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between p, Pin(a), and Pin(b).

In Figure 22(b)-(d), edge (p, q) is a a straight edge. Let M be the MS containing (p, q), and let M’ be the
MS perpendicular to M with entry point gq.

e In Figure 22(b), edge (¢, a) is L-shaped and edge (g¢,b) is on the MS M'. By Lemma B4, M’ must
contain a sink, which will be contained in subtree T3. Thus, Pin(b) (n2 in the Figure) is located on
M'. Node a is the entry point for two branches perpendicular branches containing sinks (by Lemma
B4); Pin(a) is chosen arbitrarily from one of these branches (Line 3 in Figure 19). In Figure 22, either
Pin(a) = ny or Pin(a) = nf; thus, it can be seen from the Figure that ¢ is the closest connection

between p, Pin(a), and Pin(b).

e In Figure 22(c), M’ is the union of two branches. One of these branches contains a sink (by Lemma
B4); without loss of generality, let this be the branch containing edge (¢, @), with Pin(a) = ny in M.
Let B be the branch containing edge (¢,b4). If Pin(b) is on B, then ¢ will be the closest connection
between p, Pin(a) and Pin(b). Otherwise, according to Lemma B2 we must have that b is the entry
point to a far branch off of M’. Hence, if Pin(b) is not on B, the b—Pin(b) path in T* contains only
edges on far branches (by the criteria in Lines 8-10 in Figure 19; see ny = Pin(b) in Figure 22(c)).
Thus, Pin(b) is contained in the upper-right quadrant relative to ¢ in the Figure, and ¢ is the closest

connection between p, Pin(a), and Pin(b).

e Finally, consider the configuration in Figure 22(d). Here, MS M’ is a branch of M containing node a
and sink Pin(a). Suppose that M’ is a far branch; if Pin(b) is not on MS M, then there must be a
near branch off of M somewhere below ¢ in 7™ (otherwise, we could reduce all delays by shifting the
entire half segment of M below ¢ toward a). Let B; be the near branch below ¢ closest to ¢. Either
sink Pin(b) is on Bj, or the ¢;—Pin(b) path in T™ consists only of edges in B; or far branches. In
either case, Pin(b) (= na in the Figure) is contained in the lower-right quadrant relative to ¢. If M is
a near branch, an analogous argument again shows that Pin(b) is in ¢’s lower-right quadrant. Thus,

q is the closest connection between p, Pin(a) and Pin(b). n|

Except for redundancies and pruning of sub-optimal trees, BB-SORT-C searches over all possible ways
to construct a Steiner tree sequentially, such that each sink is added by a closest connection to some edge

in the current tree. Thus, we have:

k

Theorem B1: For any positive linear combination of sink delays, f = Z a; - t(n;), a; > 0 Vi, algorithm
i=1

BB-SORT-C returns a Steiner tree 7% which minimizes f. m
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Figure 22: Five possible topologies at any Steiner node ¢ in 7. Each diagram shows two sinks n;
and ny below node ¢ in the tree, such that ¢ is the closest connection between ni, ny and ¢’s parent

p.

Proof: Part (i) of the Lemma is true since the construction of Figure 20 removes exactly one sink dur-

ing each pass through Lines 3 to 9.

To show (ii), let p be the parent of the node ¢ at Line 3 in Figure 20. The first case is when ¢ is a sink
or a degree-4 Steiner node in 7; (as in Figure 22(e)). In this case, edge (p,¢) will remain in tree T;_;. If
(p, q) is L-shaped, we must have a connection as in Figure 22(a), where the two children of ¢ are eventually
replaced by sinks on the maximal segments with entry point ¢ (i.e., n; and ng in the Figure). Both of these
sinks have closest connections to (p,q) at q. If (p,q) is a straight edge, let M be the MS containing (p, q),
and let a be a child of ¢ in 7. The sink Pin(a) is assigned in the Figure 19 template such that the ¢—Pin(a)
path in 7™ will contain only edges in M, edges in branches off of M, or edges in a sequence of far branches
off of branches of M. (For example, consider the paths from ¢ to sinks n; and ny in Figure 22(c)-(e).)
Thus, Pin(a) and p cannot be on the same side of a line that passes through ¢ and is perpendicular to M.

Consequently, ¢ will be the closest connection between edge (p, ¢) and Pin(a).

The second case is when ¢ is a degree-3 Steiner node in 7;. Let a and b be the children of ¢ in 7™ such
that Pin(a) and Pin(b) are ¢’s children in 7;. Without loss of generality, we assume that Pin(q) = Pin(a)
and n; = Pin(b). We must show that ¢ is located at the closest connection between nodes p, Pin(a), and

Pin(b). There are four possible configurations for connections at ¢, as shown in parts (a)-(d) of Figure 22.

e In Figure 22(a), edge (p,q) is L-shaped and both Pin(a) and Pin(b) (denoted by n; and ns in the

figure) must be on maximal segments with entry point ¢; it is easy to see that ¢ is the closest connection
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T* Decomposition Procedure
Input: Optimal delay tree T™
Output: Sequence of sinks ny,...ng used to construct 7%
using only closest connections of each n; to T;_
1=k
Repeat until i == 0
Find a node ¢ € T; whose children are all leaves
If ¢ == ng set ¢ to be any child of ng in T
Else if ¢ has degree 4
Set ¢ to be the child of ¢ in 7™ on the MS
containing edge (parent(q), q)

O O = W N —

7. Else Set ¢ to be a child of ¢ such that Pin(c) # Pin(q)
8. n; = Pin(c)
9. Ti—1 =Ti\ny
10. i=i—1
Figure 20: Procedure to determine a sequence of sinks ny, ..., ng which can be used

to construct 7™ by a sequence of closest connections from n; to tree T;_1.

n
no 3

Figure 21: Example of the order in which pins are “peeled” from an optimal-delay Steiner tree 7.
(Sinks n; are peeled from T™* in reverse order of their subscripts.)

