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ABSTRACT
Matrix transpositionis an importantkernelusedin many applica-
tions. Even thoughits optimizationhasbeenthe subjectof many
studies,an optimizationprocedurethat targetsthe characteristics
of currentprocessorarchitectureshasnot beendeveloped. In this
paper, we develop an integratedoptimizationframework that ad-
dressesa numberof issues,includingtiling for thememoryhierar-
chy, effectivehandlingof memorymisalignment,utilizing memory
subsystemcharacteristics,and the exploitation of the parallelism
providedby thevectorinstructionsetsin currentprocessors.A ju-
diciouscombinationof analyticalandempiricalapproachesis used
to determinethe mostappropriateoptimizations. The absenceof
probleminformationuntil executiontime is handledby generating
multipleversionsof thecode- thebestversionis chosenatruntime,
with assistancefrom minimal-overheadinspectors.The approach
highlightsaspectsof empiricaloptimizationthatareimportantfor
similar computationswith little temporalreuse.Experimentalre-
sultson PowerPCG5 andIntel Pentium4 demonstratethe effec-
tivenessof thedevelopedframework.

Categoriesand SubjectDescriptors
D.3.4[Programming Languages]: Processors—codegeneration;
compilers; optimization

GeneralTerms
Algorithms,Performance

Keywords
SIMD, bandwidth-limited,con�ict misses,empiricalsearch,ma-
trix transposition,spatiallocality, tiling
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1. INTRODUCTION
Matrix transpositionis an importantkernel occurringin many

applications.Although it essentiallyinvolvesonly memorycopy-
ing, the requiredpermutationresultsin complex problem-sizede-
pendentaccesspatterns.It is achallengingtaskto developtranspo-
sitioncodethatisoptimizedfor differentarraysizesandalignments
ondifferentarchitectures.

In this paper, we addressthedevelopmentof a library for high-
performancematrixtransposition.Weidentify theoptimizationop-
portunitiesandparameters.We thenemploy both of�ine analysis
and empirical searchto determinethe appropriateoptimizations.
When the exact optimizationchoicescannotbe madeat installa-
tion time,wegeneratemultipleversionsandchoosetheappropriate
versionat runtime.

Weaddressvariousissuesandoptimizationopportunitiesin achiev-
ing high-performancefor this kernel.We presenta two-level tiling
strategy to improve spatiallocality in the L1 cache. An analyti-
cal model to minimize TLB missesis presented.A model is de-
velopedto predict the presenceof con�ict missesfor a subsetof
theprobleminstances.For othercases,we develop a low-costin-
spectorthat canaccuratelydetectthe presenceof con�ict misses
at runtime.Mechanismsto take into considerationothercharacter-
istics of the memorysubsystemareincluded. We take advantage
of the SIMD instructionsetswidely availablein moderncomput-
ing systems.They have beenshown to bebene�cial in improving
thememorybandwidthof bandwidth-limitedcomputationssuchas
memorycopy. Theparallelismin theSIMD hardwarealsoenables
ef�cient register-level matrix transposition.In exploiting thesefea-
tures,we addressattendantissuessuchasdataalignment.

A specialcodegeneratorhasbeendesignedandimplementedto
automaticallygeneratecodeusingSSE/SSE2onIntelarchitectures,
AltiVeconPowerPCarchitectures,or justscalarinstructions.

Weshow thatthethecostof matrix transpositioncanbereduced
signi�cantly usingourapproach.Theeffectivenessof ourapproach
in tuning for the targetarchitectureis demonstratedby theperfor-
manceimprovementobtainedin matrix transpositionusingjust the
scalarinstructionset. Furtheroptimizationsusing the SIMD in-
structionsetresultin thebestperformanceof matrix transposition
to beup to 43%and98%of memcpyprovidedby thenative oper-
atingsystem,on Pentium4 andPowerPCG5,respectively.

The paperis organizedas follows: Section2 provides back-
groundon the matrix transpositionproblem. Section3 elaborates
on thematrix transpositionproblemandde�nes its input parame-
ters. Optimizationstargetingthememoryhierarchyareaddressed
in Section4. Section5 detailsoptimizationstargeting the char-



1) for i = 0 to N1-1
2) for j = 0 to N2-1
3) B[i][j] = A[j][i]

Figure1: A simple implementation of matrix transposition

acteristicsof modernmemorysubsystems.Exploitationof SIMD
instructionsetsis describedin Section6. Section7 presentsthe
integratedframework that combinesthevariousoptimizationsde-
scribedto develop a matrix transpositionlibrary for a given target
system.Experimentalresultsarepresentedin Section8. Section9
discussesrelatedwork andSection10concludesthepaper.

2. BACKGROUND AND MOTIVATION
Matrix transpositionis widely usedin many typesof applica-

tionsandis oneof themostfundamentalarrayoperations.Despite
its ubiquitousnature,matrixtranspositionis still commonlywritten
in loopform asshown in Figure1. Existingcompilersareincapable
of translatingthis implementationinto anef�cient executablecode.
For example,theprogramin Figure1 wascompiledusingthe In-
tel C compilerwith “-O3” option. On an Intel Pentium4 with a
533MHzfront sidebus,theexecutableachievedanaverageband-
width of 90.3MB/s,for single-precisionarrayswith eachdimension
rangingfrom 3800to 4200.This is only 4.4%of thesustainedcopy
bandwidthreportedby theSTREAM memorybenchmark[15].

