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ABSTRACT

Matrix transpositioris animportantkernelusedin mary applica-
tions. Eventhoughits optimizationhasbeenthe subjectof mary
studies,an optimization procedurethat targetsthe characteristics
of currentprocessoarchitecturediasnot beendeveloped. In this
paper we develop an integratedoptimizationframework that ad-
dresses numberof issuesjncludingtiling for thememoryhierar
chy, effective handlingof memorymisalignmentutilizing memory
subsystentharacteristicsand the exploitation of the parallelism
provided by the vectorinstructionsetsin currentprocessorsA ju-
diciouscombinatiorof analyticalandempiricalapproacheis used
to determinethe mostappropriateoptimizations. The absenceof
probleminformationuntil executiontime is handledby generating
multiple versionsof thecode- thebestversionis choseratruntime,
with assistancérom minimal-overheadnspectors.The approach
highlightsaspectof empiricaloptimizationthat areimportantfor
similar computationswith little temporalreuse. Experimentalre-
sultson PaverPCG5 and Intel Pentium4 demonstratehe effec-
tivenesof the developedframework.

Categoriesand Subject Descriptors

D.3.4[Programming Language$: Processors-eodegeneation;
compiles; optimization
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Algorithms, Performance
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1. INTRODUCTION

Matrix transpositionis an importantkernel occurringin mary
applications.Althoughit essentiallyinvolvesonly memorycopy-
ing, the requiredpermutatiorresultsin complex problem-sizede-
pendentccespatternslt is achallengingaskto developtranspo-
sitioncodethatis optimizedfor differentarraysizesandalignments
ondifferentarchitectures.

In this paper we addresghe developmentof a library for high-
performancenatrix transpositionWe identify the optimizationop-
portunitiesand parametersWe thenemplg/ both of ine analysis
and empirical searchto determinethe appropriateoptimizations.
When the exact optimizationchoicescannotbe madeat installa-
tion time, we generatenultiple versionsandchooseheappropriate
versionatruntime.

Weaddressariousissuesandoptimizationopportunitiesn achie/-
ing high-performancéor this kernel. We presenta two-level tiling
stratgy to improve spatiallocality in the L1 cache. An analyti-
cal modelto minimize TLB missesis presented.A modelis de-
velopedto predictthe presenceof con ict missesfor a subsetof
the probleminstances For othercaseswe develop a low-costin-
spectorthat can accuratelydetectthe presencef con ict misses
atruntime. Mechanismgo take into consideratiorothercharacter
istics of the memorysubsystermareincluded. We take advantage
of the SIMD instructionsetswidely availablein moderncomput-
ing systems.They have beenshawn to be bene cial in improving
thememorybandwidthof bandwidth-limitedcomputationsuchas
memorycopy. Theparallelismin the SIMD hardwarealsoenables
ef cient registerlevel matrix transpositionin exploiting thesefea-
tures,we addressattendantssuessuchasdataalignment.

A specialcodegeneratohasbeendesignedandimplementedo
automaticallygenerateodeusingSSE/SSE®nIntel architectures,
AltiV econ PaverPCarchitecturespr just scalarinstructions.

We shaw thatthethe costof matrix transpositiorcanbereduced
signi cantly usingourapproachTheeffectivenesof ourapproach
in tuning for the target architecturés demonstratedy the perfor
mancemprovementobtainedn matrix transpositiorusingjustthe
scalarinstructionset. Furtheroptimizationsusing the SIMD in-
structionsetresultin the bestperformanceof matrix transposition
to be up to 43% and 98% of memcpyprovided by the native oper
atingsystempon Pentium4 andPonerPCG5, respectiely.

The paperis organizedas follows: Section2 provides back-
groundon the matrix transpositiorproblem. Section3 elaborates
on the matrix transpositiorproblemandde nesits input parame-
ters. Optimizationstargetingthe memoryhierarchyareaddressed
in Section4. Section5 details optimizationstargeting the char



1) for i =0 to Ni1-1
2) for j =0to N2-1
3) Bl = Al

Figure 1: A simpleimplementation of matrix transposition

acteristicsof modernmemorysubsystemsExploitationof SIMD
instructionsetsis describedn Section6. Section7 presentshe
integratedframavork that combinesthe variousoptimizationsde-
scribedto develop a matrix transpositioribrary for a giventarget
system.Experimentatesultsarepresentedn Section8. Section9
discusseselatedwork andSection10 concludeshe paper

2. BACKGROUND AND MOTIVATION

Matrix transpositionis widely usedin mary typesof applica-
tionsandis oneof the mostfundamentahrrayoperations Despite
its ubiquitousnature matrixtranspositions still commonlywritten
in loopform asshavn in Figurel. Existingcompilersareincapable
of translatinghisimplementatiorinto anef cient executablecode.
For example,the programin Figure1 wascompiledusingthe In-
tel C compilerwith “-O3” option. On an Intel Pentium4 with a
533MHz front side bus, the executableachieved an averageband-
width of 90.3MB/s for single-precisiorarrayswith eachdimension
rangingfrom 3800to 4200. Thisis only 4.4%of thesustaineaopy
bandwidthreportecby the STREAM memorybenchmarK15].

