet specified origin-destination packet rate is NP-

Hard [7]. Coffman et al. showed that the problem of scheduling file transfers in a

distributed network such that the transfer is completed in minimum amount of time

is NP-Complete [39]. These results imply that developing a decentralized low over-

head TDMA based MAC protocol for arbitrary topology WSN is infeasible (unless

55
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P=NP) for either specified bandwidth requirement or minimum end-to-end trans-

mission time. Therefore, we focus on developing TDMA based MAC protocol for

regular topology WSN, namely hexagonal WSN.

As an added benefit, imposing a regular communication topology on networks

affords simple but efficient network protocols. Among the well known regular

topologies (simple paths, trees, hypercubes etc.), hexagons offer two very desirable

properties in a distributed communication system – namely, constant node degree

and good bisection width. In sufficiently dense wireless ad-hoc networks, it is pos-

sible to adjust the transmission power of radio units to achieve certain connectivity

patterns. There exist techniques known as topology control that attempt to achieve

specified connectivity objective with minimum energy consumption (see [58] for a

survey).

The use of hexagonal meshes has already been reported in previous literature.

The HARTS system employs processors connected using a hexagonal torus network

topology [62]. As the consequence of regularity afforded by the hexagonal torus

topology, the addressing and resulting routing and broadcasting algorithms are not

only simple but efficient as well [18]. An example of simplification of routing algo-

rithms gained due to hexagonal topology in cellular networks can be found in [49].

Afforded by the techniques of ad-hoc networks topology control, we consider wire-

less ad-hoc networks of hexagonal topology, and show that for such networks, con-

flict free transmission schedules can be constructed without any message overhead

for this purpose. We chose hexagonal topology because it allows optimal spatial

reuse in a natural manner (see the section on scheduling). The packet scheduling

algorithm presented here can be used on top of a Carrier Sense Multiple Access/

Collision Avoidance (CSMA/CA) MAC protocol to emulate a TDMA protocol; or it

can be assimilated in TDMA or hybrid CSMA/TDMA MAC protocols.
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To enable conflict-free transmission schedule in distributed systems, clock syn-

chronization is essential. Relative synchronization of local clocks suffice for the pur-

pose of transmission scheduling. Using the information contained in data packets,

we present a clock synchronization algorithm that has zero message overhead. The

protocol relies solely on overhearing neighbors’ data transmissions to synchronize

clocks and is shown to converge quickly to a common time. We published the results

of this chapter in [52].

The rest of this chapter is organized as follows. We present related work in Sec-

tion 4.2, followed by the description of the system model in Section 4.3, and our

assumptions in Section 4.4. We present our addressing, routing, scheduling, and

clock synchronization algorithms in Section 4.5, and present the real-time capacity

of our transmission scheduling algorithm in Section 4.5.5. We present simulation

results in Section 4.6. We present the real-time implications of the work presented

in this chapter in Section 4.7, and the limitations of the results in Section 4.8. Finally,

we present the chapter summary in Section 4.9.

4.2 RELATED WORK ON HEXAGONAL TOPOLOGY NETWORKS

Chen et al. present addressing and routing algorithms for (wired) multi-processors

connected in hexagonal torus topology [18]. Nocetti et al. adapt and simplify this

addressing scheme for hexagonal cellular networks [49]. The addressing schemes

proposed by Nocetti et al. and Chen et al. use three axes to determine coordinates

(and hence addresses) of nodes in a plane. Consequently, the addressing scheme

of Nocetti et al. [49] has the downside of inability to assign a unique address to

the nodes (Chen et al. [18] avoid this problem by imposing an additional ordering

constraint). Carle et al. [16] and Decayeux et al. [22] assign unique coordinates to the

nodes of a planar hexagonal network using only two axes. Some topological proper-

ties of hexagonal networks are presented in all the above mentioned papers. In this

chapter, we present yet another addressing scheme based on the radial symmetry
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of the many-to-one (convergecast) communication topology that yields simple algo-

rithm for scheduling. We also outline a transformation to map the new addresses

to coordinates in a frame of two axes aligned at 120 degrees as in the work of Carle

et al. [16]. Elson et al. present clock synchronization algorithms in wireless sensor

networks in [24]. A survey of such algorithms can be found in [65].

4.3 SYSTEM MODEL

We consider multi-hop transmission of data packets in wireless ad-hoc networks

over single frequency shared radio channel. We consider convergecast traffic. Con-

vergecast refers to the communication topology where nodes transmit packets to

a common sink node, also called base-station or aggregation point. For densely

deployed wireless sensor networks, we assume a two-tired cluster-based network

topology. At the first tier, all active (nodes that are not in power-save mode) nodes

including the cluster heads sense data which is collected by the cluster heads. At

the second tier, cluster heads send and route data packets to their destination. This

cluster-based two-tier topology is similar to the original version [8] but with the ex-

ception that the cluster heads also assume the role of gateway nodes. Similar to the

LEACH [34] architecture, we assume that nodes belonging to one cluster use CDMA

to transmit data to the cluster head, and use appropriate radio power level to do so.

Cluster heads maintain code distribution and transmission schedules of the active

sensor nodes in their cluster. Thus, transmissions to different cluster heads can oc-

cur simultaneously. For inter-cluster communication however, we do not assume

CDMA transmissions since this approach is not scalable for multi-hop transmis-

sions. We shall focus on constructing schedules for conflict-free inter-cluster com-

munication in the rest of this chapter, and shall not dwell on intra-cluster transmis-

sions anymore.

We consider nodes (cluster heads) of the network to be connected in regular

hexagonal pattern. Only those nodes that are connected by an edge can hear some
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S

R

Can not receive

Can not transmit

Figure 4.1 Interference in hexagonal networks

node’s transmission. Appropriate node placement at deployment time and topology

control algorithms at run-time can ensure the abstraction of a hexagonal network

topology. While this logical topology might remain a slight over-simplification of

the underlying actual connectivity, we show in the evaluation section that our algo-

rithm is surprisingly robust to deviations of the actual topology from the hexagonal

mesh.

Figure 4.1 illustrates the interference model used in this chapter. Let us consider

a transmission from node S to R shown in the figure. In the neighborhood of these

two nodes, the one-hop neighbors of S can not receive any transmission, and that of

R can not transmit any packet successfully while the transmission S → R is taking

place. Such nodes are indicated with an × and an ×with a spiral in the figure.
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Figure 4.2 Hextants

Hextants and Sides

Of the three principal diagonals, we select a pair inclined at 120 degrees to be the

axes, labelled as X and Y (Figure 4.2.) Let XY denote the line bisecting the X and Y

axes. These three lines drawn through the origin divide the plane into six regions.

We refer to these six regions as hextants. Each of the six hextants are marked with

roman numerals in the figure.

Consider a set of concentric hexagons. A hexagon ring at distance h edges from

the origin contains 6h nodes. We define the set of h consecutive nodes contained

within any hextant, inclusive of one node on one of the diagonals, as the nodes on

one side at distance h. In this chapter, we adopt the convention of including the first

diagonal in the anti clockwise sense to the definition of a side.
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4.4 ASSUMPTIONS

In the following we list our assumptions. Many of the assumptions listed be-

low have been mentioned in earlier sections. We re-list them here for the reader’s

convenience.

We assume that the system does not have faults. The real-time guarantees hold

when packet losses do not occur. We assume a cluster based topology. All active

nodes in a cluster report sensed data to the cluster heads. The cluster heads process

this data (compress, eliminate redundancy etc.) and transmit to the base-station.

We assume fixed packet size and constant bandwidth. We assume that all packets

sent to the base-station are routed by the cluster heads. We assume sufficient node

density to form hexagonal topology. For interference, we assume that those and only

those nodes that are connected to the sender by an edge can hear its transmissions.

4.5 SCHEDULING FOR CONVERGECAST

In this section, we present addressing, routing, clock synchronization and dis-

tributed transmission scheduling algorithms for wireless ad-hoc networks of hexag-

onal network topology. The scheduling algorithm creates bounded latency TDMA

schedules with spatial reuse. We consider convergecast traffic. The aggregation

point is thus the bottleneck for this communication topology.

4.5.1 Addressing

For convergecast, the arrangement of nodes can be seen as that of concentric

hexagons centered at the aggregation point, where the neighboring hexagons are

separated by one hop. Due to this symmetry, we choose the aggregation point to

be the origin. In such an arrangement, all nodes on any given concentric hexagon

are equidistant from the origin. We assign addresses of the form [h, i] to the nodes,

where h is the shortest hop-count of the node from the origin and i denotes the
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index of a node located on the hop-h hexagon. The index starts at the x-axis and in-

creases in the counter-clockwise direction. Hence the first hop nodes are addressed

as [1, 0], [1, 1] . . . [1, 5]. For brevity, we use [h, i] to refer to a node as well as its ad-

dress. Observe that nodes of the form [h, .] are all located on the same hexagonal

ring at distance h form the origin(. denotes wildcard). Since the number of nodes

on hth hop hexagon is 6 × h, the node addresses range from [h, 0] to [h, 6h − 1] (see

Figure 4.5 for an example).

Oblique Coordinates and Transformations

Now, we present a transformation from addresses of the form [h, i] to the coordi-

nates of the nodes in oblique Cartesian system. As we shall see, the use of Cartesian

coordinates makes calculation of distance between any pair of nodes simple.

(0,0) (1,0)

(1,1)(0,1)

(-1,0)

(-1,-1) (0,-1)

(2,0)

(2,1)
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(-3,-3) (-2,-3) (-1,-3) (0,-3)

(1,-2)

(2,-1)

X

Y XY

Figure 4.3 Oblique coordinate system for hexagons

We choose one of the principal diagonals as the X axis and the other inclined at

120 degrees to be the Y axis. An example of assignment of coordinates in this system
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is shown in Figure 4.3. To transform [h, i] to (x, y), we use the equations for hextants,

Q (4.2) and K (4.5), which are reproduced here for the reader’s convenience.

Q =

⌊

i

h

⌋

, K = i−
⌊

i

h

⌋

h.

The transformation rules are as follows:

Q Transformation
0 [h, i]⇒ (h, i)
1 [h, i]⇒ (h−K, h)
2 [h, i]⇒ (−K, h−K)
3 [h, i]⇒ (−h,−K)
4 [h, i]⇒ (K − h,−h)
5 [h, i]⇒ (K,K − h)

Table 4.1 Transformation rules

Inverse transformation can be obtained similarly.

Theorem 4.1 The distance between nodes (x1, y1) and (x2, y2) is given by MAX{|x1 −
x2|, |y1 − y2|, |x1 − x2 − y1 + y2|}.

Proof of this theorem is similar to that of Theorem 2 of [22].

4.5.2 routing

For routing, we use the following algorithm. All the nodes falling on the X , Y or

XY axes route packets along the straight line joining them to the origin (Figure 4.4).

All other nodes route packets as follows: in hextants I and IV, packets are routed

parallel to the XY -axis towards the origin, in hextants II and V, packets are routed

parallel to the Y -axis towards the origin, in hextants III and VI, packets are routed

parallel to the X-axis towards the origin (see Figure 4.5 for an example). Once the

packet reaches one of the diagonals, it is routed along the diagonal to the base-

station. In other words, all non-diagonal nodes on a given side route towards the

diagonal at 60 degrees. This algorithm keeps the traffic flow in all regions of the

network nearly balanced, and routes the packets along a shortest path.



4.5. Scheduling for Convergecast 64

VAR: q = ⌈i/h⌉
Route: [h, i]⇒ [h− 1, i− q]

Algorithm 2: Routing

X

Y XY

Figure 4.4 Routing in hexagonal mesh

4.5.3 Scheduling

In the following, we derive closed form expressions for construction of cyclic

TDMA schedule with spatial re-use such that:

✦ during each cycle, every node can send one locally originated packet to the

sink

✦ by the end of each cycle, all such packets are received at the sink

Let H be the radius (the maximum shortest distance hop-count of any node to the

aggregation point) of the hexagonal network. Since the number of nodes on the hth

hop hexagon is 6h, the total number of nodes (excluding the sink node) is given by
∑H

h=1 6h = 3H2 + 3H . Therefore, the total number of packets that must be received

by the sink every cycle is 3H2 + 3H . Since the sink node can receive only one packet

at a time, a minimum of 3H2 + 3H time slots are needed to transmit all of these
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packets to the sink, where each time slot is assumed to be large enough to transmit

one packet over one hop (packets are assumed to be of the same size).

The scheduling algorithm employs spatial reuse – during every time slot, up-

to H transmissions are scheduled. Additionally, the transmissions are scheduled

in such a way that packets flow continuously to the sink node, and by the end of

3H2 + 3H time slots, the sink receives all packets.

4.5.3.1) Intuition into Scheduling

Of the six hextants, no two odd hextants have any edge in common. Similarly, all

three even hextants do not have any edge in common. Therefore, except for the last

hop transmissions to the sink node, any transmission in hextant I can not interfere

with any other transmission in hextants III and IV. Furthermore, transmission(s) on

a given side do not interfere with transmission(s) on the sides that are 3 hops or

more apart – even if in the same hextant. We accomplish the goal of conflict free

scheduling with spatial reuse into two steps. First, we divide the nodes into six

disjoint sets where, except for the neighboring nodes on a side, no two nodes have

an edge in common. And in the second step, we allocate time slots to the nodes such

that the neighboring nodes of a given side transmit in separate time slots.