Similar to many streamingmultimediaworkloads,matrix trans-
position lacks temporallocality (eachelementis accessedonce)
andhasa largecachefootprint. Thedataaccesspatternin matrix
transpositionmakesit dif�cult to avoid performanceproblemsdue
to the cachehierarchy. In particular, the following issuesneedto
beaddressed:

� In theabsenceof temporallocality, only spatiallocality can
beexploitedto reducecachemisses.

� The strided accesspatternpotentially incurs high con�ict
misspenalties,dueto thelimited associativity of caches.

� For largearraysizes,thestridedaccessleadsto heavy TLB
misspenalties.

Matrix transpositioncanbecharacterizedasamemorybandwidth-
boundproblem. A substantialportion of the total overheadis at-
tributableto thememorysubsystem(thememorybusandthemain
memory)in thefollowing aspects:

� Sincethe outputarraynever needsto read,a cachehierar-
chywith write-allocatepolicy wastesmemorybandwidthby
bringingthedestinationarrayinto cache.

� Dead cycles betweenback-to-backread/writetransactions
areneededwith many memory-busdesigns.Previousstudies
[3] have demonstratedthatsigni�cant bandwidthlosscanbe
causedby memory-bus turnaround. Sincematrix transposi-
tion consistsof anequalnumberof readandwriteoperations,
therecanbeasigni�cant lossof memorybandwidthevenaf-
ter carefuloptimizationfor thecachehierarchy.

� At theDRAM side,a row of dataon a memorybankis read
into a row buffer, providing anopportunityto exploit local-
ity. A memoryschedulemay reusethedatain a row buffer
ef�ciently eliminatingadditionalprecharge androw activa-
tion. In addition,accessesto dataondifferentmemorybanks
canbepipelinedin popularDRAM designs.

Many modernprocessorshave adoptedmultimediaextensions
characterizedasSingleInstructionMultiple Data(SIMD) unitsop-
eratingon packed shortvectors. Examplesof theseSIMD exten-
sionsincludeSSE/SSE2/SSE3for IntelprocessorsandVMX/AltiV ec
for PowerPCprocessors.WhenSIMD supportis employed, pro-
gramssuchasmatrix transpositioncanbene�t from the following
aspects:

� SIMD extensionsoftenprovideanindependentlargeregister
�le to reducecachepressure.Data reorganizationinstruc-
tionsprovide anopportunityto ef�ciently reorganizedataat
registerlevel.

� A SIMD load/storeinstructionoftenoutperformsanequiva-
lent sequenceof scalarmemoryaccessinstructions.

� Cacheability control is often provided by modernarchitec-
turesaspartof theirmultimediaextensions1. Thecacheabil-
ity controlinstructionssuchassoftwareprefetchandstream-
ing writes enablesoftwareassisteddatacachemanagement
andhave asigni�cant impactonstreamingapplications.

Theabove discussionis summarizedin Table1.

Table 1: Optimization challengesfor matrix transposition
Category Challenge

Exploitingspatiallocality
Cachehierarchy Minimizing con�ict misses

ReducingTLB misses
Improving memorybandwidthutilization

Memorysubsystem Reducingmemory-busturnaroundoverhead
Exploitingef�cient DRAM accesses
Exploiting intra-registerdatareorganization

SIMD instructions Accessingdatawith alignmentconstraints
Exploitingcacheabilitycontrolinstructions

To illustrate the potentialbene�ts of employing SIMD exten-
sionsin memorybandwidth-boundproblems,Figure2 shows the
performancedifferencein memorycopy performanceusingthescalar
andSIMD instructionsetson an Intel Pentium4 anda PowerPC
G5. The con�gurationsof thesetwo processorsare listed in Ta-
ble2.

3. INPUT PARAMETERS
Our objective is to generatean ef�cient implementationof the

matrix transpositionoperation. We usea combinationof of�ine
analysisandempiricalsearchto determinethe appropriatechoice
of optimizationparameters.Theempiricalsearchhappensat instal-
lation time,andis similar to theATLAS approachto generatingan
ef�cient BLAS library [18, 17].

Thefollowing inputs,whichde�ne thearchitecture,areavailable
to thecodegeneratorat compile-time:

� CachesizesC1 andC2, in bytes,of L1 andL2 datacaches,
respectively.

� Cacheline sizesL1 andL2, in bytes,for L1 andL2 caches,
respectively.

� Degreesof cacheassociativity K1 andK2 of L1 andL2 caches,
respectively.

� VectorsizeSv bytes.WehaveSv = 16 in bothSSE/SSE2and
Alti vec.

1Somecacheabilitycontrol instructionsarenot partof multimedia
extensions,e.g.instructionsdcbtanddcbzin PowerPC.
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Figure2: Impr ovementfr om usingSIMD in memory copy

� Numberof vectorregistersNr .

� Numberof TLB entriesNTLB
2.

In systemswith an L3 cache,L3 cacheparametersareusedin
placeof thatof L2. In general,we areinterestedin the innermost
andoutermostlevelsof thecachehierarchy. Two platformsareused
in our research,an Intel Pentium4 with SSE/SSE2andan Apple
G5with AltiVec.Thecon�gurationandarchitecturalparametersof
thesetwo machinesarelistedin Table2.

