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he Theory of
COMPUTATION]

THE CHURCH-TURING
THESIS

So far in our development of the theory of computation we have presented sev-
eral models of computing devices. Finite automata are good models for devices
that have a small amount of memory. Pushdown automata are good models for
devices that have an unlimited memory that is usable only in the last in, first out
manner of a stack. We have shown that some very simple tasks are beyond the
capabilities of these models. Hence they are too restricted to serve as models of
general purpose computers.

TURING MACHINES

We turn now to a much more powerful model, first proposed by Alan Turing
in 1936, called the Taring machine. Similar to a finite auromaton but with an
unlimited and unrestricted memory, a Turing machine is a much more accurate
model of a general purpose computer. A Turing machine can do everything
that a real computer can do. Nonetheless, even a Turing machine cannot solve
certain problems. In a very real sense, these problems are beyond the theoretical
limits of computation.

The Turing machine model uses an infinite rape as its unlimited memory. It
has a tape head that can read and write symbols and move around on the tape.
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constant called a coefficient. For example,
6-z-z-z-y-z~z=6x3y22
is a term with coefficient 6, and
6adyz? + 3y — ¥ — 10

is a polynomial with four terms over the variables z, y, and z. For this discussion,
we consider only coefficients that are integers. A rovor of a polynomial is an
assignment of values to its variables so that the value of the polynomial is 0.
This polynomial has a root at z = 5, y = 3, and z = 0. This root is an integral
root because all the variables are assigned integer values. Some polynomials have
an integral root and some do not.

Hilbert’s tenth problem was to devise an algorithm thar tests whether a poly-
nomial has an integral root. He did not use the term algorithm but rather “a
process according to which it can be determined by a finite number of oper-
ations.” Interestingly, in the way he phrased this problem, Hilbert explicitly
asked that an algorithm be “devised.” Thus he apparently assumed that such an
algorithm must exist—someone need only find it.

As we now know, no algorithm exists for this task; it is algorithmically unsolv-
able. For mathematicians of that period to come to this conclusion with their
intuitive concept of algorithm would have been virtually impossible. The intu-
itive concept may have been adequate for giving aigorithms for certain tasks, but
it was useless for showing that no algorithm exists for a particular task, Proving
that an algorithm does not exist requires having a clear definition of algorithm.
Progress on the tenth problem had to wait for that definition.

The definition came in the 1936 papers of Alonzo Church and Alan Tiur-
ing. Church used a notational system called the A-calculus to define algorithms.
Turing did it with his “machines.” These two definitions were shown to be
equivalent. This connection between the informal notion of algorithm and the
precise definition has come to be called the Church-Turing thesis.

The Church-Turing thesis provides the definition of algorithm necessary to
resolve Hilbert’s tenth problem. In 1970, Yuri Matijasevi¢, building on work of
Martin Davis, Hilary Putnam, and Julia Robinson, showed that no algorithm ex-
ists for testing whether a polynomial has integral roots. Tn Chapter 4 we develop
the techniques that form the basis for proving that this and other problems are
algorithmically unsolvable.

Turing machine
algorithms

Intustive notion

of algorithms equals

FIGURE 3.22
The Church-Turing Thesis

Translated from the original German.



Computational Universality

Theorem: Many other systems are
equivalent to Turing machines.

« Grammars ¢S —aNbc | S

» \-calculus (ALX.X+1)

 Post tag systems A — bc - .
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Announced May 14th, 2007: 5th Anniversary of the Publication of A New Kind of Science

THE WOLFRAM
2,3 TURING MACHINE
RESEARCH PRIZE

$25,000 prize

Is this Turing machine universal, or not?

Oct 24, 2007

We have the solution!
Wolfram’s 2,3 Turing machine
[ universal

Congratulations Alex Smith.
Find out more »

B O O B o [d
0 4@ | O O He | ‘W

The machine has 2 states and 3 colors, and is 596440 in Wolfram's numbering scheme.
If it is universal then it is the smallest universal Turing machine that exists.

BACKGROUND » TECHNICAL DETAILS » GALLERY » NEWS »
PRIZE COMMITTEE » RULES & GUIDELINES » FAQs »

A universal Turing machine is powerful enough to emulate any standard computer.
The question is: how simple can the rules for a universal Turing machine be?