Pin Assignments for Example Tree
Steiner node ¢ | Pin(g) | Reason for Assignment
q1 ny (no, ¢1) is L-shaped (Line 4)
q- na ng is on MS containing (g1, ¢2) (Line 6)
q3 ng ny is the entry point to MS containing (n1, ¢3) (Line 8)
q4 ns far branch at ¢s and near branch at ¢4 (Line 15)
qs Pin(qe) | g4 has degree 4 (Line 11)
qs Pin(q7) | far branch at ¢5 and no near branch at ¢s (Line 16)
q7 ny far branch at ¢¢ and near branch at g7 (Line 15)

Table 12: Pin assignment to Steiner nodes in the example of Figure 21. Line numbers refer to the
corresponding line in the Pin assignment procedure of Figure 19.
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if ¢ is the source or a sink, then Pin(q) = ¢; and (ii) if ¢ is a Steiner node, then Pin(q) is chosen according

to the template given in Figure 19.

Pin(q) Assignment Procedure
Input: Optimal delay tree T™
Steiner node ¢ € T™ such that Pin(w) has been assigned
for each w € T, w # ¢
Output: Pin(q)
p = parent(q) in T*
If edge (p, q) is a straight edge
Set M to be the MS containing (p, q)
If edge (p, ¢) is L-shaped
Set ¢ arbitrarily to be one of ¢’s two children
/* (¢ has exactly two children, by Lemma B1) */
Else if 7}, contains a sink on M
Set ¢ to be the child of ¢ on M
Else if p is the entry point to M
Set B to be the far branch of M at ¢
/* (such a B exists by Lemma B2) */
10. Set ¢ to be the child of ¢ on B
11.  Else if p has degree 4

Ot W N —

Nelie N e

12. Set ¢ arbitrarily to be one of ¢’s children
13.  Else if there is a near (far) branch of M at p
14. If there is a far (near) branch B of M at ¢
15. Set ¢ to be the child of ¢ on B

16. Else Set ¢ to be the child of ¢ on M

17.  Pin(q) = Pin(a)

Figure 19: Criteria used to associate a sink Pin(q) with each Steiner node ¢ in the optimal-delay
tree T™. The assignment determines which sink in 7;, will remain in the tree when ¢ is removed from
the current tree while “peeling off” sinks from 7.

After Pin(q) has been assigned, we can apply the rules described in Figure 20 to peel off sinks, thus
determining the sequence in which sinks can be added to construct 7. Note that node p in Line 3 of Figure
20 must exist since 7; is finite and has no cycles. Figure 21 gives an example of the decomposition procedure
applied to an eleven-pin net. Sinks in the figure are labeled in reverse order of how the decomposition
procedure might peel them off from the tree. (Other orders are possible because the decomposition procedure

is not completely deterministic.) Table 12 shows how Pin(g) was assigned for each Steiner node in Figure

21.

We now show that the procedure of Figure 20 gives a sequential decomposition of the optimal-delay tree
T*, such that each T; is constructed by connecting sink n; to tree T;_;1 by a closest connection to some edge

n T‘i—l-

Lemma B5: There exists a sequence of subtrees Ty = {no},71,7,...,Tr = T* such that for each 1,
1 <4 <k, (i) there is a sink n; € T; such that T;,_; = T;\n;, and (ii) either n; is connected to ng, or n;

makes a closest connection in 7; to some edge in Tj_;.
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to (¢;,p;) is equal to 7 * (r/2 + K') + K", where K’ and K" are again constants. Therefore, the equation
for t(n;) is
tni) =1 —d)*r* + Ky xr + Ko (9)

where K; and Ky are constants. From Lemma B3, we know that d > 1, implying that #(n;) is a concave

function of r. Similarly, delay to a sink n; along a far branch b; off of M will be equal to
—d*r? + Kir+ K| (10)

where again K| and K| are constants; this too is a concave function of r. Finally, delay to any sink whose
source-sink path does not contain an edge in M will be linear in r, and thus also a concave function. Since
any linear combination of functions that are each concave on a given interval will also be concave on that

interval, f is concave in r and is minimized at one of its extreme values, i.e.,;at r=0or r = x5 — 1.

Thus, M may be moved so that it contains a new node, say p;. If p; is a sink, the lemma is proved. If
p; is a Steiner node, then because it has degree > 2, there must be a vertical MS incident to p;, and this
vertical MS must contain a sink since M is the lowest maximal segment not containing a sink. Hence, if p;

is a Steiner node, the shifted M will also contain a sink. n

A direct corollary of Lemma B4 is that all Steiner nodes in the Elmore-optimal Steiner tree are contained

in the Hanan grid:

Corollary: Let X be the set of z-coordinates for all pins in N, and let Y be the set of y-coordinates in N.
Then if (z,y) is the location of a Steiner node in 7%, z € X and y € Y. m

Thus, only a finite number of possible Steiner point locations need to be considered. Hanan’s original

theorem may be viewed as a special case of this Corollary with the driver on-resistance ry — oo.