Formally speaking, we partition1 the nodes of the network into six subsets such

that all nodes of the form [h, .] in any of the subsets do not interfere with any other

node [h′, .] of the same subset where h 6= h′. For illustration, let us consider a three

hop network (Figure 4.5). Nodes [1, 0], [2, 4], [2, 5] and [3, 12], [3, 13], [3, 14] belong

to the three sides of odd hextants (which implies that the three diagonal nodes on

the sides are mutually separated by 120 degrees.) In this arrangement, none of the

second hop nodes [2, 4], [2, 5] interfere with any of the first or the third hop nodes. To

generalize, starting at any of the first hop node [1, i], we choose all nodes on the side

1Partition of a set is defined as the disjoint set of its subsets such that the union of the subsets is the
set.
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at 120 degrees of the next concentric hexagon, where the angle is measured between

the diagonals. This partitioning procedure ensures that any two set of nodes located

at two different hops but in the same hextant are at-least 3 hops apart, and thus do

not interfere. For example, in a 4-hop network, the set of nodes of the same partition

as [1, 0] and falling into the same hextant are [4, 0], [4, 1], [4, 2], [4, 3]. The nearest node

to [1, 0] is [4, 0] which is 3 hops away.

However, being neighbors, not all nodes on any given side may transmit simul-

taneously. For example, in Figure 4.5 not all of [2, 4], [2, 5] or [3, 12], [3, 13], [3, 14] can

transmit simultaneously without conflict. We structure TDMA schedule cycles as

a series of sub-cycles where each sub-cycle consists of six time slots. We sched-

ule the neighboring nodes in successive sub-cycles, hence in different time slots.

For example, the set of nodes corresponding to a valid schedule for this partition is

{{[1, 0], [2, 4], [3, 12]}, {[1, 0], [2, 5], [3, 13]}{[1, 0], [2, 4], [3, 14]} . . .{[1, 0], [2, 4]} . . .{[1, 0}}.
This example is a 3-hop network. Hence it is sufficient to allocate only one time slot

to all nodes at the third hop since each originate one packet and route none. It suf-

fices to allocate two slots to [2, 5] since it originates one and routes one. Similarly, it

suffices to allocate three slots to [2, 4] and fifteen time slots to the nodes at first hop

respectively. Schedules for the rest five partitions can be constructed symmetrically.

All the six subsets can then be interleaved to form a set of sub-cycles. Since there are

3H2 + 3H time slots in one cycle, it contains (H2 +H)/2 sub-cycles.

4.5.3.2) Closed form expressions for scheduling

We now derive a set of expressions that determine time slots for transmission as a

function of the tuple [h, i]. First, we obtain an expression to determine the partition

of the nodes and then we obtain expressions for the time slots when a node may

transmit.
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Figure 4.5 Example: Addressing, routing and partitions of a 3-hop network

Let R be defined as

R([h, i]) , (h− 1) mod 3. (4.1)

The variable R indicates spatial reusability. Nodes of different h but the same R are

at-least 3 hops away. Let Q be defined as

Q([h, i]) ,

⌊

i

h

⌋

. (4.2)

Observe that Q+ 1 gives the hextant of a node. Then the partition P ([h, i]) of [h, i] is

given by

P = (Q− 2R) mod 6, 2 (4.3)

where the arguments are omitted for the sake of brevity.

20 ≤ P ≤ 5. According to modulus algebra conventions, if the residue is negative, P is made positive
by adding 6.
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The complimentary expression P = (2R − Q) mod 6 gives another partition

where the partitions are in the clockwise order.

Lemma 4.2 The expression P = (Q − 2R) mod 6 partitions h consecutive nodes of

one side and no other node of an hth-hop hexagon in the same subset.

Proof We shall show that P = (Q − 2R) mod 6 assigns the consecutive nodes

{[h, kh], . . . [h, (k + 1)h − 1]} to one partition, where 0 ≤ k < 6 is an integer. Let us

denote this set by N , {[h, kh + j]|0 ≤ j < h}. From (4.1), R(N ) is the same for

all nodes of the form [h, .], and hence is the same for all nodes in N . From (4.2),

Q(N ) =
⌊

kh+j
h

⌋

= k. Hence Q is also the same for all nodes in N . Furthermore,

Q(N ) 6= Q(N ′) if k 6= k′. Since k takes 6 unique values, this lemma follows.

Lemma 4.3 If a partition p includes nodes of some side in hextant q, then, p contains

nodes from the hextants (q±2) mod 6. In other words, the diagonal nodes from neighboring

hops in p are 120 degrees apart.

Proof We first show that if some diagonal node N = [h, kh], where 0 ≤ k < 6 is

some integer, is in partition p, then another diagonal node N ′ = [h+ 1, (k+ 2)(h+ 1)

mod 6(h+ 1)] is also in the same partition.

R(N) = (h− 1) mod 3

R(N ′) = h mod 3

Q(N) = k

Q(N ′) = (k + 2) mod 6 (4.4)

Therefore, P (N ′) − P (N) = 2 mod 6 − 2 mod 3 = 0, or N and N ′ belong to the

same partition. Similarly, N ′′ = [h − 1, (k − 2)(h− 1) mod 6(h− 1)] also belongs to

the same partition as N . From (4.4), if N is in hextant q, then the other two are in
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hextants (q ± 2) mod 6. But our choice of N was arbitrary. Hence using Lemma 1,

this lemma follows.

Theorem 4.4 The expression P = (Q − 2R) mod 6 partitions the network such that

nodes on any two different sides in the same partition do not interfere.

Proof From Lemma 2, nodes that belong to the same partition are either in all

odd or all even hextants. Since the diagonal nodes on each neighboring-hop sides

are 120 degrees apart, it also implies that if two sides are the same hextant and in

the same partition, they must be 3n hops apart, where n > 0 is an integer. Hence the

proof.

The nodes falling on the principal diagonals have address of the form [h, kh],

where integer 0 ≤ k ≤ 5 and that of the rest of the nodes is of the form [h, kh + j]

where integer 1 ≤ j < h. It is easily seen that packet accumulation on the nodes on

the six principal diagonals, [h, kh], is given by (H−h+1)(H−h+2)/2 and that on the

other nodes [h, i 6= kh] byH−h+1. The nodes farther from the sink thus need smaller

number of slots than those that are nearer to the sink. Recall that, in any given

partition, there are h− 1 consecutive nodes located on any one side at hop-distance

h. We schedule all nodes on any given side alternately until the diagonal and non-

diagonal nodes are scheduled forH−h+1 time slots, and then schedule the diagonal

nodes for an additional {(H−h+1)(H−h+2)/2}−{(H−h+1)} = (H−h+1)(H−h)/2
time slots.

Let

K = i−
⌊

i

h

⌋

h. (4.5)

Then the series of nodes having index {kh, . . . (k + 1)h− 1} get K = 0, 1, . . . h− 1.

Proof Let

i = kh + j. (4.6)
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Then we want to show that j = K.

⌊

i

h

⌋

= k +

⌊

j

h

⌋

= k, (4.7)

since j = 0, . . . h − 1. Therefore, on plugging ( 4.6) and (4.7) into (4.5), we get K =

kh+ j − kh = j.

Since P uniquely identifies one partition, we start scheduling nodes of partition

P starting at time slot P . Assuming that the time slots are sequenced as 0, 1, 2, . . .,

nodes in partition 0 ≤ P ≤ 5 are scheduled in time slots of the form P+6n, where n is

a positive integer. Since the neighboring nodes of a side have consecutive K values,

assigning them the time slots of the form P+6K allocates slots to neighboring nodes

in consecutive sub-cycles.

Since there are 6h nodes on an hth-hop hexagon, the adjacent slots allocated to a

given node are separated by 6h. Nodes [h, i] are scheduled during the time slots:

t = P + 6K + 6nh, where n = 0, 1, . . . , (H − h). (4.8)

The diagonal nodes [h, kh] are scheduled during the additional time slots:

t = P + 6(H − h+ 1)h+ 6m, (4.9)

wherem = 0, 1, . . . , (H−h)(H−h+1)/2−1. Nodes can optimize energy consumption

by going to “sleep” state after transmitting all packets.

During every time slot, one packet is transmitted to the sink and one packet

to a node at one hop from the sink (except for the last six time slots). Due to the

symmetry of traffic, at the end of every sub-cycle, all the first hop nodes contain

exactly the same number of packets. Hence follows the continuity of packet flow to

the sink node.
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Theorem 4.5 The transmission schedule obtained by the algorithm presented above is

optimal in the sense that it achieves the minimum schedule length.

Proof The algorithm schedules every node for u time slots if the number of pack-

ets routed by the node is u− 1. One slot is allocated for the packet originated at the

node. From (4.8-4.9), during any given cycle, the last node to be scheduled has

P = 5, h = 1, and m = (H−h)(H−h+1)/2− 1. Thus it is scheduled in the time slot

t = 3H(H + 1) − 1. Thus, from (4.9), the length of one cycle is 3H(H + 1), which is

equal to the total number of packets received at the sink. The sink node can receive

only one packet at a time. Therefore, 3H(H+1) slots are necessary for it to receive all

the packets. Since, the algorithm schedules all the packets in the minimum amount

of slots, the optimality follows.

4.5.4 Clock Synchronization

Since the order of transmissions is pre-determined by the scheduling algorithm

presented in the previous section, over-hearing of transmissions can be used to de-

duce neighboring nodes’ own schedules and also to synchronize their clock. The

algorithm for implicit clock synchronization is presented in Algorithm 3. Observe

that the proposed algorithm does not ensure monotonicity of time as adjustments

can set the clock into the past. While this is, in general, a deprecated practice, in the

special case of data collection sensor networks, where the primary network task is

data transmission to a base-station, no serious adverse consequences ensue.

VAR: t {local time}
loop

Do upon listening/receiving from node [h′, i′]
t← (t+ t′)/2

end loop

Algorithm 3: Clock synchronization
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4.5.5 Real-Time Capacity

During one cycle, all the 6h nodes at every hth hop hexagon send one locally

originated packet to the base-station. Thus each such packet contributes sh byte-

hops to the real-time information transmission, where s is the packet size. Thus, the

total amount of information transmission by all nodes in one cycle is

H
∑

h=1

6sh2 = sH(H + 1)(2H + 1). (4.10)

The algorithm presented in this chapter transmits 3H2 + 3H packets in the same

number of time slots. Each time slot is s/W seconds, where W is the bandwidth.

Thus, the real-time capacity using the transmission scheduling algorithm presented

here is:

RTC =
sH(H + 1)(2H + 1)

s/W (3H2 + 3H)

=
W (2H + 1)

3
byte-hops/sec. (4.11)

Therefore, at the cost of linear increase in latency (due to the schedule cycle size),

the real time capacity grows sub-linearly with the size of the network.

4.6 EVALUATION

We implemented a simulator to evaluate the robustness of our transmission sched-

uling algorithm in the presence of topological irregularities, namely long links, and

to evaluate the rate of convergence of the implicit clock synchronization algorithm.

Long links refer to those that arise when the interference range of a node is larger

causing it to interfere with neighbors that it would not normally reach in a hexag-

onal topology. Observe that another form of irregularity is when the transmission

range is too short, precluding connectivity along some of the hexagonal edges. This

latter type, however, can be solved by deploying the nodes closer together until only
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long links remain. The above argument justifies considering only long links in this

evaluation.

Figure 4.6 shows the cumulative distribution of separation between receiver node(s)

and the other sender nodes for three networks of size H = 5 (90 nodes), H = 10 (330

nodes) and H = 20 (1260 nodes). That there are no nodes of 2 or less hop sepa-

ration can be seen as an experimental validation of our scheduling algorithm. The

point of inflexion of the curves fall around H/2, meaning that the largest fraction

of transmissions are separated by H/2 hops. Notably, as the network size increases,

the curves get flatter, indicating that even larger fraction of transmissions happen at

farther separations. Thus, our formalism should be fairly resilient in the presence of

random long links.
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To verify our assumption, we simulated networks of irregular topology. We in-

troduced long links where the excess length (> 1) of the links, x, was distributed ac-

cording to Poisson probability distribution function (p(x) = λ exp−λx). In Figure 4.7,
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the percentage of collisions is reported as a function of the mean of the Poisson dis-

tribution, λ. Consistent with Figure 4.6, as the size of the network increases, the

effect of irregularity diminishes. Collisions show up after λ = 0.2, indicating that

the scheduling algorithm is robust in the presence of occasional long links. The per-

formance degradation is graceful with the increase in the size of irregularity.
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We simulated the our clock synchronization algorithm to evaluate its conver-

gence rate. We started schedule cycles with nodes having uniformly randomly dis-

tributed clock times. We obtained the standard deviation of local times of all nodes

as a function of simulation time where time granularity was the slot size. First we

kept the initial range of random errors, E, in [0, 100] and varied the network size.

Shown in Figure 4.8, we observed a sharp exponential decline in the coefficient of

variation initially, followed by a slow convergence to finer synchronization. Our

clock synchronization algorithm achieves standard deviation < 1 within one sched-

ule cycle. Next, to evaluate the effect of initial range of clock asynchrony on the con-

vergence, we varied the error range exponentially, keeping the network size fixed
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to H = 10. In Figure 4.9, we observe that even though the initial range of errors

are varied exponentially, the rate of convergence is only linear. This is a cumulative

consequence of time averaging.
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4.7 DISCUSSION AND SCHEDULING IMPLICATIONS

The scheme presented and evaluated in this chapter has significant implications

on the ability of sensor networks to provide real-time guarantees. We have shown

that given proper (i.e., hexagonal) node placement and topology control algorithms

(that create a hexagonal mesh), it is possible to develop trivial addressing, routing,

and clock synchronization algorithms that guarantee each node a fixed portion of

network bandwidth and guarantee a bounded latency to the sink node. In particular,

each node will be able to send for one time unit every 3H2 + 3H time units. Its

communication will reach the sink node in no more than 3H2 +3H time units. Since

our algorithm transmits all packets in minimum time, in the case where all packets

have the same deadline, our scheduling algorithm is optimal.

Previously proposed schedulability algorithms for real-time broadcast LANs (where

each node can send for x out of y seconds on the LAN) can now be applied to sched-

ule real-time traffic on the multi-hop sensor network with the added observation

that a transmitted packet will incur a latency of no more than 3H2 + 3H time units

before it is delivered. Our simple addressing, routing, and clock synchronization

algorithms provide a practical solution to ensure predictability of the network, mak-

ing a wealth of prior schedulability analysis techniques applicable. Moreover, the

sink node is 100% utilized, which is optimal. The protocol is self-synchronizing and

easy to implement.

