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Figure 4: Class of instances (a) for which PEEL
performance (b) is an unbounded factor better
than that of COMB or COMB_ST (c¢). The con-
necting edges between the strips are not shown in
(c). For points in an “X” configuration, PEEL
always yields constant density = 2, while the
COMB or COMB_ST density will grow as the

square root of n.

Theorem 3.2 For n terminals chosen from a uni-
form distribution in the unit square, the MDIT has

ezpected density O(y/n). 0

Theorem 3.3 Algorithms COMB, COMB_ST and
PEEL construct trees T(N) with densities at most

V2n, \/—Z + 1 and 2/n respectively. 0

Cost: Probabilistic arguments can be used to show
that on average, all of our heuristics will produce in-
terconnection trees with low cost.

Theorem 3.4 For n terminals chosen from a uni-
form distribution in the unit square, the expected cost
of the minimum spanning tree is O(y/n). 0

Theorem 3.5 Algorithms COMB, COMB_ST and
PEEL construct trees T(N) with costs at most 24/2n,

V2n + 1 and 4+/n, respectively. 0

Corollary 3.6 For n terminals chosen from a uni-
form distribution in the wunit square, algorithms
COMB, COMB_ST and PEEL all construct trees
which on average have both density and cost bounded
by constants times optimal. n

Complexity:

Theorem 3.7 Algorithms COMB, COMB_ST and
PEEL have time complezities O(nlogn), O(nlogn),

and O(n% loglogn), respectively. 0

4 Triple Optimizations

For practical VLSI routing applications, it is often
desirable to minimize more than one objective func-
tion at once. However, it is usually difficult to treat
even two competing measures effectively. We now
show that the minimum-density objective is “com-
patible” with existing performance-driven routing ob-
jectives, enabling simultaneous consideration of up to
three separate routing tree measures.

The work of [11] gives an iterative matching-based
clock tree construction that minimizes skew while
keeping total wirelength within a constant factor of
optimal on average, and bounded by O(y/n) always.
To construct clock trees with low density, we use a
variant of COMB to obtain geometric matchings with
low density. Using /n strips and joining them in a ser-
pentine fashion yields our so-called COMB_SERP tour
which has cost and density both bounded by O(y/n)

in the worst case.* The odd-numbered edges of this
tour will constitute a geometric matching having both
cost and density bounded by O(y/n). We employ this
construction within the method of [11] to yield clock
routing trees that simultaneously address three mea-
sures: pathlength skew, total wirelength and density,
with the last two quantities both bounded on average
by constants times optimal.

Another example of a triple optimization is ob-
tained if we combine the bounded density formula-
tion with the BRBC cost-radius tradeoff of [6]. BRBC
starts with a low-cost tour of the net terminals (e.g.,
a depth-first tour of a minimum spanning tree), and
then augments this tour by adding shortest paths
to the source from certain regularly spaced locations
along this tour. The algorithm returns the shortest-
paths tree over the resulting augmented graph. By
using COMB_SERP as its initial tour, BRBC will con-
struct a routing tree with radius bounded by (1+¢)- R,
cost bounded by (1 + %) -2v/2n, and density bounded
by (1 + %) - 2¢/n, where R < 2 is the maximum
distance from the source to the farthest sink and €
is a user defined parameter. These expressions imply
average-case performance within constant factors of

optimal for all three objectives, and the radius bound
also holds in the worst case.

5 Experimental Results

We have implemented COMB, COMB.ST, and
PEEL using ANSI C in the Sun environment. For each
pointset cardinality, each algorithm was executed on
100 pointsets chosen randomly from a uniform distri-
bution in the unit square. We computed the minimum,
average, and maximum densities and costs of the re-
sulting interconnection trees (see Tables 1 and 2). The
average density of the tree produced by COMB is
on par with the density of the minimum spanning
tree, but the density of the minimum spanning tree
has considerably higher variance. Thus, the COMB
or COMB_SERP constructions may be desirable for
their predictable performance. From the tables, we see
that the average density of the trees produced by the
COMB.ST algorithm is considerably better than the
average density of the corresponding minimum span-
ning trees: for example, for |N| = 10, COMB_ST
yields trees with average density 3.00, while the av-
erage minimum spanning tree density is 3.82. This
21% decrease in average density is achieved with a