B.4. Decomposition Theorem for 7™

To prove that BB-SORT-C will return the optimal-delay tree T, we show that 7™ can be constructed by
starting with a tree Ty containing only ng, then successively adding a sequence of sinks n;, 1 < i < k, each
of which yields a tree 7; by making a closest connection to some edge in the current tree T;_;. We show
that such a sequence of trees exists by starting with 7% = T} and ¢ = k, then “peeling off” an n; at each

iteration such that n; was joined by a closest connection in 7; to some edge in T;_1 = T;\n;.

At each step, we find an interior node ¢ € T; whose children are all leaves. Each of these leaves must be
a sink, because all low-degree Steiner nodes (i.e., with degree < 3) are removed from T;41\n;+1. We choose
one of ¢’s leaves to be the n; that is peeled off, and set T;_; = T;\n;. The choice of which leaf should be
peeled is guided by the function Pin(q), which specifies one of ¢’s children that should not be peeled off from
q. Thus, when ¢ is removed as a low-degree Steiner node, the edge between ¢ and its parent is replaced with

an edge between Pin(q) and ¢’s parent. More formally, we define Pin(q) for each node ¢ € T* as follows: (i)
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Figure 17: Proof of Lemma B3: (a) Example where |[Near(M)| = |Far(M)| for maximal segment
M. M can be shifted to M’, as shown in (b), to reduce delay at all sinks in the subtree T} .
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Figure 18: Proof of Lemma B4: because the objective function f is concave in r over the interval
0 <r <z — 2z, f will be minimized when the maximal segment M passes through either the
gridline at z; or the gridline at 5.

far side of M such that shifting M to ¢ = x5 would cause M to intersect some node that is in 77 but not
in M. Let the variable r, 0 < r < x5 — z1, denote the position of M between the z-coordinates z; and z».

We will show that minimizing the delay function f implies that either r = 0 or r = z2 — 1.

Let d = Far(M) — Near(M). Consider the delay to some sink n; located along a near branch b; off
of M which has entry point ¢;. (In general, we let ¢; denote the entry point to branch b;.) Delay #(n;) is
quadratic in r only along the edge (po, ¢o) and along the edge (q;, p;), where p; is the child of ¢; on b;. To be
precise, the delay due to (po, qo) is equal to r* (r/2 — d*r + K), where K is some constant; the delay due
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leave delay to all other sinks unchanged, contradicting the optimality of 7. m
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Figure 16: Proof of Lemma B2: Example (a) with |[Near(S)| > |Far(S)| for a segment S between
qo and g¢3; (b) shows how S can be shifted to S’ to reduce delay to all sinks in 1, and leave delay
unchanged at all other sinks.

We can now use Lemma B2 to show that if an MS M has as many near branches as far branches,
then it can be shifted so as to reduce delay to some sinks and leave delay to others unchanged. This is
because shifting M toward the source will not increase total wirelength and will decrease some source-sink
pathlengths and and shift capacitance along some source-sink paths closer to source. Intuitively, this is the

proof behind our next lemma.
Lemma B3: In the optimal tree 7%, let M be an MS not containing ng. Then |Far(M)| > |Near(M)|.

Proof: By Lemma B2, |Far(M)| > |Near(M)|. Suppose that the exact equality |Far(M)| = |Near(M)]
holds. Lemma B2 then implies that each endpoint of M has a near branch incident to it as in Fig-
ure 17(a) (otherwise, M would contain a subsegment S with all but one endpoint of M and having
|[Near(S)| > |Far(S)|.) In Figure 17(b) we show how M can be shifted toward the source without in-
creasing total wirelength, while reducing source-sink pathlengths to nodes on the near branches of M and
shifting capacitance toward the source for nodes on the far branches of M. Consequently, moving M will
reduce delay to all sinks in 7 and leave delay to all other sinks unchanged (or reduced if the shift reduces

total wirelength), thereby contradicting the optimality of 7. m
Lemma B4: In the optimal tree 7™, any maximal segment must contain either the source or a sink.

Proof: (See Figure 18.) Let M be a lowest maximal segment in 7% which does not contain either the source
or a sink, i.e., every MS that is topologically below M contains a sink. Let go be the entry point to M and
let pg be the parent node of gy in 7. Consider the possibility of shifting M, either toward the source or
away from the source, without passing over any node in 7 which is not in M. Without loss of generality,
assume that M is a vertical segment with z-coordinate zg, and with the near side of M having # < zy. Let
z1 < &g be the be the closest value to zy on the near side of M such that shifting M to x = #; would cause

M to intersect a node that is in Tq"‘D but not in M. Similarly, let x5 > xg be the closest value to zg on the
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(vesp. far) branches. In addition, a sink located on M is defined to be a far branch off of M if none of its
children are located on the far side of M (i.e., it is not the entry point to a larger far branch). For any
segment S, we use Near(S) (resp. Far(S)) to denote the set of near (resp. far) branches off of the maximal
segment containing S. Figure 15 gives an example of an MS M with endpoints p; and ps, entry point pg,

and four branches, including near branch b;, far branch b5, and a far branch consisting only of sink ns.