Table 2: Ar chitectural parametersand con�guration usedfor
evaluation

Pentium4 2.4GHz PowerPCG52.0GHz
C1 8K 32K
L1 64 128
K1 4 2
C2 512K 512K
L2 64 128
K2 8 8
Sv 16 16
Nr 8 32

NTLB 64 1024
Front-sideBus 533MHz 1 GHz

OS Linux 2.4 Mac OSX 10.4
Compiler icc 8.0 Applegcc3.3

CompilerFlags -O3 -O3 -faltivec

Thefollowing inputsprovide informationon thespeci�c matrix
transpositionrequired:

� Dataelementsize:E bytes.Sincescienti�c programslargely
useeitherdouble-precisionor single-precision�oating point
arrays,we considerE = 4 andE = 8 in this paper. All re-
sultsin thispaperarepresentedwith E = 4, correspondingto
single-precisionarrays. Note that largerelementsizessim-
pli�es permutationandexploitationof locality.

� Array shape:(N1,N2). In this work we considerrow-major
layout with the seconddimensionbeingthe fastestvarying
dimension.

� Array baseaddress:the baseaddressof the sourcearray
Addrsrc andthebaseaddressof thedestinationarrayAddrdst .

2We do not addressthe limited associativity of TLB entrieson
somesystems.

Mostarchitecturesandcompilersprovidenaturalalignments,
whichmeansfor any dataelementataddressA with datasize
E bytes,it is guaranteedthatA modE = 0.

An arrayis saidto becachealignedif its baseaddressandnum-
berof elementsin a row area multiple of cacheline size.

The codegeneratortakes as input the architectureparameters
andgeneratesmultipleversionsof codeoptimizedfor differentcat-
egoriesof probleminstances.

For brevity, we introducethefollowing notation:

� Vectorsizein termsof numberof elementsVe = Sv=E.

� L1 Cacheline size in termsof numberof elementsL1e =
L1=E. Similarly, wehave L2e = L2=E.

4. CACHE HIERARCHY OPTIMIZA TIONS
In thissection,wediscusstheoptimizationsaddressingthecache

hierarchyin modernsystems.

4.1 Tiling for Spatial Locality
We usetiling to exploit spatiallocality. The tile sizeis chosen

to be a multiple of L1e, asother tile sizeslead to accessingpar-
tial cachelines,potentiallyincreasingthecachemissesover a tile
sizethat is smallerbut an integral multiple of L1e. A tile sizeof
L2e is mostbene�cial asit helpsbring eachelementinto both L1
andL2 cachesjust once. Due to theabsenceof temporallocality,
increasingthe tile size beyond the L2e doesnot improve perfor-
mance,while increasingthepossibilityof bothcon�ict andcapac-
ity misses.

Theintra-tile loop indiceswill henceforthbereferredto asi and
j while the inter-tile loop indiceswill be referredto asiT andjT.
Notethattherow-major loop order(iT,jT) correspondsto contigu-
ousaccessof thesourcearray.

Theappropriatetile sizesarechosenempiricallyfrom therange
of (L1e;L1e) and(L2e;L2e), suchthat the tile �ts in the L1 cache.
Notethatnon-squaretile sizescanalsoimprovespatiallocality, de-
pendingonthelooporder. Forexample,giventhelooporder(iT,jT)
for thetiling loops,thetile size(L1e;L2e) allows theremainderof
L2 cachelines of the sourcearrayto be accessedin the next tile,
while improving spatiallocality for the target array. The tile size
alongthefastestvaryingdimensionfor thedestinationarrayis de-
notedby til esize1, and the tile sizealong the other dimensionis
denotedby til esize2.

Notethattile sizedeterminationis problem-independentandcan
beperformedonce. Whenthearchitectureparametersdo not dic-
tateaparticulartile size,weperformanempiricalsearchof thetile
sizestogetherwith theassociatedlooporder. Thedeterminationof
theloop orderis discussedin moredetailin a subsequentsection.

4.2 Two­levelTiling to HandleCacheMisalign­
ment

The tiling describedabove canbe insuf�cient whenthe arrays
arenot cachealigned. For example,considerthe tiling shown in
Figure3. Thetile sizeis chosento beL2e, andthetilesareaccessed
in a stridedfashion,asdepictedby thedownwardarrow. For larger
problemsizes,this would resultin all L2 cachelinesexceptoneto
missin theL1 cache,astheentirecolumnhasto bescannedbefore
the partially accessedcachelines canbe reused.This effectively
doublesthenumberof L1 cachemissesovertheminimumpossible.

Simply increasingthetile sizegreatlyincreaseschancesof con-
�ict and capacitymisses. A reorderingof the processingof the
tiles,asindicatedby thenumberingof thetiles,allows retainingof
the partially accessedcachelines thusenablingreuse.In thebest
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Figure 3: Two-level tiling to handle cachemisalignment with
tiling factor T=2. The arr ow indicates strided inter-tile loop
order

case,this reducesthenumberof cachemissespertile to eightfrom
�fteen. This reorderingis achievedby anotherlevel of tiling.

