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Abstract
In very deep-submicronVLSI, certainmanufacturingsteps– notably
opticalexposure,resistdevelopmentandetch,chemicalvapordeposi-
tion andchemical-mechanicalpolishing(CMP)– have varying effects
on device andinterconnectfeaturesdependingon local characteristics
of thelayout.To maketheseeffectsuniformandpredictable,thelayout
itself must be madeuniform with respectto certaindensityparame-
ters. Traditionally, only foundrieshave performedthepost-processing
neededto achieve this uniformity, via insertion(“filling”) or partial
deletion(“slotting”) of featuresin thelayout.Today, however, physical
designandverificationtools cannotremainoblivious to suchfoundry
post-processing.Without an accurateestimateof the filling andslot-
ting, RC extraction,delaycalculation,andtiming andnoiseanalysis
flows will all suffer from wild inaccuracies.Therefore,future place-
and-routetools must efficiently perform filling and slotting prior to
performanceanalysiswithin thelayoutoptimizationloop. Wegive the
first formulationsof thefilling andslottingproblemsthatarisein lay-
out post-processingor layoutoptimizationfor manufacturability. Such
formulationsseekto addor removefeaturesto agivenprocesslayer, so
that the local areaor perimeterdensityof featuressatisfiesprescribed
upperandlowerboundsin all windowsof agivensize.Wealsopresent
efficient algorithmsfor densityanalysisas well as for filling/slotting
synthesis.Our work providesa new unificationbetweenmanufactur-
ing andphysicaldesign,andcapturesanumberof generalrequirements
imposedon layoutby themanufacturingprocess.

1 Introduction
As CMOStechnologyadvancesto the180nmgenerationandbeyond,
the manufacturingprocesshasan increasinglyconstrainingeffect on
physicallayout designandphysicalverification. Foundryeconomics
dictatethat processwindow volumesbe maximized;this in turn dic-
tatesthatdevice andinterconnectfeaturesbefabricatedaspredictably
anduniformly aspossible.On theotherhand,thephysicsof semicon-
ductorprocessingmake largeprocesswindows anduniform manufac-
turingdifficult [3] [11] [8] [4]. In particular:

1. opticalinterferenceeffectsin lithographycancreate“iso-dense”
effects,wheretheexposureintensityfor isolatedfeaturesis dif-
ferentfrom thatfor denselypackedfeatures;

2. reactiondynamicsin resist developmentand etch, as well as
chemicalvapordeposition,canexhibit microloadingeffectswhere
localvariationsin thedensityof exposedfeaturesurfaceareare-
sult in line width or gatelengthvariationsacrossthechip;and�
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3. uniformity of CMP, which is usedfor planarizationof interlayer
dielectrics(orglass,with newershallow-trenchisolation)in multi-
layer interconnectprocesses,dependson uniformity of features
ontheinterconnectlayerbeneathagivendielectriclayerto avoid
dishingandotherirregularities.

In thispaper, weareconcernedprimarily with (2) and(3). Theconnec-
tion to (1) – thatprocess-inducedconstraintsonlayoutshouldnotham-
perseparateoptimizationsrelatedto proximity effects(i.e., OPC)– is
understood.To minimizetheimpactof manufacturingprocessphysics
on device yield, foundriesimposedensityrulesso that the layout be-
comesmore uniform. For example,a local interconnectmetal layer
might have a requirementthatevery 10µm � 10µmwindow containat
least35µm2, but nomorethan70µm2, of metalfeatures[1] [10]. Many
processlayers,includingdiffusionandeven thin-ox, canhave associ-
ateddensityrules [1] [14].1 While emptyareasmust be filled, very
wide features(e.g.,power buseson top-layermetal)mustbeslottedto
avoid lift-of f in CMP.

Traditionally, only foundriesor specializedTCAD toolscompanies
have performedthe post-processingof layout neededto achieve this
uniformity, via insertion(“filling”) or partial deletion(“slotting”) of
featuresin thelayout.Today, however, ECAD toolsfor physicaldesign
andverificationcannotremainobliviousto suchpost-processing.With-
out an accurateestimateof the downstreamfilling andslotting at the
foundry, all theRCextraction,delaycalculation,timing,noiseandreli-
ability analyseswill beinaccurate,leadingto abrokendesignflow. For
instance,slottingwill changethe cross-sectionof a power bus,which
in turnaffectspeakcurrentdensityandreliability.

In theAppendix,we presentanalysesshowing theextent to which
metalfilling andslottingcanaffect theresultsof capacitanceextraction
andperformanceanalysis.Otheranalysesin the Appendixshow that
filling andslottingcan,for themostpart (andespeciallyfor thefilling
case),be viewed in the single-layercontext. The preciselocationsof
fill/slot geometrieson a givenlayerwill not significantlyaffect perfor-
manceof interconnecton a neighboringlayer. Rather, the dominant
effects(couplingto densegeometrieson neighboringlayers,shielding
from fartherlayers,andshieldingof non-adjacentsame-layercoupling)
stemfrom lower boundson areadensityon all layers.This enablesus
to addressthemetalfilling andslottingproblemsonelayerat a time.2

Our Contributions
In this paper, we give the first formulationof the filling and slotting
problemsthatarisein layoutpost-processingor layoutoptimizationfor
manufacturability. Essentially, we seekto addor remove featuresto
a given processlayer, suchthat the local areaor perimeterdensityof
featuressatisfiesprescribedupperand lower boundsin all windows

1For example,in 0.35µmandbelow, onemajorsemiconductorhouserequiresdiffusion
areadensitybetween0.25and0.40,andmetalareadensitybetween0.40and0.70.Another
majorsemiconductorhouserequiresmetalareadensityto beat least0.35.Notethatdensity
rulesandpost-processingsolutionsmaydiffer between,e.g.,ASIC andhigh-endmicropro-
cessortechnologies,dueto tradeoffs betweendeviceperformanceandpredictability.