Near side of M

Far side of M

Figure 15: Example of a maximal segment M with entry point pg, one near branch b1, and four far
branches, including b;. Note that by definition, ng forms a far branch with no edges. Also, edge
(po, ng) does not form a far branch off of M because pg is not an entry point to the MS containing

(Po, 716)-

Lemmas B2 and B3 establish some properties that must hold for any maximal segment in 7. Lemma
B4 then uses these properties to show that each maximal segment in 7* will have a sink located on it.
An immediate corollary of Lemma B4 is a generalization of the classic result of Hanan [17] to the Elmore
delay objective. (Hanan’s original theorem may be viewed as a special case of this Corollary with the driver

on-resistance rq — 00.)

Lemma B2: In the optimal tree 7, let gy be the entry point to a maximal segment M not containing ng.

Let S be any segment contained in M and having ¢o as an endpoint. Then |Far(S)| > |Near(S)|.

Proof: By contradiction. Let S be the smallest segment in M with ¢¢ as an endpoint so that Near(S) >
Far(S). Then a portion of T* between ng and ¢’ looks like Figure 16(a). Label the branches bq,...,b;
in order from entry point ¢o. Figure 16(b) shows how we can shift segment S topologically toward the
source; this effectively shifts wire from each near branch to a far branch with is topologically closer to the
source (i.e., with a smaller label). Shifting S does not affect tree cost?®, and source-sink path lengths will
be unchanged to all sinks except those connected to the tree through branches in Near(S), which will have

reduced source-sink path lengths. Consequently, the shift will decrease delay to all sinks below ¢¢ in 7% and

23Unless qo is an endpoint for the MS containing edge (p, g0), in which case tree cost will decrease.
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will be minimized at = 0 or # = ¢. However, we assumed that @ is connected to (p,b) and so  # ¢ = 0.
The only exception occurs if p has no parent, i.e., p = ng. Since e = (p,b) is an arbitrary edge in T*\a to
which a is connected, it must be that a makes a closest connection to any edge it is connected to (unless a’s

parent is ng). 0

Straightforward corollaries of Lemma Bl include: (i) that any non-source node in the optimal delay tree
T* must have degree < 4, and (ii) that the possible configurations of edges incident to a Steiner node ¢ € T
are restricted to the five configurations shown in Figure 22. Note that Lemma B1 by itself is not sufficient
to prove that BB-SORT-C will return the optimal delay tree. For example, if T* connects a four-pin net
into an “H” with two degree-3 Steiner nodes ¢; and ¢g (see Figure 14), then the parent of each non-source
node v is connected by a closest connection to 7*\v. However, 7% cannot be constructed by BB-SORT-C
since the “H” cannot be formed by adding the three sinks sequentially by closest connections to the growing

tree.

2p)
1 on2

N_ o o N
99

Figure 14: Example of a routing tree 7" which cannot be constructed by algorithm BB-SORT-C, but
which satisfies the condition that each non-source node v € T' makes a closest connection to each
incident edge in T\v.

B.3. Hanan Grid Proof for Steiner Nodes in T*

We root any routing tree 7" at the source ny and for any node v € T" define T, to be the subtree of T" rooted
at v. We define a segment to be a contiguous set of straight edges in 7" which are either all horizontal or all
vertical; a mazimal segment (MS) is a segment not properly contained in any other segment. Let M be an
MS in 7. The node in M closest to ng on a source-sink path containing M is called the entry point to M.
A segment containing all points in M to one side of a node v located on M is a half segment with respect to
v, and a half segment with respect to the entry point of M is called a branch. A branch b is called a branch
off of MS M’ if M’ contains b’s entry point and is perpendicular to . Note that any given segment, M,
will divide the plane into two half-planes. If M does not contain ng, then the half-plane containing the edge
between M’s entry point and its parent is called the near side of M (because it is “nearer” to the source),
and the other half-plane is called the far side of M. (If M contains the source, the near and far sides of M

can be labeled arbitrarily.) Branches off of M that are located on its near (resp. far) side are called near

33



for 22 is concave in terms of z.

Consider the contribution made by the edge (z,a) to Elmore delay at various sinks n; € T™. First,
consider the case of n; € T. Delay t(n;) is the sum of four functions: f; = delay from ng to p; fo = delay
from p to & due to capacitance in T"\b; f3 = delay from p to & due to capacitance in edge (b,q) and T}';

and f; = delay from z to n;. Simple application of the Elmore formula for these four functions gives

fi = Ko+ K (Ksy+a—z) (2)
fo = ax(G+a—z+Cate—a+0C) (3)
fs = wx(b—q+C) ifa<yg (4)
fs = qx(b—q+Cy) ifa>q (5)
foo= (a—a)« (=24 C0) + Ks (6)

where Kg, Ky, Ky and K3 are constants. To be precise, Ky is the sum of resistance/capacitance products
along the no—p path; K is the sum of resistances from ng to p; K1 equals the total capacitance in 7 minus
the edge (z,a); and K3 is the delay from a to nj. Function f; is linear in «, while f5 and f4 are quadratic
in . The equation for fy 4+ f4 has a negative coefficient for z%, and so fo + f4 is concave. Function f3 is
linear and increasing for # < ¢ and remains constant for > ¢; thus, fs is also concave in z. Consequently,
t(n;) = fi+ fa+ fa + f5 is concave in z.

c—x
2
C.)+ K3, where K is the delay from ¢ to nj. Again, fi, f3, and fo+ fa are each concave in z, and so t(n;)

If n; € T} then f1, fo, and f3 are identical to the case of n; € 7). Function fi equals (¢ — ) * ( +

1s concave 1n .