The tile sizefor the secondlevel is chosento be a multiple of
the L2 cacheline size,T � L2e. If a cacheline is accessedin the
outertile but not accessedin theinnertile, it shouldbekept in L1
cacheuntil it is fully accessed.Therefore,we have the following
observationsbasedonFigure3:

1. If thewritesfor aninnertile arenotbuffered,explainedin the
next section,theL1 cacheneedsto hold at least(2T + 2)L2e

cachelines. Therefore,1 � T � C1
2L2L2e

� 1. We conserva-

tively haveT = C1
2L2L2e

� 2, to leave someL1 cachespacefor
temporaryvariables.

2. Otherwise,only (T + 2)L2e tiles needto be kept in the L1
cachesincethedatabuffer is guaranteedto becachealigned.
We have 1 � T � C1

L2L2e
� 2. Similar to the above case,we

chooseT = C1
L2L2e

� 3.

4.3 Minimizing TLB Misses
TLB missescanbe severegiven the memoryaccesspatternin

matrixtransposition,despitetiling for thecachehierarchy. Another
level of tiling canbe introducedto alleviate the TLB misses.We
selectthis tile sizeto be

til esizeTLB = NTLB=2� Max(til esize1;til esize2):

Thisenablesusto ef�ciently useabouthalf theTLB entrieswithout
introducingfurther complexity of having con�ict misseswith in-
cachebuffers or worrying aboutthe loop orderfor this outermost
loop level.

On Pentium4, which hasNTLB = 64, til esizeTLB is selectedas
16, which is the sameastil esize1 andtil esize2, makingtiling for
TLB redundant.On PowerPCG5,becauseNTLB = 1024andTLB
misspenaltyis high,TLB tiling improvestheperformanceby 37%.

4.4 Identifying and Handling Con�ict Misses
Mostexistingliteratureonmatrixtranspositionassumesthepres-

enceof con�ict misses[4, 9]. While severein the context of bit-
reversal,matrix transpositionof arrayswith relatively largedimen-
sionsis not af�icted by con�ict missesto the samedegree. We
simulatedthecon�ict misseswhenthebaseaddressesof thearrays
arecachealignedandN1 andN2 arevaried from 1 to 4 � C2=E.
Wefoundthatcon�ict missesoccurin theL1 cachefor only 12.1%
of thecasesfor thearchitectureparameterscorrespondingto Intel
Pentium4.

If botharraysarecache-alignedandbothdimensionsaremulti-
plesof L2e, con�ict missescanbepredictedbasedonthefollowing
observations:

Let N berepresentedas2n � (2s+ 1). Con�ict missescanonly
occurin thefollowing cases:

1. When2n < C1
K1E and C1

2nE < til esize1.

2. When2n � C1
K1E .

Whena tile in mini-transpositionis not cache-aligned,any row
in thistile of sizem� L1ecrossesm+ 1 L1 cachelines. In practice,
we have m = 1 or m = 2. For anarbitrarybaseaddressandarray
shape,it is not easyto analyticallydeterminethepresenceof con-
�ict misses.However, sincethe tile sizeis a multiple of L1e, it is
guaranteedthat thecachefootprintsof all tiles have thesamepat-
tern.Figure3 illustratessuchanexample,wherethecacheline off-
setpatternsin differenttilesareidenticalandthedistancebetween
two neighboringtile rows is guaranteedto bethesameacrosstiles.
Sinceonerow in atile crossesatmost3 cachelinesin atile, wecan
inspectno morethan3� til esize1 cachelinesto determinewhether
therearecon�ict missesin onearray. Thisinspectionprocedurehas
avery low overheadsinceit is only invokedoncefor all of thetiles
in anarray. Notethatmostmodernprocessorshave a virtually in-
dexedL1 cache.Ourinspectionprocedureis accurateonPentium4
becauseany givencacheline equivalentof datain anarraycanonly
bemappedto a singleL1 cacheset(4 cachelines). In general,our
procedureis inaccurateon processorswith physically taggedL1
cache,suchasPowerPCG5, becausecontiguity in cachelinesde-
pendson the vitrual-to-physicalmapping. ZhangandZhang[23]
observed that contiguouslocationsin virtual memoryareusually
mappedto contiguouslocationsin physicalmemory. Under this
“contiguousallocation”assumption,our modelis accurate.

We handlecon�ict missesby usingbuffersto copy thedatacor-
respondingto the innermosttile beforeprocessing.Dependingon
theorderof the loops,oneof thearraysis accessedcontiguously,
onerow at a time. The otherarray is buffered to handlecon�ict
misses.Theeffective detectionof con�ict missesis critical, since
aconservative assumptionof thepresenceof con�ict misseswould
unnecessarilyintroducecopying, impairing performance.On the
otherhand,not detectingcon�ict missescansigni�cantly worsen
performance.

5. MEMOR Y SUBSYSTEMOPTIMIZA TIONS

5.1 Buffering of Writes
Mostmodernarchitecturesprovideinstruction-level mechanisms

thatenablecacheabilitycontrol.For example,AltiVecprovidesin-
structionsto zeroout a cacheline, without any reador write of the
correspondingaddressin memory. Thiscanbeutilizedto eliminate
unnecessarybandwidthin readinga write-only array into cache.
Going further, SSE/SSE2provide non-temporalwrite instructions



thatwrite anentirecacheline, storedin asequenceof SIMD regis-
ters,directly into memory. This not only avoidswastageof band-
width readingwrite-only datainto cache,but also reducescache
pollution reducingthepossibilityof con�ict andcapacitymisses.