Since the 1960s it has been known that there is a universal 7,4 machine. In A New Kind of
Science, Stephen Wolfram found a universal 2,5 machine, and suggested that the particular 2,3
machine that is the subject of this prize might be universal.

The prize is for determining whether or not the 2,3 machine is in fact universal.



THE WOLFRAM 2,3 TURING MACHINE RESEARCH PRIZE HOME

Wolfram’s 2,3 Turing machine [§ universal!

B & 0 B M [
0 4@ O O¢) He ‘W

The lower limit on Turing machine universality is proved—
providing new evidence for Wolfram’s Principle of Computational Equivalence.

The Wolfram 2,3 Turing Machine Research Prize has been won by 20-
year-old Alex Smith of Birmingham, UK.

Smith's Proof (to be published in Complex Systems):
Prize Submission » Mathematica Programs »

News Release » Technical Commentary »
‘4% Stephen Wolfram's Blog Post »

IMedia Enguiries »

BACKGROUND » TECHNICAL DETAILS » GALLERY »
PRIZE COMMITTEE » RULES & GUIDELINES » FAQs »

What is a Turing Machine? » | Notable Universal Turing Machines »



The Rules for the Machine
The rules for the Turing machine that is the subject of this prize are;

{“1.2y->{1,1, -1}, {1, 1}-={1,2, -1}, {1, 0} -> {2, 1, 1},
{2,2}->{1,0,1}, {2, 1}-> {2, 2,1}, {2, 0} > {1, 2, -1}}

where this means {state, color} -> {state, color, offset}. (Colors of cells on the tape are sometimes instead thought of
as "symbols" written to the tape.)

These rules can be represented pictorially by:

[¥] 3] 4] [1] (1] (1]
o0 (4N Cle [J¢ He ‘H0

where the orientation of each arrow represents the state. 0\ \

The rules can also be represented by the state transition diagram:

2:1.-1

1:2.-1

In Wolfram's numbering scheme for Turing machines, this is machine 596440. There are a total of (2 3 2)*(2
3)=12"6=2985984 machines with 2 states and 3 colors.

Note that there is no halt state for this Turing machine.
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Carol's Difference Engine acarolwoz.org

Lego Turing machines Mechano computers



Computational Universality

12 THE PATTERN ON THE STONE

FIGURE 5
Mechanical inverter

NLTS AND 30LTS 1)

]

ou-_f:w-r

iNpur B

FIGURE 4
Mechanical impl ton of the OR functi

NUTS AND BOLTS 13

SO0 —NOTON

FIGURE é
(Wind-up motor
. And block constructed by connecting an Or block to inverters or similar)



http://upload.wikimedia.org/wikipedia/commons/d/d3/Electrionics_Analogy_-_Pressure-activated_valve_(Transistor).svg
http://upload.wikimedia.org/wikipedia/commons/d/d3/Electrionics_Analogy_-_Pressure-activated_valve_(Transistor).svg
http://upload.wikimedia.org/wikipedia/commons/0/04/Electrionics_Analogy_-_Example_Circuit.svg
http://upload.wikimedia.org/wikipedia/commons/0/04/Electrionics_Analogy_-_Example_Circuit.svg
http://upload.wikimedia.org/wikipedia/commons/5/5d/Electrionics_Analogy_-_Valve_(Diode,_conducting).svg
http://upload.wikimedia.org/wikipedia/commons/5/5d/Electrionics_Analogy_-_Valve_(Diode,_conducting).svg

A-Calculus and LISP

LISP 15 QVER HALT A
CENTURY QLD AND IT
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LAST NIGHT I DRIFTED OFF
WHILE READING A LISP BOOK.

SUDDENLY, I WAS BATHED
IN A SUFFUSION OF BLUE.

AT ONCE, JUST LIKE THEY SAID, I FELT A
GREAT ENUGHTENMENT. T SAW THE NAKED

THE mrmls AND METAPATTERNS DANCED.
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Blueberry Muffin Turing Machines




Blueberry Muffin Turing Machines

L(M) = {ww RIS,




Universality of Billiards
Theorem: Billiards i1s computationally universal!

Billiard-ball model of AND gate .00

1-in based on « Conservative Logic. Fredkin, Toffoli »—

Corollary: Newtonian mechanics iIs universal!