If n; € T} or nj = q, we can express delay to n; in terms of three functions fi, f» and f3. The definitions

of fi and f, are the same as for n; € T}

o, and f3 gives the delay from p to n; due to capacitance in 7% \a.

The equation for f; is identical to that for n; € T}

w, while f3 is a constant in terms of z. Hence, f; and f3

are concave. For fy, we have

fo = wx(a—z+C,) ifz<yq ()

= gxla—2+C,) ifz>q (8)

Any continuous, piece-wise differential function of a real variable is concave as long as its first derivative is
monotone decreasing. It is clear that this property holds for fs, except possibly at # = ¢. Let f} be the
derivative of fy. Then for < ¢, fi(z) = a — 2& + C4, and for > ¢, f(z) = —¢. Substituting ¢ for = in
these equations, we see that f4 is indeed decreasing at # = ¢ (because a > ). Consequently, f2 is concave

in « and so is t(n;).

Delay to any other sink in 7™ is linear (and thus concave) in z. Therefore, because f is a non-negative

linear combination of concave functions over the interval 0 < zleqc, it is also concave over this interval and
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an edge e € T\v to which v is connected, then v is said to make a closest connection to e in T.

B.2. Proof of Closest Connections in 7™*

Lemma B1: Let z be the parent of node @ € 7™, @ # ng. Then either & = ng, or else z is located at the

closest connection between a and each edge in T*\a that is incident to a in 7.

Proof: (See Figure 13.) Let e = (p,b) € T*\a be an edge to which a is connected at node & in T*. Let ¢ be
the location of the closest connection between a and e. Assume that node p has degree three (the proof is
nearly identical if p has degree four), and let ¢ be p’s parent and d be the other child of p besides z. In our
proof, we also assume that p # ng and that p is the closest point to a on edge edge (¢, p). The other cases

are handled easily by analogous proofs.??

Figure 13: Proof of Lemma Bl: Node a € T* is connected to edge (p,b) € T*\a at node z; either
& =p=ngor & =c, where ¢ is the closest connection between a and (p, b).

For convenience, we overload z, a, b, ¢, and p to also represent the respective path lengths from ¢ to
these nodes or locations. Even though ¢ is not necessarily a node in 7™, we use T to represent the subtree
of T™ below location c¢. Finally, we use C,, C3, and C, to represent the tree capacitance in subtrees 17, Ty,

and 77, respectively.

It is easy to see that z < ¢, since otherwise moving z forward to ¢ will reduce or leave unchanged all
subtree costs (i.e., capacitance terms) and all path lengths (i.e., resistance terms). We will show that delay
function f is concave in terms of z for 0 < z < ¢. Our proof invokes several facts from elementary analysis:
(1) any concave function defined over a real interval will be minimized at one of the two end points of the
interval; (2) multiplying any concave function by a positive constant also gives a concave function; (3) the

sum of two concave functions is also concave; and (4) any quadratic function of z with a negative coefficient

221f p = ng, then a similar argument shows that f is concave between p = n¢ and ¢, and will be minimized at one of these
two points. If some point on (g, p) is closer to a than p, then a similar proof shows concavity for f over the interval between p
and c. In this case, it is easy to show z # p because connecting a to a closer point on (g,p) produces a lower value for f than
connecting it to p, and so z must be located at c.
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Clean _Up for each node v’ added to the queue in Line 6, and the total number of calls to Clean_Up is
O(k?). 0

Appendix B: Optimal Steiner ERTs

For minimum-cost Steiner trees, the classic result of Hanan [17] restricts the choice of Steiner nodes to at
most |N|- [N — 1| points (the “Hanan grid”) and enables finite branch-and-bound methods to determine
optimal solutions. Here, we prove an analogous result for trees minimizing any weighted average of sink
Elmore delays. Like Hanan, we show that any tree containing a Steiner node which is not a vertex in the
Hanan grid can have its edges and Steiner nodes shifted to lie on the Hanan grid. However, we do not
shift edges in the same way as Hanan (the edge shifts he uses can be suboptimal in terms of Elmore delay).
Indeed, the result of, e.g., Lemma B1 below is obvious when minimizing tree cost, but requires a fairly
involved proof when minimizing Elmore delay. Our development of the Hanan grid result becomes complete
with the proof of Lemma B4 below. In Lemma B5, we extend our result to show that the branch-and-bound

SORT-C method described in Section 4.4 returns the optimal delay Steiner tree.2!

B.1. Definitions

We assume that all delays are defined in terms of Elmore delay. We seek to characterize the optimal Steiner
k

tree over N, denoted by 7™, which minimizes the weighted sum of sink delays f = Z a; - t(n;), with each
a; > 0. (The case of some a; = 0 is effectively handled by setting these a; to a smlz?ﬁ positive value.) We
assume that 7™ contains no Steiner nodes with degree < 3. For convenience, we normalize time and distance
so that unit wire resistance and unit wire capacitance are both equal to one. We also consider a tree to be
defined as a set of nodes and edges, so that the notations v € T" for node v and e € T for edge e are well

defined. An edge that is completely vertical or horizontal is called a straight edge; any other edge is called
an L-shaped edge.