Hexagonal WSN associated with the equal bandwidth MAC protocol may be

used for gathering periodic data from the network where the base-station is ensured

of data collection from all parts of the network. It can be used for monitoring ap-

plications. Since all parts of the network get equal bandwidth, multiple objects can

be detected and reported simultaneously. The protocol is especially useful in over-

loaded networks, since there is no scheduling overhead. It may be noted that under

overloaded conditions, the CSMA based protocols perform very poorly. A suitable
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prioritization scheme may be used by the cluster heads to select important data for

transmission to the base-station, and hence enable prioritized transmissions locally.

4.8 LIMITATIONS

In the previous derivations, we assumed that faults do not occur. Making the

protocol fault-tolerant is an interesting problem for future work.

Lost packets are not handled. Replicating packet routes is one well-known method

to deal with this problem. Alternatively, since every node gets a known number of

packets in a fixed order every cycle, lost packets can be detected, and requested for

retransmission. Depending upon the packet loss rate, an appropriate number of

time slots may be set aside at the end of every cycle to retrieve lost packets. The

number of extra time slots need to be upper bounded or fixed to maintain the deter-

ministic bandwidth guarantees.

Topological irregularities also affect the real-time guarantees of the system. We

evaluated the protocol in the presence of long links, and found that it is robust in

the presence of occasional long links. The reason for this robustness is that majority

of transmissions occur at a separation of more than 2 hops, and the median of the

separation length grows with the size of the network. In general, if the six first hop

nodes (from the base-station) are free from topological irregularities, then the effects

of topological irregularities will remain localized.

Missing or interrupted links create problems as well. Since the routing algorithm

does not use all the links to route packets, a random link failure is not likely to dis-

rupt the performance in other parts of the network. The farther the link failure oc-

curs from the base-station, the smaller its impact will be. In other words, the impact

of the faults grow as the links get closer to the base-station. This type of fault can

be addressed in the protocol by either activating the topology control and adding

a new node to the hexagon or by routing packets through neighboring nodes. The

later solution, however, requires adding extra time slots to the cycles. Similar to the
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missing link fault is the case of heterogeneous nodes. The heterogeneity of band-

width will not affect the overall performance if it occurs at farther nodes. However,

if it occurs nearer to the base-station, the number of collided packets will increase.

If multiple sinks are present inside one hexagon, then the protocol will still be

fully functional, but will no longer be optimal. We considered a non 3-D network.

As we mentioned in the related work section, addressing and routing in 3-D hexag-

onal networks have been studied. The most straightforward way to extend the pro-

tocol for 3-D networks appears to be a 3-D stacking of planar hexagons.

4.9 SUMMARY

In this chapter we presented a novel way to design wireless ad-hoc networks,

namely constructing a hexagonal network topology. We presented addressing and

constant time routing algorithms for multi-hop hexagonal networks. We presented

closed form expressions that creates network-wide conflict free TDMA schedule

with zero message overhead. The resulting MAC protocol gives equal bandwidth to

every node, and is optimal in the sense that the base-station does not idle. It affords

real-time guarantees on packet delivery. Using simulation, we showed that our al-

gorithms are robust. The effect of faults tend to be localized if the faults happen

farther from the base-station. The six first hop nodes are the most important nodes

for robustness of the protocol.



CHAPTER 5

Scheduling General Traffic in Hexagonal

Networks

5.1 INTRODUCTION

In the previous chapter, we introduced the hexagonal wireless ad-hoc networks.

We presented algorithms for the basic functionalities of the network – addressing,

routing, clock synchronization and transmission scheduling. We presented a spatial-

reuse time domain multiplexed (STDM) medium access control (MAC) protocol.

The MAC protocol was designed to give equal bandwidth to all nodes. Such a so-

lution is useful in cases like overloaded network where data from all sources are

equally important or constant rate sampling of data from every part of the network.

However, a more general case of traffic involves a variable bandwidth demand at

the nodes of the network. Since the hexagonal WSN is cluster based, it may be the

case that some clusters have larger memberships than others, and accordingly, need

larger bandwidth.

Collecting data of physical entities like temperature or humidity are usually re-

garded as time-triggered applications. Periodic task model has been very successful

in the analysis of such applications. The same WSN can also be used for event-

triggered applications. Clearly, the data generated by such applications are aperi-

odic in nature. An intrusion detection application will need to transmit data to the

base-station only when it detects intrusions. Providing periodic time slots to the

nodes for such applications is clearly wasteful. A more useful solution is to provide

79
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time slots for periodic packets on per-node basis, and to provide a budgeted amount

of time slots for aperiodic packets on per-group-of-nodes basis every cycle.

In the following, we develop a MAC protocol that supports both periodic and

aperiodic traffic. The set of nodes that share the budgeted aperiodic time slots is

formed by all nodes on a side of the hexagon. All such packets are scheduled such

that they reach the base-station within one cycle time. A node may have none, any

or both of the above mentioned kinds of traffic requirement. The MAC protocol uses

available bandwidth slack to transmit additional aperiodic packets.

To be able to provide real-time service guarantees, the duration between two

successive opportunities for transmission of the nodes must be bounded. The timed

token protocol [31] has been used extensively to support distributed real-time ap-

plications in wired networks and multi-processor architectures. In the timed token

protocol, a special bit pattern called token circulates among the nodes. The time sen-

sitive packets are termed as synchronous messages, and the non real-time packets

are termed as asynchronous messages. Upon reception of the token, every node is

allowed to transmit synchronous messages for a fixed duration. If the node senses

availability of extra bandwidth by early arrival of the token, it is allowed to trans-

mit an additional amount of asynchronous messages up to the detected bandwidth

slack.

The expected time interval between any two successive visits of the token to

the same node, called target token rotation time (TTRT), is an important parameter

of the protocol from performance perspective [37, 33]. It has been proven by Sev-

cik and Johnson [38, 60] that the duration between successive visits of the token in

the timed token protocol [31] is bounded by 2.TTRT . Due to this bounded latency

property, the use of the timed token protocol for medium access control in real-time

distributed systems has been a focus of considerable research, and has resulted in

adoption of the protocol to IEEE 802.4 token bus, fiber distributed data interface
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(FDDI) and survivable adaptable fiber optic embedded network (SAFENET) stan-

dards.

Using the boundedness property of the consecutive token visit intervals, Agar-

wal et al. proved the real-time properties of the timed token protocol such as the

bandwidth available to a node in an extended period of multiple token rotations [3].

In addition to the inter-token arrival latency, a bandwidth allocation scheme for syn-

chronous traffic is necessary to provide real-time guarantees. A number of syn-

chronous bandwidth allocation (SBA) schemes exist [3, 70, 69]. Most of these SBA

schemes have guaranteed worst case utilization in the range of 0 - 0.33.

The STDM transmission scheduling of packets presented in the previous chapter

can be thought of as timed token protocol where the tokens are implicit (determined

by the expressions (4.8, 4.9). In this chapter, we generalize the scheduling algorithm

of the previous chapter (Section 4.5.3) to accommodate variable amount of real-time

packets originating at the nodes. Our analysis is fundamentally different from that

for the wired networks reported in the literature since —

✦ We consider end-to-end scheduling of packets. Previously reported analyses

for wired networks consider the time of putting the last bit on the wire by the

source node to determine the schedulability. The deadline is considered to

be met if the bit was placed no later than the packet’s deadline. We consider

meeting the deadline only if the packet was delivered to the base-station no

later than the deadline.

✦ In token ring networks, every packet traverses the same (logical) path. Packets

of our system, in general, take different paths to the base-station.

✦ We employ spatial reuse, which initiates multiple transmissions simultane-

ously. Multiple tokens exist in the network, H to be exact. Hence we also

need to consider distributed synchronization of the tokens such that collisions

do not occur.
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The rest of this chapter is organized as follows: we present the formal problem

statement in the next section, followed by the assumptions in Section 5.3. We present

the synchronous bandwidth allocation and transmission scheduling algorithms in

Section 5.4. We present an analysis of schedulable utilization and real-time capacity

of the system in Section 5.5, followed by the real-time capacity expression of the sys-

tem in Section 5.6. We present simulation results in Section 5.7, and the limitations

of the results in Section 5.8. We present the chapter summary in Section 5.9.

5.2 PROBLEM FORMULATION

We consider a hexagonal topology wireless ad-hoc network where [h, i] denotes

node i located on the hexagonal ring that is h hops away from the base station. In the

following, we use the time required to send one packet over single hop and token

rotation overhead as the unit of time. Each node [h, i] needs to send ni packets every

Pi time units, where each of the ni packets originated at the node has deadline Di

(For the simplicity of notation, we suppress writing h in the subscripts.) Thus, the

packets rni+1, . . . (r+1)ni must reach the base station by time rPi+Di. The deadline

Di is not necessarily the same as Pi. Each node may also have aperiodic packets for

transmission to the base-station.

Wireless ad-hoc network nodes generate as well as route packets. In reference to

a given node, we distinguish the packets generated at the node by referring them

as local packets. Similar to the transmission scheduling algorithm presented in the

previous chapter, our schedule consists of cycles. We use T to denote the number of

time slots contained in one cycle. This number remains fixed unless a new schedule

is constructed, which may happen due to changes in the synchronous bandwidth

demand of nodes.
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5.3 ASSUMPTIONS

The real-time guarantees are given on the assumption of the absence of the faults

that are described in the previous chapter (Section 4.4). In addition to the absence

of those faults, we assume that the nodes conform to the bandwidth allocation. In

other words, we assume that the nodes do not transmit for more than allocated time

slots.

During any given cycle, the amount of periodic traffic that can be originated

at the nodes is determined by assuming that the nodes will always consume the

allocated synchronous bandwidth. If this synchronous bandwidth is not used by

either the periodic or aperiodic traffic, the cycle length is not affected. This is done

to avoid per cycle overhead needed for the (distributed) synchronization among the

tokens.

5.4 TRANSMISSION SCHEDULING ALGORITHM

We describe the transmission scheduling algorithm for the general load in this

section. We start with bandwidth allocation to the six partitions of the network. We

follow this up with a discussion of scheduling of the aperiodic packets to utilize any

slack in the schedule, as well as allocating bandwidth budgets when the slack in the

schedule is insufficient. We present the token passing algorithm at the end.

Let li denote the bandwidth allocated to node [h, i] for local packets and fi be

that for forwarding other packets. During one cycle, a node may transmit periodic

packets for up to bi time units, where the bandwidth bi = li + fi. From Algorithm 2

for routing packets, [h, i]⇒ [h− 1, i−Q]. Therefore,

fi =
∑

j

bj |[h, j]⇒ [h− 1, i]. (5.1)

We derive expressions to determine the bandwidth and cycle time in the next sec-

tion. For the purpose of present discussion of the scheduling algorithm, we assume
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that the bandwidths li are given. To partition the nodes for spatial reuse, we apply

Theorem 4.4. An example is presented in Figure 5.1, where the sides that contain the

nodes of the same partition are shown in the same color. The numbers on the sides

of the hexagon represent the total bandwidth given to the nodes that belong to that

particular side of the hexagon. Each side covers one hextant at any given hop. Let

this total bandwidth on a side at hop count h from the base station in hextant j be

denoted by A(h, j).

A(h, j) , ⌈
∑

i∈[h,.]

bi|[h, i] ∈ Hextant(j)⌉. (5.2)

Observe that A(h, j) is monotonically non-increasing in h, i.e., A(h, j) ≥ A(h +

l, j) ∀ l ≤ H − h.

Bandwidth of a partition

Let us define the synchronous bandwidth of partition i as

Bi , max(A(h, j)|j ∈ Partition(i)). (5.3)

Due to the monotonicity of A, we need to consider only the first three hops to de-

termine Bis. Let us consider the example of Figure 5.1. The bandwidth A(., 1) asso-

ciated with the first three sides of the first partition are 7, 15 and 7 (shown in navy

blue color). Hence, from (5.3), the bandwidth allocated to the first partition, B1, is

15. Similarly, B2 = 7, B3 = 20 and so on.

If the nodes in partition i are given Bi time slots in a cycle, then every periodic

packet can be transmitted to the next hop in the same cycle. Hence, if the transmis-

sions be interleaved among the six partitions as we did in the last chapter, with the

exception that bandwidth allocations are respected, then, all synchronous packets

can be transmitted to the base station in
∑

iBi +K time units, where K is the initial

“warm-up time,” needed for one packet from every hextant to reach the six first hop



5.4. Transmission Scheduling Algorithm 85

nodes. The exact value of K depends on a particular load distribution, but its upper

bound is 6H .
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Figure 5.1 An example bandwidth allocation of the partitions. Only the first three
hops are shown.

Bandwidth allocation for aperiodic traffic

Once again, let us consider the (hypothetical) example shown in Figure 5.1. The

bandwidth allocated to the first partition is 15. However, the maximum bandwidth

demand of periodic tasks in the first hextant is 7. Hence an additional 8 units of the

bandwidth can be used to schedule aperiodic packets in this hextant. Similarly one

unit of extra bandwidth is available to the nodes of the second hextant. However,

there is no extra bandwidth available in the rest four hextants. Thus, lack of load

balance among the nodes of the network results in bandwidth slack available in

some other parts of the network. This slack may be used to transmit asynchronous

packets. To allocate a bandwidth budget of βi to aperiodic packets in hextant i, Bi
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needs to be incremented by the difference of βi and the slack. Therefore, to allocate

an aperiodic budget of 5 units to the first hextant, no adjustment is needed since

a slack of 8 units is already available. However to allocate the same budget to the

third hextant, the bandwidth of the third partition is adjusted to B′
3 = B3 + 5 = 25.

The order in which this adjustment is done is important. Since adjustment in one

hextant can increase the slack in another, the bandwidth adjustment must start with

the hextant with the smallest slack and proceed to the other hextants in the order to

increasing slack. This minimizes the cycle length increase.

