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Problem: Can 5 test tubes be spun simultaneously in a
12-hole centrifuge in a balanced way?

» What approaches fail?
« What techniques work and why?
» Lessons and generalizations



Theory of Computation (CS3102) - Textbook

Textbook:

!

.
nir

Introduction to the Theory of COMPUTATION

deconcd ! tition

Computation, by Michael Sipser
(MIT), 2" Edition, 2005

Good Articles / videos: MICHAEL SIPSER
www.cs.virginia.edu/~robins/CS_readings.html



Theory of Computation (CS3102)

Required reading:
How to

How to S(_)Ive It, by C_Seorg_je Polya Solve It
(MIT), Princeton University Press, 1945

mathematical method

G. POLYA

 Aclassic on problem solving




Theory of Computation (CS3102)
ﬁ;

Good algorithms textbook:
Introduction to Algorithms
by Cormen et al (MIT)
Third Edition, 2009

INTRODUCTION TO

ALGORITHMS

Thomas Cormen Charles Leiserson |

We don't have much time, so we

don't teach them; we acquaint them
with things that they can learn.




computer science

Introduction to Algorithms
Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, and Clifford Stein
Third Edition

Some books on algorithms are rigorous but incomplete; others cover masses of material but lack rigor. Intro-
duction to Algorithms uniquely combines rigor and comprehensiveness. The book covers a broad range of algo-
rithms in depth, yet makes their design and analysis accessible to all levels of readers. Each chapter is relatively
self-contained and can be used as a unit of study. The algorithms are described in English and in a pseudocode
designed to be readable by anyone who has done a little programming. The explanations have been kept elemen-
tary without sacrificing depth of coverage or mathematical rigor.

The first edition became a widely used text in universities worldwide as well as the standard reference for
professionals. The second edition featured new chapters on the role of algorithms, probabilistic analysis and
randomized algorithms, and linear programming. The third edition has been revised and updated throughout.
It includes two completely new chapters, on van Emde Boas trees and multithreaded algorithms, and substan-
tial additions to the chapter on recurrences (now called “Divide-and-Conquer”). It features improved treatment
of dynamic programming and greedy algorithms and a new notion of edge-based flow in the material on flow
networks. Many new exercises and problems have been added for this edition.

As of the third edition, this textbook is published exclusively by the MIT Press.

Thomas H. Cormen is Professor of Computer Science and former Director of the Institute for Writing and
Rhetoric at Dartmouth College. Charles E. Leiserson is Professor of Computer Science and Engineering at MIT.
Ronald L. Rivest is Andrew and Erna Viterbi Professor of Electrical Engineering and Computer Science at MIT.
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“In light of the explosive growth in the amount of data and the diversity of computing applications, efficient al-
gorithms are needed now more than ever. This beautifully written, thoughtfully organized book is the definitive
introductory book on the design and analysis of algorithms. The first half offers an effective method to teach and
study algorithms; the second half then engages more advanced readers and curious students with compelling
material on both the possibilities and the challenges in this fascinating field.”

—Shang-Hua Teng, University of Southern California

“Introduction to Algorithms, the ‘bible’ of the field, is a comprehensive textbook covering the full spectrum of
modern algorithms: from the fastest algorithms and data structures to polynomial-time algorithms for seemingly
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Theory of Computation (CS3102) - Syllabus

A Dbrief history of computing:

 Aristotle, Euclid, Archimedes, Eratosthenes
» Abu Ali al-Hasan ibn al-Haytham

* Fibonacci, Descartes, Fermat, Pascal
 Newton, Euler, Gauss, Hamilton

* Boole, De Morgan, Babbage, Ada Agusta

e Venn, Carroll, Cantor, Hilbert, Russell

» Hardy, Ramanujan, Ramsey

» Godel, Church, Turing, von Neumann

» Shannon, Kleene, Chomsky




Theory of Computation Syllabus (continued)

Fundamentals:

* Set theory

 Predicate logic

e Formalisms and notation

* Infinities and countability
 Dovetailing / diagonalization
 Proof techniques

United Kingdom

* Problem solving A T e e
: o| 44—t | It
* Asymptotic growth fars—s—s—s |s |s ls
* Review of graph theory e N
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Theory of Computation Syllabus (continued)

Formal languages and machine models:

* The Chomsky hierarchy
* Regular languages / finite automata
« Context-free grammars / pushdown automata 5 ¢ 7 ¢

 Unrestricted grammars / Turing machines © O Q QO
* Non-determinism X808
The Extended Chomsky Hierarchy
. Closu.re operators ——— TR 86 p o
* Pumping lemmas o (ExeseacE
. . [EXPTIME O O O
* Non-closures g 2 (S e o
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Theory of Computation Syllabus (continued)