Similar to mary streamingmultimediaworkloads matrix trans-
position lacks temporallocality (eachelementis accesseance)
andhasa large cachefootprint. The dataaccesgatternin matrix
transpositiommalesit dif cult to avoid performanceroblemsdue
to the cachehierarchy In particular the following issuesneedto
be addressed:

In the absencef temporallocality, only spatiallocality can
be exploitedto reducecachemisses.

The strided accesspattern potentially incurs high con ict
misspenaltiesdueto thelimited associatiity of caches.

For large arraysizes,the stridedaccesdeadsto heary TLB
misspenalties.

Matrix transpositiortanbecharacterizedsamemorybandwidth-
boundproblem. A substantiabortion of the total overheadis at-
tributableto thememorysubsystenfthe memorybusandthe main
memory)in thefollowing aspects:

Sincethe outputarray never needsto read,a cachehierar
chy with write-allocatepolicy wasteamemorybandwidthby
bringingthedestinatiorarrayinto cache.

Dead cycles betweenback-to-backread/write transactions
areneededvith mary memory-tlusdesigns Previousstudies
[3] have demonstratethatsigni cant bandwidthlosscanbe
causedoy memory-bisturnaround Sincematrix transposi-
tion consistof anequalnumberof readandwrite operations,
therecanbeasigni cant lossof memorybandwidthevenaf-
ter carefuloptimizationfor the cachehierarchy

At theDRAM side,arow of dataon a memorybankis read
into a row buffer, providing an opportunityto exploit local-
ity. A memoryschedulemay reusethe datain arow buffer
efciently eliminatingadditionalprecharge androw activa-
tion. In addition,accessew® dataon differentmemorybanks
canbepipelinedin popularDRAM designs.

Many modernprocessordiave adoptedmultimediaextensions
characterizedsSinglelnstructionMultiple Data(SIMD) unitsop-
eratingon pacled shortvectors. Examplesof theseSIMD exten-
sionsincludeSSE/SSE2/SSHBr Intel processorandVMX/AItV ec
for PaverPCprocessors When SIMD supportis employed, pro-
gramssuchasmatrix transpositiorcanbene t from the following
aspects:

SIMD extensionftenprovide anindependeniargeregister

le to reducecachepressure.Datareoiganizationinstruc-
tions provide anopportunityto ef ciently reoiganizedataat
registerlevel.

A SIMD load/storeinstructionoften outperformsanequia-
lentsequencef scala€Tmemoryaccessnstructions.

Cacheability control is often provided by modernarchitec-

turesaspartof theirmultimediaextensionst. Thecacheabil-

ity controlinstructionssuchassoftwareprefetchandstream-

ing writes enablesoftware assistedlatacachemanagement
andhave asigni cant impacton streamingapplications.

Theabore discussionis summarizedn Tablel.

Table 1: Optimization challengesfor matrix transposition

Catgory Challenge
Exploiting spatiallocality
Cachehierarchy | Minimizing con ict misses

ReducingTLB misses

Improving memorybandwidthutilization
Memorysubsystem| Reducingmemory-lusturnarouncbverhead
Exploiting ef cient DRAM accesses
Exploiting intra-registerdatareoiganization
Accessingdatawith alignmentconstraints
Exploiting cacheabilitycontrolinstructions

SIMD instructions

To illustrate the potentialbene ts of emplg/ing SIMD exten-
sionsin memorybandwidth-boungroblems,Figure 2 shavs the
performancelifferencen memorycopy performanceaisingthescalar
and SIMD instructionsetson an Intel Pentium4 anda PoverPC
G5. The con gurationsof thesetwo processorare listed in Ta-
ble 2.

3. INPUT PARAMETERS

Our objective is to generatean ef cient implementatiorof the
matrix transpositionoperation. We use a combinationof of ine
analysisand empiricalsearchto determinethe appropriatechoice
of optimizationparametersTheempiricalsearcthappenstinstal-
lationtime, andis similar to the ATLAS approacho generatingan
efcient BLAS library [18, 17].

Thefollowing inputs,whichde ne thearchitectureareavailable
to the codegeneratoat compile-time:

CachesizesC; andCy, in bytes,of L1 andL2 datacaches,
respectiely.

Cacheline sizesL1 andL, in bytes,for L1 andL2 caches,
respectiely.

Degreesof cacheassociatiity K1 andK; of L1 andL2 caches,
respectiely.

VectorsizeS, bytes.Wehave S, = 16in bothSSE/SSE2nd
Altivec.

1somecacheabilitycontrolinstructionsarenot partof multimedia
extensionsge.g.instructionsdcbtanddcbzin PoverPC.
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Figure2: Impr ovementfrom using SIMD in memory copy

Numberof vectorregistersN; .
Numberof TLB entriesNt g 2.

In systemswith an L3 cache,L3 cacheparametersare usedin
placeof thatof L2. In generalwe areinterestedn theinnermost
andoutermostevelsof thecachehierarchy Two platformsareused
in our researchan Intel Pentium4 with SSE/SSEZndan Apple
G5with AltiV ec. Thecon gurationandarchitecturaparametersf
thesetwo machinesrelistedin Table2.