Orbital Mechanics

New solutions to gravitational N-body problems:

Lunar Transit of Earth
NASA’'s EPOXI Spacecraft

Range to Earth = 31 million miles
Infrared-Green-Blue Color Composite

GANYMEDE 4:1

EUROPA 2:1
1O 1:1

® JUPITER

Observation: Planetary systems are like “3D billiards™.
Theorem: Gravitational systems are chaotic & undecidable!



_DHANNES KGOLER'S UpHiLL BATTLE _

£.50,You SEE THE.
ORBIT OF A PLANET
\S ELL\PTICAL.

¥



Orbital Mechanics

New solutions to the gravitational N-body problem:

D A

6 P

Theorem: These orbits are stable! S A

CENTAVOS

LAS 10 FORMULAS MATEMATICAS QUE CAMBIARON LA FAZ DE LA TIERRA

Chris Moore: http://www.santafe.edu/~moore/gallery.html



Orbital Mechanics

New solutions to the gravitational N-body problem:
& O &

Theorem: These orbits are stable! 2 E

CENTAVOS

LAS 10 FORMULAS MATEMATICAS QUE CAMBIARON LA FAZ DE LA TIERRA

Chris Moore: http://www.santafe.edu/~moore/gallery.html



Orbital Mechanics

New solutions to the gravitational N-body problem:

Theorem: These orbits are stable! 2 E

CENTAVOS

LAS 10 FORMULAS MATEMATICAS QUE CAMBIARON LA FAZ DE LA TIERRA

Chris Moore: http://www.santafe.edu/~moore/gallery.html
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The Church-Turing Thesis







The Church-Turing Theslis

Q: What does it mean “to be computable™?

x3+y3+273=33

The Church-Turing Thesis: Anything that is “intuitively
computable” is also Turing-machine computable.




The Church-Turing Theslis
Q: Why “thesis” and not “theorem”?

Undefined / informal tasks: produce (or even identify) good
music, art, poetry, humor, aesthetics, justice, truth, etc.




Things We Can Compute

Puzzles:
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Well-defined (albeit large) discrete solution spaces
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Games:

Tree size;
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Things We Can Compute

IBM’s “Deep Blue” becomes Chess world champion in 1997



Things We Can Compute

GAME OVER: NATURAL ‘PROZAC*: DOES IT REALLY WORK?

KASPAROV AND
THE MACHINE|

Man vs.
Machine;
The Rematch

What
Gomputers

Will Do Next |

NO FEELING. NO FEAR. NO CONTEST.

THINKFILM ano ALLIANCE ATLANTIS PRESENT
an ALLIANCE ATLANTIS ano NATIONAL FILM BOARD OF CANADA rrooucTion

A WORLD DOCUMENTARY FUND FILM z
R R GO N SiEhn . Be-El W LS
THE AND THE & % odia e
WITH THE ASSISTANCE OF MOVIE CENTRAL - A CORUS ENTERTAINMENT COMPANY 508004 44 490 1504 218
& & P
oimecTED 0y VIKRAM JAYANTI rropuceo sy HAL VOGEL $202000 SSI3M W SINN3G
DIRECTOR OF PHOTOGRAPHY MARYSE ALBERTI £0iTor DAVID HILL ORIGINAL MUSIC COMPOSED BY ROB LANE | S X
exceunve sRabUCERs ANDRE SINGER, ANDY THOMSON, NICK FRASER, PAUL TRIUBITS, TOM PERLMUTTER, ERIC MIGHEL 45N 86YCESI0058L08C61000%
II[H‘I‘Il“llll‘llllllll[l”llllI"ll”l‘l"“ll'l‘

GAME OVER: KASPAROV AND THE MACHINE

©2005 GAMEIT FILMS Lins NG K FILM GOUNGILNATIONAL FILM BOARD GF CANADA. ALL RIGHTS RESERVED i ; b
6003 LA0S-LA-Au04kaaM 33 an
/'\ " e OFPCE NATIONAL DU LM " : y .
{ivrames ) Gy UK FILM| COUNCIL [BIBIC] THINKFilm : Chess champion Garry Kasparov
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Technology

Google achieves Al 'breakthrough’ by
beating Go champion

© 27 January 2016 | Technology

Google's DeepMind division has achieved a landmark in Al

A Google artificial intelligence program has beaten the European champion
of the board game Go.

