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NP Completeness Benefits

1. Saves time & effortof trying to solve intractable 

problems efficiently;

2. Saves moneyby not separately working to 

efficiently solve different problems;

3. Helps systematically build on & leveragethe 

work (or lack of progress) of others;

4. Transformationscan be used to solve new 

problems by reducing them to known ones;

5. Illuminatesthe structure & complexity of 

seemingly unrelated problems;



NP Completeness Benefits

6. Informs as to when we should use approximate

solutions vs. exact ones;

7. Helps understand the ubiquitous concept of 

parallelism(via non-determinism);

8. Enabled vast, deep, and general studies of other 

ñcompletenessò theories;

9. Helps explain why verifying proofs seems to be 

easier than constructingthem;

10. Illuminatesthe fundamental nature of algorithms 

and computation;



NP Completeness Benefits

11.Gave rise to new and novel mathematical

approaches, proofs, and analyses;

12.Helps us to more easily reasonabout and 

manipulate large classes of problems;

13.Robustly decouples/ abstracts complexity from 

underlying computational models;

14.Gives disciplined techniques for identifying 

ñhardestò problems / languages;

15.Forged new unificationsbetween computer 

science, mathematics, and logic;

16.NP-Completeness is interesting and fun! 
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ÍP

Theorem: If A ¢P B and B is decidable within polynomial 

time then A is decidable within polynomial time. 

Theorem: If A ¢P B and A is not decidable within polynomial 

time then B is not decidable within polynomial time. 

Note: be very 

careful about 

the reduction

direction! 



Problem Transformations
Idea: To solve a problem, efficiently transform to another 

problem, and then use a solver for the other problem:

(x+y)(x'+y')

Colorability 

solver

SAT solution

x=1, y=0

Satisfiability

Colorability





NP Hardness & Completeness

Def: A problem Lô is NP-hardif:

(1)Every L in NP reduces to Lô in polynomial time.

Def: A problem Lô is NP-completeif:

(1) L is NP-hard; and (2) L is in NP.

One NPC problem is in P Ý P=NP

Open: is P=NP ?

Open: is NP=co-NP ?

Theorem: P = co-P

PNP   

NP-completeSAT

co-NP-completeTAUT

co-NP   
P-completeLP



Boolean Satisfiability Problem (SAT)

Def: CNF (Conjunctive Normal Form) formula

is in a product-of-sums format.

Ex: (x1+x4+x5+x7+x'8)(x'1+x3+x'4+x'5)

Def: A formula is satisfiableif it can be made true

by some assignment of all of its variables.

Problem(SAT): given an n-variable Boolean

formula (in CNF), is it satisfiable?

Ex: (x+y)(x'+z') is satisfiable(e.g., let x=1 & Z=0)

(x+z)(x')(z') is notsatisfiable(why?) 
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The Cook/Levin Theorem

Theorem [Cook/Levin, 1971]: SAT is NP-complete.

Proof idea: given a non-deterministic polynomial

time TM M and input w, construct a CNF

formula that is satisfiableiff M accepts w.

Create booleanvariables:

q[i,k] Ý at step i, M is in statek

h[i,k] Ý at step i, Môs RW headscans tape cell k

s[i,j,k] Ý at step i, Môs tape cellj contains symbol Sk

M halts in polynomial time p(n) 

Ý total # of variables is polynomial in p(n)

Qk
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Add clauses to the formula to enforce necessary 

restrictions on how M operates / runs:

ÅAt each time i:

M is in exactly1 state

r/w head scansexactly1 cell

All cellscontain exactly1 symbol

ÅAt time 0 ÝM is in its initial state

ÅAt time P(n) ÝM is in a final state

ÅTransitions from step i to i+1

all obey M's transitionfunction

Resulting formula is satisfiableiff M accepts w!

Qk

The Cook/Levin Theorem



Historical Note
The Cook/Levin theorem was independently proved 

by Stephen Cook    and    Leonid Levin

ÅDenied tenure at Berkeley (1970)

ÅInvented NP completeness (1971) 

ÅWon Turing Award (1982)

ÅStudent of Andrei Kolmogorov

ÅSeminal paper obscured by 

Russian, style, and Cold War



ñGuess and Verifyò Approach
Note: SAT ÍNP.

Idea: Nondeterministicallyñguessò each Boolean 

variable value, and then verify the guessed solution.

Ý polynomial-time nondeterministic algorithm ÍNP

This ñguess & verifyò approach is general.

Idea: ñGuessingò is usually trivially fast (ÍNP)

ÝNP can be characterized by the ñverifyò property:

NP ¹set of problems for which proposed

solutions can be quickly verified

¹set of languages for which string

membership can be quickly tested.







An NP-Complete Encyclopedia

Classic book: Garey & Johnson, 1979

ÅDefinitive guide to NP-completeness

ÅLists hundreds of NP-complete problems

ÅGives reduction types and refs

Michael Garey David Johnson



Robustness of P and NP

Compositionsof polynomials yields polynomials

Computation modelsô efficiencies are all polynomially

related(i.e., can efficiently simulate one another).

Defsof Pand NPis computationmodel-independent!

ɛ
ɚ

x3 + y3 + z3 = 33
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2006

??



B

Reduction Types

Many-one reduction: converts an instance of one 

problem to a single instance of another problem.
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Turing reduction: solves a problem A by multiple calls 

to an ñoracleò for problem B.

A¢M B

A¢T BA
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BA

Polynomial-Time Reduction Types

Polynomial-time many-one reduction: transforms in 

polynomial time an instance of problem A to an 

instance of problem B.

Ý ñKarpò reduction (transformation)
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Polynomial-time Turing reduction: solves problem

A by polynomially-many calls to ñoracleò for B.

Ý ñCookò reduction

Open: do polynomial-time-bounded many-one and 

Turing reductions yield the same complexity classes? 

(NP, co-NP, NP-complete, co-NP-complete, etc.)



Boolean 3-Satisfiability (3-SAT)

Def: 3-CNF: each sum term has exactly 3 literals.

Ex: (x1+x5+x7)(x3+x'4+x'5)

Def: 3-SAT: given an n-variable booleanformula

(in CNF), is it satisfiable?

Theorem: 3-SAT is NP-complete.

Proof: convert each long clause of the given formula

into an equivalent set of 3-CNF clauses:

Ex: (x+y+z+u+v+w)

Ý (x+y+a)(a'+z+b)(b'+u+c)(c'+v+w)

Resulting formula is satisfiableiff original formula is.



1-SAT and 2-SAT

Idea: Determine the ñboundary of intractabilityò by

varying / trivializing some of the parameters.

Q: Is 1-SAT NP-complete?

A: No (look for a variable & its negation)

Q: Is 2-SAT NP-complete?

A: No (cycles in the implication graph)
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Classic NP Complete Problems

Clique: given a graph and integer k, is there a 

subgraphthat is a complete graph of size k?



Classic NP Complete Problems

Set Cover: given a universe U, a collection of subsets Si

and an integer k, can k of these subsets cover U?

U
S2

S3

S1

S4

S5



Classic NP Complete Problems

Hamiltonian cycle: Given an undirected graph, is there 

a closed path that visits every vertex exactly once?





Classic NP Complete Problems

Graph coloring: given an integer k and a graph, is it 

k-colorable?  (adjacent nodes get different colors)



Classic NP Complete Problems

Partition: Given a set of integers, is there a way to 

partition is into two subsets each with the same sum?



Classic NP Complete Problems

Knapsack: maximize the total value of a set of items 

without exceeding an overall weight constraint.


