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ABSTRACT

Matrix transposition is an important kernel used in many applica-
tions. Even though its optimization has been the subject of many
studies, an optimization procedure that targets the characteristics
of current processor architectures has not been developed. In this
paper, we develop an integrated optimization framework that ad-
dresses a number of issues, including tiling for the memory hierar-
chy, effective handling of memory misalignment, utilizing memory
subsystem characteristics, and the exploitation of the parallelism
provided by the vector instruction sets in current processors. A ju-
dicious combination of analytical and empirical approaches is used
to determine the most appropriate optimizations. The absence of
problem information until execution time is handled by generating
multiple versions of the code - the best version is chosen at runtime,
with assistance from minimal-overhead inspectors. The approach
highlights aspects of empirical optimization that are important for
similar computations with little temporal reuse. Experimental re-
sults on PowerPC G5 and Intel Pentium 4 demonstrate the effec-
tiveness of the developed framework.

Categories and Subject Descriptors

D.3.4 [Programming Languages]: Processors—code generation;
compilers; optimization

General Terms
Algorithms, Performance
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SIMD, bandwidth-limited, conflict misses, empirical search, ma-
trix transposition, spatial locality, tiling
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1. INTRODUCTION

Matrix transposition is an important kernel occurring in many
applications. Although it essentially involves only memory copy-
ing, the required permutation results in complex problem-size de-
pendent access patterns. It is a challenging task to develop transpo-
sition code that is optimized for different array sizes and alignments
on different architectures.

In this paper, we address the development of a library for high-
performance matrix transposition. We identify the optimization op-
portunities and parameters. We then employ both offline analysis
and empirical search to determine the appropriate optimizations.
When the exact optimization choices cannot be made at installa-
tion time, we generate multiple versions and choose the appropriate
version at runtime.

We address various issues and optimization opportunities in achiev-
ing high-performance for this kernel. We present a two-level tiling
strategy to improve spatial locality in the L1 cache. An analyti-
cal model to minimize TLB misses is presented. A model is de-
veloped to predict the presence of conflict misses for a subset of
the problem instances. For other cases, we develop a low-cost in-
spector that can accurately detect the presence of conflict misses
at runtime. Mechanisms to take into consideration other character-
istics of the memory subsystem are included. We take advantage
of the SIMD instruction sets widely available in modern comput-
ing systems. They have been shown to be beneficial in improving
the memory bandwidth of bandwidth-limited computations such as
memory copy. The parallelism in the SIMD hardware also enables
efficient register-level matrix transposition. In exploiting these fea-
tures, we address attendant issues such as data alignment.

A special code generator has been designed and implemented to
automatically generate code using SSE/SSE2 on Intel architectures,
AltiVec on PowerPC architectures, or just scalar instructions.

We show that the the cost of matrix transposition can be reduced
significantly using our approach. The effectiveness of our approach
in tuning for the target architecture is demonstrated by the perfor-
mance improvement obtained in matrix transposition using just the
scalar instruction set. Further optimizations using the SIMD in-
struction set result in the best performance of matrix transposition
to be up to 43% and 98% of memcpy provided by the native oper-
ating system, on Pentium 4 and PowerPC G5, respectively.

The paper is organized as follows: Section 2 provides back-
ground on the matrix transposition problem. Section 3 elaborates
on the matrix transposition problem and defines its input parame-
ters. Optimizations targeting the memory hierarchy are addressed
in Section 4. Section 5 details optimizations targeting the char-



1) for i = 0 to Ni-1
2) for j = 0 to N2-1
3) B[il[j] = A[j1[i]

Figure 1: A simple implementation of matrix transposition

acteristics of modern memory subsystems. Exploitation of SIMD
instruction sets is described in Section 6. Section 7 presents the
integrated framework that combines the various optimizations de-
scribed to develop a matrix transposition library for a given target
system. Experimental results are presented in Section 8. Section 9
discusses related work and Section 10 concludes the paper.

2. BACKGROUND AND MOTIVATION

Matrix transposition is widely used in many types of applica-
tions and is one of the most fundamental array operations. Despite
its ubiquitous nature, matrix transposition is still commonly written
in loop form as shown in Figure 1. Existing compilers are incapable
of translating this implementation into an efficient executable code.
For example, the program in Figure 1 was compiled using the In-
tel C compiler with “-O3” option. On an Intel Pentium 4 with a
533MHz front side bus, the executable achieved an average band-
width of 90.3MB/s, for single-precision arrays with each dimension
ranging from 3800 to 4200. This is only 4.4% of the sustained copy
bandwidth reported by the STREAM memory benchmark [15].