Bothmechanismsrequirethegroupingof operationsonthewrite
arrayto operateon full cachelines. Whentiling is used,in order
to write a completecacheline, a buffer of sizeleastL1e elements
is needed.For single-precisionarrays,suchan in-registerbuffer
would require16 registerson the Intel Pentium4 and32 registers
on the PowerPCG5. Sincethereare only 8 SIMD registerson
Pentium4 and32 SIMD registerson PowerPCG5, which arealso
neededfor readand permutationoperations,it is not feasibleto
maintaina buffer usingthe available registers. To overcomethis
limitation, we employ anin-cachebuffer.

Buffering of writes alsohelpsgroupreadandwrite operations.
Memorysubsystemsmayhaveaturnaroundtimebetweenreadand
write operations[3]. In addition,groupingof accessesto eachar-
ray improvesmemoryperformanceby allowing morecontiguous
access.

Note that buffering for writes increasesthe cachepressurefor
theL1 cache.Thechoiceis architecture-dependentandis decided
empiricallyat installationtime.

5.2 Loop Order Selection
Thechoiceof looporderdetermineswhicharrayisaccessedcon-

tiguouslyacrosstheprocessingof differenttiles. This canresultin
readingor writing of contiguouscachelines. Different memory
subsystemsarebiasedtowardseithercontiguousreadsor contigu-
ouswrites. For example,on the Pentium4, readof a cacheline
resultsin theprefetchingof thesubsequentcacheline. This bene-
�ts biasingthelooporderto processingcontiguoussourcetiles.

Thechoiceof looporderalsointeractswith thetile sizeschosen,
as was describedin Section4. It is non-trivial to determinethe
appropriateloop orderanalytically. We empiricallydeterminethe
appropriatelooporderonagivenmachineatinstallationtime. Note
that the appropriatechoicedependson the target architectureand
is independentof theprobleminstance.

6. EXPLOITING SIMD INSTRUCTION SETS
Thematrix transpositionwithin the innermosttile is referredto

as the micro-matrix transposition.On a given architecture,there
areoften many instructionsequencesto do micro-matrixtranspo-
sition. This is due to the variouschoicesavailable in the SIMD
instructionsetsin doing the permutationoperation. In addition,
the orderof instructionsandthe choiceof memoryaccessopera-
tionsmakesadifference.lesscritical asmostmodernarchitectures
supportout-of-orderexecution. The different versionsusing the
SIMD instructionsetscorrespondto differentproceduresto effect
thetransposition,andhencehavedifferentmemoryaccesspatterns,
instructionsequences,andregisterusage.

Dataalignmentconstraintsare imposedby mostSIMD exten-
sions. It implies that a memoryaccessshouldbe at an address
divisible by the vector length. As one exception,SSEsupports
unalignedloads/stores.We needto obtain different versionsof
micro-transpositionfor the caseswith andwithout perfectvector
alignments.

Evenif thebaseaddressof anarrayisalignedalongvectorbound-
aries,when dimensionsare not multiples of the vector size, the
vectorsinvolvedin a micro-transpositionarenotalignedfor vector
loadsor stores.

Following theshifting approach[8], we canshift a datastream
to handlevectormisalignments.Thereforen+ 1 alignedmemory
accessesandn datashifting operationsareneededto obtainn con-

tiguousvectorsin a stream.In our case,Ve rows in a datatile are
treatedasVe datastreams.If the intra-tile loop order for the in-
nermosttile is selectedto be(i,j), til esize2=Ve+ 1 loadsareneeded
to readeachrow in the sourcetile. In this case,if the destination
tile is misaligned,we cannotwrite it with the samestrategy be-
causetil esize1 registersare neededto usethe shifting procedure
ef�ciently . Whenloop order(j,i) is selected,we have anopposite
result that prefersvectorwrites but not vector reads. We assume
the(i,j) orderin thediscussionbelow.

With AltiVec, it is simpleto conducttheshifting procedurebe-
causethe permutationpatterncanbe computedat run time using
instructionsvsl andvsr. Only onemicro-transpositionis needed
for all themisalignedcasesof anarray. For theotherarray, if it is
not vectoraligned,scalarinstructionshave to beused.

While with SSE,becausethere is no native supportfor inter-
registershifts,theshiftingpatternsmustbeknown atcompiletime
or misalignedmemoryaccessesin SSEmust be utilized. Given
that the tile sizesarealwaysmultiplesof Ve, it is guaranteedthat
every completetile sharesthesamealignmentpattenasshown in
Figure3. Thealignmentof a tile row is decidedby both thebase
addressAddrsrc andN2. For any Ve, V2

e alignmentpatternsexist.
Wepeelthe�rst (Addrsrc modE) loopsto makethe�rst row in ev-
erytile vector-alignedthusreducethenumberof alignmentpatterns
to Ve. For example,following this approach,whenVe = 4, all the
4 possiblealignmentpatternsin a tile are(0,0,0,0,...),(0,1,2,3,...),
(0,2,0,2,...),(0,3,2,1,...). For multimediaextensionssuchasSSE
lacking �e xible datareorganizationsupport,this approachis nec-
essaryto controlthenumberof codeversions.Consequently, mul-
tiple versionsof mini-transpositionarenecessaryfor SSEif mis-
alignedmemoryaccessesdo notperformbetter.