Table 2: Architectural parametersand con guration usedfor
evaluation

Pentium4 2.4GHz PowerPCG52.0GHz

C1 8K 32K
Ly 64 128
Ky 4 2
C 512K 512K
Lo 64 128
Ko 8 8
S 16 16
Ny 8 32
NriB 64 1024
Front-sideBus 533MHz 1GHz
os Linux 2.4 MacOSX 10.4
Compiler icc8.0 Applegcc3.3
CompilerFlags -03 -O3-faltivec

Thefollowing inputsprovide informationon the speci ¢ matrix
transpositiorrequired:

Dataelemensize:E bytes.Sincescienti ¢ programdargely
useeitherdouble-precisiomr single-precisionoating point
arrays,we considerE = 4 andE = 8 in this paper All re-
sultsin this paperarepresentedvith E = 4, correspondingo
single-precisiorarrays. Note that larger elementsizessim-
pli es permutatiorandexploitationof locality.

Array shape:(N1,N2). In this work we considemrow-major
layout with the seconddimensionbeingthe fastestvarying
dimension.

Array baseaddress:the baseaddressof the sourcearray
Addrs,c andthebaseaddressf thedestinatiorarrayAddr 4 -

2We do not addressthe limited associatiity of TLB entrieson
somesystems.

Mostarchitectureandcompilersprovide naturalalignments,
which meandor ary dataelementtaddres#\ with datasize
E bytes,it is guaranteethatA modE = 0.

An arrayis saidto be cachealignedif its baseaddresandnum-
berof elementsn arow areamultiple of cachdine size.

The code generatortakes as input the architectureparameters
andgeneratemultiple versionsof codeoptimizedfor differentcat-
egoriesof probleminstances.

For brevity, we introducethe following notation:

Vectorsizein termsof numberof elements/e = S,=E.

L1 Cacheline size in termsof numberof elementsLe =
L1=E. Similarly, we have Lye = L=E.

4. CACHE HIERARCHY OPTIMIZA TIONS

In thissectionwe discusgheoptimizationsaddressinghecache
hierarchyin modernsystems.

4.1 Tiling for Spatial Locality

We usetiling to exploit spatiallocality. Thetile sizeis chosen
to be a multiple of L1, asothertile sizesleadto accessingar
tial cachelines, potentiallyincreasinghe cachemissesover atile
sizethatis smallerbut an integral multiple of L1e. A tile size of
Loe is mostbene cial asit helpsbring eachelementinto both L1
andL2 cachegust once. Dueto the absencef temporallocality,
increasingthe tile size beyond the Ly doesnot improve perfor
mancewhile increasinghe possibility of bothcon ict andcapac-
ity misses.

Theintra-tile loop indiceswill hencefortthereferredto asi and
j while the inter-tile loop indiceswill bereferredto asiT and|T.
Notethatthe row-majorloop order(iT,jT) correspondso contigu-
ousacces®f thesourcearray

Theappropriatdile sizesarechoserempiricallyfrom the range
of (L1e;L1e) and(Loe; Log), suchthatthetile ts in thelL1 cache.
Notethatnon-squardile sizescanalsoimprove spatiallocality, de-
pendingonthelooporder For example giventhelooporder(iT,jT)
for thetiling loops,thetile size(L1e; L2e) allows the remainderof
L2 cachelines of the sourcearrayto be accessedh the next tile,
while improving spatiallocality for the targetarray Thetile size
alongthe fasteswarying dimensionfor the destinatiorarrayis de-
notedby til esize, andthe tile size alongthe otherdimensionis
denotedby til esize.

Notethattile sizedeterminatioris problem-independefindcan
be performedonce. Whenthe architectureparameterslo not dic-
tatea particulartile size,we performanempiricalsearctof thetile
sizestogethemwith theassociatetbop order Thedeterminatiorof
theloop orderis discussedn moredetailin asubsequergection.

4.2 Two-level Tiling to Handle CacheMisalign-
ment

Thetiling describedabose canbe insufcient whenthe arrays
arenot cachealigned. For example,considerthe tiling shavn in
Figure3. Thetile sizeis choserto bel 5, andthetilesareaccessed
in astridedfashion,asdepictedby thedownwardarrow. For larger
problemsizes this would resultin all L2 cachelines exceptoneto
missin theL1 cacheastheentirecolumnhasto be scannedefore
the partially accessedachelines canbe reused. This effectively
doubleghenumberof L1 cachemissesovertheminimumpossible.

Simply increasinghetile sizegreatlyincreaseshancef con-

ict and capacitymisses. A reorderingof the processingof the
tiles, asindicatedby the numberingof thetiles, allows retainingof
the partially accessedachelines thusenablingreuse. In the best



Figure 3: Two-level tiling to handle cache misalignment with
tiling factor T=2. The arrow indicates strided inter-tile loop
order

casethisreduceghe numberof cachemissegertile to eightfrom
fteen. Thisreorderings achiezed by anothefevel of tiling.