Similar to many streaming multimedia workloads, matrix trans-
position lacks temporal locality (each element is accessed once)
and has a large cache footprint. The data access pattern in matrix
transposition makes it difficult to avoid performance problems due
to the cache hierarchy. In particular, the following issues need to
be addressed:

o In the absence of temporal locality, only spatial locality can
be exploited to reduce cache misses.

e The strided access pattern potentially incurs high conflict
miss penalties, due to the limited associativity of caches.

e For large array sizes, the strided access leads to heavy TLB
miss penalties.

Matrix transposition can be characterized as a memory bandwidth-
bound problem. A substantial portion of the total overhead is at-
tributable to the memory subsystem (the memory bus and the main
memory) in the following aspects:

e Since the output array never needs to read, a cache hierar-
chy with write-allocate policy wastes memory bandwidth by
bringing the destination array into cache.

e Dead cycles between back-to-back read/write transactions
are needed with many memory-bus designs. Previous studies
[3] have demonstrated that significant bandwidth loss can be
caused by memory-bus turnaround. Since matrix transposi-
tion consists of an equal number of read and write operations,
there can be a significant loss of memory bandwidth even af-
ter careful optimization for the cache hierarchy.

e At the DRAM side, a row of data on a memory bank is read
into a row buffer, providing an opportunity to exploit local-
ity. A memory schedule may reuse the data in a row buffer
efficiently eliminating additional precharge and row activa-
tion. In addition, accesses to data on different memory banks
can be pipelined in popular DRAM designs.

Many modern processors have adopted multimedia extensions
characterized as Single Instruction Multiple Data (SIMD) units op-
erating on packed short vectors. Examples of these SIMD exten-
sions include SSE/SSE2/SSE3 for Intel processors and VMX/AltiVec
for PowerPC processors. When SIMD support is employed, pro-
grams such as matrix transposition can benefit from the following
aspects:

e SIMD extensions often provide an independent large register
file to reduce cache pressure. Data reorganization instruc-
tions provide an opportunity to efficiently reorganize data at
register level.

e A SIMD load/store instruction often outperforms an equiva-
lent sequence of scalar memory access instructions.

e Cacheability control is often provided by modern architec-
tures as part of their multimedia extensions 1. The cacheabil-
ity control instructions such as software prefetch and stream-
ing writes enable software assisted data cache management
and have a significant impact on streaming applications.

The above discussion is summarized in Table 1.

Table 1: Optimization challenges for matrix transposition
Category Challenge

Exploiting spatial locality

Minimizing conflict misses

Reducing TLB misses

Improving memory bandwidth utilization

Reducing memory-bus turnaround overhead

Exploiting efficient DRAM accesses

Exploiting intra-register data reorganization

Accessing data with alignment constraints

Exploiting cacheability control instructions

Cache hierarchy

Memory subsystem

SIMD instructions

To illustrate the potential benefits of employing SIMD exten-
sions in memory bandwidth-bound problems, Figure 2 shows the
performance difference in memory copy performance using the scalar
and SIMD instruction sets on an Intel Pentium 4 and a PowerPC
G5. The configurations of these two processors are listed in Ta-
ble 2.

3. INPUT PARAMETERS

Our objective is to generate an efficient implementation of the
matrix transposition operation. We use a combination of offline
analysis and empirical search to determine the appropriate choice
of optimization parameters. The empirical search happens at instal-
lation time, and is similar to the ATLAS approach to generating an
efficient BLAS library [18, 17].

The following inputs, which define the architecture, are available
to the code generator at compile-time:

e Cache sizes C; and C, in bytes, of L1 and L2 data caches,
respectively.

e Cache line sizes L1 and Ly, in bytes, for L1 and L2 caches,
respectively.

e Degrees of cache associativity K1 and K, of L1 and L2 caches,
respectively.

e \ector size S, bytes. We have S, = 16 in both SSE/SSE2 and
Altivec.

1Some cacheability control instructions are not part of multimedia
extensions, e.g. instructions dcbt and dcbz in PowerPC.
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Figure 2: Improvement from using SIMD in memory copy

e Number of vector registers N;.

o Number of TLB entries Nt.g 2.

In systems with an L3 cache, L3 cache parameters are used in
place of that of L2. In general, we are interested in the innermost
and outermost levels of the cache hierarchy. Two platforms are used
in our research, an Intel Pentium 4 with SSE/SSE2 and an Apple
G5 with AltiVec. The configuration and architectural parameters of
these two machines are listed in Table 2.