Variable bandwidth medium access control protocol

Recall that in the equal bandwidth MAC protocol presented in the previous

chapter, the first transmissions start at the first nodes (determined by anti-clockwise

order) of the sides of the first partition, shown with the start mark in Figure 5.2.

After these nodes have sent one packet, the second set of transmissions take place

at the first nodes of the sides of the second partition, and so on. For the variable

bandwidth MAC, we use the same transmission order. For the synchronization of

tokens, we take the following approach. At the initiation time, the partition band-

width and asynchronous budgets of the sides of all partitions are stored in the first

nodes of every side of the partition. For example, in Figure 5.2, nodes [1, 0], [2, 4]

and [3, 12] are the first nodes (in transmission order) of the first three sides of the

first partition. The base-station initiates transmissions by sending H tokens to the

first nodes of the first partition with a fixed time for transmission initiation. The

tokens can be in two states, namely, SEND-TOKEN and PASS-TOKEN. If a node gets

the token in the SEND-TOKEN state, it can transmit one asynchronous packet if the

remaining budget is non zero, or one synchronous packet if it has not used its allo-

cated synchronous bandwidth during the current cycle. If the node does transmit

a packet, it subtracts one from the remaining bandwidth allocated to the side and
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Figure 5.2 Token rotation order

from its own remaining allocation; alters the state of the token to PASS-TOKEN and

forwards the token to its anti-clockwise neighbor (arrows in Figure 5.2). Once the

PASS-TOKEN token reaches the last nodes of the partition (which may also be the re-

sult of the transition from SEND-TOKEN to PASS-TOKEN locally), the nodes alter the

state of the token to SEND-TOKEN, decrement the remaining partition bandwidth, and

send the token to their anti-clockwise neighbor in the adjacent hextant. If the re-

maining synchronous bandwidth allocation at a node becomes zero, then the send

token and the remaining total bandwidth allocated to the side is sent to the next

neighbor in the anti-clockwise order. If a non-zero remaining partition bandwidth

exists at the last node of any side, then upon the receipt of SEND-TOKEN, the remain-

ing partition bandwidth is decremented by one, the token is held for one time unit

and then released to the neighbor in the adjacent hextant. If the remaining partition

bandwidth reaches zero, the token zips through the hextant(s). At the end of the
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Figure 5.4 State diagram of nodes

cycle the remaining side bandwidths at the first nodes of the partitions, and the re-

maining partition bandwidth at the last nodes of the partitions are restored to their

initial vales. Figures 5.3- 5.4 present the state diagrams of tokens and nodes.

Loss of token is deduced from no reception of the token after a time interval of

one token rotation time. Upon the token loss detection, the first node of the first

partition generates a new token. Delayed tokens may also be interpreted as lost

tokens. If the designated node receives a delayed token after it has generated a new

token, it discards the delayed token.
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5.5 NODE BANDWIDTH ALLOCATION AND SCHEDULABILITY ANALYSIS

In order to avoid packet buildup and hence instability over long term, the num-

ber of real-time local packets injected into the network in T units of time must be

smaller than or equal to the number of such packets delivered at the base station in

T units of time. Hence

6H +
∑

i

Bi ≤ Maximum packet latency ≤ T . (5.4)

Nodes can transmit periodic packets for up to li time units every cycle T . Since

nodes must get a chance to transmit at-least once every Di time units, the cycle time

T can not be larger than DMin.

Therefore, the feasibility conditions are:

6H +
∑

i

Bi ≤Maximum packet latency ≤ T ≤ DMin. (5.5)

The number of cycles contained in time Di is given by ⌊Di/T ⌋. During these

⌊Di/T ⌋ cycles, ni packets must be transmitted to the base station. Therefore, the

necessary condition for meeting the deadlines is given by:

li =
ni

⌊Di/T ⌋
(5.6)

We are considering arbitrary deadlines, which may be larger than periods. For

stability (in time), it is necessary that the rate of the number of packet generation

does not exceed the rate of packet consumption. Therefore, for this equilibrium of

packets, the number of packets generated within a deadline interval must not be

larger than the number of packets that is schedulable at every node. In other words,

li⌊Di/T ⌋ ≥ ⌈Di/Pi⌉ni

or, li ≥
⌈Di/Pi⌉
⌊Di/T ⌋

ni (5.7)
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Since there is no value in allocating larger bandwidth to real-time packets than the

necessary requirement,

li =
⌈Di/Pi⌉
⌊Di/T ⌋

ni (5.8)

Observe that (5.8) implies (5.6).

We now obtain the expression for the schedulable load in terms of utilization.

∑

i

li =
∑

i

{⌈Di/Pi⌉
⌊Di/T ⌋

ni

}

=
∑

i

{⌈Di/Pi⌉Pi

⌊Di/T ⌋T
ni

Pi
T
}

≥ γT
∑

i

ρi, (5.9)

where

γ = min

(⌈Di/Pi⌉Pi

⌊Di/T ⌋T

)

, (5.10)

and,

ρi =
ni

Pi

(5.11)

From (5.3) and the partition bandwidth allocation algorithm, we have

∑

i

li ≤
∑

i

Bi ≤
∑

i

li +
∑

h,k

ah,k, (5.12)

where ah,k is the bandwidth allocated for aperiodic traffic.
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From(5.4),

T ≥
∑

i

Bi + 6H

≥
∑

i

li + 6H From (5.12)

≥
∑

i

ρi + 6H From (5.9)

⇒
∑

i

ρi ≤
1

γ
− 6H

γT . (5.13)

But
∑

i ρi =
∑

i ni/Pi, and hence, is equal to the utilization of periodic packets,

which we denote as URT . Therefore, from (5.13),

URT ≤
1

γ
− 6H

γT . (5.14)

Hence, the schedulable utilization of periodic packet flows is an increasing func-

tion of cycle size T . Thus, when selecting the cycle size, the largest feasible value

should be chosen.

Now we consider the aperiodic packets. Let us define the utilization of aperiodic

packets as the ratio of maximum aperiodic budget summed over all nodes of the

network and the cycle size. In other words, UNRT , the utilization of aperiodic packets

is given by:

UNRT ,
∑

h,k

ah,k. (5.15)

Let

Γ = max

(⌈Di/Pi⌉Pi

⌊Di/T ⌋T

)

. (5.16)

Then, from (5.8),
∑

i

li ≤ ΓT
∑

i

ρi. (5.17)

From (5.12), we have
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T ≤
∑

i

li +
∑

h,k

ah,k

≤ ΓT
∑

i

ρi +
∑

h,k

ah,k

⇒
∑

h,k

ah,k ≥ T (1− Γ
∑

i

ρi)

⇒ UNRT ≥ 1− ΓURT (5.18)

The inequality (5.18) gives the lower bound on the utilization of the aperiodic

traffic (per cycle).

5.6 REAL-TIME CAPACITY

During one cycle,
∑

i li periodic packets are transmitted. The byte-hop product

of the data transmission is
∑

i slihi, where s is the size of the packet. Every cycle

consists of T time slots, where each slot is large enough to send one packet over

one hop and allow for token rotation time. Hence the slot size equals (s + 6ǫH)/W

seconds, where W is the bandwidth and ǫ is the token size. Thus, the real-time

capacity is:

RTC =
s
∑

i lihi

s+6ǫH
W
T

≥ WγT ∑i ρihi

(1 + 6ǫH
s

)T From (5.8)

=
Wγ

∑

i ρihi

(1 + 6ǫH
s

)

=
Wγ

(1 + 6ǫH
s

)

∑

i

nihi

Pi
byte-hops/sec. (5.19)

Thus, the real-time capacity is an increasing function of the ratio Di/Pi for a given

feasible task set.
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5.7 EVALUATION

We implemented a simulator to study the behavior of the analytical expressions

of utilization bounds and real time capacity. The simulator takes the network size,

minimum deadline, DMin and the ratio DMin/τ , ψ as input parameters. It gen-

erates periodic tasks of deadlines whose deviations from DMin are exponentially

distributed. We generated three kinds of tasks, one for each of the three cases of

Pi ≥,=,≤ Di; and two network sizes – 5 and 10-hop hexagons (corresponding to

90 and 330 nodes respectively). Each data point is averaged over 1000 runs, where

loads were generated afresh in each run. In the following, we denote the real-time

capacity of the MAC protocol presented in this chapter by RTCV B (variable band-

width) and that of the MAC protocol presented in the previous chapter by RTCEB

(equal bandwidth).

The first three set of figures (Figure 5.5 - Figure 5.7) show the utilizations of real-

time packet flows that are schedulable by the variable bandwidth MAC. Since τ =

DMin/ψ, larger values of ψ result in small cycle times. At small cycle times, the

warm-up and token-passing overheads become significant and hence the real-time

utilization decreases.

The cycle time depends on DMin only. The period enters into the utilization ex-

pressions only as the ratio ⌈Di/Pi⌉, and since Di are exponentially distributed, the

real-time utilization bound, URT does not change noticeably for the cases of the peri-

ods being larger or smaller than the deadlines. In the special case of deadlines equal

to the periods, the utilization bound becomes independent of individual deadlines

and periods, and γ gets minimized. Therefore, the utilization bound is maximum

for this case. Among Figures 5.5–5.7 the volume under the real-time utilization URT

curves is maximum in Figures 5(a)–5(b) which corresponds to the case of deadlines

equal to periods.
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Figure 5.5 Schedulable utilization when the deadlines are the same as periods (Di = Pi)

The three set of figures (Figure 5.8 - Figure 5.10) are the plots of real-time capacity

of the two MAC protocols. The utilization bounds of the variable bandwidth MAC

protocol are also shown. Observe that the real-time utilization bound of equal band-

width MAC protocol is 1 everywhere except for the region DMin < 3H(H+1) where

it is 0. These figures highlight the trade-off between real-time capacity and latency.

While equal bandwidth MAC protocol offers higher real-time utilization, it can’t ac-

commodate flows of deadline < 3H(H + 1). On the other hand, variable bandwidth
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Figure 5.6 Schedulable utilization when the deadlines are larger than the periods
(Di ≥ Pi)

MAC can accommodate almost every feasible flow, but it offers smaller real-time

capacity. On the loads that the equal bandwidth MAC protocol can’t schedule, the

offered real-time capacity of variable bandwidth MAC is small.

Figure 5.11 shows the real-time capacity of the variable bandwidth MAC proto-

col as a function of network size. Similar to the equal bandwidth MAC, the real-time

capacity grows sub-linearly with the number of nodes in the network, but the rate

of increase is slower.
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Figure 5.7 Schedulable utilization when the deadlines are smaller than the periods
(Di ≤ Pi)

5.8 LIMITATIONS

Because of the token rotation overhead, the network utilization decreases with

the token rotation time, and becomes zero when the token rotation time gets so small

that no time is left for packet transmissions. As mentioned earlier, smaller deadlines

require smaller token rotation times, and thereby reduce the network utilization.

Therefore, as the evaluations show, the admissible load decreases significantly if the

minimum deadline is too small, that is, DMin/N < 1.
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Figure 5.8 Real-time capacity when the deadlines are the same as periods (Di = Pi)

The faults discussed in the previous chapter, can adversely affect the real-time

properties of this protocol as well. However, the faults due to heterogeneity in

the network pose less of a problem for this protocol than for the equal bandwidth

MAC protocol. This is due to the presence of explicit tokens. Lower bit-rate nodes

will simply hold the token for longer time. The token rotation time however may
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Figure 5.9 Real-time capacity when the deadlines are larger than the periods (Di ≥ Pi)

cause significant overhead if the largest packet transmission time(s) vary signifi-

cantly from the average. This problem may be avoided by not using such nodes for

cluster heads.

This MAC protocol relies heavily on the nodes to conform to bandwidth alloca-

tions. A malfunctioning or malicious node can block transmissions from all other

nodes of any given side. Such node however, won’t be able to affect transmissions

in other hextants. It also won’t be able to affect transmissions of real-time traffic
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Figure 5.10 Real-time capacity when the deadlines are smaller than the periods
(Di ≤ Pi)

from those sides that are closer to the base-station but are in the same hextant as the

malfunctioning node. As we have discussed earlier, the six first hop nodes are the

most significant for proper functioning of the protocols. If the malfunctioning node

happened to be one of the six first hop nodes, it can potentially disrupt the entire

network.
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Figure 5.11 Real-time capacity as function of network size, parameterized by the
ratio DMin/N , where N is the number of nodes in the system.

5.9 SUMMARY

In this chapter we presented a distributed spatial-reuse time domain multiplexed

MAC protocol for transmission of both real-time and non real-time traffic in hexag-

onal wireless ad-hoc networks. We presented an expression for local bandwidth

allocation algorithm for periodic real-time traffic. We derived expressions for the

upper bound of schedulable utilization of the periodic traffic and the lower bound

on the utilization of aperiodic traffic. We showed that the schedulable real-time uti-

lization is an increasing function of cycle time. We derived the real-time capacity of

the transmission scheduling algorithm presented in this chapter. The utilization and

real-time capacity expressions can be used at design time to select network parame-

ters such as minimum relative deadline, token rotation time, and packet size.



CHAPTER 6

Data Dissemination in Wireless Sensor

Networks

6.1 INTRODUCTION

Data gathering and data dissemination are the two key functionalities required

of WSN. In disaster management applications, access of relevant data to the person-

nel facilitates coordination of the relief efforts. In a fire-fighting situation, firemen

and affected people may want to know the condition of the area in real-time. Each

may use a PDA to get data from the network to know whether the fire is being ex-

tinguished and to make strategic decisions accordingly. In the last two chapters,

we focussed on the traffic for data gathering in WSN. For such traffic, scheduling

becomes important for giving real-time guarantees. Epidemic algorithms are often

used for data dissemination. Such algorithms not only consume energy excessively,

but also the termination of such protocols are often not deterministic. It is desir-

able that the network be able to support both functionalities without causing too

much stress on the limited resources, especially the energy supply. Although us-

ing broadcast solves the data dissemination problem in uni-hop wireless networks

(e.g., cellular network) trivially, the solution for multi-hop WSN in energy-efficient

manner is not straightforward.