2Thereare several notableconditionsunderwhich the single-layerassumptionfails.
Slottingapproaches(e.g.,for power buses)mustavoid slottingcontactedareas.Thus,any
slotting synthesisapproachmusteitherperformre-layoutof power distribution (unlikely)
or elsespecificallymarkcontactedrectangleswithin power busesasinviolate. Filling ap-
proachesmustpay attentionto adjacentlayersif they containdrawn geometriesoutside
geometrieson thelayerto befilled. For example,poly fill geometryin regionswith under-
lying active diffusioncancreatespurioustransistors,andagainregionsmustbemarkedas
inviolateon thepoly layer.



of given size. After formally defining the filling and slotting prob-
lems, we presentefficient algorithmsfor densityanalysisas well as
filling/slotting synthesis.The remainderof this sectiondefinesnota-
tion andgivesa generalstatementof the filling andslottingproblem.
Then,Section2 gives new algorithmsfor analysisof minimum- and
maximum-density(i.e.,extremal-density) windows. All of thesemeth-
odscanoptionally returnall extremal-densitywindows, or all violat-
ing windows, with thesametime complexity neededto returna single
extremal-densitywindow. Section3 establishesperformancebounds
for two practicalapproximationsfor the filling andslotting problem,
namely, whenonly windows of fixeddissectionsof the layout region
needto satisfydensitybounds.Section4 developsnew algorithmsfor
synthesisof filling/slotting geometries,andweconcludeby listing sev-
eraldirectionsfor futureresearch.

Notation and Problem Statement
Wewill usethefollowing notationanddefinitions.

� Theinput is a layoutconsistingof rectangulargeometries.3� c � smallerof theminimumfeaturewidth andminimumfeature
separation.Thevalueof c is typically 25 to 50 timesthemanu-
facturingunit.� w � fixedwindowsize. The window is the moving squarearea
overwhichdensitylowerandupperboundsapply. A typicalwin-
dow sizewouldbew � 50 	 c.� n � sizeof the layout region side. Typically, we might seen as
anintegerwhich is about50
 000 	 c. Note thatc doesnot imply
that n

c is “the sizeof thegrid”: theonly grid thatis guaranteedis
themanufacturinggrid, which is typically 25 to 50timessmaller
thanc.� k � the complexity of theoriginal layout, i.e., the total number
of rectanglesin theinput.� La 
 Ua � areadensitylower andupperboundsexpressedasreal
numbers0 � La � Ua � 1. Eachw � w region of the layout
mustcontaintotal areaof features(consideredasa fraction of
thequantityw � w) satisfyingthesebounds.� Lp 
 Up � perimeterdensitylower and upperboundsexpressed
as real numbers0 � Lp � Up � 1. In practice,the maximum
perimeterdensityis attainedin memorycores,andtheboundsLp
andUp aresetwith respectto thismaximumdensity. Considera
w � w window filled with asmany smallc � c squaresaspossible,
wheretheoriginsof thesmallsquaresareoffsetfrom eachother
by integer combinationsof the vectors 
 0 
 2c� and 
 2c 
 0� . We
considerthetotal perimeterof thesesquaresto bethemaximum
possiblefeatureperimeter. Then,eachw � w regionof thelayout
mustcontaintotalperimeterof features(consideredasa fraction
of themaximumpossiblefeatureperimeter)satisfyingthegiven
bounds.� Ld 
 Ud � densitylowerandupperboundsexpressedasrealnum-
bers0 � Ld � Ud � 1. It turnsout thatmostof our resultsand
algorithmseasily apply to either the areadensityor perimeter
densityregimes. Thus,we will genericallyindicatethe density
boundsusingLd andUd.4

3Our implementationreadsin layoutsfrom GDSII Streamformat.Without lossof gen-
erality, our discussionbelow assumesthat rectilineargeometrieshave beenfracturedinto,
say, horizontallymaximalrectangles.It is alsopossibleto generalizeour analysesandal-
gorithmsfrom rectanglesto trapezoids.Notethatstandardindustrytools,suchasCadence
Dracula,will fracturegeometriesinto horizontaltrapezoids[2].

4To our understanding,currentfoundrieshave not yet imposedboth areadensityand
perimeterdensityboundssimultaneouslyon a given layer [14]. However, we expectthat
suchsimultaneousconstraintswill be requiredin future technologies,andwe analyzefill
patternsynthesisfor suchasituationin Section4 below.

� An extremal-densitywindow is a window with eithermaximum
densityor minimum densityover all windows in the layout. If
an algorithm appliesto either maximum-densityor minimum-
densityanalysis,we genericallyrefer to extremal-densityanaly-
sis.

Given thedefinitionsandparametersabove, we definetheFilling and
SlottingProblemasfollows:5

The Filling and Slotting Problem. Given a designrule-
correct geometryof k disjoint rectilinear rectanglesin an
n � n layout region, a minimum featuresizec, areaand/or
perimeterdensity upper and lower boundsLa 
 Ua 
 Lp and
Up, anda window sizew � n, addfill andslot geometries
into the layoutwhile preservingcircuit functionanddesign
rule-correctnesssuchthat every w � w window in the lay-
out region satisfiesthe lower andupperboundson areaand
perimeterdensity.

2 Algorithms for Density Analysis
BeforeaddressingtheFilling andSlottingProblem,wefirst developal-
gorithmsfor densityanalysis(with respectto eitherareaor perimeter)
in a given layout. Givena fixedlayoutandwindow size,we shall de-
terminea maximum-densityanda minimum-densitywindow (i.e.,our
analysiswill returnextremal-densitywindow(s)). Our densityanalysis
methodscanreportall violationsof densityboundsin thelayoutwithin
the sametime complexity neededto reporta singleextremal-density
window (seeSection2.5). We statethe densityanalysisproblemas
follows:

Extremal-Density Window Analysis. Given a fixed win-
dow sizew andasetof k disjointrectanglesin ann � n layout
region,find anextremal-densityw � w window in thelayout.