The tile sizefor the secondevel is chosento be a multiple of
theL2 cacheline size,T L. If acacheline is accessedh the
outertile but not accesseth theinnertile, it shouldbe keptin L1
cacheuntil it is fully accessedTherefore we have the following
obsenrationsbasedon Figure3:

1. If thewritesfor aninnertile arenotbuffered,explainedin the
next sectionthelL1 cacheneedso hold atleast(2T + 2)Loe

cachelines. Therefore,1 T ZL?LZE 1. We consera-

tivelyhave T = ﬁ 2,toleave somelL1 cachespaceor

temporaryvariables.

2. Otherwise,only (T + 2)Ly tiles needto be keptin the L1
cachesincethe databuffer is guaranteedb becachealigned.
Wehavel T Lf,_lk 2. Similar to the above case,we

C1
Lolze

chooseT =

4.3 Minimizing TLB Misses

TLB missescanbe severe given the memoryaccessatternin
matrix transpositiondespitetiling for thecachehierarchy Another
level of tiling canbe introducedto alleviate the TLB misses.We
selectthistile sizeto be

tilesizg g = Ny =2 Max(til esize;til esize):

Thisenablesusto ef ciently useabouthalfthe TLB entrieswithout
introducingfurther compleity of having con ict misseswith in-
cachebuffers or worrying aboutthe loop orderfor this outermost
looplevel.

On Pentium4, which hasNt g = 64, til esizg g is selectedas
16, which is the sameastil esize andtil esize, makingtiling for
TLB redundantOn PaverPCG5, becauséNt g = 1024andTLB
misspenaltyis high, TLB tiling improvestheperformancéy 37%.

4.4 Identifying and Handling Con ict Misses

Mostexistingliteratureonmatrixtranspositiorassumethepres-
enceof con ict misseg4, 9]. While severein the context of bit-
reversal,matrix transpositiorof arrayswith relatively large dimen-
sionsis not aficted by conict missesto the samedegree. We
simulatedthe con ict missesvhenthebaseaddressesf thearrays
are cachealignedand N1 and N2 arevariedfrom 1 to 4 C,=E.
We foundthatcon ict missesoccurin theL1 cachefor only 12.1%
of the casedor the architectureparametergorrespondingo Intel
Pentium4.

If botharraysarecache-aligneéndboth dimensionsare multi-
plesof Ly, con ict missescanbe predictedbasedn thefollowing
obserations:

Let N berepresenteds2"
occurin thefollowing cases:

(2s+ 1). Conict missescanonly

n C. C . :
1. When2"< WIE and % < tilesize.

2. When2" &

Whenatile in mini-transpositioris not cache-alignedary row
in thistile of sizem Ljiecrossesn+ 1L1 cachdines.In practice,
we have m= 1 or m= 2. For anarbitrarybaseaddresandarray
shapeijt is not easyto analyticallydeterminethe presencef con-

ict misses.However, sincethetile sizeis a multiple of L1g, it is

guaranteedhat the cachefootprintsof all tiles have the samepat-
tern. Figure3illustratessuchanexample wherethe cachdine off-

setpatterndn differenttiles areidenticalandthe distancebetween
two neighboringtile rows is guaranteetb bethe sameacrosdiles.

Sinceonerow in atile crossestmost3 cachdinesin atile, wecan
inspectno morethan3 til esizg cacheinesto determinewvhether
therearecon ict missesn onearray Thisinspectiorprocedurénas
avery low overheadsinceit is only invoked oncefor all of thetiles
in anarray Notethatmostmodernprocessorsiave a virtually in-

dexedL1 cache Ourinspectiorproceduras accuraten Pentium4

becauseary givencachdine equivalentof datain anarraycanonly

bemappedo asingleL1 cacheset(4 cachelines). In generalour
procedureis inaccurateon processorwith physically taggedL1

cache suchasPaverPCG5, becauseontiguity in cachelinesde-
pendson the vitrual-to-physicalmapping. Zhangand Zhang[23]

obsered that contiguouslocationsin virtual memoryare usually
mappedto contiguouslocationsin physicalmemory Under this
“contiguousallocation”assumptionpur modelis accurate.

We handlecon ict missesby usingbuffersto copy the datacor
respondingo theinnermosttile beforeprocessing Dependingon
the orderof theloops,oneof the arraysis accessedontiguously
onerow at atime. The otherarrayis bufferedto handlecon ict
misses.The effective detectionof con ict missess critical, since
aconserative assumptiorof the presencef con ict missesvould
unnecessarilyntroducecopying, impairing performance.On the
otherhand,not detectingcon ict missescansigni cantly worsen
performance.

5. MEMORY SUBSYSTEMOPTIMIZA TIONS
5.1 Buffering of Writes

Mostmodernarchitectureprovideinstruction-leel mechanisms
thatenablecacheabilitycontrol. For example AltiV ecprovidesin-
structionsto zeroout a cachdine, without ary reador write of the
correspondingddressn memory This canbeutilizedto eliminate
unnecessarpandwidthin readinga write-only array into cache.
Going further, SSE/SSE2Jrovide non-temporalvrite instructions



thatwrite anentirecachdine, storedin asequencef SIMD regis-
ters,directly into memory This not only avoids wastageof band-
width readingwrite-only datainto cache,but alsoreducescache
pollution reducingthe possibility of con ict andcapacitymisses.