When multiple nodes receive data from some given data sender, it is useful to

reduce multiplicity of transmissions. This is the problem of efficient multicast. Mul-

ticast allows suppression of redundant transmissions along same path, and thus

saves both energy and bandwidth. Asynchronous multicast improves the energy

101
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efficiency of multicast by disseminating packets at the desired rate of the individual

subscribers. Organizing data dissemination paths as a tree with some nodes acting

as data caches leads to a more efficient use of bandwidth and energy supply than

unicast. Consequently, the network can support a larger number of subscribers for

longer durations. We call such a tree a Steiner Data Caching Tree (SDCT). In the

following, we study the properties and construction of SDCTs in WSNs. For exam-

ple, in Section 6.4, we prove that a minimum SDCT (MSDCT) is a binary tree. We

published the results that appear in this chapter in [53].

The remainder of this chapter is organized as follows: in the next section, we

present the data cache placement problem formulation and the service model, fol-

lowed by a list of assumptions in Section 6.3. We prove properties of minimum data

caching trees in Section 6.4. Section 6.5 presents the dynamic data cache placement

heuristic, followed by evaluations of the heuristic in Section 6.6. In Section 6.7, we

present a brief discussion on adaptation of the existing rich collection of polyno-

mial time Euclidean Steiner Tree algorithms to SDCT. In Section 6.8, we consider the

real-time issues of data dissemination, followed by a discussion on limitations. We

present conclusions in Section 6.10.

6.2 PROBLEM FORMULATION AND SERVICE MODEL

In the following, we consider the problem of efficient dissemination and retrieval

of data pertaining to some event of interest to multiple subscribers. In WSN applica-

tions, such as monitoring, events of interest occur at certain places. These events are

then sensed by local sensor nodes. One or more of these nodes send the processed

information to the subscribers of the data, also called base stations, or sinks. The

subscribers are more powerful computers (e.g., a laptop or a PDA). The node that

communicates data about the event to the subscribers can be chosen using some dis-

tributed leader election algorithm such as [48]. This scenario can be described as a
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publish-subscribe model, in which the leader node is the publisher of data, and the

subscribers belong to the multicast group.

The frequency of data sent to the subscribers depends upon the frequency of

data generated by the event, and the requested data refresh rate of the subscribers.

Data Refresh Rate on a link is the rate at which data pertaining to the event being

monitored by the WSN should be delivered to the receiver. This is different from

the data generation rate by individual sensors, which is related to the rate of change

of event state itself. The data refresh rate, for example, may be set by the receiver

in accordance with its maximum tolerated data staleness and it might be lower than

the rate of change of data at the source. To optimize energy consumption, update

traffic is asynchronously multicast from focus locales (where events of interest occur)

to subscribers. In contrast to multicast, in which the rate at which data is sent to a

set of subscribers is the same, in asynchronous multicast, the rate at which data is sent

to each subscriber is not necessarily the same. Hence, data may need to be buffered

at intermediate nodes of the tree and forwarded asynchronously at a different rate

from the one at which it was received. We call nodes that buffer and asynchronously

forward data, data caches.

Given a publisher (with a corresponding data generation rate) and some sub-

scribers (with their respective desired refresh rates), we want to reduce the traffic in

the network. As noted earlier, organizing data dissemination paths as a tree leads to

a more efficient use of bandwidth and energy supply than unicast. The nodes of the

tree are used as caches for buffering and dissemination of data. In a wireless sensor

network, since a large number of nodes are scattered in an area of interest, there

is considerable freedom in the selection of caches’ locations. We pick those nodes

for caching data that minimize the cost of the tree. This problem is a variant of the

Steiner Problem which is defined as follows: Given a finite set of points, P, in a plane

(or in some other metric space), find a network that connects all the points of the set
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with minimal length [20]. The solution of this problem is a tree that is called Steiner

Minimal Tree (SMT). The tree may contain points other than those contained in the

set P; such points are called Steiner points. [26] showed that the Steiner Minimum

Tree problem is NP-hard.

For our problem, to find the locations of caches, we consider Steiner trees whose

edges are weighted by the traffic rate in addition to their Euclidean length. We refer to

these trees as Steiner Data Caching Trees (SDCT). The SDCT that has the minimum

cost is called the Minimum Steiner Data Caching Tree (MSDCT). MSDCT reduces to

Steiner Minimal Tree (SMT) when the data refresh rates are equal on all edges of the

tree. In the absence of channel irregularities, packets are forwarded from one cache

to another on a path with a number of hops that is roughly proportional to the Eu-

clidean distance between the two cache locations. Observe that this proportionality

assumption does not imply that packets are routed on a minimum-hop path or even

on a straight-line path. Individual hop distances along a path between two caches

might be much smaller than the radio range (to eliminate poor channels). Hops

might not be perfectly aligned in the same direction. However, given a long enough

path, it is intuitive that the number of hops traversed will generally increase with

increasing distance to destination. Hence, we take Euclidean length as a metric of

path cost.

6.3 ASSUMPTIONS

Construction of SDCT requires nodes other than the publisher and subscribers

for data caching. It is assumed that the network has enough additional nodes to con-

struct a binary tree. For the sake of simplicity of mathematical analysis, this study

assumes uniform distribution of nodes spread over a two-dimensional surface. One

of our simulation studies, Section 6.6.6, shows that the energy conserving properties

of the SDCT is quite robust in the presence of node distribution irregularities.
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In the analytical treatment, we assume that the noise and packet loss character-

istics of the network are uniform across the network. This allows us to use the same

cost metric throughout the network. We do not consider the effects of congestion.

Localized radio and terrain irregularities may weaken the energy saving properties

of our approach. We assume that the subscriber nodes connect to the multicast tree

for a long enough duration so that the cost of cache migration remains negligible.

After a brief description of the data-caching service model, we shall continue our

discussion of SDCTs.

6.3.1 Service Model

Consider a data caching tree where nodes represent cache locations (as well as

the locations of the source and final destinations) and edges connect communicating

nodes. While each edge is itself a multi-hop path, we find it useful to abstract it by

a single path-cost-value that is proportional to the product of its length and rate of

data transmission. Observe that all nodes other than the source and final destina-

tions are Steiner points (caches) added to the tree to reduce cost. It is desired to find

the most appropriate locations for hosting these caches (i.e., to find the minimum

Steiner data caching tree, MSDCT).

In the following, we prove that an MSDCT is binary and at-least two of the three

internal angles at any given internal node (Steiner point) are equal. Since in binary

trees each node has three neighbors, we derive expressions that determine the exact

location of the Steiner point for three nodes. Each data cache uses this result to

locate itself optimally with respect to its three neighbors on the binary tree, hence

optimizing local cost. Collectively, the overall result is a Steiner tree structure that

reduces the cost of asynchronous multicast from the source to all destinations for

the given data generation rate and requested refresh rates.
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Cache creation and management,
Asynchronous multicast

Routing and location service

API: JOIN(location, refreshRateRequested)

         LEAVE()

MIDDLEWARE LAYER:

NETWORK LAYER:

Figure 6.1 Middleware Architecture

We use these results to develop an application-layer service (Section 6.5) that

conserves energy by caching data at near-optimal locations, and sending asynchro-

nous multicast to the subscribers from dedicated caches. As mentioned above, the

publisher, the intermediate cache nodes, and the subscribers form the asynchronous

multicast tree. Data caches located at the nodes of the multicast tree are updated in

a lazy fashion. Data being communicated is non-accumulative, and hence only its

most recent copy is kept in the caches. The architecture of the data-caching middle-

ware is shown in Figure 6.1. It provides these main functionalities:

1. It reconstructs the data caching tree dynamically and in a distributed fashion

upon joining and leaving of subscribers or changes in their data refresh rate

requests

2. It sends data to the subscribers from dedicated caches instead of the original

source(s)

3. It finds near-optimal locations for creating caches that minimize the energy

expended in data dissemination
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4. It sends data to the subscribers at optimal rates

6.4 PROPERTIES OF MINIMUM STEINER DATA CACHING TREE

In this section, we study the properties of a minimum Steiner data caching tree

(MSDCT) for asynchronous multicast. First, we shall formulate rules to determine

the optimum refresh rates on the edges of the tree. As we shall see in the next sub-

section, an optimal assignment of data refresh rates on the branches of the SDCT

leads to elegant symmetries in the tree structure; specifically, two of the three inter-

nal angles formed at any node of the tree are always equal, and these angles can be

expressed as a function of the refresh rates. We shall then derive an exact expression

for the location of an Steiner point for a set of three nodes. At the end of the sec-

tion, we prove that the MSDCT is binary. In the next section, this result will be used

to formulate a heuristic for dynamically constructing and managing a near-optimal

SDCT.

6.4.1 Refresh Rate Rules

A)

INTERMEDIATE CACHE
(S)

(A, R

RAS

RSCRSB

SUBSCRIBER / CACHE
(B, RB) (C, RC )

SUBSCRIBER / CACHE

PUBLISHER

Figure 6.2 A cache S serving two nodes B and C. The cache receives data from A.
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As shown in Figure 6.2, let A represent the sensor node sending data to S. S is

the cache that serves B and C, where B and C are either caches or subscribers. Let

RA, RB, and RC be the requested data refresh rates of A, B and C respectively.1

The optimal data refresh rates on the edges are determined on the basis of the

following two observations:

✦ The maximum refresh rate on any of the branches can not exceed the rate at

which data is generated by the publisher

✦ Data need not be sent at a higher rate than the subscriber’s requested rate

The following equations reflect these observations. We base the rest of this paper on

these equations, and refer them as the Refresh Rate Rules.

Rule-1: If RA ≥ RB ≥ RC then RAS = RB = RSB; RSC = RC (6.1)

Rule-2: If RB ≥ RA ≥ RC then RAS = RA = RSB; RSC = RC (6.2)

Rule-3: If RB ≥ RC ≥ RA then RAS = RA = RSB = RSC (6.3)

Similarly, for the case when RC ≥ RB . That is, at least two edges always have

the same refresh rate. As we shall see in the following theorems, applying these

rather simple rules to the data caching problem yields elegant symmetries. Next,

we describe the cost metric of SDCTs.

6.4.2 Cost Metric of SDCT

We set the weight wAB of the edge connecting two nodes A and B as:

wAB = dAB ∗RAB (6.4)

1We use the following notation in this paper:
RN = Requested data refresh rate of node N.
RNiNj

= Actual refresh rate on the edge connecting Ni and Nj .
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where dAB is the Euclidean distance between the nodes, and RAB is the data refresh

rate on the edge. This equation expresses the cost metric of SDCTs in a network of

uniformly distributed nodes, free from congestion or other irregularities. The metric

states that the number of transmissions (per unit time) along a path grows with both

path length and refresh rate. It does not make explicit assumptions, however, on

individual hop length, routing policy, or path shape.

As mentioned in the previous section, congestion and non-ideal radio channels

may call for a modification of this metric. In practice, it is good to avoid long hops,

since they are usually less reliable and entail more retransmissions. In the follow-

ing treatment, we assume that long-hop neighbors are black-listed and non-reliable

links are eliminated from routing tables. Hence, all remaining links are reliable.

6.4.3 Internal Angles and the Steiner Point

In this section we prove that at-least two of the three internal angles formed at

the Steiner point by a set of three nodes are equal. We follow the proof by deriving

the expression for the internal angles in terms of the refresh rates, and use the result

to find the Steiner point.

Theorem 6.1 (Internal Angle Theorem) For a given set of three vertices {A, B, C} and

their corresponding Steiner point S, if the cost metric of an edge is defined as the product

of its Euclidean length and data traffic rate, and the data traffic rates are determined by the

Refresh Rate Rules, then at-least two of the internal angles formed at the Steiner point S are

equal.

Proof Let cABC(S) be the cost of the tree T formed by {A,B,C, S}, as shown in

Figure 6.3. Then cABC(S) = AS∗RAS +SB∗RSB +SC∗RSC . The three internal angles

at S are: ∠ASB, ∠ASC, and ∠BSC. The three refresh rates RAS, RSB, and RSC

on the branches are determined using the Refresh Rate Rules (6.1 - 6.3). WLOG,

let RC be the smaller of {RB, RC}. First, we consider the case RA ≥ RB ≥ RC .
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Application of the rule 1 implies RAS = RB = RSB, RSC = RC . We normalize the

rates RAS = RSB to 1. Therefore, RSC = RC/RSB . Next, if RB ≥ RA ≥ RC , then the

rule 2 implies RAS = RA = RSB, RSC = RC . After normalizing the rates RAS = RSB

to 1, once again we get RSC = RC/RSB . Finally, if RB ≥ RC ≥ RA, all three refresh

rates on the edges are equal, and hence upon normalizing, they all are 1. We denote

RSC by r. Clearly, r ≤ 1.

A

C

S S’

B

θ θ

φ
X

∆x

Y

Figure 6.3 Construction to obtain ∂cABC(S)/∂x. We prove that φ = π/2.

Let us draw a line through S that bisects the ∠ASB, as shown in the figure. We

begin with assumption that ∠S ′SC = φ, where φ is some arbitrary angle. We shall

prove in the following that ∠S ′SC = π/2, that is C lies on the bisector of ∠ASB.

The cost of T in terms of normalized rates is: cABC(S) = AS + SB + rSC. For

the sake of brevity, we shall denote cABC(S) by c(S) in the following. Since S is
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the Steiner point, c(S) is also the minimum. Hence δc(S) = 0 for infinitesimal dis-

placements around S. Any such displacement can be decomposed into its X and Y

components yielding ∂c(S)
∂x

= 0 = ∂c(S)
∂y

. For simplifying the proof, we shall set the

bisector of the ∠ASB to be the Y -axis. We now consider ∂c(S)
∂x

. Let S ′ be a point on

the X-axis such that SS ′ = ∆x. Let ∠BSS ′ = θ.