The closest connection between three nodes is the location of the single Steiner node in a minimum-cost
Steiner tree over the three nodes. This location is unique and has coordinates given by the medians of
the - and the y- coordinates of the three nodes (if the minimum-cost Steiner tree is a chain, then the
closest connection is the middle node). The closest connection between a node v and an edge e is the closest
connection between v and the two endpoints of e. Assume that a Steiner tree T over N is rooted at ng. We
define T\v to be the tree induced by removing node v and all of its descendants from T', and then removing
all degree-2 Steiner nodes from the resulting tree. We say that node v € T is connected to an edge e € T\v

if its parent node in T is located on edge e. If parent(v) is located at the closest connection between v and

21 The following clarifications should be made about our results. First, we allow the source pin n¢ to have degree > 4, which
is in general physically impossible, but can be approximated by merging wires close to the source. Second, the optimal delay
Steiner trees will not always be planar, as this is not required by our definition of an optimal-delay tree.
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constructs a tree which GSR processes in Q(k?) time [6]. GSR in practice, however, seems to exhibit close

to linear-time complexity, because multiple calls to procedure Clean_Up occur for very few nodes.

Theorem A2: (i) GSR returns a tree containing no V’s and no U’s, and (ii) GSR runs in O(n?) time in

the worst case.

Proof: (i) Since GSR checks for V’s and U’s at each node in the tree, the output tree will contain a V'
or U only if GSR creates one at a node that has already been traversed. A new V or U can be produced
at a node v only if the ng — v path length is increased (which is impossible by Theorem 1) or if nodes are

removed from the ng — v path.

Removing a V at Line 8 in Figure 9 will not introduce a new V or U at vs (in Figure 7), because the
ng — vy path length is unchanged and a new Steiner point w; is added to this path. Removing a V' will not
introduce a V at vz either, because vywjvz is not a V. A U may remain at vz after removing the V', but

this will be detected later at Line 9.

Removing a U at vs in Figure 8 can only introduce a new V or U at ws, va, or one of their descendants,
because all other nodes have unchanged source-sink path lengths and no fewer Steiner nodes on their source-
sink paths. The subroutine Clean_Up checks for V’s and U’s at ws and v4, and recursive calls to Clean_Up

will eventually terminate because a new V or U can be introduced only by reducing the number of nodes on

n
ny "2
N5 — ‘ ‘ - ‘ ‘
n2 Wl
n3 n4

the no—v4 path.

Remove_U(nS) Remove_U(nS)
w
4
- ‘ Y3 ‘ - ‘ ‘
Remove_V(w2 ) Remove_U(n5 )

Figure 12: Example in which removing a U at ns requires two subsequent U-removals and a V-
removal to complete the Clean_Up procedure.

Figure 12 shows how Clean_Up can require several recursive calls before terminating. However, for
any node v, a call to Remove U(v’) will introduce a new V or U at v’ or parent(v') only if it reduces
the number of nodes on the ng—v’ path. Because any Steiner tree connecting k + 1 points can contain at

most 2k nodes in total, there are O(k) nodes on the ng—v’ path. Hence, at most O(k) calls can be made to
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lengths.

(iii) Assuming constant technology parameters!®, removing a U or a V can affect Elmore delay along a
source-sink path in only three ways: a) changing the length of the path; b) changing tree capacitances along
the path (i.e., increasing the wirelength of branches off from the path); and c) shifting tree capacitances
along the path (changing where branches connect to the path). Removing a V' will reduce some path lengths,
reduce tree capacitances, and shift tree capacitances closer to the source, thereby reducing Elmore delay to
all pins in the tree. Removing a U reduces path length to node vy in Figure 8 and shifts tree capacitance
closer to the source for nodes vq, vz, and vs. (For vs, the capacitance that met the ng-vz path at vs now
meets the path at wy and ws.) The only effect of removing low-degree Steiner nodes is to reduce total

wirelength, which cannot increase delay to any sink. n

—>—
4

A ¢ H 4 H

(0] )

Figure 10: An example of a net with a source and five sinks for which processing the U’s in a
bottom-up order returns a tree with one remaining U.

H OR

(a) (b) (€)

Figure 11: The GSR algorithm with input (a) can produce either tree (b) or tree (¢), depending on
the order in which the U’s are processed.

The order in which U’s are removed from the tree is important. If the U’s were processed in a bottom-up
rather than a top-down order, then new U’s could be introduced and the output tree might still contain U’s,
as in Figure 10.2° Note also that two different top-down orderings can produce different outputs (although

neither will contain any U’s; see Figure 11).

We now prove that GSR removes all V’s and all U’s from any input tree, and that its worst-case time

complexity is quadratic. Note that we have constructed a class of nets for which the 1-Steiner heuristic

191 e., including unit wire resistance, unit wire capacitance, driver resistance, and sink loading capacitances.
20By “bottom-up” we mean that each node is processed after all of its children in the tree, while a “top-down” ordering
implies that each node is traversed before any of its children.
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GSR Algorithm
Input: Steiner tree T with source ng
Output: Steiner tree T with all U’s removed

1. Remove all Steiner nodes of degree < 2 from T
2 Qe {mo);

3. While Q # 0

4. v — Dequeue(Q);

5. For each node v' € children(v) do

6. Q — Enqueue(v');

7. If there is a V located at v’

8. Call Remove_V(v')

9. If there is a U located at v’

10. Call Remove_U(v')

11. Call Clean_Up(v')

12. Remove all Steiner nodes of degree < 2 from T

Subroutine Clean_Up(node: v')
Cl1. If there is a V located at parent(v')

C2. Call Remove_V(parent(v'))

C3. If there is a U located at v’

C4. Call Remove_U(v")

Ch. Call Clean _Up(v')

C6. Else

CT. If there is a U located at parent(v')
C8. Call Remove_U(parent(v'))
C9. Call Clean_Up(parent(v'))

Figure 9: Pseudo-code for the Global Slack Removal (GSR) algorithm. Local variables include a
queue @ and nodes v and v'. We use children(v) to denote the set nodes with children of v when
the tree is rooted at ng; parent(v) denotes the parent of v in the rooted tree. The subroutine
Remove_V(v) removes a V located at v as in Figure 7 and Remove_U(v) removes a U located at
v as in Figure 8.