Both mechanismsequirethegroupingof operation®onthewrite
arrayto operateon full cachelines. Whentiling is used,in order
to write a completecacheline, a buffer of sizeleastL e elements
is needed. For single-precisiorarrays,suchan in-register buffer
would requirel6 registerson the Intel Pentium4 and32 registers
on the PoverPCG5. Sincethereare only 8 SIMD registerson
Pentium4 and32 SIMD registerson PoverPCG5, which arealso
neededfor read and permutationoperations,it is not feasibleto
maintaina buffer usingthe available registers. To overcomethis
limitation, we emplgy anin-cachebuffer.

Buffering of writes alsohelpsgroupreadandwrite operations.
Memorysubsystemmayhave aturnaroundime betweerreadand
write operationd3]. In addition,groupingof accesset eachar-
ray impraoves memoryperformanceby allowing more contiguous
access.

Note that buffering for writes increaseghe cachepressurefor
theL1 cache.Thechoiceis architecture-dependeandis decided
empiricallyatinstallationtime.

5.2 Loop Order Selection

Thechoiceof loop orderdeterminesvhicharrayis accessedon-
tiguouslyacrosghe processingf differenttiles. This canresultin
readingor writing of contiguouscachelines. Differentmemory
subsystemsarebiasedtiowardseithercontiguousreadsor contigu-
ouswrites. For example,on the Pentium4, readof a cacheline
resultsin the prefetchingof the subsequentacheline. This bene-
ts biasingtheloop orderto processingontiguoussourcetiles.

Thechoiceof loop orderalsointeractswith thetile sizeschosen,
aswasdescribedin Section4. It is non-trivial to determinethe
appropriatdoop orderanalytically We empirically determinethe
appropriatéoop orderonagivenmachineatinstallationtime. Note
thatthe appropriatechoicedependson the tamget architectureand
is independenof the probleminstance.

6. EXPLOITING SIMD INSTRUCTION SETS

The matrix transpositiorwithin the innermosttile is referredto
asthe micro-matrix transposition. On a given architecture there
areoften mary instructionsequenceso do micro-matrixtranspo-
sition. This is dueto the variouschoicesavailable in the SIMD
instructionsetsin doing the permutationoperation. In addition,
the orderof instructionsandthe choiceof memoryaccesopera-
tionsmalesa difference lesscritical asmostmodernarchitectures
supportout-of-orderexecution. The differentversionsusing the
SIMD instructionsetscorrespondo differentprocedurego effect
thetranspositionandhencehave differentmemoryaccespatterns,
instructionsequencesandregisterusage.

Data alignmentconstraintsare imposedby mostSIMD exten-
sions. It implies that a memoryaccessshouldbe at an address
divisible by the vectorlength. As one exception, SSE supports
unalignedloads/stores. We needto obtain different versionsof
micro-transpositiorfor the caseswith andwithout perfectvector
alignments.

Evenif thebaseaddres®f anarrayis alignedalongvectorbound-
aries, when dimensionsare not multiples of the vector size, the
vectorsinvolvedin a micro-transpositiomrenot alignedfor vector
loadsor stores.

Following the shifting approach8], we canshift a datastream
to handlevectormisalignments.Thereforen+ 1 alignedmemory
accesseandn datashifting operationsareneededo obtainn con-

tiguousvectorsin a stream.In our case Ve rows in a datatile are
treatedasVe datastreams.If the intra-tile loop orderfor the in-
nermostile is selectedo be(i,j), til esize=Ve + 1 loadsareneeded
to readeachrow in the sourcetile. In this case,if the destination
tile is misaligned,we cannotwrite it with the samestrateyy be-
causetil esize registersare neededto usethe shifting procedure
efciently. Whenloop order (j,i) is selectedwe hase an opposite
resultthat prefersvectorwrites but not vectorreads. We assume
the(i,j) orderin thediscussiorbelow.

With AltiV ec, it is simpleto conductthe shifting procedurebe-
causethe permutationpatterncan be computedat run time using
instructionsvsl andvsr. Only one micro-transpositioris needed
for all the misalignedcasef anarray For the otherarray if it is
notvectoraligned,scalarinstructionshave to be used.

While with SSE, becausehereis no native supportfor inter
registershifts, the shifting patternamustbe known at compiletime
or misalignedmemoryaccessein SSEmustbe utilized. Given
thatthetile sizesare alwaysmultiplesof Ve, it is guaranteedhat
every completetile shareghe samealignmentpattenasshavn in
Figure3. Thealignmentof atile row is decidedby boththe base
addresAddrsc andN2. For ary Ve, Ve2 alignmentpatternsexist.
We peelthe rst (Addrsc modE) loopsto malethe rst row in ev-
erytile vectoralignedthusreduceghenumberof alignmentpatterns
to Ve. For example,following this approachwhenVe = 4, all the
4 possiblealignmentpatternsin atile are(0,0,0,0,...)(0,1,2,3,...),
(0,2,0,2,...),(0,3,2,1,...). For multimediaextensionssuchas SSE
lacking e xible datareomganizationsupport,this approactis nec-
essanyto controlthe numberof codeversions.Consequentlymul-
tiple versionsof mini-transpositiorare necessaryor SSEif mis-
alignedmemoryaccessedo not performbetter

7. INTEGRATED OPTIMIZA TION FRAME-
WORK

In this section,we discussthe generatiorof a matrix transposi-
tion library without informationon the speci ¢ probleminstance.
The pseudo-codéor the generateadodewith write buffering, TLB
tiling, and onelevel of tiling for spatiallocality is shavn in Fig-
ure4.

