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Abstract

Weproposepracticaliteratedmethodsfor layoutdensitycontrolfor
CMP uniformity, basedon linearprogramming,Monte-Carloand
greedyalgorithms.Weexperimentallystudythetradeoffs between
two mainfilling objectives:minimizingdensityvariation,andmin-
imizing thetotal amountof insertedfill. Comparisonswith previ-
ousfilling methodsshow theadvantagesof ournew iteratedMonte-
Carloanditeratedgreedymethods.Weachievenear-optimalfilling
with respectto eachof theobjectivesandfor bothdensitymodels
(spatialdensity[3] andeffectivedensity[8]). Ournew methodsare
moreefficient in practicethan linear programming[3] andmore
accuratethannon-iteratedMonte-Carloapproaches[1].

1 Intr oduction

As themanufacturingprocessincreasinglyconstrainsphysicallay-
outdesignandverification[5], oneparticularrequirementis to con-
trol manufacturingvariationdueto chemical-mechanicalpolishing
(CMP) [4] [6] [9]. CMP variationis keptwithin acceptablelimits
by controlling local featuredensity, relative to a process-specific
“window size” on the order of 1-3mm. Layout Density Control
consistsof two phases:densityanalysisand fill synthesis. Den-
sity analysisdeterminestheareaavailablefor filling. Fill synthesis
computesthe amountof featureareawhich shouldbe addedinto
eachpart of the layout to achieve uniformity, then generatesthe
actualfill geometries.In thispaper, weaddressfill synthesis.

The Filling Problem: Givenadesignrule-correctlayoutin ann �
n layoutregion,alongwith window sizew � n, addfill geometries
to createafilled layoutsuchthateither:

� Min-Var Objective: the variation in window density(max-
imum window densityminusminimum window density)is
minimizedwhile no window densityexceedsthegivenupper
boundU ; OR� Min-Fill Objective: thenumberof insertedfill geometriesis
minimizedwhile thedensityof any window remainsbetween
thegivenlowerboundL andupperboundU .

�
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TheMin-Varobjective,first introducedin [3], capturesthe“manu-
facturing”objective of themostuniform densitydistribution. The
Min-Fill objective, recently proposedin [8], capturesthe “de-
sign” objectiveof minimizingcouplingcapacitanceanduncertainty
causedby filling.1 Ourpresentwork:� givesa unified descriptionof two existing modelsfor CMP,

which allows us to apply bothnew andpreviousmethodsto
computethefilling arearegardlessof how theeffective den-
sity [8] is defined;� proposesnew and iterated methodsfor solving the Filling
Problemwhich: (1) improve the existing methodssimulta-
neouslyin accuracy andrunningtime; (2) efficiently address
bothspatial [3] andeffective[8] densitymodels;(3) areap-
plicableto boththeMin-Var andMin-Fill objectives;(4) are
easilymodifiableto takeinto considerationmany practicalis-
suessuchastheshapeof filling geometriesandvariousdesign
rules;and(5) exhibits scalablebehavior while giving results
asgoodasorbetterthanall previousmethodsunderall known
metrics.

2 Unified Description of Models for the CMP

Several modelsfor oxide planarizationvia CMP have beenpro-
posedin [6]. Amongthem,themodelof [7] is neithercomputation-
ally expensivenordifficult to calibrate.In thismodel,theinterlevel
dielectricthicknesszat location � x � y	 is calculatedas:

z 

�

z0 � � Kit
ρ  x� y� 	 t ��� ρ0z1 	�� Ki

z0 � z1 � Kit � ρ0 � x � y	 z1 t ��� ρ0z1 	�� Ki
(1)

Thecrucialelementof thismodelis thedeterminationof theeffec-
tive initial patterndensityρ � x � y	 .