“For example, the first /second strips of Fig.2c would be con-
nected using their topmost points, and the second/third using
their lowest points. The first and last points in the serpentine
ordering are connected to yield the tour.



corresponding 21% increase in the tree cost over MST
cost. Note that in the extended version of this work
[1], we present a “computational lower bound” for a
given problem instance. The method divides the unit
square into an ¢ by j (not necessarily uniform) rect-
angular grid such that the greatest number P of the
resulting ¢ - j rectangles contain terminals. In order
for the tree to be connected, a tree edge must cross
the boundary of each rectangle which contains a ter-
minal. From simple counting arguments, we deduce a

lower bound of flf]__12] for the density of any tree for
the given problem instance. Using this lower bound,
we find that COMB_ST constructs a tree with opti-
mal density in 164 of the 200 instances for n = 3 and
n = 5. Moreover, the COMB_ST outputs averaged

within a factor of two of optimal for n < 100.

net MST PEEL COMB._ST

size min/max ave min/max ave min/max ave
3 172 1.69 172 1.69 1/1 1.00
5 2/4 2.57 2/2 2.00 2/2 2.00
7 2/5 2.97 2/3 2.66 3/3 3.00
10 2/6 3.82 2/4 3.08 3/3 3.00
15 3/6 4.35 3/5 3.93 3/3 3.00
20 4/8 4.98 4/6 4.76 4/4 4.00
30 4/8 5.99 5/7 5.88 5/5 5.00
50 5/10 7.11 7/9 7.85 6/6 6.00
100 7/12 9.48 10/13 11.48 8/8 8.00
300 12/17 14.59 19/22 20.69 13/13 13.00

Table 1: Tree density statistics for minimum spanning
tree and the two heuristic constructions. Averages are
taken over 100 instances for each net size.

net MST PEEL COMB_ST
size ave ave ave

3 1103.66 736.72 1164.96
5 1658.39 1495.57 2260.09
T 2039.34 1852.91 3009.31
10 2662.36 2776.06 3224.01
15 3224.41 3721.27 4216.83
20 3789.89 4720.69 4823.63
30 4651.00 6318.27 6570.46
50 5945.4 T 9298.73 8029.99
100 8384.32 14717.75 11083.93
300 14318.99 28960.44 18681.10

Table 2: Tree cost statistics. We omit the cost of
connecting the chains and antichains in PEEL, so that
the PEEL cost may be lower than MST cost.

6 Conclusions and Future Work

We have proposed a new spanning and Steiner tree
formulation based on a minimum density criterion.
We have also presented several efficient heuristics for
constructing low-density trees. The average perfor-
mance of all our algorithms is within constant fac-
tors of optimal in terms of both tree cost and den-
sity. Our techniques can also be used to unify the new
density criterion with previous “performance-driven”
interconnection objectives in order to achieve simulta-
neous optimization of up to three competing intercon-
nection tree measures. Extensive simulations indicate
that our approaches are effective in practice, and hold
promise for applications to balanced-resource routing
in VLSI layout.

It is still open whether there exists a polynomial-
time algorithm that constructs a routing tree with
both cost and density bounded by constants times
optimal in the worst case, and whether the MDIT
problem is NP-complete. Recall that PEEL holds
promise in that there exist examples where it outper-
forms COMB and COMB._ST by a factor of O(y/n)
(Fig. 4); we conjecture that PEEL can be shown to
yield worst-case density that is within a constant fac-
tor of optimal. In fact, we offer two closely related
conjectures: (i) that the minimum density of a span-
ning tree over net N is at least the minimum of the
number of chains or the number of antichains needed
to cover N; and (ii) that the PEEL algorithm will use
at most two times the minimum possible number of
chains/antichains that cover N.
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