7. INTEGRATED OPTIMIZA TION FRAME­
WORK

In this section,we discussthegenerationof a matrix transposi-
tion library without informationon the speci�c probleminstance.
Thepseudo-codefor thegeneratedcodewith write buffering,TLB
tiling, andonelevel of tiling for spatiallocality is shown in Fig-
ure4.

Figure6 depictstheprocedureusedto generatethelibrary. The
bestmicro-transpositionkernelsare�rst selectedby executingeach
candidateonin-cachearrays.Notethatmorethanonekernelmight
have to beevaluated,eachcorrespondingto a degreeof misalign-
ment.

Thearchitecturalparametersarethenusedto analyticallydeter-
mine thesetof candidatetile sizesfor the two levels of tiling and
the TLB tiling. Thena versionof codeis generatedfor eachde-
greeof misalignmentusingthe differentmicro-transposekernels.
Differentvariationsof theseversionsaregeneratedfor all theop-
timization parametersto be determinedat installationtime. Vari-
ationscorrespondingto illegal parametercombinationsarepruned
away. For example,with misalignedinputs,usingSIMD instruc-
tionson AltiVecrequiresbuffering on at leastonearraydueto the
lackof misalignedmemoryaccesses.Soit is not feasibleto have a
variationwithoutbufferingwhile usingSIMD instructionset.

Thedifferentvariationsof eachversionarethenempiricallyeval-
uatedandthevariationachieving thebestaverageperformance,in
termsof bandwidth,for eachversionis chosen.

For eachversion,two implementationsaregenerated,onewith
buffering for reads,to handleinputswith con�ict misses,andan-
other without. All the implementationsthus generatedcomprise
thematrix transpositionlibrary.

The runtimedecisiontree is shown in Figure5. The presence



//Notation:
//tilesize_TLB : TsizeTLB
//tilesize_1 : T1
//tilesize_2 : T2
//in-cache buffer : BUF[T1 * T2]
//
1)for iTLB = 0 to N1-1 step tsizeTLB
2) for jTLB = 0 to N2-1 step tsizeTLB
3) for iT = iTLB to iTLB+tsizeTLB-1 step T1
4) for jT = jTLB to jTLB+tsizeTLB-1 step T2
5) // Mini-transposition
6) for i = iT to iT+T1-1 step Ve
7) for j = jT to jT+T2-1 step Ve
8) // Micro-transposition
9) Load Ve vectors

A[i][j],...,A[i+Ve-1][j+Ve-1]
10) In-register matrix transposition
11) Store these Ve vectors to BUF
12) for j = jT to jT+T2-1
13) Load A[iT][j],A[iT+1][j],...,A[iT +T1-1][j]

from BUFas T1/Ve vectors
14) Store these vectors using non-temporal

writes from BUFto
B[j][iT],B[j][iT+1],...,B[j ][iT+ T1-1]

Figure 4: Matrix transposition codewith one-level tiling and
buffering writes

of con�ict missis �rst veri�ed eitheranalyticallyor usingthe in-
spectordescribedearlier. This is usedto choosebetweenthe im-
plementationswith or without readbuffering. Thentheappropriate
versionof codeis chosendependingon thealignmentof thearrays
with respectto vectorsize.

8. EXPERIMENT AL RESULTS
We evaluatetheperformanceof thelibrary generatedon the In-

tel Pentium4 and PowerPC G5. The code generationparame-
tersthatweredeterminedanalyticallyareshown in Table3. Note
that on both machinesthe L1 cacheis large enoughto hold two
L2e � L2e tilesandL1 = L2, thusallowing theinnermosttile sizeto
beL2e. Also notethatthereis no TLB tiling onPentium4 because
til esizeTLB = til esize1;2.

For thecache-alignedcase,8 legalparametercombinationswere
evaluatedfor Pentium4 and PowerPC G5. For the misaligned
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Figure 5: Runtime decisiontr eefor implementation selection.
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Figure6: Library codegenerationprocedure

cases,8 legalcombinationswereevaluatedfor Pentium4, but only
6 combinationson PowerPCG5. 2 combinationswith (i,j) order
but without copying for writes are not possiblebecausethere is
nomisalignedmemoryaccessonPowerPC.Theempiricallydeter-
minedparametersareshown in Figure4. Notethatthepresenceor
absenceof write bufferingdoesnotaffect theperformanceonPen-
tium 4 for cache-alignedinputs. The installationproceduretook
severalminutesonbothmachines.

In Figure7(a)andFigure7(b),wedemonstratethecontributions
of individual optimizationsto the overall improvementin perfor-
mance.Sinceour optimizationprocedureis not incrementalin na-
ture,wechoseanarbitraryorderof applyingtheoptimizations.For
eachsetof optimizationparametersthebestversionischosenandis
evaluatedonalargenumberof randomlyselectedarraysizes.With
the samegroupof optimizations,the averageperformanceof the
bestversionover a largenumberof datapointsis shown. Theeval-
uationof both thescalarandvectorimplementationsis presented.
The performanceof the compiler generatedcodeis presentedin
thecaptionsto the�gures. Theeffectivenessof memoryhierarchy
managementis demonstratedby theperformanceimprovementob-
tainedin matrixtranspositionusingonlyscalarinstructionsoverthe
compiler-generatedcode.For example,SIMD:2-level tiling + copy
denotesthatwe apply two-level cachetiling andincludebuffering
for writes asan option but do not apply TLB tiling. We canob-
serve that the SIMD versionoutperformsthe scalarversionwith
sameoptimizationconsiderations.For example,on Pentium4, the
bestSSEcodehasa speedupof 2.24over thebestscalarversion.
Severalversionsarenot shown becausesomecombinationsof pa-
rametersare not legal or not consideredwith alignedcases.For
example,we have to usecopy to handlemisalignedinputson G5
thereforetiling without copying for writescannotbeapplied.