We now show that the tree returned by GSR dominates the input tree in terms of total tree cost, path
length from the source to each sink, and Elmore delay at each sink. Let cost(T") denote the cost of routing

tree T

Theorem A1l: Given any tree T as input, GSR will return a tree 7" such that (i) cost(T") < cost(T); (ii)
for each i > 0, the ng-n; path length in 7" is less than or equal to the ng-n; path length in 7T'; and (iii) the

Elmore delay tgp(n;) at each n; in 77 is less than or equal to the Elmore delay tgp(n;) in T

Proof: (i) Removing a V reduces cost in the routing tree; removing a U as in Figure 8 leaves tree cost
unchanged; and by the triangle inequality the removal of a low-degree Steiner point will either reduce cost

or leave it unchanged. These are the only operations on the tree by GSR.

(ii) Remove_V reduces the source-sink path length to vz in the V' and to all of its descendents; similarly,
Remove_U reduces the source-sink path length to node v4 in the U. Other source-sink path lengths remain

unchanged in either procedure. Removing low-degree Steiner nodes does not affect any source-sink path
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without any increase in total tree cost or Elmore delay to any sink. In what follows, we use the term 1-Steiner

tree to refer to any tree that can be output by the 1-Steiner algorithm.

Definition: A V is a subpath of three consecutive nodes on a root-leaf path in a routing tree such that the
combined edge cost along the subpath is greater than the distance between its two end points (e.g., path

v1-v3 in Figure 7(a)).

Definition: A U is a subpath of four consecutive nodes on a root-leaf path with edge cost greater than the

distance between its end points (e.g., path vi-v4 in Figure 8(a)).

\'
) 1 V3 . Vi "™ 1B
OO_..._I ; OO—... ® l
V2 V2

(@) (b)

Figure 7: Removing a single “V” in the GSR Algorithm.

noo—...—._ ; noo—ici—._I—l'Wz
o
V2 V3 V2 V3

(a) (b)

Figure 8: Removing a single “U” in the GSR Algorithm.

Note that the nodes in a V or U can be either Steiner nodes or pins. A V' can be removed by introducing
a Steiner node which eliminates the overlap between the two adjacent edges, as in Figure 7(b). It is easy
to see that, if a U (say vivavsvs) does not contain any V’s, then its middle edge (vz,vs) must be either
completely horizontal or vertical. Consequently, a U containing no V'’s can be removed by moving the middle

edge and adding up to two new Steiner nodes as in Figure 8(b).

Figure 9 describes the GSR algorithm for removing V’s and U’s from any Steiner tree. We define a U
(or V) to be located at node v if v is the node in the U (or V') furthest topologically from the source. Three
clarifying points should be noted. (i) GSR uses a “queue” @ which can be implemented arbitrarily as long as
each node in the tree is processed before its children. In practice, a simple depth-first ordering suffices. (ii)
The procedure Remove_U is invoked only for U’s not containing any Vs, and is executed as in Figure 8.
(iii) All low-degree Steiner nodes of degree < 2 are clearly superfluous and are removed, since more U’s can
be found if they are deleted at the outset. Because U removal can introduce additional low-degree Steiner

nodes, they are again removed at the end of the algorithm.
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delay objective to connect the remaining sinks). The SERT heuristic can also be applied before critical
path information becomes available (an alternative is the ERT spanning tree heuristic, which has lower time
complexity but does not introduce Steiner nodes). For nets on non-critical paths, minimizing wire length can
take precedence over minimizing delay, hence traditional minimum-cost Steiner heuristics such as 1-Steiner

[22] will are likely to be preferred.

Our heuristics which optimize Elmore delay directly are near-optimal in terms of SPICE-computed delay:
we showed that our methods give Elmore delay that is nearly optimal, and we also showed that Elmore
delay-optimal trees have nearly optimal SPICE delay. For spanning trees with five pins, we estimate that
the optimal tree according to Elmore delay will be between 3% and 10% above SPICE-optimal, depending on
the technology. Given that our SERT-C heuristic is between 0% and 5% above optimal in terms of Elmore
delay for five-pin nets, we estimate that the SPICE delay suboptimality of our SERT-C heuristic ranges
from 3% for MCM to about 12% for 0.5 ym and about 15% for 1.2 and 2.0 um CMOS IC technologies.