Table 2: Architectural parameters and configuration used for
evaluation

Pentium 4 2.4GHz  PowerPC G5 2.0GHz

C1 8K 32K
Ly 64 128
Ky 4 2
C 512K 512K
Lo 64 128
Ko 8 8
S 16 16
Ny 8 32
NriB 64 1024
Front-side Bus 533 MHz 1GHz
[6F] Linux 2.4 Mac OS X 10.4
Compiler icc 8.0 Apple gcc 3.3
Compiler Flags -03 -03 -faltivec

The following inputs provide information on the specific matrix
transposition required:

e Data element size: E bytes. Since scientific programs largely
use either double-precision or single-precision floating point
arrays, we consider E = 4 and E = 8 in this paper. All re-
sults in this paper are presented with E = 4, corresponding to
single-precision arrays. Note that larger element sizes sim-
plifies permutation and exploitation of locality.

e Array shape: (N1,N2). In this work we consider row-major
layout with the second dimension being the fastest varying
dimension.

e Array base address: the base address of the source array
Addrg and the base address of the destination array Addr 4 .

2We do not address the limited associativity of TLB entries on
some systems.

Most architectures and compilers provide natural alignments,
which means for any data element at address A with data size
E bytes, it is guaranteed that A mod E = 0.

An array is said to be cache aligned if its base address and num-
ber of elements in a row are a multiple of cache line size.

The code generator takes as input the architecture parameters
and generates multiple versions of code optimized for different cat-
egories of problem instances.

For brevity, we introduce the following notation:

e \ector size in terms of number of elements Ve = S, /E.

e L1 Cache line size in terms of number of elements Lye =
L1/E. Similarly, we have Lye = L/E.

4. CACHEHIERARCHY OPTIMIZATIONS

In this section, we discuss the optimizations addressing the cache
hierarchy in modern systems.

4.1 Tiling for Spatial Locality

We use tiling to exploit spatial locality. The tile size is chosen
to be a multiple of Lie, as other tile sizes lead to accessing par-
tial cache lines, potentially increasing the cache misses over a tile
size that is smaller but an integral multiple of Lie. A tile size of
Loe is most beneficial as it helps bring each element into both L1
and L2 caches just once. Due to the absence of temporal locality,
increasing the tile size beyond the Ly does not improve perfor-
mance, while increasing the possibility of both conflict and capac-
ity misses.

The intra-tile loop indices will henceforth be referred to as i and
j while the inter-tile loop indices will be referred to as iT and jT.
Note that the row-major loop order (iT,jT) corresponds to contigu-
ous access of the source array.

The appropriate tile sizes are chosen empirically from the range
of (L1e,L1e) and (Loe,L2e), such that the tile fits in the L1 cache.
Note that non-square tile sizes can also improve spatial locality, de-
pending on the loop order. For example, given the loop order (iT,jT)
for the tiling loops, the tile size (L1e,L2e) allows the remainder of
L2 cache lines of the source array to be accessed in the next tile,
while improving spatial locality for the target array. The tile size
along the fastest varying dimension for the destination array is de-
noted by tilesize;, and the tile size along the other dimension is
denoted by tilesize,.

Note that tile size determination is problem-independent and can
be performed once. When the architecture parameters do not dic-
tate a particular tile size, we perform an empirical search of the tile
sizes together with the associated loop order. The determination of
the loop order is discussed in more detail in a subsequent section.

4.2 Two-level Tiling to Handle Cache Misalign-
ment

The tiling described above can be insufficient when the arrays
are not cache aligned. For example, consider the tiling shown in
Figure 3. The tile size is chosen to be Lye, and the tiles are accessed
in a strided fashion, as depicted by the downward arrow. For larger
problem sizes, this would result in all L2 cache lines except one to
miss in the L1 cache, as the entire column has to be scanned before
the partially accessed cache lines can be reused. This effectively
doubles the number of L1 cache misses over the minimum possible.

Simply increasing the tile size greatly increases chances of con-
flict and capacity misses. A reordering of the processing of the
tiles, as indicated by the numbering of the tiles, allows retaining of
the partially accessed cache lines thus enabling reuse. In the best
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Figure 3: Two-level tiling to handle cache misalignment with
tiling factor T=2. The arrow indicates strided inter-tile loop
order

case, this reduces the number of cache misses per tile to eight from
fifteen. This reordering is achieved by another level of tiling.

The tile size for the second level is chosen to be a multiple of
the L2 cache line size, T x Lge. If a cache line is accessed in the
outer tile but not accessed in the inner tile, it should be kept in L1
cache until it is fully accessed. Therefore, we have the following
observations based on Figure 3:

1. Ifthe writes for an inner tile are not buffered, explained in the
next section, the L1 cache needs to hold at least (2T +2)Loe
cache lines. Therefore, 1 <T < ﬁ — 1. We conserva-

tively have T = ﬁ — 2, to leave some L1 cache space for
temporary variables.