Computability and undecidability:

* Basic models
 Modifications and extensions
e Computational universality

* Decidability
 Recognizability

« Undecidability

e Church-Turing thesis
* Rice’s theorem




Theory of Computation Syllabus (continued)

NP-completeness:

* Resource-constrained computation
* Complexity classes '
* Intractability

» Boolean satisfiability
* Cook-Levin theorem

. Transformatlons 'N'Pmé'é'rﬁbi'é't'é"'S'Af

 Graph clique problem P .
» Independent sets NP | P co-NP
« Hamiltonian cycles P-complete LP:
 Colorability problems 66"N'F>""c';6'rﬁbi'e"t'é"T"AU'T

e Heuristics @00 e )



Theory of Computation Syllabus (continued)
Other topics (as time permits):

- E A
* Generalized number systems Y e 1“[
(ot Hiras
 Oracles and relativization B -

o Zero-knowledge proofs -

* Cryptography & mental poker N‘;f

e The Busy Beaver problem

* Randomness and compressibility
e The Turing test

Al and the Technological Singularity
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Generalized Numbers
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Theorem: some real numbers are not finitely describable!
Theorem: some finitely describable real numbers are not computable!



The Extended Chomsky Hierarchy
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Dense Infinite time & space complexity hierarchies
Other infinite complexity & descriptive hierarchies



Overarching Philosophy

Focus on the “big picture” & “scientific method”
Emphasis on problem solving & creativity

Discuss applications & practice

A primary objective: have fun!




Prerequisites

Some discrete math & algorithms knowledge
|deally, should have taken CS2102

Course will “bootstrap”

principles
Critical: Tenacity, patience



Course Organization

Exams: probably take home

— Decide by vote

— Flexible exam schedule
Problem sets:

— Lots of problem solving

— Work in groups! (max size 6 people)

— Not formally graded

— Most exam questions will

come from these sets!

Readings: papers / videos / books

Extra credit problems

— In class & take-home

— Find mistakes in slides, handouts, etc.
Course materials posted on Web site
WwWWw.cs.virginia.edu/robins/theory
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“Go for it, Sidney! You've got it! You've got it! Good
hands! Don't choke!”




Grading Scheme

e Midterm 35%
* Final 35%
Readings 20%
Attendance 10%
Extra credit 10%

Total: 110% +
Best strategy:
 Solve lots of problems!

Do lots of readings / EC!
* “Ninety percent of success is just showing up.” —Woody Allen
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rne, may I be excused? My brain is full.”




Contact Information

Professor Gabriel Robins
Office: 406 Rice Hall

Phone: (434) 982-2207

Email: robins@cs.virginia.edu

Web: www.cs.virginia.edu/robins M%
r

Www.cs.virginia.edu/robins/theo Ve, —
REAU
$TATISTICS e 7
: | y
Office hours: after class gﬁ;\
+ Any other time |
« By email (preferred) @ | é/
« By appointment | N )
* Q&A blog posted on class Web site | N f?
,J( s d -



Course Readings
www.cs.virginia.edu/robins/CS_readings.html

Goal: broad exposure to lots of cool ideas & technologies!
« Reguired: total of at least 36 items over the semester

Diversity: minimums in each of 3 categories:
1. Minimum of 15 videos
2. Minimum of 15 papers / Web sites
3. Minimum of 6 books

More than 36 total Is even better! (extra credit)

Some required items In each category

o Remaining “elective” items should be a diverse mix

Email all submissions to: homework.cs3102@gmail.com



Required Readings

www.cs.virginia.edu/robins/CS_readings.html

* Required videos:
— Last Lecture, Randy Pausch, 2007
— Time Management, Randy Pausch, 2007
— Powers of Ten, Charles and Ray Eames, 1977


http://www.cs.virginia.edu/~robins/Randy/Randy_TM_jow0247.jpg
http://www.cs.virginia.edu/~robins/Randy/Randy_TM_jow0247.jpg

Required Reading

» “Scale of the Universe”, Cary and Michael Huang, 2012

JdQ

Giant Earthworm
o

o
Dodo Bird

e

Beach ball

L)

H uman Rafflesia

100.0

« 1024 to 10%° meters = 50 orders of magnitude!


http://htwins.net/scale2/

Required Readings

www.cs.virginia.edu/robins/CS_readings.html

* More required videos:
— Claude Shannon - Father of the Information Age, UCTV
— The Pattern Behind Self-Deception, Michael Shermer, 2010

Claude Shannon
(1916-2001)




Required Readings

www.cs.virginia.edu/robins/CS_readings.html

* Required articles:

— Decoding an Ancient Computer, Freeth, 2009

— Alan Turing’s Forgotten Ideas, Copeland and Proudfoot, 1999
— You and Your Research, Richard Hamming, 1986

— Who Can Name the Bigger Number, Scott Aaronson, 1999
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Alan Turing  Richard Hamming Scott Aaronson

Antikythera computer, 200BC
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Re

Basic Concepts and Notation

(Gabriel Robins

A N
‘a' "When I use a word," Humpty Dumpty said, in a rather scornful tone,

\ (66 ( "it means just what | choose it to mean -- neither more nor less."
A A set is formally an undefined term, but intuitively it is a (possibly empty) collection of
arbitrary objects. A set is usually denoted by curly braces and some (optional) restrictions.

Examples of sets are {1,2,3}, {hi, there}, and {k | k is a perfect square}. The symbol € denotes

sct membership, while the symbol ¢ denotes set non-membership; for example, 7€ {p | p

prime} states that 7 is a prime number, while q¢ {0,2,4.6....} states that q is not an even number.

Some common_sets are denoted by special notation:

The natural numbers: = {1.,2.3....}

= {-.-3-39-23-150’1’253""}
— {% | a,b e &, bz0}

The integers:

The rational numbers:

The real numbers: = {x | x is a real number}

Q = & Mk =

~—

The empty set: ¥

http://www.cs.virginia.edu/robins/cs3102/basics.pdf
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Discrete Math Review Slides

Symbolic Logic Boolean Functions Logical Implication Logical Equivalence Predicates Quantifiers
L oposition - e and® A + “implies” = = “biconditional” (=1
Del: 7 ‘WJPC{-””””T 5131?}']13"1 . ‘and implies it and only i (“i Defipredicate - a funetion or formula +  Universal: “forall” ¥
either true (T) or false (F) . et v Truth table: or~itand oniyt i e involving some variables x M(x)
or or necessary and sulficient
. 19 lp=9 or  “logically equivalent” = N = P(K‘? APCo) A Plxs)
Ix: 111=2 * not B Ex I Pl ="x> ¥ Fx:  vx x<x+|
h o rmr Truth table: % is the variable Tx AR
2472=3 : Xar ® FIF P 19 [pog “x-37 is the predicate
- P FyT | T TIT|T ; +  Lxistential: “there exigrs” J
37 T oand 9 T TIF|E P(5) Jx Pix)
. “nor” D & _ F AT | F P(1} < Plx)) v P(xa) v P(x3) v ...
s Tt \ XOPR(0) = (x-0) o le | o P R
. mplicatio l<x=y=x?<y? Ex: p=p Fx: Qixy, 7y —“x+y—7 " Ix x<x-1
“today is Monday™ “today is Sunday” = 1+1-3 ) T
e eguivalence” % [(x=0) v (y=0)] <> (xy=0) Q2.3.4) Combmatmn; -
min(x,y)=max(x,y} < x=y Q(3:4,5) rY R
. - . e T
Sets Common Sets Subsets « Universal set: U (everything) DeMorgan's Laws
. Union: (W) . Lar < TN
Naturals: N={1,2,5,4, ..} . Subset notation: - - - Selcomplement: 8’ or 8 (SuT) =81
Tntegers: Z—{.,2,-1,0,1,2,.) SUT={x|xe8 v xeT} S x| xgS8}—U-8