To make thefilling problemmoretractable,astandardpractice
is to consideronly afinite setof layoutwindows. Boundingtheef-
fectivedensityin afixedsetof w � wwindowscanincursubstantial
error, sinceotherwindowscouldstill violatethedensitybounds.A
commonindustrypracticeis to enforcedensityboundsin r2 over-
lappingfixeddissections, wherer determinesthe“phaseshift” w� r
by whichthedissectionsareoffsetfrom eachother. In otherwords,
to helpcontrollayoutdensityin arbitrarywindows,densitybounds
areenforcedonly for windows of the fixedr-dissection(seeFig-
ure 1), which partitionsthe n � n-layout into tiles Ti j , then cov-
ers the layout by w � w-windows Wi j , i � j 
 1 ��������� nr

w � 1, such
that eachwindow Wi j consistsof r2 tiles Tkl , k 
 i ��������� i � r � 1,
l 
 j ��������� j � r � 1.

1With ungroundedfill features,existing parasiticextraction tools do not handle
the resultingfloating capacitanceswell. To minimize couplingcapacitanceandper-
formanceuncertaintycausedby filling, the objective becomesto minimize the total
numberof fill geometries(with thesidebenefitof reducingcomplexity of final GDSII
output).



Thesimplestmodelfor ρ � x � y	 is thelocalarealfeaturedensity,
i.e., the� window densityis simplyequalto thesum:

ρ � Wi j 	�

i � r � 1

∑
k � i

j � r � 1

∑
l � j

area� Tkl 	 (2)

wherearea� Tkl 	 denotestheoriginallayoutareaof thetile Tkl . This
modelis dueto [3], which solved the filling problemusinglinear
programming.

A moreaccuratemodelconsidersthedeformationof thepolish-
ing padduringtheCMP process[2]: effective local densityρ � x � y	
is calculatedasthesumof weightedspatialpatterndensitieswithin
thewindow, relative to anelliptical weightingfunction

f � x � y	�
 c0 exp � c1 � x2 � y2 	 c2 � (3)

with experimentallydeterminedconstantsc0, c1, andc2 [8]. The
discretizedeffective localpatterndensityρ for awindow Wi j in the
fixed-dissectionregime(henceforthreferredto aseffectivewindow
density) is:

ρ � Wi j 	�

i � r � 1

∑
k � i

j � r � 1

∑
l � j

area� Tkl 	! f � k � � i � r � 2	"� l � � j � r � 2	�	 (4)

wheretheargumentsof theelliptical weighingfunction f arethex-
andy-distancesof thetile Tkl from thecenterof thewindow Wi j .
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Figure1: Thelayoutis partitionedby r2 (r 
 4) distinctdis-
sections(eachwith window sizew � w), into nr

w � nr
w tiles.

Eachdark-borderedw � w window consistsof r2 tiles.

3 PreviousApproachesto Filling Synthesis

3.1 Linear Programming Approaches

The linear programmingapproachseeksthe optimum fill area
p � Ti j 	 to beinsertedinto eachtile Ti j . Recallthatthefill areap � Ti j 	
cannotexceedslack � Ti j 	 , which is theareaavailablefor filling in-
sidethetile Ti j computedduringdensityanalysis.� Thefirst LP for theMin-Varobjective [3] is:

Maximize: M

subjectto:
0 $ p � Ti j 	%$ slack � Ti j 	

M $ ρ � Mi j 	&$ U i � j 
 1 ��������� nr
w � 1

� A followup work[8] proposedthe Min-Fill objective, along
with aRangedVariation LP:

Minimize: ∑
i � j p � Ti j 	

subjectto:
0 $ p � Ti j 	&$ slack � Ti j 	

L $ ρ � Mi j 	&$ U i � j 
 1 �������'� nr
w � 1

� We alsonotea variantLP for theMin-Var objective, that is,
givena targetwindow densityM (insteadof anupperbound
on window density),weminimizethevariability budgetε:

Minimize: ε
subjectto:

0 $ p � Ti j 	&$ slack � Ti j 	
M � ε � 2 $ ρ � Ti j 	&$ M � ε � 2 i � j 
 1 ��������� nr

w � 1

Thenumberof variablesandthenumberof constraintsin these
LPsarebothboundedby O ��� nr

w 	 2 	 . AlthoughLPsolutionsareopti-
mal, thereareseveraldrawbacks:(1) solvingavery largeLP (with
larger) is too timeconsuming(e.g.,therun time is O � r6 	 sincethe
numberof variablesin the LP is O � r2 	 ); (2) the optimal solution
for an r-dissectionis not necessarilytheoptimalsolutionfor a 2r-
dissectionandmay alsoresult in a high floating window density
variation, (i.e., densityvariationover all windows, not only over
the fixed-r dissection);and (3) roundingis anothersourceof er-
rorsin LP formulations(whenthetile sizeis sufficiently small,the
problembecomesan instanceof integer programmingandround-
ing errorsbecomecrucial).