Table 3: Analytically-determined parameters for single-
precisionmatrix transposition

Pentium4 PowerPCG5
tilesize1 16 32
tilesize2 16 32

second-level tile size 80 160
TLB tile size 16 480



Table 4: Empirically determined parameters for single-
precisionmatrix transposition

Misaligned Aligned
input input

Loop Write Loop Write
order buffering order buffering

Pentium4 (j,i)(iT,jT) no (j,i)(iT,jT) yes
PowerPCG5 (j,i)(jT,iT) yes (j,i)(iT,jT) either

We observe that in mostcasesaddingoptimizationcomponents
suchaswhetherto copy for writesor to useanadditionallevel of
tiling improve performance,which shows the bene�t of the addi-
tional optimizationcomponents.The only exceptionis with mis-
aligned inputs, TLB tiling degradesperformanceafter two-level
cachetiling is applied. We are investigatingthe causeand hope
to incorporatethis considerationinto our futurework.

Figure8(a) andFigure8(b) show the performanceof different
versionswhenN1 = N2 = N on Pentium4 andPowerPCG5, re-
spectively. Inputsarecache-alignedandall the optimizationpa-
rametersareconsidered.Not all theversionsareshown heredueto
spacelimitations,but thebestversionis alwaysshown. memcpyis
theperformanceof thefunctionmemcpyprovidedby theoperating
system.Our bestversionperformscloseto the memcpyprovided
onPentium4 becausememcpyis implementedin theRedHatEnter-
priseLinux AS 3 releaseasa scalarcopy. On theotherhand,Mac
OS X provided a highly tunedSIMD implementationof memcpy
aspartof its kernelthusit outperformsour bestversionby abouta
factorof 2.

In our experimentson Pentium4, we have L1 andL2 reported
as64bytesby PerfSuite[13], whichusestheCPUID instructionto
gethardwareinformationof Intel processors.However, 128bytes
is often reportedby micro-benchmarksas Pentium4's L2 cache
line sizesuchasin [21]. This is becauseaBIOSfeaturecalled“ad-
jacentsectorprefetch”is enabledto prefetchthenext cacheline for
a read. On our experimentalplatform, this featureis alsoenabled
ason mostdesktopPentium4 systems.This explainswhy thever-
sion with (iT,jT) orderoutperformsthe versionwith (jT,iT) order
by 43% sincethe latterversiondoesnot usetheprefetchedcache
line beforeit is evicted.By employing anempiricalsearchstrategy,
we implicitly exploit this architecturalfeaturewithout knowing its
existence.

OnPowerPCG5,thetwo bestversionsoffer almostthesameper-
formanceandtheonly differencebetweenthemis whethercopying
is usedfor writes. In Figure7(b),wecanalsoobserve thatany two
versions,with or without copying for writesasanoption,have the
sameaverageperformancesinceaddingcopying only slightly de-
gradestheperformance.However, on Intel Pentium4 thebestver-
sionwith buffer copy signi�cantly outperformstheversionwithout
copying for writes. Thereasonis possiblythatG5 hasa dedicated
load busanda dedicatedstorebusandboth buseswork in a fully
independentfashion.Also, thecacheabilitycontrolon G5 is not as
ef�cient asnon-temporalwriteson Pentium4.

The(j,i) intra-tileorderalwaysperformsbetterthan(i,j) orderon
bothplatforms.We believe with (j,i) orderthereis betterexploita-
tion of DRAM' spipelinedparallelismbecauseof theincreasedpos-
sibility of accessingdifferentmemorybankssimultaneously.

Many architecturalfeaturessuchasmemory-busdesignorDRAM
typesvary greatly with architecturesand even with speci�c ma-
chinecon�gurations.Theexploitationof thesearchitecture-speci�c
featuresareoftenout of thescopeof mostmodel-drivencompiler
optimizations.The above observationsdemonstratethe effective-
nessof our empiricalsearchin exploiting these“hidden” architec-
tural features,especiallyfor memorybandwidth-boundprograms.

Figure9(a)andFigure9(b)demonstratetheperformanceof trans-
posingN � N misalignedsingle-precisionmatriceson Pentium4
andPowerPCG5, respectively. In thepresenceof cachemisalign-
ments,different parametercombinationsare selectedas the best
ascomparedto the cachealignedcase.Unlike the cachealigned
case,the variation in the performanceof differentversionsis not
signi�cantly differentonPentium4. Theversionwithoutbuffering
for writes outperformsthe otherversions.The misalignmentpre-
cludestheuseof non-temporalwritesandcomplicatesthememory
bus traf�c pattern.This possiblyleadsto thebene�ts from buffer-
ing for writesbeingovershadowed by thebuffering overhead.On
PowerPCG5,the(jT,iT)(j,i) combinationis selectedasthebestver-
sion. In comparison,it underperformsthe(iT,jT)(j,i) combination
with cache-alignedinputs.