ScTe(xeS=xeT)
Rationals: Q= {ﬁ | a,.beZ, b0}

Reals: R - {x|xareal i}
Fmply gel: G- { . Proper subset: = . Intersection: A » Disjoint sets: SAT=(
L .. TN . ALlerseclion.
Def: two sets are equal it they contain + e ScTe(Sch (1) L, § . @
the same elements Z" = non-negative intgers ST (TSSH ST SAT={x | xe8 ~ xeT}
o = 1= non-positive reals, etc. Sy — &
B ;(I) Z ?i} 231 P z: @ ‘;: S-T-SAT Boolean logic version:
S8 . (XAYY=X'vY'
£3,51={3.5,3,3, 5} $-8=0 (XA Y=X A"
Function Types 1-to-1 Correspondence Generalized Cardinality Infinite Sets Thm: 3 1-1 correspondence G>N e el
Df (dove-tailing): Thm: - [ N|
| | 4 coT * Sisalleast as large as T: « Infinite sct: [$ = k ¥keZ [ : : : : P (diagonalization):
H IR + 1-to-1 correspondence: [:8 ., . . . ! ! ! )
« Oue-lo-one lunchion: *1-1 o-1 correspandence: f:8«> [8=T|= 3 f:5->T. f onlo or . 12} 43 8 Aggume 3 1-1 corres, /3 ReN
abe8 *azh = flak/fib) 1 is both 1-1 and onte i.e., ™S covers T” 3 1-1comes. {156 T, ST Toos s e e s Conslrucl X e 9
. 1z 31 4 3 s TS
Lx: fr MW, fix)=2x is 1-1 Ex: rR—Z, r{x)—round(x) Fx:{p|pprime}, R 5 0% 3 F % 3o ? tioz.eleEElans. . i
’i 1 s 2 1213562, .. ¥
g(x)-x"is not 1-1 = [®2/2] * Countable set: |8 < N| PR R T R S i e
« Sand | have same cardinalily: Ex:@, {p|pprime}, N, Z PR MO X = 0,270 ... #fik) ¥keN
+ Onto [unction: Ex: {: R 3 f(x)=x (identity) S=T|= \‘P\Tl \T\>|S » S is gurietly smaller than T: 108 1 4 s = frota I-1 correspondencs
TteT IseS 35yt hNoZ 3 h(x):% . x odd, 3141 Wl'l'USPU“d‘v“‘-‘- Ser I S =[] = [SE(T] [SkT] Lozo1o4 2 e > contradiction
Lx: Jr 22, fx)13-x is onto X < even. + Ceneralizes finite cardinality: ) Uincoum?b‘lc et [NJ < 18] 1w e - = R is uncoutlable
g(x)—x° is not onlo 2 [N| =%

11,2,3,4,5 = {a b, c) IN| < [0,1] - {x | xe%, Dsx<1}

http://www.cs.virginia.edu/robins/cs3102/discrete_math_review_slides.pdf




Required Readings

www.cs.virginia.edu/robins/CS_readings.html

* Required books:
— “How to Solve It”, Polya, 1957
— “Infinity and the Mind”, Rucker, 1995
— “Godel, Escher, Bach”, Hofstadter, 1979
— “The Demon-Haunted World, Sagan, 2009
— “What If”, Munroe, 2014
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Required Readings

www.cs.virginia.edu/robins/CS_readings.html
Remaining videos / articles / books are “electives”
Pacing: at least 2 submissions per week (due 5pm Monday)

- Policy intended to help you avoid “cramming”
Length: 1-2 paragraphs per article / video
1-2 pages per book

Books are worth more credit than articles / videos
Email all submissions to: homework.cs3102@gmail.com
Additional readings beyond 36 are welcome! (extra credit)



Other “Elective” Readings
www.cs.virginia.edu/robins/CS_readings.html

» Theory and Algorithms:

Who Can Name the Bigger Number, Scott Aaronson, 1999

The Limits of Reason, Gregory Chaitin, Scientific American, March
2006, pp. 74-81.

Breaking Intractability, Joseph Traub and Henryk Wozniakowski,
Scientific American, January 1994, pp. 102-107.

Confronting Science's Logical Limits, John Casti, Scientific
American, October 1996, pp. 102-105.

Go Forth and Replicate, Moshe Sipper and James Reggia, Scientific
American, August 2001, pp. 34-43.

The Science Behind Sudoku, Jean-Paul Delahaye, Scientific
American, June 2006, pp. 80-87.

The Traveler's Dilemma, Kaushik Basu, Scientific American, June
2007, pp. 90-95.



Other “Elective” Readings

www.cs.virginia.edu/robins/CS_readings.html

 Biological Computing:
— Computing with DNA, Leonard Adleman, Scientific American,
August 1998, pp. 54-61.

— Bringing DNA Computing to Life, Ehud Shapiro and Yaakov
Benenson, Scientific American, May 2006, pp. 44-51.

— Engineering Life: Building a FAB for Biology, David Baker et
al., Scientific American, June 2006, pp. 44-51.

— Big Lab on a Tiny Chip, Charles Chol, Scientific American,
October 2007, pp. 100-103.

— DNA Computers for Work and Play, Macdonald et al, Scientific
American, November 2007, pp. 84-91.

Email all submissions to: homework.cs3102@gmail.com



Other “Elective” Readings
www.cs.virginia.edu/robins/CS_readings.html

* Quantum Computing:

— Quantum Mechanical Computers, Seth Lloyd, Scientific
American, 1997, pp. 98-104.

— Quantum Computing with Molecules, Gershenfeld and Chuang,
Scientific American, June 1998, pp. 66-71.

— Black Hole Computers, Seth Lloyd and Jack Ng, Scientific
American, November 2004, pp. 52-61.

— Computing with Quantum Knots, Graham Collins, Scientific
American, April 2006, pp. 56-63.

— The Limits of Quantum Computers, Scott Aaronson, Scientific
American, March 2008, pp. 62-69.