2. Otherwise, only (T + 2)Lye tiles need to be kept in the L1
cache since the data buffer is guaranteed to be cache aligned.
We have 1 <T < Lf,_l — 2. Similar to the above case, we

c 2
- G
— Lalze 3.

choose T

4.3 Minimizing TLB Misses

TLB misses can be severe given the memory access pattern in
matrix transposition, despite tiling for the cache hierarchy. Another
level of tiling can be introduced to alleviate the TLB misses. We
select this tile size to be

tilesizer g = Ny.g/2 — Max(tilesizes , tilesizey).

This enables us to efficiently use about half the TLB entries without
introducing further complexity of having conflict misses with in-
cache buffers or worrying about the loop order for this outermost
loop level.

On Pentium 4, which has Nt g = 64, tilesizeT g is selected as
16, which is the same as tilesize; and tilesize,, making tiling for
TLB redundant. On PowerPC G5, because Nt g = 1024 and TLB
miss penalty is high, TLB tiling improves the performance by 37%.

4.4 ldentifying and Handling Conflict Misses

Most existing literature on matrix transposition assumes the pres-
ence of conflict misses [4, 9]. While severe in the context of bit-
reversal, matrix transposition of arrays with relatively large dimen-
sions is not afflicted by conflict misses to the same degree. We
simulated the conflict misses when the base addresses of the arrays
are cache aligned and N1 and N2 are varied from 1 to 4 «C,/E.
We found that conflict misses occur in the L1 cache for only 12.1%
of the cases for the architecture parameters corresponding to Intel
Pentium 4.

If both arrays are cache-aligned and both dimensions are multi-
ples of Ly, conflict misses can be predicted based on the following
observations:

Let N be represented as 2" x (2s+ 1). Conflict misses can only
occur in the following cases:

1. When 2" < & and Sk < tilesize;.
c
2. When 2" > KE-

When a tile in mini-transposition is not cache-aligned, any row
in this tile of size mx Liecrosses m+1 L1 cache lines. In practice,
we have m=1 or m= 2. For an arbitrary base address and array
shape, it is not easy to analytically determine the presence of con-
flict misses. However, since the tile size is a multiple of L1g, it is
guaranteed that the cache footprints of all tiles have the same pat-
tern. Figure 3 illustrates such an example, where the cache line off-
set patterns in different tiles are identical and the distance between
two neighboring tile rows is guaranteed to be the same across tiles.
Since one row in a tile crosses at most 3 cache lines in a tile, we can
inspect no more than 3 xtilesize; cache lines to determine whether
there are conflict misses in one array. This inspection procedure has
a very low overhead since it is only invoked once for all of the tiles
in an array. Note that most modern processors have a virtually in-
dexed L1 cache. Our inspection procedure is accurate on Pentium 4
because any given cache line equivalent of data in an array can only
be mapped to a single L1 cache set (4 cache lines). In general, our
procedure is inaccurate on processors with physically tagged L1
cache, such as PowerPC G5, because contiguity in cache lines de-
pends on the vitrual-to-physical mapping. Zhang and Zhang [23]
observed that contiguous locations in virtual memory are usually
mapped to contiguous locations in physical memory. Under this
“contiguous allocation” assumption, our model is accurate.

We handle conflict misses by using buffers to copy the data cor-
responding to the innermost tile before processing. Depending on
the order of the loops, one of the arrays is accessed contiguously,
one row at a time. The other array is buffered to handle conflict
misses. The effective detection of conflict misses is critical, since
a conservative assumption of the presence of conflict misses would
unnecessarily introduce copying, impairing performance. On the
other hand, not detecting conflict misses can significantly worsen
performance.

5. MEMORY SUBSYSTEM OPTIMIZATIONS

5.1 Buffering of Writes

Most modern architectures provide instruction-level mechanisms
that enable cacheability control. For example, AltiVec provides in-
structions to zero out a cache line, without any read or write of the
corresponding address in memory. This can be utilized to eliminate
unnecessary bandwidth in reading a write-only array into cache.
Going further, SSE/SSE2 provide non-temporal write instructions



that write an entire cache line, stored in a sequence of SIMD regis-
ters, directly into memory. This not only avoids wastage of band-
width reading write-only data into cache, but also reduces cache
pollution reducing the possibility of conflict and capacity misses.