3.2 Monte-Carlo Approaches

TheMonte-Carlomethodfor theMin-Varobjectivewasintroduced
in [1]. The Min-Var Monte-Carloalgorithmrandomlychoosesa
tile andincrementsits content(i.e., spatial/effective density)by a
prescribedfill amount.Theprobabilityof choosingaparticulartile
Ti j is referredasthepriority of thattile. Notethatthepriority of a
tile Ti j is zeroif andonly if eitherTi j belongsto a window which
hasalreadyachievedthedensityupperboundU , or theslackof Ti j
is equalto thealready-insertedfill area.Tileswith zeropriority are
said to be locked. Following [1], the priority of a tile Ti j is cho-
sento beproportionalto U � MinWin � Ti j 	 , whereMinWin � Ti j 	 is
the minimum densityover windows containingthe tile Ti j . (Ex-
perimentally, this priority schemeoutperformsa numberof other
simpleschemes[1].) TheMonte-Carlomethodis very efficient: it
canbeimplementedwithin O � nr

w log nr
w 	 time, which is practically

proportionalto thenumberof tiles. Its maindrawbackis thatit may
insertanexcessive amountof totalfill.

A variant of the Monte-Carloapproachis the deterministic
Greedyalgorithm. At eachsteptheMin-VarGreedyalgorithmadds
themaximumpossibleamountof fill into atile with thehighestpri-
ority. In otherwords,at eachstepa tile with thehighestpriority is
locked.Theperformanceof theMin-VarGreedyalgorithmis illus-
tratedin Table2. Greedyrun timesareslightly higherthanMonte-
Carlobecauseof findinghighest-priorityratherthanrandomtiles.

4 NewApproachesto Filling with the Min-Fill Objective

In thepresenceof two objectives,a naturalstrategy is first to find
a solutionthatoptimizesoneof theobjectives(Min-Var),andthen
modify thatsolutionwith respectto theotherobjective (Min-Fill),
hopefullywithoutdegradingthesolutionquality relativeto thefirst



objective. Thus, the first objective (densityvariation) can hope-
fully betradedoff towardsasignificantimprovementin thesecond
objective (theamountof insertedfill). This strategy canbeimple-
mentedwith theLP-basedmethodasfollows:

1. SolvetheMin-VarLPformulationwith thegivenupperbound
U on window density;

2. Decreasethe obtainedminimum window density M by a
givenamountL 
 M � 1 � ε 	 ;

3. Solve theMin-Fill LP formulationwithin theinterval � L � U 	 .
To implementthe samestrategy with either the Monte-Carloor
greedyapproach,we assumethat the densityof eachwindow is
alreadywithin theinterval � L � U 	 andthensolve thefollowing:

Fill-Deletion Problem (with the Min-Fill objective): deleteas
muchpreviously insertedfill aspossible,while maintainingamin-
imumwindow densityof no lessthanL.

To solve the Fill-Deletion problemwith the Monte-Carloap-
proach,weiterativelydeleteafilling geometryfromatile randomly
chosenaccordingto acertainpriority. It is naturalto choosepriority
symmetricalto thepriority in theMin-VarMonte-Carloalgorithm,
i.e.,proportionalto MinWin � Ti j 	 � L. Againsymmetrically, nofill-
ing geometrycanbe deletedfrom the tile Ti j (i.e., Ti j is locked)
if andonly if it eitherhaszeropriority or elseall fill previously
insertedinto Ti j hasbeendeleted.