— Quantum Computing with lons, Monroe and Wineland,
Scientific American, August 2008, pp. 64-71.



Other “Elective” Readings
www.cs.virginia.edu/robins/CS_readings.html

 History of Computing:
— The Origins of Computing, Campbell-Kelly, Scientific
American, September 2009, pp. 62-69.

— Ada and the First Computer, Eugene Kim and Betty Toole,
Scientific American, April 1999, pp. 76-81.

 Security and Privacy:

— Malware Goes Mobile, Mikko Hypponen, Scientific American,
November 2006, pp. 70-77.

— RFID Powder, Tim Hornyak, Scientific American, February
2008, pp. 68-71.

— Can Phishing be Foiled, Lorrie Cranor, Scientific American,
December 2008, pp. 104-110.



Other “Elective” Readings
www.cs.virginia.edu/robins/CS_readings.html

 Future of Computing:

Microprocessors in 2020, David Patterson, Scientific American, September
1995, pp. 62-67.

Computing Without Clocks, Ivan Sutherland and Jo Ebergen, Scientific
American, August 2002, pp. 62-69.

Making Silicon Lase, Bahram Jalali, Scientific American, February 2007,
pp. 58-65.

A Robot in Every Home, Bill Gates, Scientific Am, January 2007, pp. 58-65.
Ballbots, Ralph Hollis, Scientific American, October 2006, pp. 72-77.

Dependable Software by Design, Daniel Jackson, Scientific American, June
2006, pp. 68-75.

Not Tonight Dear - | Have to Reboot, Charles Choi, Scientific American,
March 2008, pp. 94-97.

Self-Powered Nanotech, Zhong Lin Wang, Scientific American, January
2008, pp. 82-87.



Other “Elective” Readings
www.cs.virginia.edu/robins/CS_readings.html

e The Web:

— The Semantic Web in Action, Lee Feigenbaum et al., Scientific American,
December 2007, pp. 90-97.

— Web Science Emerges, Nigel Shadbolt and Tim Berners-Lee, Scientific
American, October 2008, pp. 76-81.

* The Wikipedia Computer Science Portal: 5 |
— Theory of computation and Automata theory f )
— Formal languages and grammars
— Chomsky hierarchy and the Complexity Zoo \
— Regular, context-free &Turing-decidable languages RS
— Finite & pushdown automata; Turing machines
— Computational complexity

— List of data structures and algorithms
Email all submissions to: homework.cs3102@gmail.com



http://upload.wikimedia.org/wikipedia/commons/b/b7/Wikipedia-logo.svg
http://upload.wikimedia.org/wikipedia/commons/b/b7/Wikipedia-logo.svg

Other “Elective” Readings
www.cs.virginia.edu/robins/CS_readings.html

« The Wikipedia Math Portal:
— Problem solving
— List of Mathematical lists
— Sets and Infinity
— Discrete mathematics
— Proof techniques and list of proofs
— Information theory & randomness

=10l x|

SER EE
] ot vsted ¥ Getting Started . Latest Heodines | ) Custome Unks | | Free Hotmal | ) Petp:ffwm.scnbfi-.. | | Suggested Stes | | Web Sice Galery | | Windows Marbetplace | | Windows Meda | | Windows.
Google [y trans il rson cor 7] G Search =4 & o = [] = €7 Bookmarkss TR - apotrk T 005 sendtor o [ my (S bean [ [t [ tarson [ cantoon » () Settings

Wolfram MathWerld
s most extensive ics resource
— Game theory
o
+ Mathematica's “Math World” ==
athematica's at or = :
,,,,, -
% Wo
————

Email all submissions to: homework.cs3102@gmail.com # rm_u
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Good Advice

» Ask questions ASAP
 Solve problems ASAP
* Work in study groups
* Do not fall behind

« “Cramming” won’t work

* Do lots of extra credit

» Attend every lecture

* Visit class Website often
 Solve lots of problems

Latin convulsions

/
i

) ™
Physics ﬂounderinﬂ

Wood shop apathy Basic stupidity

Classtoom afflictions




Goal: Become a more effective problem solver!

o & 3
HELP IS ONLY 140 MILLION MIBES:AWAY
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Email all submissions to: homework.cs3102@gmail.com



Problem: Can 5 test tubes be spun simultaneously in a

e O

 What does “balanced” mean? = 3 \ N
- Why are 3 test tubes balanced? R ot
'Symmetry! P05 b 5
-rge solutions? S0 | & D '\1»6\ \