Both mechanisms require the grouping of operations on the write
array to operate on full cache lines. When tiling is used, in order
to write a complete cache line, a buffer of size least L1 elements
is needed. For single-precision arrays, such an in-register buffer
would require 16 registers on the Intel Pentium 4 and 32 registers
on the PowerPC G5. Since there are only 8 SIMD registers on
Pentium 4 and 32 SIMD registers on PowerPC G5, which are also
needed for read and permutation operations, it is not feasible to
maintain a buffer using the available registers. To overcome this
limitation, we employ an in-cache buffer.

Buffering of writes also helps group read and write operations.
Memory subsystems may have a turnaround time between read and
write operations [3]. In addition, grouping of accesses to each ar-
ray improves memory performance by allowing more contiguous
access.

Note that buffering for writes increases the cache pressure for
the L1 cache. The choice is architecture-dependent and is decided
empirically at installation time.

5.2 Loop Order Selection

The choice of loop order determines which array is accessed con-
tiguously across the processing of different tiles. This can result in
reading or writing of contiguous cache lines. Different memory
subsystems are biased towards either contiguous reads or contigu-
ous writes. For example, on the Pentium 4, read of a cache line
results in the prefetching of the subsequent cache line. This bene-
fits biasing the loop order to processing contiguous source tiles.

The choice of loop order also interacts with the tile sizes chosen,
as was described in Section 4. It is non-trivial to determine the
appropriate loop order analytically. We empirically determine the
appropriate loop order on a given machine at installation time. Note
that the appropriate choice depends on the target architecture and
is independent of the problem instance.

6. EXPLOITINGSIMD INSTRUCTIONSETS

The matrix transposition within the innermost tile is referred to
as the micro-matrix transposition. On a given architecture, there
are often many instruction sequences to do micro-matrix transpo-
sition. This is due to the various choices available in the SIMD
instruction sets in doing the permutation operation. In addition,
the order of instructions and the choice of memory access opera-
tions makes a difference. less critical as most modern architectures
support out-of-order execution. The different versions using the
SIMD instruction sets correspond to different procedures to effect
the transposition, and hence have different memory access patterns,
instruction sequences, and register usage.

Data alignment constraints are imposed by most SIMD exten-
sions. It implies that a memory access should be at an address
divisible by the vector length. As one exception, SSE supports
unaligned loads/stores. We need to obtain different versions of
micro-transposition for the cases with and without perfect vector
alignments.

Even if the base address of an array is aligned along vector bound-
aries, when dimensions are not multiples of the vector size, the
vectors involved in a micro-transposition are not aligned for vector
loads or stores.

Following the shifting approach [8], we can shift a data stream
to handle vector misalignments. Therefore n+ 1 aligned memory
accesses and n data shifting operations are needed to obtain n con-

tiguous vectors in a stream. In our case, Ve rows in a data tile are
treated as Ve data streams. If the intra-tile loop order for the in-
nermost tile is selected to be (i,j), tilesize; /Ve + 1 loads are needed
to read each row in the source tile. In this case, if the destination
tile is misaligned, we cannot write it with the same strategy be-
cause tilesize; registers are needed to use the shifting procedure
efficiently. When loop order (j,i) is selected, we have an opposite
result that prefers vector writes but not vector reads. We assume
the (i,j) order in the discussion below.

With AltiVec, it is simple to conduct the shifting procedure be-
cause the permutation pattern can be computed at run time using
instructions vsl and vsr. Only one micro-transposition is needed
for all the misaligned cases of an array. For the other array, if it is
not vector aligned, scalar instructions have to be used.

While with SSE, because there is no native support for inter-
register shifts, the shifting patterns must be known at compile time
or misaligned memory accesses in SSE must be utilized. Given
that the tile sizes are always multiples of Ve, it is guaranteed that
every complete tile shares the same alignment patten as shown in
Figure 3. The alignment of a tile row is decided by both the base
address Addrgc and N2. For any Ve, Ve2 alignment patterns exist.
We peel the first (Addrgc mod E) loops to make the first row in ev-
ery tile vector-aligned thus reduce the number of alignment patterns
to Ve. For example, following this approach, when Ve = 4, all the
4 possible alignment patterns in a tile are (0,0,0,0,...), (0,1,2,3,...),
0,2,0,2,...), (0,3,2,1,...). For multimedia extensions such as SSE
lacking flexible data reorganization support, this approach is nec-
essary to control the number of code versions. Consequently, mul-
tiple versions of mini-transposition are necessary for SSE if mis-
aligned memory accesses do not perform better.

7. INTEGRATED OPTIMIZATION FRAME-
WORK

In this section, we discuss the generation of a matrix transposi-
tion library without information on the specific problem instance.
The pseudo-code for the generated code with write buffering, TLB
tiling, and one level of tiling for spatial locality is shown in Fig-
ure 4.