Thissectionpresentsaseriesof algorithmsfor theExtremal-Density
Window Analysisproblem. We first presenta densityanalysisalgo-
rithm with time complexity O 
 n2 � that is strictly a functionof thelay-
out size. We thendevelopa differentalgorithmwith time complexity
O 
 k2 � thatis strictly afunctionof thenumberof rectangles.Finally, we
proposeanalgorithmwith evenfasterexpectedruntime.Notethat the
O 
 n2 � andO 
 k2 � time complexities areincomparablein termsof effi-
ciency, sincek2 cansometimesbemuchsmallerthann2 (e.g.,k � 100
andn � 104) andatothertimesmuchlarger(e.g.,k � 105 andn � 104).
Therefore,our choiceof algorithmfor densityanalysiswould depend
ontheexactvaluesof n andk, with overall timecomplexity of the“hy-
brid” approachbeingO 
 min
 k2 
 n2 � ).
2.1 ALG1: O � n2 � Density Analysis
Ourfirst algorithmfor densityanalysishastimecomplexity O 
 n2 � , and
operatesasfollows.

1. Initialize ann 	 n booleanarrayB to all 0’s,andthenput1’s in ar-
raypositionscorrespondingto areasin thelayoutthatarecovered
by thek rectangles.This takestimeO 
 n2 � .

2. Createanothern 	 n arraySandinitialize eachS� i 
 j � to beequalto
thenumberof 1’sappearingin thesouthwestquadrantof arrayB
with respectto coordinate� i 
 j � (i.e.,S� i 
 j � countsthenumberof
1’s in thesubarrayB � 1 ��� i 
 1 ��� j � ). This canbedoneby scanningB
onerow atatimefrom left to right,maintainingarunningsumof
the1’s encounteredon all therows, andstoringall thesepartial
sumsinto the arrayS. All this preprocessingrequiresa total of
O 
 n2 � time.

5 Note that this is a satisficingformulationwherewe seekonly a feasiblesolution,as
opposedto anoptimizationformulationwherewe seeka bestsolution.We caneasilygive
variantoptimizationformulations(e.g.,insertaslittle metalaspossible,minimizethesum
of window densitydeviations from an ideal density, etc.). However, it appearsthat the
currentstateof technologydoesnotyet requiresuchformulations.



3. After this preprocessingphase,the densityof an arbitrary-size
w � h rectanglewith its bottom-leftcornerlocatedatanarbitrary
position 
 i 
 j � canbefoundin constanttime,asfollows:

density
 w � h rectangleat 
 i 
 j ���� S� i � w
 j � h��� S� i � w
 j ��� S� i 
 j � h��� S� i 
 j �
Thisformulausestheprincipleof inclusion-exclusion:thefourth
termisaddedin theformulaabovesinceit is implicitly subtracted
twice by the middle two terms. The techniqueis analogousto
efficient rangetally queriesin computationalgeometry[9].

In particular, thedensityof all O 
 n2 � windows of fixedsizew � w
canbedeterminedin O 
 1� timeperwindow, i.e.,a totalof O 
 n2 � time.
All extremal-densitywindows canbedeterminedusingthesametech-
niquewithin thesametime complexity. This methodgiven is consid-
erablymoregeneralthanis requiredto solve theextremal-densitywin-
dow problem,in that the preprocessingenablesthe future solutionof
arbitrarydynamicqueriesin constanttime per queryfor any window
sizew � h. Thus,w andh areboth (variable)parametersin thequery
input, ratherthan fixed (as is the casein practice)over all input in-
stances.

2.2 Properties of Extremal-Density Windows
Toobtainanalgorithmwith timecomplexity thatisstrictlyafunctionof
k (asopposedto afunctionof n), wefirstprovearesultthatis analogous
to Hanan’s Theoremfor the rectilinearSteinerminimal treeproblem
[6]. TheHanangrid over a givenlayoutis formedby creatingvertical
andhorizontallinesthatpassthroughall thesidesof all therectangles
(Figure1).6

Figure1: A layout(left) andits correspondingHanangrid (right).

Theorem 1 Givena layoutof k rectilinearly-orientedrectanglesin the
n � n grid anda fixedwindowsizew, there existsa w � w maximum-
densitywindow having at least one of its corners at a vertex of the
Hanangrid.

Theorem1 actuallyestablishesa strongerresultthancoincidinga
vertex of themaximumwindow with a Hanangrid point: it shows that
therealwaysexistsamaximum-densitywindow thattouchesrectangles
of the layoutwith at leasttwo of its sides(thesesidesmight touchthe
samelayoutrectangle).Thisobservationhelpsusto designanefficient
algorithmfor densityanalysis,sinceit limits thepossiblelocationsof a
maximum-densitywindow (i.e.,abuttingeitheroneor two of thelayout
rectangles).Theargumentusedto proveTheorem1 canalsobeusedto
establishananalogousresultfor minimum-densitywindows.

6Hereandelsewherein whatfollowswestateourresultfor maximum-densitywindows,
explainingtheextensionto minimum-densitywindows only if thereis somepossibilityof
confusion.All proofsareomitteddueto spaceconstraints,but areavailablein our technical
report[7].

Corollary 2 Givena layoutof k rectilinearly-orientedrectanglesin the
n � n grid anda fixedwindowsizew, thereexistsa w � w windowwith
extremalarea densitythat abuts layout rectangleswith at leasttwo of
its sides.

Noticethatatypeof geometricsymmetry/dualityis presenthere,in
that layoutrectanglesabut the interior of maximum-densitywindows,
andabut theexterior of minimum-densitywindows. Finally, a similar
argumentestablishesanalogousresultsfor windows having maximum
or minimumperimeterdensity.