Superposition 3 N 6(5\&\%°
e Linearity! f(x4y) = f(X) + £(y) \'©

° I ? '
Can you spin 7 test tubes" o o

ccomplemenays S (8¢
» Empirical testing. .. W




Problem:1+2+3+4+ .. +100="7

= (100*101)/2
Proof: = 5050

1 +2 + 3 +...+9 + 100
100+ 99 + 98 +...+ 2 + 1

101+101+101+...+101+ 101 = 100*101

—~. n(n+1)
2.1=75




Drawbacks of Induction

* You must a priori know the formula / result
 Easy to make mistakes in inductive proof

* Mostly “mechanical” — ignores intuitions
 Tedious to construct
* Difficult to check
 Hard to understand
« Not very convincing .
 Generalizations not obvious :

* Does not “shed light on truth” 7{
 Obfuscates connections

Conclusion: only use induction as a last resort! (i.e., rarely)



Problem: (1/4) + (1/4)2 + (1/4)3 + (1/4)* + ... =2

= 1

— =7
= 4

Extra Credit:
Find a short, geometric, induction-free proof.



Problem: (1/4) + (1/4)? + (1/4)3+ (1/4)* + ... =7
Find a short, geometric, induction-free proof.




Problem: (1/8) + (1/8)% + (1/8)3 + (1/8)* + ...=?

Extra Credit:
Find a short, geometric, induction-free proof.



Problem: (1/8) + (1/8)? + (1/8)3+ (1/8)* + ...=7?
Find a short, geometric, induction-free proof.




Problem:; 13+ 23+ 33+ 43+ .. +n3=7?

=3 o) =
I R i
— ‘1___.—&'““—'-_
]
- LT T e A
I _1 B s
 ; &

Extra Credit:
find a short, geometric,
Induction-free proof.

“Yes, yes, | know that, Sidney ... everybody knows that! ..
But look: Four wrongs squared, minus two wrongs to the
fourth power, divided by this formula, do make a right.”

Email all submissions to: homework.cs3102@gmail.com




Problem: Prove that /2 is irrational.

Extra Credit: find a short, induction-free proof.

» What approaches fail? | ‘

» What techniques work and why? ..._

» Lessons and generalizations

T~

Suuue:rgf\:/ 2™ (2030
R E 2D

(?4‘_6,0) Ao~
,.: > } S x=Ma,
- [
P Ny Yk = #

Einstein discovers that time is actually money.




Problem: Prove that there are an infinity of primes.

Extra Credit: Find a short, induction-free proof.

« What approaches fail?
« What techniques work and why?
* Lessons and generalizations

Email all submissions to: homework.cs3102@gmail.com



Problem: True or false: there arbitrary long blocks of
consecutive composite integers.

Extra Credit: find a short, induction-free proof.

AND OVER THERE WE HAVE THE LABYRINTH GUARDS.
ONE ALWAYS LIES, ONE ALWAYS TELLS THE TRUTH, AND
ONE STABS PEOPLE WHO ASK TRICKY QUESTIONS.

» What approaches fail?
» What techniques work and why?} |
» Lessons and generalizations




Problem: Are the complex numbers closed under
exponentiation ? E.g., what is the value of i'?

- | IN My Parer, I USE AN IT MIGHT

" | FUNCTION OVER THE GAUSSIEN IS THIS PAPER
; | INTEGERS To GENERALIZE THE %‘U""'L"LD"’ L‘?P?r'_g‘” IR 2\; ﬁaﬁﬁh‘é WERE
et Real [ -CALLED “FRIENDLY NUMBERS" el BKING YOUR
® G ﬁm THE COMPLEX PLANE. AN “IMAGINARY MATH LICEMSE
FRIENDS" PUN?

M%




Problem: Does exponentiation preserve irrationality?
l.e., are there two Irrational numbers x and y such
that x¥ is rational?

Extra Credit: find a short, induction-free proof.

» What approaches fail?
« What techniques work and why?
» Lessons and generalizations

¥




Problem: Solve the following equation for X:
X<
X =2

X
where the stack of exponentiated x’s extends forever.

» What approaches fail?
« What techniques work and why?
» Lessons and generalizations




Problem: For the given infinite ladder of resistors
of resistance R each, what Is the resistance measured
between points x and y?

1 have four apples
I give Two away, how
do T have left?

9 i
many

» What approaches fail?
« What techniques work and why?
» Lessons and generalizations




THERE'S A CERTAIN TYPE OF NVENT
5
Emw TmTE EASILY DISABLED, TNHEU gﬂ?fﬁ *‘15.141?1?[;
GEE THAT PHYSICIST
i [] Jﬂﬂﬂ CROSING THE RopO? 1"
|qu'=m.r|rm T "_“'4
INTERESTING PROBLEM, =~ g - \ ; \
rrumzr.wmﬁ:ftﬁm [
mmmc.m n' %

On this infinite grid of |

{_T ideal one-ohm resistors,

¥
what's the equivalent
resistance between the

two marked nodes?

i i

T5... HIM. INTERESTING.