Figure 6 depicts the procedure used to generate the library. The
best micro-transposition kernels are first selected by executing each
candidate on in-cache arrays. Note that more than one kernel might
have to be evaluated, each corresponding to a degree of misalign-
ment.

The architectural parameters are then used to analytically deter-
mine the set of candidate tile sizes for the two levels of tiling and
the TLB tiling. Then a version of code is generated for each de-
gree of misalignment using the different micro-transpose kernels.
Different variations of these versions are generated for all the op-
timization parameters to be determined at installation time. Vari-
ations corresponding to illegal parameter combinations are pruned
away. For example, with misaligned inputs, using SIMD instruc-
tions on AltiVec requires buffering on at least one array due to the
lack of misaligned memory accesses. So it is not feasible to have a
variation without buffering while using SIMD instruction set.

The different variations of each version are then empirically eval-
uated and the variation achieving the best average performance, in
terms of bandwidth, for each version is chosen.

For each version, two implementations are generated, one with
buffering for reads, to handle inputs with conflict misses, and an-
other without. All the implementations thus generated comprise
the matrix transposition library.

The runtime decision tree is shown in Figure 5. The presence



//Notation:

//tilesize_TLB : TsizeTLB
//tilesize_1 : T1
//tilesize_2 . T2
//in-cache buffer : BUF[T1 * T2]
//

1)for iTLB = 0 to N1-1 step tsizeTLB
2) for jTLB = 0 to N2-1 step tsizeTLB
3) for iT = iTLB to iTLB+tsizeTLB-1 step T1
4) for jT = jTLB to jTLB+tsizeTLB-1 step T2

5) // Mini-transposition

6) for i = iT to iT+T1-1 step Ve

7) for j = jT to jT+T2-1 step Ve

8) // Micro-transposition

9) Load Ve vectors
ATil[31,...,A[i+Ve-1] [j+Ve-1]

10) In-register matrix transposition

11) Store these Ve vectors to BUF

12) for j = jT to jT+T2-1

13) Load A[iT]([jl,A[iT+1]1[j],...,A[iT+T1-1][j]
from BUF as T1/Ve vectors

14) Store these vectors using non-temporal

writes from BUF to
B[j1[iT],B[j]1[iT+1],...,B[j] [iT+T1-1]

Figure 4: Matrix transposition code with one-level tiling and
buffering writes

of conflict miss is first verified either analytically or using the in-
spector described earlier. This is used to choose between the im-
plementations with or without read buffering. Then the appropriate
version of code is chosen depending on the alignment of the arrays
with respect to vector size.

8. EXPERIMENTAL RESULTS

We evaluate the performance of the library generated on the In-
tel Pentium 4 and PowerPC G5. The code generation parame-
ters that were determined analytically are shown in Table 3. Note
that on both machines the L1 cache is large enough to hold two
Loe X Loe tiles and L1 = L, thus allowing the innermost tile size to
be Loe. Also note that there is no TLB tiling on Pentium 4 because
tilesizer g = tilesizey ».

For the cache-aligned case, 8 legal parameter combinations were
evaluated for Pentium 4 and PowerPC G5. For the misaligned

Problem instance: N1,N2, Addr ., Adry

Cache aligned Inputs?

yes no

cache aligned
/ buffered

cache aligned
/ unbuffered

m

‘ector
ent

cache misaligned / unbuffered

cache misaligned / buffered

Figure 5: Runtime decision tree for implementation selection.
The leaves of the tree correspond to the implementations

Select the best micro
transposition kernels with
in-cache arrays

Hand-written ____ |
micro kernels

Analytically decide Tilesize g, level

Architectural 2 tiling factor T, candidate

rameter: L S
parameters values for tilesize, tilesize
Create different versions
lllegal - l —
parameter | Foreach version, create variations
combinations of legal parameter combinations

Choose the best variation for
each version. Two implementations
for the best variation in each version.
One with read buffering, the other
without read buffering.

Figure 6: Library code generation procedure

cases, 8 legal combinations were evaluated for Pentium 4, but only
6 combinations on PowerPC G5. 2 combinations with (i,j) order
but without copying for writes are not possible because there is
no misaligned memory access on PowerPC. The empirically deter-
mined parameters are shown in Figure 4. Note that the presence or
absence of write buffering does not affect the performance on Pen-
tium 4 for cache-aligned inputs. The installation procedure took
several minutes on both machines.