Corollary 3 Givena layoutof k rectilinearly-orientedrectanglesin the
n � n grid anda fixedwindowsizew, thereexistsa w � w windowwith
extremalperimeterdensitythatabutslayoutrectangleswithat leasttwo
of its sides.

2.3 ALG2: O � k2 � Density Analysis
Recall that Theorem1 shows that an extremal-densitywindow must
touchrectanglesof thelayoutwith at leasttwo of its sides.Weobserve
that thereareonly O 
 k� sidesof rectanglesin the first place,andthat
O 
 k2 � densityanalysiscanbeachievedessentiallyby (i) definingawin-
dow for eachof theseO 
 k� rectanglesides,and(ii) computingin O 
 k�
timethewindow’s intersectionswith all rectanglesasit slidesalongthe
rectangleside. This yieldsan algorithmwith overall time complexity
of O 
 k2 � .

Wepreprocessby sortingall left andright edgesof thek rectangles
by their x coordinatesinto a singlesortedlist L (having up to 2k ele-
ments),within O 
 k logk � time. In themain loop (2), for each“pivot”
rectangleR, we createa w � w window W thatabutsR on the top and
right (i.e.,sothattheir top-rightcornerscoincide- seeFigure2(a)).We
thencomputethedensityof W in O 
 k� time by intersectingW with all
k rectanglesof thelayout(Step(3) of thealgorithm).

In the inner loop (4), we slide the window W horizontally to the
right (Figure2(a-c))until it leavesR, updatingthe densityof W each
time its left or right edgeintersectsan edgein the list L. Note that
the perimeterandareadensityof the window W increaseor decrease
monotonicallybetweensuchintersectionevents.7 Weupdatethevalue
of areadensity, or thetwo valuesof perimeterdensity, for W in constant
timeperintersectioneventby keepingtrackof thetotal “crosssection”
lengthof the currentintersectionsbetweenthe rectanglesandthe left
andright edgesof W. We addnew intersectionsthatenterthewindow
W asit advanceshorizontally, andwe subtractfrom thetotal theareas
of rectanglesthatexit thewindow W on theleft duringtheslidingpro-
cess.Finally, we repeatSteps3 through5 for all otherO 
 1� starting
orientationsof W with respectto thepivot rectangleR (Figure2(d-f)).
Theoverall timecomplexity of thisalgorithmis dominatedby theO 
 k�
scanswhich requireO 
 k � time each. A formal definitionof the algo-
rithm is givenin Figure3.

2.4 ALG3: Fast Expected Time Density Analysis
Charging O 
 k � time for eachscanin theALG2 analysisis pessimistic,
sinceeachslidingwindow is expectedto intersectonly asmallfraction
of the total numberof rectangles(the window size is typically very
smallcomparedwith theoverall layoutarea).For eachpivot rectangle,
it would beadvantageousto scanthroughonly thefew rectanglesthat
actuallyintersectits associatedslidingwindow (asopposedto scanning
all k rectangles).

We implementthis speedupvia a new fixed-dissectionpreprocess-
ing step,modifying our algorithmfrom Figure3. The layout areais
first partitionedinto n

w � n
w squaresof sizew � w each.Then,for each

suchsquarewe createa list of rectanglesintersectingit; doingthis for
all squaresrequiresasinglepassthroughall rectangles.Themainloop

7Theareadensityis a continuousfunctionandall its minimaor maximaoccuronly at
suchintersections.Theperimeterdensityhasdiscontinuitieswhena window edgecrosses
a vertical featureedge. Therefore,at suchintersectioneventswe maintainboth possible
valuesof perimeterdensity(i.e.,with andwithout theverticalfeatureedge).
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Figure2: ALG2 startsa window abutting a pivot rectangle(a) and
slidesthewindow to theright,stoppingateachedgethatintersectsits
perimeter(b), until thepivot abuts theoppositesideof thewindow,
on the outside(c). Othercombinationsof the pivot-window orien-
tationsare thenexplored(d-f). This processis repeatedfor every
rectangle,usingeachasapivot in turn.

ALG2: O 
 k2 � Density Analysis
Input: n � n layoutwith k rectangles
Output: all extremal-densityw � w windows
(1) Sortall theleft andright edgesof all k rectanglesby

x coordinatesinto asortedlist L
(2) For each“pivot” rectangleRdo
(3) Find thedensityof aw � w window W

thatabutsR on thetopandright
(4) WhileW intersectsRdo
(5) SlideW to theright to thenext pointof intersection

with oneof theedgeson thelist L
Recordchangesin density

(6) Repeatsteps(3-5) for all otherstartingorientationsfor W
Output all extremal-densitywindows

Figure3: ALG2: O 
 k2 � densityanalysis.

of the algorithmchecksthe rectangleintersectionsfor a given w � w
querywindow W by examiningfour lists of rectangles(corresponding
to thefour squaresthattogethercoverW).

Theorem 4 Given k non-overlapping rectangleswith positionsuni-
formly distributedin then � n grid, thealgorithmfromFigure 3 finds
the maximum-densityw � w window in time O 
 k 	 E � , after applying
a fixed-dissectionpreprocessingphasewith runtimeO 
�
 nw � 2 ��
 nw � 2 	
E 	 log 
�
 nw � 2 	 E ��� , where E is the expectednumberof rectanglesthat
intersectan arbitrary w � w window.

We call this improved-preprocessingalgorithmALG3. We canshow
thattheexpectednumberof rectanglesthatintersecta givenfixed-size
window is indeedquitesmall.

Theorem 5 Givenk arbitrarily-sizeddisjointrectangleslocatedat ran-
dompositionschosenfromauniformdistributioninsidethen � n layout
region,theexpectednumberE of rectanglesthatintersectagivenw � w
windowis boundedbyE � O 
 k 	�
 wn � 2 � .