Figure6 depictsthe procedureusedto generatehelibrary. The
bestmicro-transpositiokernelsare rst selectedy executingeach
candidateonin-cachearrays.Notethatmorethanonekernelmight
have to be evaluated eachcorrespondindo a degreeof misalign-
ment.

Thearchitecturaparameterarethenusedto analyticallydeter
mine the setof candidatdile sizesfor the two levels of tiling and
the TLB tiling. Thena versionof codeis generatedor eachde-
greeof misalignmentusingthe differentmicro-transposéernels.
Differentvariationsof theseversionsare generatedor all the op-
timization parameterso be determinedat installationtime. Vari-
ationscorrespondingo illegal parametecombinationsarepruned
away. For example,with misalignedinputs,using SIMD instruc-
tionson AltiV ecrequiresbuffering on at leastonearraydueto the
lack of misalignedmemoryaccessesSoit is notfeasibleto have a
variationwithout buffering while usingSIMD instructionset.

Thedifferentvariationsof eachversionarethenempiricallyeval-
uatedandthe variationachieving the bestaverageperformancein
termsof bandwidth for eachversionis chosen.

For eachversion,two implementationsre generatedpne with
buffering for reads,to handleinputswith con ict missesandan-
otherwithout. All the implementationghus generateccomprise
thematrix transpositiorlibrary.

The runtime decisiontreeis shavn in Figure5. The presence



//Notation:

[ltilesize_TLB TsizeTLB
[ltilesize_1 Tl
[ltilesize_2 T2
/lin-cache  buffer BUF[T1* T2]

I

l)for iTLB = 0 to N1-1 step tsizeTLB

2) for jTLB = 0 to N2-1 step tsizeTLB

3) for iT =iTLB to iTLB+tsizeTLB-1 step T1
4) for jT = |TLB to jTLB+tsizeTLB-1 step T2
5) /I Mini-transposition

6) for i =iT to iT+T1-1 step Ve
7) for j =jT to jT+T2-1 step Ve
8) /I Micro-transposition

9) Load Ve vectors

Al,...,Ali+Ve-1][j+Ve-1]

10) In-register  matrix transposition
11) Store these Ve vectors to BUF
12) for j =jT to jT+T2-1

13) Load A[ITI[LALIT+1](],...,AliT
from BUFas T1/Ve vectors
14) Store these vectors using non-temporal
writes from BUFto
B[IIT1,BLI[iIT+1],...,B[j

+T1-1][]

T+ T1-1]

Figure 4: Matrix transposition code with one-level tiling and
buffering writes

of conict missis rst veri ed eitheranalyticallyor usingthein-
spectordescribecearlier This is usedto choosebetweernthe im-
plementationsvith or without readbuffering. Thentheappropriat
versionof codeis choserdependingon thealignmentof thearray:
with respecto vectorsize.

8. EXPERIMENTAL RESULTS

We evaluatethe performanceof the library generaten the In-
tel Pentium4 and PoverPC G5. The code generationparame-
tersthatweredeterminedanalyticallyareshovn in Table3. Note
that on both machinegshe L1 cacheis large enoughto hold two
Loe LoetilesandLi = Ly, thusallowing theinnermostile sizeto
be L. Also notethatthereis no TLB tiling on Pentium4 because
tilesizg g = til esizg:».

Forthecache-alignedase 8 legal parametecombinationsvere
evaluatedfor Pentium4 and PoverPC G5. For the misaligned

Figure 5: Runtime decisiontreefor implementation selection.
The leavesof the tr eecorrespondto the implementations

%

Figure6: Library codegenerationprocedure

cases8 legal combinationsvereevaluatedfor Pentium4, but only
6 combinationson PoverPCG5. 2 combinationswith (i,j) order
but without copying for writes are not possiblebecausehereis
no misalignedmemoryacces®n PonverPC.Theempirically deter
minedparameterareshavn in Figure4. Notethatthe presencer
absencef write buffering doesnot affect the performancen Pen-
tium 4 for cache-alignednputs. The installation proceduretook
severalminuteson bothmachines.

In Figure7(a)andFigure7(b), we demonstrat¢he contrikutions
of individual optimizationsto the overall improvementin perfor
mance.Sinceour optimizationproceduréds notincrementaln na-
ture,we choseanarbitraryorderof applyingthe optimizations.For
eachsetof optimizationparameterthebestversionis choserandis
evaluatedon alargenumberof randomlyselectedarraysizes.With
the samegroup of optimizations,the averageperformanceof the
bestversionover alarge numberof datapointsis shavn. Theeval-
uationof boththe scalarandvectorimplementationss presented.
The performanceof the compiler generateccodeis presentedn
the captionsto the gures. The effectivenessf memoryhierarchy
managemeris demonstratetly the performancémprovementob-
tainedin matrixtranspositiorusingonly scalatinstructionsoverthe
compilergenerated¢ode.For example, SIMD:2-leveltiling + copy
denoteghatwe apply two-level cachetiling andincludebuffering
for writes asan option but do not apply TLB tiling. We canob-
sene thatthe SIMD versionoutperformsthe scalarversionwith
sameoptimizationconsiderationsFor example,on Pentium4, the
bestSSEcodehasa speedupf 2.24 over the bestscalarversion.
Several versionsarenot shavn becausesomecombinationf pa-
rametersare not legal or not consideredwith alignedcases. For
example,we have to usecopy to handlemisalignedinputson G5
thereforetiling without copying for writescannotbeapplied.