In Figure 7(a) and Figure 7(b), we demonstrate the contributions
of individual optimizations to the overall improvement in perfor-
mance. Since our optimization procedure is not incremental in na-
ture, we chose an arbitrary order of applying the optimizations. For
each set of optimization parameters the best version is chosen and is
evaluated on a large number of randomly selected array sizes. With
the same group of optimizations, the average performance of the
best version over a large number of data points is shown. The eval-
uation of both the scalar and vector implementations is presented.
The performance of the compiler generated code is presented in
the captions to the figures. The effectiveness of memory hierarchy
management is demonstrated by the performance improvement ob-
tained in matrix transposition using only scalar instructions over the
compiler-generated code. For example, SMD:2-level tiling + copy
denotes that we apply two-level cache tiling and include buffering
for writes as an option but do not apply TLB tiling. We can ob-
serve that the SIMD version outperforms the scalar version with
same optimization considerations. For example, on Pentium 4, the
best SSE code has a speedup of 2.24 over the best scalar version.
Several versions are not shown because some combinations of pa-
rameters are not legal or not considered with aligned cases. For
example, we have to use copy to handle misaligned inputs on G5
therefore tiling without copying for writes can not be applied.

Table 3: Analytically-determined parameters for single-

precision matrix transposition
Pentium 4 PowerPC G5

tilesize, 16 32
tilesizeo 16 32
second-level tile size 80 160

TLB tile size 16 480




Table 4: Empirically determined parameters for single-
precision matrix transposition
Misaligned Aligned
input input
Loop Write Loop Write
order buffering order buffering
Pentium 4 @G,)(T,jT) no 3.)(3TT) yes
PowerPC G5  (j,i)(jT,iT) yes 3,)(TT) either

We observe that in most cases adding optimization components
such as whether to copy for writes or to use an additional level of
tiling improve performance, which shows the benefit of the addi-
tional optimization components. The only exception is with mis-
aligned inputs, TLB tiling degrades performance after two-level
cache tiling is applied. We are investigating the cause and hope
to incorporate this consideration into our future work.

Figure 8(a) and Figure 8(b) show the performance of different
versions when N; = N, = N on Pentium 4 and PowerPC G5, re-
spectively. Inputs are cache-aligned and all the optimization pa-
rameters are considered. Not all the versions are shown here due to
space limitations, but the best version is always shown. memcpy is
the performance of the function memcpy provided by the operating
system. Our best version performs close to the memcpy provided
on Pentium 4 because memcpy is implemented in the RedHat Enter-
prise Linux AS 3 release as a scalar copy. On the other hand, Mac
OS X provided a highly tuned SIMD implementation of memcpy
as part of its kernel thus it outperforms our best version by about a
factor of 2.

In our experiments on Pentium 4, we have L1 and L, reported
as 64 bytes by PerfSuite [13], which uses the CPUID instruction to
get hardware information of Intel processors. However, 128 bytes
is often reported by micro-benchmarks as Pentium 4’s L2 cache
line size such as in [21]. This is because a BIOS feature called “ad-
jacent sector prefetch” is enabled to prefetch the next cache line for
a read. On our experimental platform, this feature is also enabled
as on most desktop Pentium 4 systems. This explains why the ver-
sion with (iT,jT) order outperforms the version with (jT,iT) order
by 43% since the latter version does not use the prefetched cache
line before it is evicted. By employing an empirical search strategy,
we implicitly exploit this architectural feature without knowing its
existence.

On PowerPC G5, the two best versions offer almost the same per-
formance and the only difference between them is whether copying
is used for writes. In Figure 7(b), we can also observe that any two
versions, with or without copying for writes as an option, have the
same average performance since adding copying only slightly de-
grades the performance. However, on Intel Pentium 4 the best ver-
sion with buffer copy significantly outperforms the version without
copying for writes. The reason is possibly that G5 has a dedicated
load bus and a dedicated store bus and both buses work in a fully
independent fashion. Also, the cacheability control on G5 is not as
efficient as non-temporal writes on Pentium 4.

The (j,i) intra-tile order always performs better than (i,j) order on
both platforms. We believe with (j,i) order there is better exploita-
tion of DRAM’s pipelined parallelism because of the increased pos-
sibility of accessing different memory banks simultaneously.

Many architectural features such as memory-bus design or DRAM
types vary greatly with architectures and even with specific ma-
chine configurations. The exploitation of these architecture-specific
features are often out of the scope of most model-driven compiler
optimizations. The above observations demonstrate the effective-
ness of our empirical search in exploiting these “hidden” architec-
tural features, especially for memory bandwidth-bound programs.