By the previous two theorems,substitutingE � O 
 k 	�
 wn � 2 � into the
overall time complexity of O 
�
 nw � 2 � 
 nw � 2 	 E 	 log 
�
 nw � 2 	 E �!� k 	 E �
yields:

Corollary 6 Givenk rectanglesin then � n layoutregion,themaximum-
densitywidth-w windowcan be foundin time O 
�
 nw � 2 � k logk � k2 	
 wn � 2 � .

Notethatbecausea window cannotcontainmorethanO 
 w2 � rect-
angles,the expectedtime complexity of ALG3 is also boundedby
O 
�
 nw � 2 � k logk � k 	 w2 � . Thesamealgorithmandexpectedtimebounds
will holdfor findingminimum-densitywindows,aswell asfor extremal-
perimeterdensityanalysis.

2.5 Remarks
Our algorithms,asstated,addressonly the problemof finding a sin-
gle extremal-densitywindow. However, they all implicitly find andre-
portall windows having extremaldensity. In fact,all of thealgorithms
above will detectevery window of the layout whosedensityviolates
eitherof the given densitythresholds(either lower or upper).8 This
informationcanbereportedby printing any extremaldensityencoun-
teredat theendof every scanphaseinvolving eachpivot element,if its
valueviolatesa densitybound.Reportingall densityviolationsin this
mannerdoesnot increasetherunningtimeof any of ouralgorithms.

We mustalsore-emphasizethat all our techniquesoutlinedabove
extend in a straightforward way to computingextremal-densitywin-
dows with respectto total perimeter. For example,to adapttheO 
 n2 �
algorithmof Section2.1 to performperimeterdensityanalysis,Step
(1) of that algorithmshouldmark the locationsin arrayB that corre-
spondto theperimetersof thek rectangles.Then,Step(2) of thealgo-
rithm of Section2.1 will add up the total perimeterlengthsin each
point’s south-westquadrant. After all this preprocessing,arbitrary-
window extremal-perimeterqueriescanbeperformedin constanttime
perquery. To adaptsliding-window areadensityanalysesto thedetec-
tion of extremal-perimeterdensitywindows, we keeptrackof thetotal
rectangleperimeterinsidetheslidingwindow, ratherthanthetotalrect-
anglearea. The only caveat is that consistency mustbe exercisedin
decidingwhichgrid pointsareconsideredto beoccupiedby particular
rectangleperimeters.Finally, all algorithmsdescribedabove work for
any non-squarew � h querywindow, evenif w andh areinputparame-
ters(asopposedto beingfixedover all input layouts).

3 Fixed-Dissection Density Analyses
In attemptingto verify (or satisfy)upperandlower densityboundsfor
w � w windows, a very practicalmethodis to check(or enforce)these
constraintsonly for w � w windows of a fixeddissectionof the layout
into w

r � w
r tiles, i.e.,thesetof windowshaving top-leftcornersatpoints
 i 	 wr 
 j 	 wr � , for i 
 j � 0 
 1 
�������
 r 
 nw � 1� ; herer is an integer divisor of

w. To our knowledge,this is the type of verificationthat is mostof-
tenperformedby commercialtools.9 Unfortunately, a fixed-dissection
schemefor smallr cannotguaranteeanynontrivial densityboundsover
all w � w windows(asopposedto only thefixedtiles in thedissection).
For r � 1, evenif theareadensityof eachtile in thefixeddissectionis
guaranteedto beat least75%,acompletelyemptyw � w tile canexist.
Conversely, if the areadensityof eachwindow in thefixeddissection
is guaranteedto beat most25%,a completelyfull w � w window can
exist.

8Practicallyspeaking,this is the most commonusemodel: a designerwould like to
know all areasof his layout thatviolatedensitybounds,sothat theseareascanbefixedor
anexceptiongrantedby theprojectmanagement.Any designmayhave numerousspecial
casesthatrequireexceptions,e.g.,padsandscribeline areas.

9Asanexampleof afixed-dissection-basedcommercialanalysistool,considertheDrac-
ulaCOVERAGEcommand[2], or capabilitiesof maskanalysistoolsin theTCAD market-
place[14]. DraculaCOVERAGE,for example,allows checkingof areadensityupperand
lower boundsin w " w windows (e.g.,w # 50µm) thatoccurat a fixedoffset,or step(e.g.,
w
r # 10µmandr # 5), from eachother.



On the other hand,the analysisof fixed dissectionscan be done
muchfasterthantheanalysisof all eligible w � w windows. First we
initialize an arrayof n

w � n
w countersassociatedwith all of the fixed

dissectionwindows, andthenfor eachrectangleR, we incrementthe
countersof thewindows intersectingR by theareaof the intersection.
In caseof r $ 1, we repeatthe procedureabove r2 times in order to
checkall 
 r 	 n

w � 2 windows.
In therestof thesection,weseekwaysin whichdensityboundsfor

arbitrarily locatedwindowscanbeenforcedby densityboundsonfixed
dissectionwindows. Suchrulescanbe viewed asa form of density-
relatedlayout designrule. We comparetwo waysof applyingsimple
local rules to windows having top-left cornersat points 
 i 	 wr 
 j 	 wr � ,
i 
 j � 0 
 1 
�������
 nw for somer $ 1 suchthat w

r is aninteger. First,wecon-
siderwhathappenswhenwe enforceupperandlower densitybounds
in eachindividual w

r � w
r tile of our fixeddissection(Theorem7), and

thenwe derive upper/lower boundsin thecasewhenwe enforceden-
sity boundsfor standardw � w windows (Theorem8). For example,if
we enforcethe areadensityto be at least25% (i.e. La � 0 � 25), then
(for r � 5) thefirst ruleguarantees16%areadensitywhile thestandard
methodcanguaranteeonly6%. TheboundsfromTheorems7and8can
helpto chooseappropriatecombinationsof fixeddissectionsanddesign
rulescorrespondingto specifiedareadensitylower/upperbounds.