MRWEE IF Yo START WITH ...
NO, WAIT. HMN...YoU tolD—

I WILL HAVE NO
F?FRF NTHIS.  CMON, MAKE A
SIGN. IS FumN!
PHYSICISES ARE Thlo POINTS,
I“WHEMTL{:HM THREE.




Historical Perspectives




Historical Perspectives

Knowing the “big picture” is empowering

Science and mathematics builds heavily on past
Often the simplest ideas are the most subtle

Most fundamental progress was done by a few

We learn much by observing the best minds
Research benefits from seeing connections

The field of computer science has many “parents”
We get inspired and motivated by excellence

The giants can show us what is possible to achieve
It is fun to know these things!



“Standing on the Shoulders of Giants”™

Aristotle, Euclid, Archimedes, Eratosthenes

o o
\

Abu Ali al-Hasan ibn al-Haytham
Fibonacci, Descartes, Fermat, Pascal
Newton, Euler, Gauss, Hamilton
Boole, De Morgan

Babbage, Ada Lovelace
\enn, Carroll 5




“Standing on the Shoulders of Giants”™

Cantor, Hilbert, Russell
Hardy, Ramanujan, Ramsey
» (odel, Church, Turing
 von Neumann, Shannon

Kleene, Chomsky
* Hoare, McCarthy, Erdos
« Knuth, Backus, Dijkstra

v " R | Y %{
any Qt CTIS... David Hilbert (1862-1943) 4 Kuttf@ﬁdéi‘f’906 1978)







Gauss ..
Newton p/q)(g/p) = -1¢-a-4

Archimedes + na*'b + n(n-1)a*?b? + n(n-1)(n-2)a™’b+...
P ]

F(s) =s?
Cantor
Cayley . (abedef) = (ab)(ac)(ad)(ae)(af) e

I, f(z) dz=0
Pascal .
Abel |a-b| < |a|[b| y
Hilbert

Klein

Leibniz

Gal(E/F);

E, = {xEE|¢(x)=x Vo EH}

ey £°(c)(h - ) = f(b) - f(a)

Daniel
Dirichlg un=c‘u,,; 0<x<l é‘
Fermat i

\\

]
ﬂ+a’u+% '
D =R[x] * g

\

Y
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Historical Perspectives
Aristotle (384BC-322BC)
 Founded Western philosophy
e Student of Plato
» Taught Alexander the Great
* “Aristotelianism”
» Developed the “scientific method”
 One of the most influential people ever

« Wrote on physics, theatre, poetry, music, logic, rhetoric,
politics, government, ethics, biology, zoology, morality,
optics, science, aesthetics, psychology, metaphysics, ...

» Last person to know everything known in his own time!

“Almost every serious Intellectual advance has had to begin with
an attack on some Aristotelian doctrine.” — Bertrand Russell




5& V Cent® del Descubrimiento de América. 1492-1992

A

DECRETO MINISTERIALE 6 MAGGIO 1997

e DTS RIARISTOTEN S
“Wit 1s educated insolence.” fo
- % ! FILO OF0 .

- Aristotle (384-322 B.C.) Y/ #" "B fwamic
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“What I especially like about being a philosopher-scientist is that I don’t
have to get my hands dirty.”
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Euclid (325BC-265BC) £l A

Historical Perspectives

i

Founder of geometry |-~
& the axiomatic method
“Elements” — oldest and [ ===l =4
most impactful textbook [
Unified logic & math |/
Introduced rigor and
“Euclidean” geometry
Influenced all other fields of science:
Copernicus, Kepler, Galileo, Newton,
Russell, Lincoln, Einstein & many others
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Euclid’s Straight-Edge and Compass Geometric Constructions




[SCHOOL OF ATHENS

40 HLYIY

el 1TavVHAVYH
| AMVSHAAINNY UI100S

PONTIFICIA
ACADEMIA -

I.P.Z.5.-ROMA-1986

EUCLIDES

20/v0/86

e

(/3 Wy
OBpEPI) [ OILOIUY O

01=

B/W QuickCam



Euclid’s Axioms
1: Any two points can be connected by exactly one 1) e B

straight line. @& °
2: Any segment can be extended indefinitely into a
straight line.

3)
3: Acircle exists for any given center and radius. @

4: All right angles are equal to each other.

5: The parallel postulate: Given a line and a point off 4 _
that line, there is exactly one line passing through ul —%
the point, which does not intersect the first line.

The first 28 propositions of Euclid’s Elements were
proven without using the parallel postulate!