The Chinese game is viewed as a much tougher challenge than chess for
computers because there are many more ways a Go match can play out.

The tech company's DeepMind division said its software had beaten its human
rival five games to nil

Is Big Data your core strategic asset?

S ehouide.

)

4

A

Google Al in landmark victory over Go
grandmaster

Fan Hui, three-time champion of the east Asian board game, lost to DeepMind'’s
program AlphaGo in five straight games

©» Fan Hui makes a move against AlphaGo in DeepMind’s HQ in King's

>o0gle DeepMind

When Gary Kasparov lost to chess computer Deep Blue in 1997, IBM marked a
milestone in the history of artificial intelligence. On Wednesday, in a research
paper released in Nature, Google earned its own position in the history books,
with the announcement that its subsidiary DeepMind has built a system capable
of beating the best human players in the world at the east Asian board game Go.

Go, a game that involves placing black or white tiles on a 19x19 board and trying
to remove your opponents’, is far more difficult for a computer to master than a
game such as chess.

DeepMind’s software, AlphaGo, successfully beat the three-time European Go
champion Fan Hui 5-0 in a series of games at the company’s headquarters in
King’s Cross last October. Dr Tanguy Chouard, a senior editor at Nature who
attended the matches as part of the review process, described the victory as
“really chilling to watch”.

“It was one of the most exciting moments of my career,” he added. “But with the
usual mixed feelings ... in the quiet room downstairs, one couldn’t help but root
for the poor human being beaten.”




Thlngs We Can Compute

AlphaGa ’ n Go” APbeats world
0 champion, Ja B, Go champion, March 2016

£y T

1 »
»

[\,

ol

00Qle @’GOOg|e

Now the machine has beaten Fan Hui (pictured left) it will face the top human player - Lee Sedol (right) of
South Korea — at a meeting in Seoul in March, with the winner to be awarded $1 million (£701,607)
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Things We Can Compute
My Favorite Touring Machine: Tesla Model'S
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Things We Can Compute

Fact: gap is narrowing between
natural and artificial intelligence

- - :,"/ ﬁjﬁﬁ'\;’ fy l:
Q: WIill this gap ever close? & : ﬁ
A: Probably yes. RN
GoE . e

Q: What is “intelligence”, “mind?, o :

“consclousness’’, “sentience’?
A: We still don’t know.

 |n many areas machines alread
exceeded humans (e.g., games
« These trends are accelerating!

Q: Where is technology going?
A: We still don’t know.



Things We Can Compute
Digits of Pi: 4=r_, 2 3 4

WA
4 4 4 4 4 4 T 22446 6 8 8 | | | |
Tmi1T3tsortoT e 213355 779"
12
1 1 1 :-r 1 1 T=34
= —_ —_— —_ = \ — — i e 2
w \/ﬁ(l 3_34—5_32 ?_334— ) 1 4a,rcta,n5 arctan239 - ] 2
5
1 2v/2 &, (4k)!(1103 + 26390k) 6+ ——7
N 24+/2+ 2 %3 - =
2_V2, 2+ \/+ Ve T ORI (R)i396n 6+ —
T 2 B
i 4 2 11 ) 426880+/10005 i (6&)1(13591409 + 545140134k)
—~ 168 \8k+1 8k+4 8k+5 8k+6/ ™ ~ (3k)!(k!)3(—640320)3*
X (—1)" 25 1 28 2 22 92 1
T= e ) oo | — — + - — - +
264~ 2100 \ "4n4+1 4n+3  10n+1 10n+3 10n+5 10n+7  10n+9

3.14159265358979323846264338327950288419716939937510582097494459230781640628620899862803482534211706798214808651328230
664709384460955058223172535940812848111745028410270193852110555964462294895493038196442881097566593344612847564823378
678316527120190914564856692346034861045432664821339360726024914127372458700660631558817488152092096282925409171536436
789259036001133053054882046652138414695194151160943305727036575959195309218611738193261179310511854807446237996274956
735188575272489122793818301194912983367336244065664308602139494639522473719070217986094370277053921717629317675238467
481846766940513200056812714526356082778577134275778960917363717872146844090122495343014654958537105079227968925892354
201995611212902196086403441815981362977477130996051870721134999999837297804995105973173281609631859502445945534690830
264252230825334468503526193118817101000313783875288658753320838142061717766914730359825349042875546873115956286388235
378759375195778185778053217122680661300192787661119590921642019893809525720106548586327886593615338182796823030195203
530185296899577362259941389124972177528347913151557485724245415069595082953311686172785588907509838175463746493931925
506040092770167113900984882401285836160356370766010471018194295559619894676783744944825537977472684710404753464620804
66842590694912 ...