Theorem 7 Supposeall w
r � w

r fixeddissectiontiles with top-leftcor-
ners at points 
 i 	 wr 
 j 	 wr � , i 
 j � 0 
 1 
�������
 r 
 nw � 1� , haveareadensityat
leastLa andat mostUa. Thentheexactlowerboundontheareadensity
of w � w windowsequals


 r � 1� 2
r2 	 La � 4 
 r � 1�

r2 max% La � 0 � 5 
 0&'� 4
r2 max% La � 0 � 75
 0&

andtheexactupperboundequals


 r � 1� 2
r2 	 Ua � 4 
 r � 1�

r2 max% Ua � 0 � 5 
 0&(� 4
r2 max% Ua � 0 � 25
 0&)�

Theorem 8 Supposeall w � w-sizedwindowswith top-leftcorners at
points 
 i 	 wr 
 j 	 wr � , for i 
 j � 0 
 1 
�������
 r 
 nw � 1� , haveareadensityat least
La andat mostUa. Thenanyw � w windowhasdensityat leastLa �
1
r � 1

4r2 andat mostUa � 1
r � 1

4r2 , andtheseboundsare tight.

4 Synthesis of Filling and Slotting Patterns
Giventhelayoutgeometryalongwith theparametersof theFilling and
Slotting Problem,we wish to synthesizefill andslot geometriessuch
thatall windowssatisfythedensitybounds.In thissectionwefirst con-
structfilling patternsfor wiring-typelayoutsthatareusuallyproduced
by preferred-directionarearouters.Thenwe considerslottingpatterns
of minimum area. Finally, we derive conditionswhenboth areaand
perimeterdensityboundscanbesatisfied,andwe suggestappropriate
filling patternsfor suchsituations.

4.1 Fill Synthesis for Wiring-Type Layouts
Herewepresentanefficientmetalfill synthesisalgorithmthatwill han-
dle layoutscontainingmostly wires occupying discreterows, where
wire segmentshave discretewidthsandvarying lengths.Griddedpre-
ferred-directionarearouterstypically producesuchgeometries.

If theseparationbetweenadjacentwire rows for this typeof layout
is nearlythesameasthewidth of therows(rectangles),thelayoutden-
sity never exceeds50%or 60%anywhere.Thus,typical densityupper
boundstrivially hold (i.e.,areneverviolateddueto theminimumspac-
ing rulesfor interconnect).To solve the Filling andSlotting Problem
for thiskind of layout,weonly needto makesurethatthedensitylower
boundis satisfiedeverywhere.An O 
 k logk� algorithmcanachieve this
asfollows:

1. Sortthewires/rectanglesby rows,andwithin eachrow sortthem
by thecoordinatesof their leftmoststartingpoints.

2. For eachrow, from left to right, createmetalfill in thespacebe-
tweentherectangles(with smallseparationfrom theneighboring
rectangleson theleft andright).

Figure4 showsanexampleof awiring-typelayoutalongwith themetal
fill solutionproducedby the above algorithm. Many currentdesigns
containregionswith wiring geometriesof this form.

(a)

(b)

Figure4: (a) An exampleof a wiring-type layout, and(b) a corre-
spondingmetalfill solution(shadedrectanglesdenotemetalfill).

4.2 Minimization of Slotting
To minimizetheslottingof rectangles,we proposethefollowing algo-
rithm that,wheneverpossible,favorsaddingmetalfill to emptyregions
ratherthanslottingexisting rectangles.Themainideaof thisapproach
is asfollows.

1. Insideevery rectangle,if thereis enoughroom inside,slot the
rectanglelengthwiseusingparallelslotsof width w1, spaceda
distanceof d1 apart.Theparametersw1 andd1 arechosensothat
the densityinside the rectangledoesnot exceedthe maximum
allowabledensity(seeFigure5(b)).

2. Outsideevery rectangle,if thereis enoughroom (with respect
to neighboringrectangles),createa maximum-densitymetalfill
bandof width w2 atdistanced2 awayfrom therectangle,leaving
emptyspacebetweentherectangleandthisband(seeFigure5(c).

3. Fill up the remainingemptyareasof the layout (outsideall the
outerbands)with acanonicalslottedmetalpatterncorresponding
to thedensitylowerbound(seeFigure5(d)).

Thisalgorithmclearlysatisfiesthedensityupperandlowerbounds
for appropriatevaluesof d1 
 w1 
 d2 andw2 which dependon w, c and
thedensityupperandlower bounds.10 Thesevaluescanbecomputed
in constanttime, andtheoverall algorithmcanbe implementedto run
efficiently.

4.3 Simultaneous Area and Perimeter Bounds
In this subsection,we characterizecombinationsof areaandperime-
ter densities
 Da 
 Dp � thatcanbesimultaneouslysatisfiedby thesame
filling pattern.

As discussedin Section1, all geometriesmust satisfy minimum
lengthandminimumseparationrules. In particular, no fill featuredi-
mensions,nor any distancebetweenfeatures,canbe lessthanc. In

10Recall from Section1 that slotting requiresseveraldesignflow changes,particularly
sinceslottedpowerbuseswill have reducedcurrentcarryingcapability. Theslottingorien-
tationis alignedwith thedirectionof currentflow.
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Figure5: For eachrectangleof thegiven layout (a), we createpar-
allel slots in the directionof the currentflow, anda corresponding
maximum-densitybandjust outsidethe rectangle(b). All remain-
ing emptyareasbetweenrectanglesarefilled with acanonicalmetal
patternhaving minimumdensity(c).

practice,the distancebetweenfilling or slottinggeometriesandnear-
estlayoutfeatureis constrainedto begreaterthanc/0$ c. However we
canstill view regionseligible for filling asc-polyominoes, i.e., poly-
ominoes[5] with sidesa multiple of c thatarein distancec/ from the
layout features.Thefill patternshouldalsoconsistof polyominoesin
thec-grid, i.e., theminimumseparationrule impliesthatapairof filled
cells which shareexactly onecornershouldhave onecommonfilled
neighboringcell.