Thus,the Min-Fill Monte-Carloalgorithmdeletesfill geome-
tries from unlocked tiles which arerandomlychosenaccordingto
the above priority scheme(seeFigure2). Similarly, the Min-Fill
Greedyalgorithmiteratively deletesafilling geometryfrom anun-
lockedtile with thecurrentlyhighestpriority.

Min-Fill Monte-Carlo Algorithm
Input: n � n filled layout,fixedr-dissection,w � w window,

lowerboundonwindow densityL
Output: Filled layoutwith minimizedamountof insertedfill area
While thereexist anunlockedtile do

Chooseanunlockedtile Ti j randomly, accordingto its priority
Deleteafilling geometryfrom Ti j
Updateprioritiesof tiles

Outputresultinglayout

Figure2: The Monte-CarloAlgorithm for theFill-Deletion Prob-
lem deletesfill geometriesfrom randomlychosenunlocked tiles
(i.e., tiles which still have filling geometriesbut which belongto
windows having densitygreaterthanL).

5 Iterated Monte-Carlo and GreedyMethods

Min-Var Objective: As mentionedabove, boththeMonte-Carlo
andGreedyAlgorithmsaresuboptimalfor theMin-Var Objective,
andalthoughthey arebothfastin practice,theresultingminimum
window densitymaybesignificantlylower thantheoptimum.We
now proposeiterated methodsbasedon alternatingthe Min-Var
and Min-Fill objectives (seeFigure 3), resultingin a monotonic
narrowing of thegapbetweentheupperwindow densityboundU
andtheminimumwindow densityL. Suchiteratedmethodsarestill
very fastandretainall the advantagesof the non-iteratedMonte-
Carlo andGreedycounterparts,but offer improved accuracy (see
Table2).
Min-Fill Objective: To solve theFilling Problemwith theMin-
Fill Objective, the IteratedMonte-CarloandGreedyFilling algo-
rithms(seeFigure3) maybemodifiedasfollows:

Iterated Monte-Carlo and GreedyFilling Algorithms
Input: n � n layout,fixedr-dissection,w � w window,

upperboundonwindow densityU
Output: Filled layout
Repeatforever

RunMin-VarMonte-Carlo(Greedy)Algorithm with the
upperwindow densityU

If resultingminimumwindow densityequalsthe
previousM thenexit repeat

Updatethedensitiesof tiles andwindows andthe
minimumwindow densityM

RunMin-Fill Monte-Carlo(Greedy)Algorithm with the
lowerwindow densityM

Figure3: In theIteratedMonte-CarloandGreedyFilling approach,
eachiterationconsistsof two applications(with the Min-Var and
Min-Fill objectives)of theMonte-CarloandGreedyalgorithms.

1. Interruptthefilling processassoonasthe lower boundL on
window densityis reached,i.e., whenM 
 L, insteadof im-
proving theminimumwindow density(whilepossible)for the
Min-Varobjective.

2. Continueiterating, but without changingthe lower density
boundM 
 L. Althoughthisdoesnot guaranteethatthetotal
filling areawill not increase,an improved solutioncantyp-
ically be obtainedif we will keeptrack of the bestsolution
seenoverall iterations.

6 Experimental Results

TestCases
Testcase L1 L2 L1x4 L2x4

layoutsizen 125,000 112,000 250,000 224,000
40units= 1 µ
# rectanglesk 49,506 76,423 198,024 305,692

Table1: Parametersof four industrytestcases.
Our experimentswere performedusing part of a metal layer

extractedfrom anindustrystandard-celllayout2 (Table1). Bench-
markL1 is theM2 layerfrom an8,131-celldesign,andBenchmark
L1x4 is thesamelayoutreplicatedfour timesin a2x2arrayto cre-
atealargertestcase.BenchmarkL2 is theM3 layerfrom a20,577-
cell layout.L2x4 is this layoutreplicatedfour timesin a2x2array.
Our implementationof layoutdensitycontrolis enhancedwith the
following importantpracticalfeatures:

� Grid slack computation:In previous academicandindustry
approaches,theareaslackin eachtile (i.e., theareaavailable
for filling), wasassumedto beproportionalto therealempty
spacein the tile. Our alternative grid slackcomputationen-
tailsusinganunderlyinggrid to computethemaximumnum-
ber of legal positionsfor fill geometriesin eachtile. This
methodof slackcalculationis morerealistic,andguarantees
that the calculatedamountof fill canactuallybe legally in-
sertedinto thecorrespondingtile.� Doughnutareacomputation:In shallow-trenchisolationpro-
cesses,so-calledreverseactive-areamaskstepsleadto aden-
sity criterionwherebyonly thewidth-d “outerring” of a large
featurecontributesto the effective density. Our tool option-
ally appliessuch“doughnut”areacomputations.� Wraparoundwindowdensityanalysisandsynthesis:Because
of the way diesarearrayedon a wafer, we make windows
“wrap around”the layout during densityanalysisaswell as

2Our experimentaltestbedintegratesGDSII Streaminput, conversionto CIF for-
mat,andinternally-developedgeometricprocessingengines,codedin C++ underSo-
laris. All run times are reportedin CPU secondson a 140MHz Sun Ultra-1 with
256MB of RAM. All experimentsassumethatU is equalto the maximumwindow
densityof theoriginal layout.



Spatial DensityModel
Orig. Density LP Greed MC IGr eed IMC

Testcase Max Min Min CPU Min CPU Min CPU Min CPU Min CPU
L1/32/8 0.21447 0.10414 0.19864 41.5 0.18779 18.2 0.19221 17.3 0.19871 26.9 0.19871 24.8
L1/32/16 0.21783 0.10088 0.19768 1077.5 0.19044 21.9 0.19410 19.6 0.19779 98.1 0.19740 93.5
L1/16/8 0.26452 0.07803 0.17519 161.1 0.17556 21.8 0.17556 18.9 0.17556 36.7 0.17556 30.2
L1/16/16 0.26452 0.08551 0.17169( N/A 0.18868 44.2 0.18868 23.4 0.18868 202.3 0.18868 168.9
L2/32/8 0.22648 0.07039 0.14467 43.0 0.14257 25.5 0.13565 24.4 0.14469 41.3 0.14463 68.6
L2/32/16 0.22648 0.07650 0.15093 2716.0 0.14621 33.8 0.14459 29.4 0.14971 538.5 0.14940 317.2
L2/16/8 0.33022 0.04552 0.17926 1912.4 0.16709 42.1 0.17748 30.5 0.17980 170.1 0.17980 169.4

L1x4/32/8 0.21693 0.09657 0.18643 255.7 0.18183 82.6 0.18282 72.3 0.18648 131.9 0.18648 111.9
L1x4/32/16 0.21793 0.10263 0.18448( N/A 0.19574 124.3 0.19547 80.2 0.19933 632.8 0.19933 565.1
L2x4/32/8 0.22226 0.05776 0.14647 532.6 0.14480 150.7 0.13824 117.7 0.14649 289.5 0.14655 469.7

Effective DensityModel
L1/32/8 0.41625 0.16255 0.31970 32.4 0.31859 22.8 0.31994 22.3 0.31994 26.5 0.31994 23.9
L1/32/16 0.46662 0.10626 0.28249 105.5 0.28353 27.4 0.28353 24.0 0.28353 33.2 0.28353 27.8
L1/16/8 0.46662 0.10626 0.28249 105.2 0.28353 27.1 0.28353 23.1 0.28353 32.8 0.28353 26.0
L1/16/16 0.48313 0.05693 0.13285( N/A 0.24748 49.7 0.24748 27.1 0.24748 74.2 0.24748 33.4
L2/32/8 0.53585 0.07249 0.34777 66.8 0.34538 39.7 0.31153 38.3 0.34629 49.5 0.33858 68.9
L2/32/16 0.84446 0.03514 0.35956 520.5 0.36007 57.4 0.34049 41.4 0.36007 67.9 0.35276 107.4
L2/16/8 0.84446 0.03514 0.35956 526.7 0.36007 57.3 0.34206 40.1 0.36007 68.7 0.35120 90.1