Theorem [Beltrami, 1868]: The parallel postulate is
Independent of the other axioms of Euclidean geometry.

1 gk

The parallel postulate can be modified to yield
non-Euclidean geometries!







Non-Euclidean Geometries

Hyperbolic geometry: Given a line and a point off that line,
there are an infinity of lines passing through that point that
do not intersect the first line.

« Sum of triangle angles is less than 180°

* Different triangles have different angle sum
* Triangles with same angles have same area
* There are no similar triangles ‘
» Used In relativity theory

By
Z v

".‘J) L= i ‘..'r - - Analyfic Hyperbolic Geometry:, -
; 7 ¥ .-, -and Albert Einstein’s Special
* Theory of Relativity.® i

Sy



Non-Euclidean Geometries

Spherical / Elliptic geometry: Given a line and a point off that
line, there are no lines passing through that point that do not
Intersect the first line. e

» Lines are geodesics - “great circles”

« Sum of triangle angles is > 180°
 Not all triangles have same angle sum
* Figures can not scale up indefinitely

» Area does not scale as the square

« \/olume does not scale as the cube

* The Pythagorean theorem fails

« Self-consistent, and complete




James W. Anderson Arlan Ramsay

Robert D. Richtmyer

Hyperbolic Geometry

ANALYTIC HYPERBOLIC GEOMETRY

Mathematical Foundations and Applications

BIRGER IVERSEN Riccardo Benedetti

INTRODUCTION Galopetroio
TO HYPERBOLIC Lactumes on
GEOMETRY | yperbolic

Hyperbolic
Geometry

Second Edition

Geometry
g :
spmcen i s
amcBegl e=faf
London Mathematical Society Hh[ﬂnﬂm H “ﬂﬂﬂf bogfes b=l ‘
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) Springer o i, G) Springer (gj Springer
World Scientific g
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MORGAN&CLAYPOOL PUBLISHERS

CONTEMPORARY

THE ELEMENTS UCL Complex Hyperbolic
A Gyrovector Space OF NON-EUCLIDEAN | =5 P % MATHEMATICS
GEOMETRY Geometry Tn
Approach to : :
Hyperbolic Geometry Complex Manifolds and
Hyperbolic Geomeiry
D. M.Y. Sommeryville
Clifford J. Earle
Abraham Albert Ungar Wiliom J. Horvey
Sev’I n Reclllas-Pishmish
Ediftors
@ ROBERTO éONOL"‘
CLIDEAN GEOMETRY
SYNTHESIS LECTURES ON
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American Mathemalical Socisty
Studies
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Geomotries g | BCTLWLR GEOMETRY

B 5. M. CONETER TR, Y Introductory
? Non-Euclidean
Geometry

B foxs

GEOMETRY
Evolution of the Concept
of a Geometnc Space

Third Edition

David W. Henderson
Daina Taimina
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Springer-Verlag

Marvin Jay |
Greenberg




The Elements
/!j -
Non-Fuclidean

(xeometr)

Julzn Lwell Coolite

Sylvestre Gallot
Dominique Hulin
acques Lafontaine

Riemannian
Geometry

Euclidean
and
Non-Euclidean
Geometries

M. Helena Noronha

Non-Euclidean Geometry:
A Critical And
Historical Study Of Its
Development (1912)

ly’é

Roberto Bonola
H. S. Carslaw

Peter Petersen

Riemannian
Geometry

@ Springer

fraction.
‘tion of il

NON-EUCLIDEAN
GEOMETRY

| ROBERTO BONOLA

7~ and the Nature
of Space

JEREMY J. GRAY

Undergraduate Texts in Mathematics

George E. Martin

The Foundations of
Geometry and the
Non-Euclidean Plane

: \%\
4 5

N

7 >
@ Springer

Marcel Berger

A Panoramic
View
of Riemannian
Geometry

Mathematics and Its Applications

Andrés Prékopa
Emil Molnar

Non-Euclidean Geometries

@ Springer

PRINCETON LANOMARKS
IN MATHENATICS

Riemannian
beometry

OXFORD SCIENCE PUBLICATIONS

RIEMANNIAN
GEOMETRY

T. J. WILLMORE




Founders of Non-Euclidean Geometry
Janos Bolyai (1802-1860)

1802- J. BOLYAI- 1860
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Non-Euclidean Non-Orientable Surfaces

A A I
Mobius . Klein . BProjectiv%
strip bottle plane

A A ¥

one side,

no boundarx!

no boundary!
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Problem: A man leaves his house and walks one
mile south. He then walks one mile west and sees a
Bear. Then he walks one mile north back to his
house. What color was the bear?

Problem: Is the house location unique?