First, we will describefilling patternsfor a rectangularregion R
whichhavemaximumperimeter, andeithertheminimumor maximum
allowableareadensity. ThepatternPmin with theminimumareadensity
fills all cellswhich have top-left cornercoordinates
 a � 2ci 
 b � 2cj � ,
where
 a 
 b� isoneof thecornersof R(seeFigure6(a)).Thispatternhas
areaslightly morethan 1

4 	 area
 R� , becauseit fills approximatelyevery
fourth cell of R. The patternPmax with maximumareadensityfills R
completely, leaving emptyonly cellswith coordinates
 a � c � 2ci 
 b �
c � 2cj � (seeFigure6(b)). Theareaof thispatternis slightly largerthan
3
4 	 area
 R� becauseit leavesemptyapproximatelyevery fourth cell of
R.

Two morepatternsarenecessaryfor completingthedescriptionof
all possiblepatterns.Thesearesimply theemptypatternP0 with zero
perimeterand area,and the completely-filledpatternP1 having both
perimeterandareaequalto thoseof R. In the graphof Figure7, the
x-axis representsareaandthe y-axis representsperimeter. The high-
lightedregion with verticesP0, Pmin, Pmax andP1 representsthecom-
binationsof areaandperimeterdensitiesfor which thereexist filling
patterns.Noticethata squarehastheminimumperimeterwith a given
area.Let Sbetheareaof a maximumsquarewhich canbeembedded
in R. BeforethepatternareareachesS, theminimumperimetergrows
quadratically;pastS, theminimumperimetergrows linearly.

Thealgorithmfor findingapatternwith agivenareaandperimeter
is straightforward: it startswith theminimumareapatternthathasthe
givenperimeter, andsequentiallyaddssquarecellswith sidec until the
necessaryareais achieved.

5 Computational Experience

We now reportour computationalexperiencefor (i) the fastexpected
time algorithm of Section2.4 (ALG3), and (ii) a simple implemen-
tation of the approximateoverlappingfixed-dissectionsapproachof
Section3 (FD), with r � 1 
 2 
 5 
 10.11 Our benchmarksincludeCIF-
formatted(convertedfrom GDSII Stream)M2 geometriesfrom three

11Givenafixeddissectioninto 1 n2 w3 2 windowsof sizew " w, weiterateovereachlayout
rectangle,and add the rectangle’s areacontribution to the total of eachwindow that the
rectangleintersects.We thencheckall windows to find the window with maximumarea
density. Werepeatthisprocessr2 times.

4 4 4 4 4 4
44 4 44 4 44 4 44 44 4 4 4 4 4

(a) 5 5 5 5 5 5 5 55 5 5 5 5 5 5 55 5 5 5 5 5 5 55 5 5 5 5 5 5 55 5 5 5 5 5 5 5
(b)

Figure6: Two patternswith maximumperimeter. (a)thepatternPmin
with minimumpossiblearea,and(b) thepatternPmaxwith maximum
area.
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Figure7: The x-axis representsthe areaand the y-axis represents
theperimeterof thefilling pattern.Thehighlightedregion with ver-
ticesP0, Pmin, Pmax, andP1 representsthecombinationsof areaand
perimeterfor which thereexist filling patterns.

standard-celllayoutsproducedby an industryplace-and-routetool.12

We alsouserandominstancesof k � 2000
 4000
 8000
 16000rectan-
glesin squarelayoutregionsof siden � 2000
 4000,with window sizes
w � 20
 40
 80.13

Table1 shows runtimesandmaximumcomputedareadensityfor
eachalgorithm. The first column of the Table representsthe triple
k 6 N 6 w6 Type, where“Type” denotesthetwo regimesof “wiring-type”
(W) and“random-small”(R) (seeFootnote13). The secondcolumn
gives the runtime (in CPU secondson a 167MHz Sun Ultra-1) and
maximumwindow densityfor thealgorithmof Section2.4. Thethird
throughsixth columnsgive (CPUanddensityvalues)obtainedby the
overlappingfixed-dissectionsapproachusing r � 1 
 2, 5, and 10, re-
spectively. Weobserve that,asexpected,thefixed-dissectionapproach
is fasterbut lessaccurate,andthatits accuracy improvessteadily(at the
costof additionalCPUtime)asr increases.

6 Conclusions and Ongoing Research Directions
In conclusion,we have introduceda critical new problemin the inter-
facebetweenlithography, physicallayoutdesignandperformancever-
ification. Wehave giventhefirst formulationof thefilling andslotting
problemsthat arisein layout post-processingandlayout optimization

12Benchmark1 correspondsto a1756-celldesignandhas4470rectangles;Benchmark2
correspondsto a 8131-celldesignandhas47904rectangles;andBenchmark3 corresponds
to a 20577-celldesignandhas127760rectangles.For thesethreebenchmarks,we have
n # 341347 618887 111905andw # 20007 20007 4000for window size.

13 Until k rectangleshavebeengenerated,werepeatedlygenerateanew rectanglehaving
width uniformly randomin 8wmin 7 wmax9 andheightuniformly randomin 8 hmin 7 hmax9 , such
that therectanglefits insidethelayoutregion andis at leastdistancec from all previously
generatedrectangles.Therearetwo regimes: “wiring-type” (W) useswmin # 1, wmax #
1000,andhmin # hmax # 1; “random-small”(R) useswmin # hmin # 1, wmax # hmax # 10.



for manufacturability. We have alsodevelopeda numberof effective
algorithms: for densityanalysis(both in thegeneralcaseandin a prac-
tical context) aswell as for filling/slotting synthesis.Our algorithms
have beenintegratedinto a softwareenvironmentthat includesGDSII
reader/writer, CIF manipulation,andageometricdatabase;preliminary
dataare encouraging,but also point out the needfor careful imple-
mentation.We arecurrentlyseekingmoretestcasesanddensityrules
from industryto furtherrefineour approachesandimplementations.14