Things We Can Compute

Prime numbers: 2 3 4 5 6 7 8 9 10 Prime num bers

1 12 18 14 15 16 17r 18 19 20

Theorems: 21 22 23 24 25 26 27fr 28 29 30

31 32 33 34 35 36 3F 38 39 40

3 an |nf|n|ty Of primes 41 42 43 44 45 46 4T 48 49 50

51 52 53 54 55 56 &5F 58 59 60

3 # primes S n —> n / Iogen 61 62 63 64 65 66 67 68 69 70

1 72 73 T4 75 T6 T7f T8 T9 &80

3 arbitrarily Iarge prime gaps 81 82 83 84 85 86 87 83 89 90

91 92 93 94 95 96 97F 98 99 100

101 102 103 104 105 106 107 108 109 110

Open problems:

3 an Infinity of prime pairs? (i.e., p & p+2) ?

Goldbach’s conjecture (verified for all n<1018):
every even integer >2 Is the sum of two primes ?

Largest known prime: 2431126091 (12,978,189 digits)
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More prime numbers theorems:
No polynomial yields only primes.
N2+n+41 yields 40 consecutive primes for 0 < n < 39.

The set of primes coincides exactly with the positive

values of the following 26-variable polynomial:

(k+2)(1 —[wz+h+j—q]P—[(gk +2g + k+ 1)(h +]) + h—7]* -
[16(k + 1)3(k+2)(n+1)°+1—Ff]°—[2n+p+q+z—e]>—[e3(e+
2)a+1)+1-04>—[(@—1)y?+1—x]*—[l6ry*(@a— 1)+ 1 —
wlE—[n+l+v-yP—-[@-nHlE+1-m7c—[lai+k+1—-1-1]*—
[((a+ u2(u2 - @))2— 1)(n +4dy)2+ 1 — (x + cu)2— [p+l(a—n—1)+
ban+2a—-n?2-2n—-2)—-mp2—[q+y(@a—p—1)+s(2ap + 2a — p?
—2p=2)—xP—[z+pl@@a—p) +2ap —p*>— 1) — pm})

as a, b, c, ..., zrange over the nonnegative integers!
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Harmonics:

’/' ﬂ -t[l*f)

Eclipses:

A

#3= fJ"

When Im walking
9 55 worry & lot

Geout the eﬁic‘»eh‘_‘g
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Visualization: Morphing:




What Can’t We Compute and Why?

Humor:

T
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. TRE (ONCEALING 0F KNOWLEDGE. LATER REVEALED), THE

1 ™ s | ;

. SUSSTITUWTION OF ONE CONCEPT FOR ANOTHER, AN
J UNEXPECTED CONCLUSION To A LOGICAL PROGRESSIoN

w Yorker Magazine, Inc MDD 5‘-\?9""(" oN A PJANANA PEEL.Y

Issues: not well-defined, subjective, ambiguous



What Can’t We Compute and Why?

Emotions:

® -7 CosQ =7

L do-?  [e-?
| i3 - [ foe %= ?

MD norma( opproach

is useless here.

The heart has jits
headens w&kdx

Blaise ?Muﬁ

Issues: not well-defined, subjective, ambiguous
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What Can’t We Compute and Why?
Weather:

r.,- ml.'m{!# sﬁ. ﬂ'
i vl

) A g _r.-: -

PEMNINSULA

Brightness Te mp {K [win)
_ _ u - I
1163 186 209 233 256 279 302 325

Issues: chaos, |nsuff|C|ent data undeC|dab|I|ty



What Can’t We Compute and Why‘?

Tsunamis:

Dec 2004 trunami, 225,000 dead
Energy' 9.5 teratons, 100-ft waves




What Can’t We Compute and Why?