Figure 9(a) and Figure 9(b) demonstrate the performance of trans-
posing N x N misaligned single-precision matrices on Pentium 4
and PowerPC G5, respectively. In the presence of cache misalign-
ments, different parameter combinations are selected as the best
as compared to the cache aligned case. Unlike the cache aligned
case, the variation in the performance of different versions is not
significantly different on Pentium 4. The version without buffering
for writes outperforms the other versions. The misalignment pre-
cludes the use of non-temporal writes and complicates the memory
bus traffic pattern. This possibly leads to the benefits from buffer-
ing for writes being overshadowed by the buffering overhead. On
PowerPC G5, the (jT,iT)(j,i) combination is selected as the best ver-
sion. In comparison, it underperforms the (iT,jT)(j,i) combination
with cache-aligned inputs.

9. RELATED WORK

Theoretical study and empirical evaluation of optimizing ma-
trix transposition with cache performance considerations was con-
ducted in [4, 9]. The authors conclude that, assuming conflict
misses are unavoidable, it is impossible to be both cache efficient
and register efficient, and employ an in-cache buffer. Other mem-
ory characteristics are not taken into account. Zhang et al. [23]
focus on how to write an efficient bit-reversal program with loop
tiling and data padding. We do not have data padding as an option
since we focus on generation of a library that cannot change layout
of its inputs. The primary focus of that paper is on conflict misses,
which is important in bit-reversal. We showed in Section 2 that
conflict misses are not as widespread in the case of matrix transpo-
sition.

Different implementations of matrix transposition are investi-
gated by Chatterjee et al. [5], with the conclusion that hierarchical
non-linear layouts are inherently superior to the standard layouts
for the matrix transposition problem. Optimizing for such layouts
is beyond the scope of this paper.

There have been studies on how to achieve space-efficiency in
matrix transposition or its more generalized forms [1, 14, 2, 7]. Our
present work does not handle in-place transposition. We intend to
handle in-place transposition by carefully ordering the transposi-
tion at the tile level and marking transposed tiles.

Several studies focus on how to generate or optimize intra-register
permutations. The generation of register-level permutations is ad-
dressed in [12]. The algorithm optimizes data permutations at the
instruction level and focuses on SSE instructions. Ren et al. [16]
present an optimization framework to eliminate and merge SIMD
data permutation operations with a high-level abstraction. Both
studies propagate data organization along data-flow graphs and fo-
cus on reducing intra-register permutations. We manually generate
various versions of micro-kernels and empirically choose the best
one. While limiting, the manual process is only repeated once for
every vector instruction set. The limited number of vector instruc-
tion sets allows this process to be applicable across a wide range of
processor architectures.

Empirical search employed in library generators such as ATLAS
[18, 17, 20] has drawn great interest because of the complexity
of analytical modeling of optimal parameters for modern architec-
tures. However, empirical global search is often too expensive to
apply. Yotov et al. [22] present a strategy employing both model-
driven analysis and empirical search to decide optimization param-
eters in matrix multiplication. Chen et al. [6] also present an ap-
proach to combining compiler models and empirical search, us-
ing matrix multiplication and Jacobi relaxation as two examples.
Our work is similar in spirit but is applied to a computation that
is bandwidth-limited and has no temporal locality. Matrix trans-
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position is similar to the level 1 BLAS kernels optimized by Wha-
ley and Whalley [19] using an empirical search-based approach.
But the presence of strided memory access in matrix transposition
makes it harder to exploit spatial locality.

10. CONCLUSIONS AND FUTURE WORK

Extensive research has been conducted on optimizing matrix trans-

position and related problems because of its ubiquitous usage and
unique memory access patterns. In this paper, we presented our
approach employing both offline analysis and empirical search to
decide optimization parameters for matrix transposition. We han-
dle various alignments and conflict misses by generating multi-
ple versions. Significant improvements are reported on Intel Pen-
tium 4 and PowerPC G5 platforms with code generated by a spe-
cial code generator. Several interesting observations demonstrate
the effectiveness of our approach in exploiting hard-to-optimize
architecture-specific features in the cache hierarchy and the mem-
ory subsystem. We believe our approach is very promising in opti-
mizing other memory bandwidth-bound kernels and streaming ap-
plications.

We intend to generalize the approach in this paper to optimize
arbitrary index permutations of multi-dimensional arrays, the gen-
eralized form of matrix transposition. Index permutation is a key
operation in many scientific applications such as those in compu-
tational chemistry, weather modeling, computational oceanology,
and data layout transformation to improve locality in programs [11,
10]. We are investigating the reduction in the number of versions to
be generated while optimizing for the different permutations. The
decrease in the size of each dimension with increasing dimensional-
ity impairs the benefits achievable from optimizations such as loop
tiling. In addition, the index calculation overhead must be effec-
tively controlled to achieve high performance.
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