Table 3: Analytically-determined parameters for single-

precisionmatrix transposition
Pentium4  PaverPCG5

tilesize 16 32
tilesize 16 32
second-leel tile size 80 160

TLB tile size 16 480




Table 4: Empirically determined parameters for single-
precisionmatrix transposition
Misaligned Aligned
input input
Loop Write Loop Write
order buffering order buffering
Pentium4 @G,)(T,T) no (4,)(T,jT) yes
PoverPCG5  (j,i)(jT,iT) yes (4,)(T,jT) either

We obsenre thatin mostcasesaddingoptimizationcomponents
suchaswhetherto copy for writes or to usean additionallevel of
tiling improve performancewhich shavs the bene t of the addi-
tional optimizationcomponents.The only exceptionis with mis-
alignedinputs, TLB tiling degradesperformanceafter two-level
cachetiling is applied. We are investigatingthe causeand hope
to incorporatethis consideratiorinto our futurework.

Figure 8(a) and Figure 8(b) shaw the performanceof different
versionswhenN; = N, = N on Pentium4 and PoverPCGS5, re-
spectvely. Inputsare cache-alignedind all the optimizationpa-
rametersreconsideredNot all theversionsareshavn heredueto
spacdimitations, but the bestversionis alwaysshavn. memcpys
the performancef thefunctionmemcpyprovidedby the operating
system. Our bestversionperformscloseto the memcpyprovided
onPentiumd becausenemcpys implementedn theRedHatEnter
priseLinux AS 3 releaseasa scalarcopy. Onthe otherhand,Mac
OS X provided a highly tunedSIMD implementatiorof memcpy
aspartof its kernelthusit outperformsour bestversionby abouta
factorof 2.

In our experimentson Pentium4, we have L; andL, reported
as64 bytesby PerfSuitg13], which useshe CPUID instructionto
gethardwareinformationof Intel processorsHowever, 128 bytes
is often reportedby micro-benchmarkss Pentium4's L2 cache
line sizesuchasin [21]. Thisis becausaBIOS featurecalled“ad-
jacentsectormprefetch”is enabledo prefetchthenext cachdine for
aread. On our experimentalplatform, this featureis alsoenabled
ason mostdesktopPentium4 systemsThis explainswhy thever
sionwith (iT,jT) orderoutperformsthe versionwith (jT,iT) order
by 43% sincethe latter versiondoesnot usethe prefetchedcache
line beforeit is evicted. By emplg/ing anempiricalsearchstrateyy,
we implicitly exploit this architecturafeaturewithout knowing its
existence.

OnPaoverPCG5,thetwo bestversionsoffer almosthesameper
formanceandtheonly differencebetweerthemis whethercopying
is usedfor writes. In Figure7(b), we canalsoobsenre thatary two
versionswith or without copying for writesasanoption, have the
sameaverageperformancesinceaddingcopying only slightly de-
gradeshe performanceHowever, on Intel Pentium4 the bestver
sionwith buffer copy signi cantly outperformgheversionwithout
copying for writes. Thereasons possiblythat G5 hasa dedicated
load bus anda dedicatedstorebus andboth buseswork in a fully
independentashion.Also, the cacheabilitycontrolon G5is not as
ef cient asnon-temporalvriteson Pentiumd4.

The(j,i) intra-tile orderalwaysperformsbetterthan(i,j) orderon
both platforms.We believe with (j,i) orderthereis betterexploita-
tion of DRAM' spipelinedparallelismbecausef theincreasegos-
sibility of accessinglifferentmemorybankssimultaneously

Marny architecturafeaturessuchasmemory-tusdesignor DRAM
typesvary greatly with architecturesand even with speci ¢ ma-
chinecon gurations.Theexploitationof thesearchitecture-speci ¢
featuresare often out of the scopeof mostmodel-driven compiler
optimizations. The abose obsenationsdemonstratehe effective-
nessof our empiricalsearchn exploiting these*hidden” architec-
tural featuresespeciallyfor memorybandwidth-boungbrograms.

Figure9(a)andFigure9(b)demonstratéheperformancef trans-
posingN N misalignedsingle-precisiormatriceson Pentium4
andPaverPCG5, respectiely. In the presencef cachemisalign-
ments, different parametercombinationsare selectedas the best
ascomparedo the cachealignedcase. Unlike the cachealigned
case,the variationin the performanceof differentversionsis not
signi cantly differenton Pentium4. Theversionwithout buffering
for writes outperformsthe otherversions. The misalignmentpre-
cludestheuseof non-temporalritesandcomplicateshe memory
bustrafc pattern.This possiblyleadsto the bene ts from buffer-
ing for writes beingovershadwed by the buffering overhead.On
PowverPCG5,the(jT,iT)(j,i) combinationis selectedsthebestver-
sion. In comparisonjt underperformshe (iT,jT)(j,i) combination
with cache-aligneihputs.