From the cosine law of triangles,

AS ′2 = AS2 + ∆x2 − 2 AS ∆x cos(π − θ)

= AS2 + ∆x2 + 2 AS ∆x cos θ

or, AS ′ = AS (1 +
2 cos θ

AS
∆x+

1

AS2
∆x2)1/2

= AS (1 +
cos θ

AS
∆x+O(∆x2)) using binomial expansion

O(∆x2) denotes a series whose terms contain ∆xn, where n ≥ 2

= AS + ∆x cos θ +O(∆x2) (6.5)

Similarly,

BS ′ = BS −∆x cos θ +O(∆x2) (6.6)

CS ′ = CS −∆x cos φ+O(∆x2) (6.7)

Therefore,

c(S ′) = AS ′ +BS ′ + rCS ′

= AS +BS + rCS − r∆x cosφ+O(∆x2)

= c(S)− r∆x cosφ+O(∆x2)
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⇒ ∂c

∂x
= lim

∆x→0

c(S ′)− c(S)

∆x

= lim
∆x→0

[−r cos φ+O(∆x)]

= −r cosφ (6.8)

Therefore, ∂c/∂x = 0 if φ = (2n + 1)π/2, n ∈ Z. By construction, φ ∈ [0, π].

Hence, n = 0, and φ = π/2 is the only admissible solution. Moreover, since φ, the

root of ∂c/∂x = 0, is univalued, φ = π/2 is also the global minimum. Therefore, C lies

on the Y -axis, or, ∠ASC = ∠BSC . This completes the proof.

6.4.4 Expressions for Internal angles and the Steiner Point

We now derive expressions for internal angles in terms of the normalized refresh

rate ratio r and the exact location of the Steiner point, for a set of three nodes. Please

refer to Figure 6.4 for the following derivations. From the Internal Angle Theorem,

∠ASC = ∠BSC. Consider a point S ′′ along the Y - axis at distance ∆y from S. Since

c(S) = AS + SB + rSC is the minimum, ∂c(S)/∂y = 0.

Similar to Equation 6.5,

AS ′′ = AS − cosα ∆y +O(∆y2) (6.9)

BS ′′ = BS − cosα ∆y +O(∆y2) (6.10)

CS ′′ = CS − ∆y (6.11)

Therefore,

c(S ′′) = AS ′′ +BS ′′ + rCS ′′

= AS +BS + r CS − 2 cosα ∆y − r ∆y +O(∆y2)

= c(S)− 2 cosα ∆y − r ∆y +O(∆y2) (6.12)
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Figure 6.4 Finding expression for the internal angles α, and ψ

∂c

∂y
= lim

∆y→0

c(S ′′)− c(S)

∆y

= lim
∆y→0

[−2 cosα− r +O(∆y)]

= 2 cos(π − α)− r
∂c

∂y
= 0⇒ α = π − arccos(r/2) (6.13)

or, ψ = arccos(r/2) (6.14)

Since 0 ≤ r ≤ 1, and S lies inside the triangle ABC

π/2 ≤ α ≤MIN(2π/3, π −∠ACB/2) (6.15)
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This result is the most distinguishing feature of MSDCTs. In contrast to MSDCTs, the

Euclidean SMTs have exactly one value for all the three internal angles. Note that

when r = 1, α = 2π/3; and hence all the three internal angles at S are equal to 2π/3.

This corresponds to the Cavalieri’s (1647) famous result for the Torricelli points2 in

which he proved that each of the internal angles at a Torricelli point equals 2π/3.

We now find expression for the Steiner point S:

Consider the triangle ABC.

∠BAC = arccos(
b2 + c2 − a2

2bc
) = θA (say), (6.16)

where a = BC, b = AC, and c = AB.

Let ∠SCA = γ, ∠SBA = δ, and ∠CAS = β. Then,

∠SAB + δ = 2α− π

β + γ = π − α

⇒ δ = α− γ − θA (6.17)

From △ASB and△ASC, using Sine rule:

c/ sin 2ψ = AS/ sin δ

b/ sinα = AS/ sin γ

or, sin δ = (2b/c) sin γ cosψ

⇒ sin(α− γ − θA) = (2b/c) sin γ cosψ (6.18)

α and γ together locate S. A fully-worked solution in the Cartesian coordinates can

be found in the appendix. In our service, described in Section 6.5, the optimal co-

ordinates of the caches are determined using these expressions, given the locations

2A Torricelli point is same as an Steiner point when the number of nodes is 3.
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and refresh rates of its neighbors. In practice, the sensor node nearest to the optimal

location becomes the cache.

6.4.5 Maximum Degree of an MSDCT Node

In this section, we shall show that the maximum degree of a Minimum Steiner

Data Caching Tree (MSDCT) node is equal to 3, that is, an optimal SDCT is binary.

Maximum Degree Theorem The maximum degree of a Minimum Steiner Data

Caching Tree is 3.

Proof Clearly, the degree of a Steiner node in SDCT is a number greater than 2.

Let us consider the case of a node of degree 4. In the following treatment, we shall

show that such a node can be split into two nodes, each of degree 3 and lower cost.

First, we note that at least one of the angles formed at the node is acute.3 As shown

in Figure 6.5, suppose that the nodes A and B form an acute angle at S. WLOG, let

RA ≥ RB , and RC ≥ RD. We shall use the notation a for AS, a′ for AS ′, b for BS and

so on. We now choose another point S ′ along SA. For simplicity of the proof, we

choose SS ′ << AS, which allows us to expand a′ and b′ in terms of SS ′.

c(S) = aRA + bRB + cRC + dRD

c(S ′, S) = a′RA + b′RB + SS ′RSS′ + cRC + dRD

or, c(S ′, S) = aRA − SS ′RA + bRB − SS ′RB cos θ

+O(SS ′2) + SS ′RSS′ + cRC + dRD

or, c(S ′, S)− c(S) = SS ′ ∗ [−RA − RB cos θ +RSS′ +O(SS ′)] (6.19)

3We do not consider the rectilinear Steiner trees.
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Figure 6.5 Construction to prove binariness of MSDCT. {A,B, S′, S, C,D} has lower
cost than {A,B, S,C,D}

RSS′ = RA or RC depending on whether S feeds S ′ or vice versa.Thus we have

two cases:

Case(i) : RSS′ = RA

c(S ′, S)− c(S) = SS ′ ∗ [−RA − RB cos θ +RA +O(SS ′)]

⇒ c(S ′, S)− c(S) = SS ′ ∗ [−RB cos θ +O(SS ′)] (6.20)

since 0 ≤ θ < π/2, −RB cos θ < 0

c(S′, S) < c(S) (6.21)

Case(ii) : RSS′ = RC

Since data is now flowing from S ′ to S,

RC ≤ RA (Section 6.4.1)

c(S ′, S)− c(S) = SS ′ ∗ [−RA − RA cos θ +RC +O(SS ′)]

⇒ c(S ′, S)− c(S) ≤ SS ′ ∗ [−RA cos θ +O(SS ′)] (6.22)

once again, since 0 ≤ θ < π/2, −RA cos θ < 0

c(S′, S) < c(S) (6.23)
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Equations (6.21) and (6.23) imply that a Steiner node of degree four can always

be reduced to a pair of nodes of degree three and a smaller cost tree. Using similar

reasoning, it can be easily shown that a node of degree n, where n > 4, can be

reduced to a node of degree 3 and another node of degree n − 1, and smaller cost.

Thus, from the principle of induction, the maximum degree of an MSDCT node is

3 (i.e., the minimum Steiner Data Caching Tree is binary). Therefore, an optimal

multicast tree for nB subscribers consists of exactly nB − 2 caches.

We shall use the refresh rate rules, the expression for Steiner points, and the Max-

imum Degree Theorem - all from this section - to present a heuristic for dynamically

constructing and managing a near-optimal SDCT next.

6.5 DYNAMIC CACHE PLACEMENT HEURISTIC

This section describes a distributed cache placement heuristic that constructs and

maintains near-optimal SDCT dynamically. We use the refresh rate rules described

in Section 6.4.1 to determine the refresh rates at the edges of the tree, and the ex-

pressions derived in Section 6.4.4 to compute the Steiner points. We shall construct

binary SDCTs in accordance with its optimality property (Section 6.4.5).

Consider that a new subscriber B (Figure 6(a)) requests data from the source. We

want to determine the location of a node S that can be used as a dedicated cache to

serve B. Since the new cache will receive data from the existing multicast tree T ,

selection of the node of T from which the new cache S receives data is influenced

by the requested refresh rate and the location of B. Attaching a high refresh rate

cache can result in increase of traffic on multiple edges of a branch of T . To illustrate

the point, suppose that the node to which S is attached is N , and that S needs to

be refreshed at a (partially or fully satisfiable) rate higher than that of N . Then,

attaching S to N results in increase of traffic on the branch of T from N upwards

to the root, up-to the first cache that is already being refreshed at a rate equal to or
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higher than that needed by S. Therefore, the bestN is not necessarily geographically

the nearest. However, the cost does depend on the length of edges as well. Thus,

the new cost of T = cost of attaching B to T + increase in the cost of existing T . A

good heuristic must address both factors.

In the following, we describe a heuristic to place caches in a wireless sensor net-

work that addresses these issues. The heuristic first finds a cache N that offers the

smallest increase in the cost of the multicast tree T , as if the requesting subscriber

B were to be attached to N directly. A new cache S is then created that serves the

requesting node, B, and one of the children of N , the cache to which S attaches it-

self, thus preserving the binary structure of the tree (Figure 6(b)). Each node on the

multicast tree rooted at the publisher node maintains location information of its par-

ent, as well as locations and refresh rates of each of its two children. These location

tables route data from the source to the subscribers.
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Figure 6.6 Adding a new subscriber. (a) B requests data from the source. N ′ is
nearer to B than N , but N ′ has a much lower refresh rate. “S?’s” indicate two possi-
ble choices. Edges of the multicast tree are drawn with dashed lines to represent that
multiple intermediate nodes route the packets from one node of the tree to another.
(b) The multicast tree after B is attached to it. The new cache S serves B and one of
the children of N .
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6.5.1 Joining the Multicast Tree

A subscriber joins the multicast tree by sending a join() message to the the source.

The message may be either sent explicitly to the source node if known, or to the re-

gion of interest where the elected leader eventually gets the message. The message

contains the location of the subscriber and its desired data refresh rate. Figures 6.7

and 6.8 show the pseudo-codes of two routines, SEND-JOIN-REPLY and PROCESS-

JOIN-REPLIES, that send and process messages as a result of join requests. The fol-

lowing description of the heuristic contains references to the lines of the pseudo-

code marked by curly braces.

{6.7.1 - 6.7.13}Upon receipt of a join() message, the root computes the cost of at-

taching the new subscriber to itself directly. If none or one of its children are caches,

then it sends its node address, cost, and the maximum possible refresh rate to the

subscriber. Else, it forwards the message to its children (or, child) caches. They com-

pute the increase in cost along the branch connecting them to their parent, and the

cost of connecting the subscriber to themselves directly. If this new total cost is larger

than the cost received in the parent’s message, then the children update cost increase

due to refresh rate, and forward the parent’s message to their children; otherwise,

if the new total cost is smaller, they send their node address, new total cost and the

maximum possible refresh rate to their children. {6.7.14 - 6.7.23} If both children of

a cache are subscribers, then the process of join message forwarding terminates, and

the final message from that branch is sent to the subscriber. {6.8.4 - 6.8.10} Upon

receipt of all join reply messages, the subscriber picks the message that contains the

least cost, and {6.8.11 - 6.8.14} computes the location of the Steiner point where a

new cache will be created. If no node is present at that exact location, which is often

the case, the nearest free node is selected.

{6.8.15 - 6.8.22} These steps keep the nodes of the tree locally optimal. For ex-

ample, in Figure 6(b), after addition of S to the tree, the Steiner coordinates for N
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SEND-JOIN-REPLY(subs-node, subs-rr , best-node,min-cost, rr -cost)

� The pseudo-code is explained in sections 6.5 and 6.5.1.
� subs-node is the subscriber that requests data from the source
� subs-rr is the refresh rate of the subscriber. All “rr”’s mean refresh rates.
� best -node is the least cost option if the subscriber were
to connect to this node of the multicast tree directly
� min-cost is the cost of connecting the subscriber node to the best -node

� rr -cost is the part of the cost that comes from difference in refresh rate requirement
1 if this node is the source node
2 then min-cost ←∞
3 rr -cost ← NIL

4 message-count ← 1
5 if (source-rr > subs-rr)
6 then subs-rr ← subs-rr
7 else subs-rr ← source-rr
8 child -is-cache ← FALSE

9 connect -cost = DISTANCE(this-node, subs-node) ∗MAX(subs-rr , source-rr)
10 Increment rr -cost by DISTANCE(this-node, parent -node) ∗MAX(subs-rr − this-cache-rr , 0)
11 if connect -cost + rr -cost ≤ min-cost
12 then min-cost ← connect -cost + rr -cost
13 best -node ← this-node

14 if both children of this node are caches
15 then Increment message-count by 1 � One more join reply message to the subscriber
16 if the left child of this node is a cache
17 then child -is-cache ← TRUE

18 forward the join request with the updated cost and the node information to the left child
� Only the terminal cache sends the accumulated information
of the branch to the requesting subscriber

19 if the right child of this node is a cache
20 then child -is-cache ← TRUE

21 forward the join request with updated cost and the node information to the right child
22 if child -is-cache isFALSE � The last non-subscriber node on this branch
23 then Send the message-count , adjusted subs-rr , min-cost , and best -node

information to the requesting subscriber

Figure 6.7 Pseudo-code for processing join() requests

based on its new neighbor and the other two existing neighbors might be different

than its current value. If the network is dense enough, the nearest sensor node of

the new location for N might actually be a different node. One can easily see that

migrating N to this new node will yield a tree of smaller cost. As shown in the

pseudo-code, these steps are repeated for the neighboring nodes until the nodes get

shifted to their locally optimal location. Since the heuristic constructs a near- optimal

tree, these steps keep the tree’s departure from optimality over time under control.
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PROCESS-JOIN-REPLIES(message-count, subs-rr , best-node,min-cost)

� The pseudo-code is explained in section 6.5.1.
INIT:

1 max -messages-to-expect ← 1
2 curr -message-count ← 0
3 curr -min-cost ←∞

� END OF INIT

4 while max -messages-to-expect 6= curr -message-count

5 do Increment curr -message-count by 1
6 max -messages-to-expect ← MAX(max -messages-to-expect ,message-count)
7 Adjust the requested refresh rate to subs-rr
8 if curr -min-cost > min-cost
9 then curr -min-cost ← min-cost

10 curr -best -node ← best -node

� FIND-STEINER-POINT locates the Steiner point based on the results of section 6.4.4
� A fully-worked calculation in Cartesian coordinates can be found in the appendix 7.3

11 S1 ← FIND-STEINER-POINT(this-subs-node, curr -best -node, curr -best -node.left -child)
12 S2 ← FIND-STEINER-POINT(this-subs-node, curr -best -node, curr -best -node.right -child)

� Out of S1 and S2, create cache at the location that has smaller local cost.
13 new -cache ← MIN-COST-NODE(S1, S2)
14 create cache at new -cache and inform the neighbors about the new location
15 mark{new -cache.parent ,new -cache}
16 while change in the cost of the multicast tree is not within specified tolerance
17 do for all nodes v that are caches and are marked
18 v′ ← FIND-STEINER-POINT(v .parent , v .left -child , v .right -child)
19 if v 6= v′

20 then mark{v ′.parent , v ′, v ′.left -child , v ′.right -child}
21 migrate the cache at v to v′, and inform the neighbors about the new location
22 unmark{v}

Figure 6.8 Pseudo-code for processing join() replies

The Table 6.1 shows the savings in the cost of some trees (for the same setting as

described in Section 6.6) as a result of these migrations.