We believe that our formulationscaptureseveral requirementsin fu-
turelithographyandprovideakey unificationbetweenlithographyand
physicaldesign.Ourcurrentwork addressessuchissuesasthefollow-
ing:� developing more efficient, generaland provable filling/slotting

algorithms(e.g., for simultaneousperimeter- and area-density
basedcriteria);� finding min/maxdensity/perimeterwindows in worst-casetime
o 
 n2 � or o 
 k2 � ; and� maintainingknowledgeof min/maxdensity/perimeterwindows
underdynamicrectangleinsertion/deletionin timeo 
 n� or o 
 k� .
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Appendix: Fill Impact on Extraction
Table2 showscapacitanceextractionresultsobtainedwith theRaphael
3-D field solver from TMA/Avant!,for anisolatedconductor(i) with or
without fill insertionin emptyregionsof adjacentlayers,and(ii) with
or withoutsame-layerneighborconductors.Thesimulationshows that
ignoring the possibility of metal fill can result in underestimationof
total line capacitanceby morethan50%. This canin turn leadto use-
lessRCX, delaycalculation,andtiming analysisresults.We conclude
thatthepresenceor absenceof fill geometriesmustbemodeledduring
performance-driven layout optimization. Similarly, we canshow that
slottingmustalsobemodeledfor power andreliability analyses.Such
modelingmustbeefficientand“transparent”;sincetherearemany iter-
ationsthroughthelayoutoptimizationloop,wemustbecarefulwith the
timecomplexity of fill/slot insertionandtheincreasesin datavolume.

Tables3 and4 give TMA/Avant! Raphaelcapacitanceextraction
resultsfor multi-layerinterconnectstructuresinvolving fill geometries,
asfollows.



Victim Layer Total Capacitance (10; 15F)
Samelayer-i Fill layers
neighbors? i � 1, i � 1? ε � 3 � 9 ε � 2 � 7

N N 2.43(1.00) 1.68(1.00)
N Y 3.73(1.54) 2.58(1.54)
Y N 4.47(1.84) 3.09(1.84)
Y Y 5.29(2.18) 3.66(2.18)

Table2: Raphael3-D field solverresultsfor totalcapacitanceextrac-
tion of asinglevictim conductor. Theconductoron layer i is 20 � 1.
Line-to-linespacingis 1, line width is 1, line thicknessis 1.5, and
dielectricheightis 1.5. Metal fill featureson layersi � 1 and i � 1
are10 � 1 with side-to-sidespacingof 1 andend-to-endspacingof
4. Thedielectricpermittivity wassetto both3.9 (for SiO2) and2.7
(cf. recentannouncementsby Sematech[12] of new low-permittivity
dielectrictechnologies).Layersi � 2 andi � 2 aresetto be40 � 40
groundplanes.

Victim B Total Capacitance (10; 15F)
Fill layeroffset Fill geometry ε � 3 � 9 ε � 2 � 7

N 10 � 1 3.776(1.00) 2.614(1.00)
N 1 � 1 3.750(0.99) 2.596(0.99)
Y 10 � 1 3.777(1.00) 2.615(1.00)
Y 1 � 1 3.745(0.99) 2.593(0.99)

Table3: TMA/Avant! Raphaelcapacitanceextractionresults:total
capacitancefor themiddlevictim conductorB.

� Three20 � 1 victim conductorsA, B andC (with B in themiddle),
with spacing1 betweenthem,areplacedon a victim layer i. All
conductorthicknesses= 1.5; dielectricheightbetweenlayers=
1.5.Dielectricpermittivity wassetateither3.9or 2.7.� A 40 � 40 bottomgroundplaneis placedat layer i � 2.� Two typesof fill geometrypatternswere consideredfor layer
i � 1 (seeFigure8): (a) 1 � 1 squareswith 
 x 
 y� originsof form
 2i 
 2 j � , i and j integers,resultingin anoverall patternareaden-
sity (for an infinite layout region) of 0.25, and (b) 10 � 1 (tall
andthin) rectangleswith 
 x 
 y� originsof form 
 4i 
 14j � or 
 4i �
2 
 14j � 7� , i and j integers,resultingin an overall patternarea
density(for aninfinite layoutregion)of 0.357.� An offset is optionally introduced.Whenthefill geometriesare
offset,they lie directlyunderthespacesbetweenthevictim con-
ductors.Whenthereis no offset, thefill geometrieslie directly
underthevictim conductors.

Table3 shows thatthetotal capacitancevaluesfor themiddlecon-
ductor(B) fluctuateby lessthan1 percentoverall four combinationsof
fill patternandoffset. Thecritical factoris thatthefill is presentin the

Victim A, C Total Capacitance (10; 15F)
Fill layeroffset Fill geometry ε � 3 � 9 ε � 2 � 7

N 10 � 1 3.009(1.00) 2.083(1.00)
N 1 � 1 2.984(0.99) 2.066(0.99)
Y 10 � 1 3.004(1.00) 2.080(1.00)
Y 1 � 1 2.980(0.99) 2.063(0.99)

Table4: TMA/Avant! Raphaelcapacitanceextractionresults:total
capacitancefor theoutsidevictim conductorA orC.

(a) (b)

Figure8: The two fill patternsconsideredin Raphaelsimulations:
1 � 1 squaresseparated1 unit apart(a), and10 � 1 rectanglessep-
arated1 unit aparthorizontallyand4 unitsapartvertically (b). The
fill pattern(b) wasusedfor thesimulationsreportedin Table2.

first place. Similarly, Table4 shows that the total capacitancevalues
for eachof theoutsideconductors(A andC) alsofluctuateby lessthan
onepercent.We concludethat the filling andslotting can,subjectto
constraintsinvolving featuredependenciesbetweenlayers,be viewed
asa “single-layerproblem”.