L1x4/32/8 0.43270 0.14665 0.28487 171.5 0.28505 107.2 0.28505 90.7 0.28505 126.5 0.28505 100.9
L1x4/32/16 0.46740 0.10494 0.28732 1238.8 0.28835 177.0 0.28835 106.3 0.28835 262.4 0.28835 125.5
L1x4/16/8 0.46740 0.10494 0.28732 1387.8 0.28835 188.8 0.28835 106.3 0.28835 266.6 0.28835 121.5
L1x4/16/16 0.48313 0.05160 0.19859( N/A 0.27197 586.0 0.27197 119.5 0.27197 975.0 0.27197 150.1
L2x4/32/8 0.52179 0.04467 0.34176 637.4 0.32008 241.5 0.30799 165.6 0.33620 342.0 0.33524 435.9

Table2: TheIteratedGreedy(IGreed)andIteratedMonte-Carlo(IMC) algorithmsaremoreaccuratethanthenon-iteratedversions(Greed
andMC), andarefasterthana linearprogram-basedapproach(LP).

in fill synthesis,so thatwindows overlappingwith theupper
(right) edgeof thechip layoutalsocontainthecorresponding
tiles from thebottom(left) edgeof thelayout.� Different pattern types: In order to reduceworst-casecou-
pling capacitanceto fill, we imposea uniformity constraint
on the fill patternso that sameamountof fill patternareais
intersectedby any verticalor horizontalline. To thisend,we
usea basket-weaving patternsuggestedin [3]. Our imple-
mentationcanalsosupportmoreexotic fill patterntypes.

Table2 comparestheminimumwindow densityandtheasso-
ciatedruntimesfor theminimumvariationlinearprogram,Greedy
algorithm, Monte-Carloalgorithm, IteratedGreedyand Iterated
Monte-Carloalgorithms. The table consistsof two parts,corre-
spondingto thespatialandeffectivedensitymeasures,respectively.
Theleft columnof Table2 givesfor eachtestcasethewindow size
(in thousandsof units),aswell asthenumberr of fixeddissections.

The smaller r-value correspondsto the maximal value for
which the LP approachcanstill give the optimal minimum win-
dow densitywithin a reasonablerun time,andthelargerr-valueis
selectedsufficiently high to demonstratethe accuracy of the sug-
gestedheuristics.Thenext two tablecolumnsreportthemaximum
andminimumwindow densitiesof theoriginallayoutbeforefilling.

Table2 indicatesthat the iteratedmethodsaremoreaccurate
thanpreviousnon-iteratedapproaches,that they aremoreefficient
than LP-basedmethods,and that they offer more even filling or
largernumberof tiles(correspondingto largerr). Finally, notethat
the iteratedMonte-CarloandGreedyalgorithmscanoutputbetter
solutionsthanLP-basedapproaches,sincetheLP’s roundingerror
becomesmoresignificantfor largerr.

7 Conclusion

We have presenteda new unified approachto capturingdifferent
modelsof LayoutDensityControlfor CMP. Thisenablesusto ap-
ply GreedyandMonte-Carlomethodsthatsimultaneouslyaddress
differentfilling objectives for spatialandeffective densitydefini-
tions.Ournew iteratedGreedyandMonte-Carlomethodsaremore
accurateandpracticalthanpreviouslinear-programbasedmethods.

Our implementationof theproposedmethodsincorporatesseveral
practicalfeatures,andimproveson thepresentgenerationof avail-
abletoolsfor layoutdensitycontrol.

Ourongoingresearchaddressesthefollowing two applications
of thesuggestedmethods:

� Hierarchical Filling : The iteratedMonte-Carlomethodcan
substantiallyimprove theefficiency of filling hierarchicalde-
signs,andsignificantlydecreasethe sizeof the filled layout
outputfile, resultingin abetterintegrationinto availablehier-
archicalphysicalverificationengines.

� Multi-Layer DensityControl: A more accuratemodel (re-
centlysuggestedby theauthorsof [8]) takesinto accountthe
influenceof densityvariationin lower layerson densityvari-
ation in upperlayers. Thus, the methodsdevelopedin our
paperseemmore attractive than traditional LP approaches,
dueto thedrasticincreasein thenumberof variables.
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