As the concluding step of the join procedure, the subscriber sends messages to

the new cache, the old cache, and as applicable - to all other affected nodes about

any changes in the location pointers and refresh rates of their parents and children.

{6.7.14 - 6.7.15, 6.8.6} To determine the number of messages that the subscriber

should expect to receive, a counter is included in the messages that get propagated

from the source in response to the join request. This counter is incremented each

time a message reaches a node whose both children are caches. The subscriber keeps

track of the maximum of the expected number of responses reported. When the
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Radius Tree A Tree B Tree C

0 98.4138 74.35 70.8751
1 94.7760 74.1424 70.5885
≥2 94.7760 74.1424 70.4812

Table 6.1 The cost of a multicast tree as neighboring caches within a given radius
are shifted to new locally optimal locations upon joining of a new subscriber. The
radius within which the caches are shifted (shown in the column1) is in terms of the
number of edges from the newly created cache.

number of replies equals the maximum expected, it executes the process of comput-

ing the Steiner point, cache creation, and tree updating.

6.5.2 Leaving the Multicast Tree

When a subscriber leaves a multicast tree, unless the tree’s binary structure is re-

stored, the tree is left with one cache that has only one child. A subscriber leaves the

multicast tree by sending a leave() message to its parent. The parent then executes

the process of computing the new Steiner point for its other child, its parent, and its

sibling. It then executes the process of cache creation, restoration of local optimality,

and tree updating.

6.5.3 Change in Refresh Rate

Since the locations of the nodes of the data caching tree depend on the data re-

fresh rates on the branches, the tree needs to be restructured if the refresh rate re-

quirements of a subscriber change. When a subscriber wants to change its refresh

rate, it first sends a leave() message to its parent, and then it sends a join() message

to the source.

6.6 EVALUATION

This section consists of two parts. In the first part, Section 6.6.1, we evaluate the

performance of our SDCT heuristic (Section 6.5) with respect to MSDCT obtained
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by exhaustive search. In the second part, Section 6.6.2 - Section 6.6.6, we evaluate

our data caching service using the GloMoSim [28] network simulator. We compared

the performance of SDCTs constructed using the SDCT heuristic against unicast, in

which the publisher sends updates to the subscribers directly without any caching

along the route. Since unicast is the simplest method to disseminate data asyn-

chronously, any other protocol must outperform unicast to merit consideration. We

also compared SDCTs against binary greedy data caching trees, in which caches are

created greedily instead of at the Steiner points. This greedy protocol is similar to the

SDCT heuristic except for the steps {6.8.11 - 6.8.12} of the PROCESS-JOIN-REPLIES.

Instead of computing the Steiner point, the greedy protocol locates a node that lies

one hop away from the best node towards the subscriber on the line joining the

two. If the two are closer than one hop, a neighbor of the best node is selected. We

used three routing protocols for evaluation - Ad hoc On Demand Distance Vector

(AODV) [50], Greedy Perimeter Stateless Routing (GPSR) [40], and Geographic For-

warding (GF) [40]. GF computes a neighbor table, and updates it periodically. GF

forwards the packets to nodes that are geographically nearest to their destination.

GPSR improves upon GF by adding capability to route around voids in a network.

We used the 802.11 MAC protocol throughout our simulations. The size of the simu-

lated network was 5000m×5000m, and it had 784 nodes. The nodes were distributed

uniformly in the network.

As noted earlier, we carried out the experiments using the GPSR routing algo-

rithm in addition to GF and AODV. In those experiments when the network con-

tained no voids, the graphs for GPSR almost overlapped those for GF. Hence, for

the sake of clarity of presentation, we have omitted those GPSR plots. Since GF

and GPSR send beaconing packets to neighbor nodes periodically to determine their

alive neighbors, the number of messages sent was non-zero even when there were
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no subscribers. We used the following data for MICA-II motes published by its

manufacturer Crossbow [21] to calculate the power consumption by the radio unit:

✦ Current drawn while transmitting: 16mA

✦ Current drawn while receiving: 8mA

✦ Bandwidth: 38,400 baud

✦ Packet size: 56 byte

We measured the number of packets at the radio layer, and used the average

number of messages sent as the main cost metric. Since, in most cases, variations in

the proportionality constant between the number of packets received by the nodes of

the network and the number of packets sent was small, and we also report approx-

imate values of average power consumption on the mirror Y -axis. The [12] paper

evaluates a heuristic very similar to the near-optimal SDCT heuristic presented in

this paper on MICA-II motes.

6.6.1 Performance Ratio of the SDCT Heuristic

In this section, we compare the cost of SDCT produced using the heuristic pre-

sented earlier with the cost of the minimum SDCT (or, MSDCT). It can be easily

seen from the pseudo-code of the heuristic that the topology of the SDCT that it

constructs depends on the order of arrival and departure of the subscribers. For a

set of n subscribers, the total number of arrival orderings is equal to n!. Figure 6.9

shows the performance ratio (defined as the ratio of the cost of the tree constructed

by the heuristic to the cost of a minimum tree) of the SDCT heuristic as a function of

the number of the subscribers. All subscribers were located within a narrow circular

band from the source. We collected data for a maximum of 2000 orderings for each

number of subscribers. Thus the maximum points do not represent the absolute

worst cases. The next two plots of Figure 6.10 show the distribution of data points

for the cases where the numbers of subscribers were equal to 10 and 20 respectively.
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Figure 6.9 Performance ratio of the SDCT heuristic vs. number of subscribers

As the histograms show, large performance ratios are distributed exponentially.

Thus, although it is possible that the cost of a tree generated by the heuristic can have

a higher performance ratio than the maximum shown in Figure 6.9, the probability

of occurrence of such cases is extremely small. The median points of the figure 6.9,

and the frequency distribution of the histograms assure that in most cases, the cost

of the tree generated by the heuristic remains within 2% of the minimum cost per

subscriber.
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6.6.2 Number of Subscribers

This first simulation experiment studies the performance of the middleware as

a function of the number of subscribers. The subscribers were located at approx-

imately the same distance from the source, and were spread out in a region large

enough (a region subtending 180◦ at the source) to not cause excessive collisions.

Figure 6.11 shows the average number of messages sent by the nodes per second as

the number of subscribers varied. The error bars in this and all subsequent figures

represent 95% confidence interval for the metric on the main Y -axis.

The SDCT and greedy heuristics create a cache when the number of subscribers

exceeds 2. Therefore, the plots overlap each other from 1 to 2 subscribers. The gap

between AODV and GF curves is in-part due to the periodic beaconings sent out by

the GF routing protocol. The (extrapolated) gap at 0 subscribers is purely due to the

GF beaconings.

As the plots suggest, the benefit of data caching is small when the number of

subscribers is small, but the cost saving gets more and more pronounced as the num-

ber of subscribers increases. Compared to unicast and greedy caching trees, SDCTs

saved about 50% of the cost of data dissemination when the number of subscribers

was 10. The graphs suggest further increase in the energy saving as the number of

subscribers increases.

6.6.3 Spatial Distribution of the Subscribers

Spatial distribution of traffic in the wireless sensor network affects energy con-

sumption. Traffic spread over larger area means larger SDCT, and hence increased

cost. In this experiment, we simulated the network with varying degree of spatial

distribution of the subscribers. The cost of the multicast tree as a function of the spa-

tial distribution of the subscribers is shown in Figure 6.12. In the figure, x◦ clustering

means that all the subscribers were located in a sector that subtended an angle x◦
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Figure 6.11 Average number of messages sent per unit time vs. number of subscribers

at the source node. Since the number of subscribers was small (10), at higher clus-

tering angles, the multicast tree had similar cost as the unicast tree. Hence, we see

the curves for unicast and data caching trees converge as the bases get spread over

a larger area.

6.6.4 Effect of Subscriber Dynamics

Each time a subscriber joins or leaves the network, the SDCT needs to be re-

structured. In this experiment, we evaluate the overhead of restructuring. Figure

6.13 shows the effect of frequency of tree restructuring on the average number of
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Figure 6.12 Average number of messages sent per unit time vs. clustering of the subscribers

messages sent by the nodes per second. Leaving of a subscriber was followed by

joining of another in the same neighborhood to keep the cost of the tree unchanged.

The curves show that the restructuring overhead of SDCTs is small, and that SDCTs

perform better than greedy caching trees. The data for GF is almost immune to the

dynamics of the multicast group because it uses static routing tables.

6.6.5 Partitioning of the Network

Table 6.2 shows the performance comparison of SDCT and unicast with respect

to the life-time of source nodes and partition-free network. The source nodes were



6.6. Evaluation 129

 300

 400

 500

 600

 700

 800

 900

 1000

0.0320.0240.0160.0080.0016

1.30 W

1.17 W

1.04 W

0.91 W

0.78 W

0.65 W

0.52 W

0.39 W

A
ve

ra
ge

 m
es

sa
ge

s 
pe

r 
se

co
nd

A
ve

ra
ge

 p
ow

er
 c

on
su

m
ed

 (
ap

pr
ox

)

Frequency of joining/leaving of subscribers(1/sec)

Legend
 SDCT on AODV
 Unicast on AODV
 SDCT on GF
 Unicast on GF

(a) SDCT vs. unicast

 300

 400

 500

 600

 700

 800

0.0320.0240.0160.0080.0016

1.04 W

0.91 W

0.78 W

0.65 W

0.52 W

0.39 W

A
ve

ra
ge

 m
es

sa
ge

s 
pe

r 
se

co
nd

A
ve

ra
ge

 p
ow

er
 c

on
su

m
ed

 (
ap

pr
ox

)
Frequency of joining/leaving of subscribers (1/sec)

Legend
 SDCT on AODV
 Greedy Caching on AODV
 SDCT on GF
 Greedy Caching on GF

(b) SDCT vs. greedy protocol

Figure 6.13 Average number of messages sent per unit time vs. frequency of joining
and leaving of the subscribers

among the first ones to run out of battery. As the source nodes died, we kept re-

plenishing their energy reserve to allow the simulations to continue. In a real de-

ployment, this corresponds to a new leader getting elected at the event location. As

expected, the simulations that used GF for routing showed that it takes longer to

partition when the traffic is spread over a larger region. However, the partitioning

time for unicast was independent of clustering, since in the case of unicast, almost

all partitionings arose from the depletion of the energy reserve of the nodes neigh-

boring to the source.
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Clustering 90◦ 180◦

Routing AODV GF AODV GF

SDCT
Yes No Yes No Yes No Yes No

TSR 3384±744 633±9 2586±39 613±9 3269±618 644±12 2420±153 620±9
TP > 5000 1045±24 1603±138 883±60 > 5000 1023±33 1833±129 987±27

Table 6.2 Partitioning of the network: TSR is the time at which the source node died.
TP is the time when the network was partitioned. The number ‘> 5000’ indicates that
the network remained unpartitioned till the end of simulation (that ran for 5000sec).
The errors represent 6σ (≈ 99.7%) confidence interval.

6.6.6 Irregularities in Node Placement

We presented and evaluated the optimality properties of the SDCT heuristic in

irregularity free, random, uniformly distributed networks. In reality, as time passes,

nodes start to “die” or malfunction. As a result, the distribution of nodes in the net-

work becomes more and more non-uniform. In the regions of sparse or non-uniform

node distribution, the probability of finding a node for caching data within a small

neighborhood of the Steiner point becomes smaller with increase in the irregular-

ities. Figure 6.15 shows the performance of our SDCT heuristic in the presence of

non-uniform node placement in the network. The nodes were given a random de-

viation around an ideal grid position in both ±x and ±y directions. The numbers

on the X-axes of the figures (6.14, 6.15) represent the maximum deviation about the

ideal position in percentage, for example 100% means that the node would be placed

randomly in an area formed by four neighboring squares of the grid centered at the

ideal location of the node.