9. RELATED WORK

Theoreticalstudy and empirical evaluation of optimizing ma-
trix transpositionwith cacheperformanceconsiderationsvascon-
ductedin [4, 9]. The authorsconcludethat, assumingcon ict
missesare unavoidable, it is impossibleto be both cacheef cient
andregisterefcient, andemplg/ anin-cachebuffer. Othermem-
ory characteristicare not taken into account. Zhanget al. [23]
focuson how to write an efcient bit-reversalprogramwith loop
tiling anddatapadding.We do not have datapaddingasanoption
sincewe focuson generatiorof alibrary thatcannotchangdayout
of its inputs. The primaryfocusof thatpaperis on con ict misses,
which is importantin bit-reversal. We shaved in Section2 that
con ict missesarenotaswidespreadn the caseof matrix transpo-
sition.

Different implementationsof matrix transpositionare investi-
gatedby Chatterjeestal. [5], with the conclusionthathierarchical
non-linearlayoutsare inherentlysuperiorto the standardayouts
for the matrix transpositiorproblem. Optimizing for suchlayouts
is beyondthe scopeof this paper

Therehave beenstudieson how to achiere space-etiency in
matrix transpositioror its moregeneralizedorms[1, 14,2, 7]. Our
presentwork doesnot handlein-placetransposition We intendto
handlein-placetranspositionby carefully orderingthe transposi-
tion atthetile level andmarkingtransposediles.

Severalstudiefocusonhow to generat®r optimizeintra-register
permutations The generatiorof registerlevel permutationss ad-
dressedn [12]. Thealgorithmoptimizesdatapermutationsat the
instructionlevel andfocuseson SSEinstructions.Renet al. [16]
presentan optimizationframework to eliminateandmege SIMD
data permutationoperationswith a high-level abstraction. Both
studiespropagatelataorganizationalongdata- ow graphsandfo-
cusonreducingintra-registerpermutations\We manuallygenerate
variousversionsof micro-kernelsand empirically choosethe best
one. While limiting, the manualprocesss only repeatedncefor
every vectorinstructionset. Thelimited numberof vectorinstruc-
tion setsallows this procesgo beapplicableacrossa wide rangeof
processoarchitectures.

Empiricalsearchemployedin library generatorsuchasATLAS
[18, 17, 20] hasdravn greatinterestbecauseof the compleity
of analyticalmodelingof optimal parametergor modernarchitec-
tures. However, empiricalglobal searchis oftentoo expensve to
apply Yotov etal. [22] present stratgly emplg/ing both model-
drivenanalysisandempiricalsearchto decideoptimizationparam-
etersin matrix multiplication. Chenetal. [6] alsopresentan ap-
proachto combining compiler modelsand empirical search,us-
ing matrix multiplication and Jacobirelaxationastwo examples.
Our work is similar in spirit but is appliedto a computationthat
is bandwidth-limitedand hasno temporallocality. Matrix trans-
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Figure 9: Performanceof differ ent versionswith cache-misalignedarrays on (a) Pentium 4 and (b) PowerPC G5



positionis similar to thelevel 1 BLAS kernelsoptimizedby Wha-
ley and Whalley [19] using an empirical search-basedpproach.
But the presencef stridedmemoryaccessn matrix transposition
malesit harderto exploit spatiallocality.

10. CONCLUSIONS AND FUTURE WORK

Extensveresearcthasbeenconducteanoptimizingmatrixtrans-

positionandrelatedproblemsbecausef its ubiquitoususageand
unigue memoryaccessatterns. In this paper we presentedur
approachemplo/ing both of ine analysisand empirical searchto
decideoptimizationparametergor matrix transposition.We han-
dle various alignmentsand con ict missesby generatingmulti-
ple versions. Signi cant improvementsarereportedon Intel Pen-
tium 4 andPowverPCGS5 platformswith codegeneratedy a spe-

cial codegeneratar Several interestingobserationsdemonstrate

the effectivenessof our approachin exploiting hard-to-optimize
architecture-speci deaturesin the cachehierarchyandthe mem-

ory subsystemWe believe our approachs very promisingin opti-

mizing othermemorybandwidth-boundkernelsandstreamingap-

plications.

We intendto generalizethe approachin this paperto optimize
arbitraryindex permutation®f multi-dimensionakrraysthe gen-
eralizedform of matrix transposition.Index permutationis a key
operationin mary scienti ¢ applicationssuchasthosein compu-
tational chemistry weathermodeling,computationaloceanology
anddatalayouttransformatiorto improve locality in programg11,
10]. We areinvestigatinghereductionin thenumberof versiongo
be generatedvhile optimizing for the differentpermutationsThe
decreasé thesizeof eachdimensiorwith increasinglimensional-
ity impairsthebene tsachiszablefrom optimizationssuchasloop
tiling. In addition, the index calculationoverheadmustbe effec-
tively controlledto achieve high performance.
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