Elections:

N-Body systems:

4
B

Galactic collisions

Lightning:



http://bugman123.com/Physics/GalacticPair.m1v
http://bugman123.com/Physics/GalacticPair.m1v
http://bugman123.com/Physics/GalacticCollision.m1v
http://bugman123.com/Physics/GalacticCollision.m1v

What Can’t We Compute and Why?

Diffussion:

.......

Issues: chaos, insufficient data, undecidability



What Can’t We Compute and Why?

Turbulance:

Issues: chaos, insufficient data, undecidability



What Can’t We Compute and Why?

Turbulance:

Issues: chaos, insufficient data, undecidability



The Euler an(@r—Stokes equations)describe the motion of a fluid in R"
(n = 2 or 3). These equations—are to be solved for an unknown velocity vector
w(x,t) = (ui(x,t))1<i<n € R" and pressure p(z,t) € R, defined for position z € R"
and time ¢ > 0. We restrict attention here to incompressible fluids filling all of R™.
The Navier—Stokes equations are then given by

0 ou; ()p ;

(1) it + JZ%E vAu,; — o, + fi(z,t) (z € R",t > 0),
" Ouy

2 TR i e Rt 0

(2) d1v u ZZ; I (a t>0)

with initial conditions
(3) w(x,0) =u°(x) (x e R™).

Here, u°(x) is a given, C'> divergence-free vector field on R", f;(x,t) are the com-
ponents of a given, externally applied force (e.g. gravity), v is a positive coefficient

T ()2
(the viscosity), and A = ) is the Laplacian in the space variables. The Euler

)_

equations are equations (1), (2 ) (3) with v set equal to zero.

Equation (1) is just Newton’s law f = ma for a fluid element subject to the ex-
ternal force f = (fi(x,t))1<i<, and to the forces arising from pressure and friction.
Equation (2) just says that the fluid is incompressible. For physically reasonable



Theory vs. Reality Chasms

Navier-Stokes equations: 2., + 3w, 2% — vau, — 2 4 f,(e.1
; xZr

wave phaze t1/T=  0.000
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Simple Chaotic Systems

Compound pendulums:

-0g  -06 -04 -02 0O 02 04 06 08

-0,%

-1,0 4

i g = = (/E] -2 fhi=h=h=tmm = my=m=1ky

G2 PO T =0 = pw=e) cos| [t h=h=1m; m=my=1kg; 0,000=1rad; p,0)=2rad; p5(0)=3 rad;
P e od oo d o_d.oo_d o

f=1m; e0)=1rad; %mn}:u; T=2HI1T"” ~25 8,01 =2rad | gy(0)=3rad; S, (0)= S (0)=0 (D)= Z0,(0) = Tz (0) =0

Issues: chaos, undecidability




Simple Chaotic Systems: Fractals










Applications of Fractals
Compressing Images
Simulating galaxies
Analyzing markets
Generating music
Modeling weather N
Movie special effects
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Designing video games k78
Describing crystal growth
Understanding anatomy
Explaining plant forms
Tracking populations
Fashion design
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Applications of Fractals
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Fractal Antennas

2" teration 3 iteration

h=5 mm h=10 mm
5=17 mm $=23 mm
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On March 27, 2009 history was made. Fractal Antenna,
the world’s pioneering innovator of antennas and fractal
electronics, did what others said couldn’t be done:
demonstrate a working, “see-thru” wideband invisibility

cloak.

MNow while the cloak works only at microwaves, and a well-known "see-thru" microwave cloak was
demonstrated several years ago at a very narrow band, it is Fractal Antenna's wideband cloak
that opens the opportunity for the science of "metamaterials" to become practical. Simply put by
analogy, itis the difference between a telescope that only sees purple compared to one that sees
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Simple Chaotic Systems: Fractals
P.(2)=z%+C P..C—C
Q(c,n)=P(Q(c,n-1))  Q(c,0)=0
Mandelbrot set = {ceC | Q(c,n)<2 ¥n}

Issues: chaos, undecidability, incompleteness



The Mandelbrot Set




Fractal Art
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Fractal Art
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Fractal Art
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More on Fractals
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The Church-Turing Thesis

Q: What does it mean “to be computable™?

x3+y3+273=33

The Church-Turing Thesis: Anything that is “intuitively
computable” is also Turing-machine computable.
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