At smaller irregularities, the (routing) cost of the tree edges vary more or less

similarly for all the three protocols with the irregularities introduced. Since these

costs dominate over change in cost due to deviations from ideal locations in the

placement of internal nodes of SDCT or the greedy tree, the difference in the cost

remains more-or-less the same at smaller irregularities. As the amount of irregular-

ity increases, performance of all the three protocols become indistinguishable. The
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Figure 6.14 Average number of messages sent per unit time vs. irregularity in the
placement of nodes. The numbers on the x-axis show the maximum deviation from
perfect grid in percentage of grid size.

plots in Figures 6.14 and 6.15 show that SDCT is quite robust up-to a very high level

of irregularity introduced in the network. Its performance was consistently better

than the unicast and greedy multicast trees in irregular networks.

The following list summarizes the factors that influence the energy efficiency of

SDCT (as compared to unicast):

✦ Number of subscribers : Larger⇒More effective

✦ Data refresh rates : Larger⇒More effective
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Figure 6.15 Power consumption vs. irregularity in the placement of nodes

✦ Distance between source and subscribers : Few hops only⇒ Not effective

✦ Density of subscribers : Larger⇒More effective

6.7 STEINER MINIMAL TREES AND MSDCT

We proved in the Section 6.4 that the maximum number of degrees of an MSDCT

node is three. This is also true for SMT’s. We also showed that at least two of the

internal angles formed at an MSDCT node are equal, where as all the three internal

angles of an SMT node are equal, and hence are exactly equal to 120◦. On the other

hand, the internal angles of an MSDCT node have a range, given by Equation (6.15).
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Therefore, MSDCT is a more general case of SMT. As we mentioned earlier, MS-

DCT reduces to Steiner Minimal Tree (SMT) when the data refresh rates are equal

on all edges of the tree. As mentioned before, the problem of finding the SMT has

been shown to be NP-hard. There has been much activity in the direction of find-

ing approximate polynomial solutions to many variants of the Steiner tree problem

[17, 57, 11]. The problem of finding Steiner points for data caching in the wireless

sensor networks needs a different approach since the subscribers are not known a

priori and global knowledge of the locations of all nodes of the network is also not

available (at some centralized location). The locations and timings of requests of

the subscribers depend on events, and can’t be assumed to be known a priori. In

general, we want a distributed solution that manages the tree dynamically.

However, in some applications, like monitoring temperature inside a building or

a smart nursing home, where networks do not change much over time, it is possible

to put the nodes at pre-determined locations. If the refresh rates of the subscribers

are more or less the same, one can use some of the polynomial time SMT heuristics,

for example the K-SPH heuristic [10], to pre-compute the MSDCTs before starting to

disseminate data.

6.8 REAL-TIME GUARANTEES OF SDCT

As we mentioned earlier, unlike data gathering at base-stations, transmission

scheduling for data dissemination is an easy problem and hence is not as much an

issue as is the minimization of number of transmissions for interference suppression

and energy conservation. We presented the solution of energy efficient data dissem-

ination problem in the form of SDCT, and a distributed heuristic that constructs and

maintains near-optimal SDCT on-line. The middleware that uses this heuristic to

provide the data dissemination service runs on top of the transport layer. Hence the

real-time properties of the middleware depend upon the underlying network layers.
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The real-time capacity can be expressed in two units of measurement: namely

byte-hops/sec and byte-meters/sec. A suitable measure of hop length relates the

two units (and vice-versa). The cost of SDCT is defined as the product of traffic

rate (bytes/sec) and the Euclidean length (meter) of the edges. Thus, the cost of

the tree equals the real-time capacity demand of the tree. Therefore, to determine

the real-time feasibility of the SDCT, one needs to compare the real-time capacity of

the network and the cost of the tree. If the real-time capacity of the network meets

or exceeds the cost of the tree, the data dissemination protocol will be able to give

guarantees to the subscribers in terms of fixed data rates. The guarantee on data rate

enables bounded latency of transmissions, making the communication real-time.

6.9 LIMITATIONS

In this chapter, we considered the case where the edge weights are proportional

to the Euclidean length and transmission rate uniformly across the network. In the

presence of congestion or lossy terrains, packets may need multiple re-transmissions

or may get routed along a path that deviates significantly from proportionality to

distance (e.g., to route around a hot-spot). In these circumstances, the edges of the

SDCTs need to be weighted in a location dependent manner to account for the con-

gestion cost. For example, on lossy paths, the edge weights can be expressed as

a function of the expected number of retransmissions in addition to the Euclidean

length and transmission rate. In the case of networks of highly non-uniform channel

noise characteristics, the results of this chapter will not be useful.

Another kind of irregularity stems from non-uniformity of node placement. Through

simulation, we showed that the data dissemination protocol is very robust in the

presence of this irregularity.

Cache migration cost is not taken into account explicitly in the derivations. Caches

keep only the most recent copy of the data. In general, cache migration cost is not
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much of a concern since it involves few messages – messages to the parent and chil-

dren and a data packet containing the most recent copy of the data. In those cases

where the cache migration cost is significant, incorporation of this variable in the

dissemination protocol is straightforward, but doing so in the theoretical analysis

may not be so trivial. Finally, race conditions will arise if two or more join requests

originate at nearby locations simultaneously. Only one of the requests may succeed

and the unsuccessful requests will need to be retransmitted.

6.10 SUMMARY

Motivated by the importance of the need to save the energy spent on data dis-

semination in wireless sensor networks, we presented optimality properties of Steiner

data caching trees, and an energy-conserving application-layer service for data caching

and asynchronous multicast. We showed that the optimal multicast tree is binary.

We also showed that the asynchronous multicast protocol presented in this chapter

constructs and maintains near-optimal multicast tree, and helps in prolonging the

life of the network. The simulation results that we presented in this paper verify

the importance of data caching. If the real-time capacity of the network meets or ex-

ceeds the cost of the asynchronous multicast tree, the subscribers can get guarantees

on the data rate, and hence real-time guarantees on the communication.



CHAPTER 7

Summary and Outlook

In this last chapter, we first revisit the thesis statement and its support from the

research presented in this dissertation. Next, we present a discussion of the future

directions based on this research. Finally, we present our conclusions.

7.1 SUMMARY

We began with the following thesis statement:

It is possible to develop a systematic theory of real-time capacity of

wireless sensor networks, and to construct low overhead protocols

for real-time data gathering and data dissemination applications in

wireless sensor networks.

I supported the thesis statement by deriving real-time capacity expressions for

two well known scheduling algorithms, EDF and DM, one each from the classes of

fixed and dynamic priorities; and for the two scheduling algorithms for hexagonal

WSN. Real-time capacity depends heavily on the MAC protocol. Only those MAC

protocols that support bounded communication latency can provide deterministic

real-time guarantees. Prior to this work, there existed some MAC protocols that

construct TDMA schedules, but none gave any multi-hop deterministic delay guar-

antee.

The problem of optimal scheduling in general multi-hop radio networks is NP-

Hard. I showed that by using the hexagonal topology, it is possible to construct

optimal schedule at no message overhead. The use of hexagonal topology brings

136
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many other important benefits, especially from the perspective of energy consump-

tion. The addressing, routing and clock synchronization algorithms become im-

plicit, thereby reducing the considerable overhead of these necessary management

functions. Furthermore, the use of cluster based topology enables the support of

dynamic network – node addition, node rotation, arbitrary sleep schedules etc. at

almost no cost.

I provided a set of closed form expressions that determine the transmission sched-

ule of a node locally. The case of scheduling convergecast traffic is harder due to the

formation of bottleneck at the data aggregation node. But this case also offers less in-

terference, and hence certain parallelism, at farther distances because of the stream-

lined nature of the traffic, if shortest path routing is used. I used this parallelism to

construct the optimal schedule.

Data dissemination is the dual problem of data collection. Steiner tree problem

is suitable to model the energy conserving data dissemination problem in wireless

sensor networks. Prior to this work, there was no research on the Steiner tree prob-

lem where edges are weighted by the traffic rate and Euclidean length. I introduced

the Steiner Data Caching Tree (SDCT), a generalized Steiner tree problem, where

the tree cost is the function of Euclidean length and the traffic rate. I presented the

analysis of the optimal SDCT. I proved that the optimal SDCT is binary and the tree

exhibits symmetry of internal angles at its nodes. I also showed that in the limiting

case of equal traffic rate on the branches, the optimal SDCT becomes the optimal

(Euclidean) Steiner tree. Since the problem is NP-hard, I presented a distributed

algorithm that constructs and maintains near-optimal SDCT dynamically. In other

words, data subscribers can join and leave the dissemination tree at will. The algo-

rithm maintains the near-optimal structure in such events by local actions. I showed

that asynchronous multicast in combination with near-optimal SDCT saves energy

and prolongs network lifetime.
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7.2 FUTURE WORK

To construct a regular topology WSN, we considered hexagonal topology since

it gave elegant formulation to maximize simultaneous transmissions. It, however,

requires maintaining six neighbors, in general. Constant time addressing and rout-

ing can be done for all simple regular topologies (square, n-ary tree and others.) It

would be interesting to see how complex the scheduling algorithms get for such

topologies. One may investigate the tradeoff of maintaining a less rigid topology

than a hexagon versus the low overhead and optimality of scheduling in hexagonal

meshes.

An important future work is to extend the hexagonal WSN for fault-tolerance.

An immediate extension to the MAC protocols of Chapters 4 and 5 is the efficient

handling of node (cluster head) failures, and mobility of cluster heads. This problem

is closely related to the issue of obstacles. Both create “loss” of links. One solution

appears to be using neighboring nodes as proxy. This however, may create unde-

sired long links. Modification of the routing and TDMA scheduling algorithms to

address the problem of lost messages is another important future direction. Exten-

sion of the MAC protocols for the multiple sink case is another problem to investi-

gate. The possibilities include the construction of individual hexagons around each

base station or modification of routing and scheduling while maintaining the opti-

mality of the schedule.

Another research direction is to extend the hexagonal WSN for three-dimensional

deployment (e.g., in a multi-story building.) Three-dimensional hexagonal WSN can

be achieved by either stacking planar ones on top of each other, or by constructing a

hexagonal sphere. It would be interesting to find out the strengths and weaknesses

of the two approaches.

For the data dissemination problem, it would be interesting to investigate the

optimality properties of SDCT when the cache migration cost is taken into account.
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Investigation of SDCT where the cost of the tree has localized fluctuations is im-

portant to extend the predictability of the energy saving properties of the protocol

in non-uniform terrains, where the non-uniformity is with respect to noise, packet

loss, hop length etc.

We showed that EDF was not optimal for pipelines. It would be very useful

to find scheduling algorithms that can provide near-optimal utilizations. Periodic

tasks are a special case of aperiodic tasks. Often, analyzing schedulability for peri-

odic tasks lead to simpler and more elegant analysis and better utilization bounds

than that for aperiodic tasks — although at the cost of restricted applicability. The

application of periodic task model are numerous, however, to merit an investiga-

tion of preemptive as well as non-preemptive EDF scheduling of periodic tasks on

pipelines. For the preemptive analysis, it would be interesting to incorporate re-

source blocking into the analysis.

7.3 CONCLUSIONS

The excessive overhead associated with the packet scheduling problem in multi-

hop wireless networks is a result of the intractability of the problem. The overhead

can be eliminated or significantly reduced if the topology of the network is made

regular. Hexagonal topology offers optimal scheduling. The real-time capacity for

data gathering applications scales as the radius of the network (or, data collection

sections, if multiple base-stations exist.) This indicates that the law of diminishing

returns operates here, and hence makes a case for multiple sections each with a base-

station, rather than a large one with a single base station. For data-dissemination,

asynchronous multicast has significant advantages in terms of energy conservation.

In a nutshell, regular network topology, localized communication and asynchro-

nous multicast on Steiner like tree are worth considering when designing a wireless

sensor network for real-time applications.



APPENDIX A: STEINER POINT IN CARTESIAN

COORDINATES

We solve the Equations (6.14), and (6.18) of Section 6.4.4 to obtain expressions for

the coordinates of the Steiner point in the Cartesian coordinate system for a set of

three given nodes. We obtain the solution by obtaining expressions for the straight

lines CS and AS (Figure 7.1), and then their point of intersection.

θA = arccos(
b2 + c2 − a2

2bc
) (7.1)

S’(xS’, yS’)
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Figure 7.1 Calculating the coordinates of Steiner point in the Cartesian coordinate system.
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From equation 6.14:

ψ = arccos(r/2)

α = π − ψ

From equation 6.18:

γ = arccot

(

cos(α− θA) + (2b/c) cosψ

sin(α− θA)

)

(7.2)

Equation of line AC:

y − yC = mAC(x− xC) ,where

mAC =
yA − yC

xA − xC

Equation of line CS:

y − yC = m±
CS(x− xC) ,where (7.3)

m±
CS =

mAC ± tan γ

1∓mAC tan γ
(x− xC)

Equation of line AS:

y − yC = m±
CS(x− xA) ,where (7.4)

m±
AS =

mAC ± tan(π − α− γ)
1∓mAC tan(π − α− γ (x− xA)

=
mAC ± tan(ψ − γ)
1∓mAC tan(ψ − γ)(x− xA)
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Let us define:

c±CS = yC −m±
CSxC

c±AS = yA −m±
ASxA

Since S lies at the intersection of CS and AS, we solve Equations (7.3) and (7.4)

to get (xS, yS). Out of the four solutions corresponding to each combination of the

two pairs of ms, only two lie in the region of interest:

S(1)(x
(1)
S , y

(1)
S ) : x

(1)
S =

c+CS − c−AS

m−
AS −m+

CS

, y
(1)
S =

c+CSm
−
AS − c−ASm

+
CS

m−
AS −m+

CS

(7.5)

S(2)(x
(2)
S , y

(2)
S ) : x

(2)
S =

c−CS − c+AS

m+
AS −m−

CS

, y
(2)
S =

c−CSm
+
AS − c+ASm

−
CS

m+
AS −m−

CS

(7.6)

Between S(1) and S(2), one that is closer to B is S, and the other is S ′.
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