9. RELATED WORK
Theoreticalstudy and empirical evaluation of optimizing ma-

trix transpositionwith cacheperformanceconsiderationswascon-
ductedin [4, 9]. The authorsconcludethat, assumingcon�ict
missesareunavoidable,it is impossibleto be both cacheef�cient
andregisteref�cient, andemploy an in-cachebuffer. Othermem-
ory characteristicsarenot taken into account. Zhanget al. [23]
focuson how to write an ef�cient bit-reversalprogramwith loop
tiling anddatapadding.We do not have datapaddingasanoption
sincewefocusongenerationof a library thatcannotchangelayout
of its inputs.Theprimaryfocusof thatpaperis on con�ict misses,
which is importantin bit-reversal. We showed in Section2 that
con�ict missesarenotaswidespreadin thecaseof matrix transpo-
sition.

Different implementationsof matrix transpositionare investi-
gatedby Chatterjeeet al. [5], with theconclusionthathierarchical
non-linearlayoutsare inherentlysuperiorto the standardlayouts
for thematrix transpositionproblem.Optimizing for suchlayouts
is beyondthescopeof this paper.

Therehave beenstudieson how to achieve space-ef�ciency in
matrixtranspositionor its moregeneralizedforms[1, 14,2,7]. Our
presentwork doesnot handlein-placetransposition.We intendto
handlein-placetranspositionby carefully orderingthe transposi-
tion at thetile level andmarkingtransposedtiles.

Severalstudiesfocusonhow togenerateor optimizeintra-register
permutations.Thegenerationof register-level permutationsis ad-
dressedin [12]. Thealgorithmoptimizesdatapermutationsat the
instructionlevel andfocuseson SSEinstructions.Renet al. [16]
presentan optimizationframework to eliminateandmerge SIMD
datapermutationoperationswith a high-level abstraction. Both
studiespropagatedataorganizationalongdata-�ow graphsandfo-
cuson reducingintra-registerpermutations.Wemanuallygenerate
variousversionsof micro-kernelsandempiricallychoosethebest
one. While limiting, themanualprocessis only repeatedoncefor
every vectorinstructionset.Thelimited numberof vectorinstruc-
tion setsallows thisprocessto beapplicableacrossawiderangeof
processorarchitectures.

Empiricalsearchemployedin library generatorssuchasATLAS
[18, 17, 20] hasdrawn great interestbecauseof the complexity
of analyticalmodelingof optimalparametersfor modernarchitec-
tures. However, empiricalglobal searchis often too expensive to
apply. Yotov et al. [22] presenta strategy employing bothmodel-
drivenanalysisandempiricalsearchto decideoptimizationparam-
etersin matrix multiplication. Chenet al. [6] alsopresentan ap-
proachto combiningcompiler modelsand empirical search,us-
ing matrix multiplication andJacobirelaxationas two examples.
Our work is similar in spirit but is appliedto a computationthat
is bandwidth-limitedandhasno temporallocality. Matrix trans-
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Figure7: Effect of adding optimization considerationson (a) Pentium 4 and (b) PowerPC G5.
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Figure8: Performanceof differ ent versionswith cache-alignedarrays on (a) Pentium 4 and (b) PowerPC G5
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Figure9: Performanceof differ ent versionswith cache-misalignedarrays on (a) Pentium 4 and (b) PowerPC G5



positionis similar to thelevel 1 BLAS kernelsoptimizedby Wha-
ley and Whalley [19] using an empirical search-basedapproach.
But thepresenceof stridedmemoryaccessin matrix transposition
makesit harderto exploit spatiallocality.

10. CONCLUSIONS AND FUTURE WORK
Extensiveresearchhasbeenconductedonoptimizingmatrixtrans-

positionandrelatedproblemsbecauseof its ubiquitoususageand
uniquememoryaccesspatterns. In this paper, we presentedour
approachemploying both of�ine analysisandempiricalsearchto
decideoptimizationparametersfor matrix transposition.We han-
dle various alignmentsand con�ict missesby generatingmulti-
ple versions.Signi�cant improvementsarereportedon Intel Pen-
tium 4 andPowerPCG5 platformswith codegeneratedby a spe-
cial codegenerator. Several interestingobservationsdemonstrate
the effectivenessof our approachin exploiting hard-to-optimize
architecture-speci�cfeaturesin thecachehierarchyandthemem-
ory subsystem.We believe ourapproachis very promisingin opti-
mizing othermemorybandwidth-boundkernelsandstreamingap-
plications.

We intendto generalizethe approachin this paperto optimize
arbitraryindex permutationsof multi-dimensionalarrays,thegen-
eralizedform of matrix transposition.Index permutationis a key
operationin many scienti�c applicationssuchasthosein compu-
tational chemistry, weathermodeling,computationaloceanology,
anddatalayouttransformationto improvelocality in programs[11,
10]. Weareinvestigatingthereductionin thenumberof versionsto
begeneratedwhile optimizingfor thedifferentpermutations.The
decreasein thesizeof eachdimensionwith increasingdimensional-
ity impairsthebene�tsachievablefrom optimizationssuchasloop
tiling. In addition, the index calculationoverheadmustbe effec-
tively controlledto achieve highperformance.
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