Current work addresses interesting extensions of the CS-Steiner and ERT approaches to incorporate
wiresizing, address general-cell layout with arbitrary routing region costs, and exploit the inherent paral-
lelizability of our approaches. Similar approaches may also apply to clock routing, although the extension
is non-trivial because of larger net sizes and the addition of a minimum skew objective. Finally, we leave as

an open problem the reduction in time complexity of the ERT constructions.
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Appendix A: Global Slack Removal

Recall from Section 3.1 that Global Slack Removal (GSR) is an efficient post-processing enhancement to
the CS-Steiner approach. The worst-case complexity of GSR is O(k?), although we believe the average-case
complexity to be very close to O(k). (GSR) is a linear-time postprocessing enhancement to the CS-Steiner

approach. GSR shifts edges in the 1-Steiner output to maximize the monotonicity of all source-sink paths
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IC1 1C2
IN| =5 IN| =7 IN| =5 IN| =7
delay cost delay cost delay cost delay cost
SORT-C 1.0 1.111 1.0 1.112 1.0 1.161 1.0 1.158
SERT-C 1.042 1.046 | 1.083 1.047 | 1.049 1.120 1.114 1.106
(Std Err) | (.004) (.006) (.006) (.009)
1-Steiner 1.117 1.0 1.200 1.0 1.228 1.0 1.362 1.0
1C3 MCM
IN|=5 IN| =7 IN|=5 IN| =7
delay cost delay cost delay cost delay cost
SORT-C 1.0 1.175 1.0 1.165 1.0 1.296 1.0 1.262
SERT-C 1.046 1.140 | 1.112 1.112 | 1.000 1.296 1.001 1.256
(Std Err) | (.006) (.010) (.000) (.0001)
1-Steiner 1.275 1.0 1.429 1.0 1.455 1.0 1.634 1.0

Table 11: Empirical study of average sub-optimality of the SERT-C heuristic in terms of Elmore
delay, using IC1, IC2, IC3 and MCM parameters. Simulations were run on 200 random nets for each
net size. Delay is normalized to BB-SORT-C delay and tree cost is normalized to 1-Steiner cost.
Standard errors for average SERT-C delays are shown in parentheses.

5 Conclusions

We have addressed a critical-sink routing tree (CSRT) formulation which arises when critical-path informa-
tion becomes available during the timing-driven layout process. Two new classes of CSRT constructions are
proposed: (i) the CS-Steiner method, which modifies a minimum Steiner tree to accommodate an identified
critical sink, and (ii) the SERT-C method, which begins with a connection from the source to the critical sink
and then grows a tree so as to minimize the increase in Elmore delay to the critical sink. Each of these al-
gorithms is efficient, and offers very significant performance improvements over existing performance-driven
routing tree constructions. We note that the greedy “Elmore routing tree” (ERT) approach underlying the
SERT-C algorithm seems quite powerful. In particular, the approach encompasses a “generic” SERT Steiner
router which outperforms all previous performance-driven routing algorithms in the literature. The ERT
approach is also the first to consistently, and directly, optimize the Elmore delay formula itself, rather than
an objective which heuristically abstracts Elmore delay. Since Elmore routing trees are efficiently computed,
our approaches may lead to basic new utilities that can be integrated within existing performance-driven
global routing codes. Assessments of the near-optimality of our Steiner constructions have led to a new
characterization of Elmore-optimal Steiner trees, and to a new decomposition theorem for minimum-cost

and minimum-Elmore delay Steiner trees; both of these results are of independent interest.

Which of our routing heuristics is most useful will depend on the application. The CS-Steiner heuristics
HO and HBest yield the smallest delay values for a single critical sink, but have high time complexity which
may make them impractical for repeated wiring of large nets. Our SERT-C heuristic has time complexity
of only O(k?logk) and is readily extended to the case of nets with multiple critical sinks (e.g., first apply
SERT with its min-max delay objective to the critical sinks, then apply SERT-C with a weighted average
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mines optimal trees with respect to any given linear combination of Elmore delays to critical sinks. We also
present an entirely new “peeling decomposition” of any optimal Elmore delay Steiner tree into a sequence

of subtrees, each of which adds a sink by a “closest connection” to some edge in the previous tree.

When the driver resistance r4 is very large, the optimal Elmore delay tree is a minimum-cost Steiner tree
(recall Equation (1); also see [5]). As a consequence, our results extend very naturally to the well-studied
problem of minimum-cost Steiner tree construction, and the restriction of Elmore-optimal Steiner nodes to
the Hanan grid both generalizes and extends Hanan’s original results. (As Hanan did for minimum-cost
Steiner trees, we prove that every Steiner node in an Elmore-optimal tree is connected to one sink by a
horizontal segment of edges, and to another sink by a vertical segment of edges. However, our techniques
(Lemmas B1 - B4 in Appendix B) are much more powerful in order to address the optimality of the Steiner
tree with respect to Elmore delay.) Our peeling decomposition and its extension to minimum-cost Steiner
trees are of independent interest since they provide both a new characterization of, and a new means of

generating, such trees.

Based on the results of Appendix B, we achieve a simple modification to our BBORT method which
finds an optimal Steiner routing tree for any linear combination of Elmore delays to critical sinks. Rather
than considering connections from each sink n; outside the current tree to each sink n; inside the tree as in
BBORT, the Branch-and-Bound method for Steiner Optimal Routing Trees with Critical Sinks (BB-SORT-
C) considers connections from n; to each edge created when n; was added to the tree. In other words, each
node n; already contained in 7 is replaced as a possible connection point by each of the edges created when
n; was added to the tree earlier. Again we use branch-and-bound pruning to reduce the complexity of the

search.!”

Table 11 compares Elmore delay for trees constructed by the SERT-C algorithm with optimal Elmore
delay trees found by BB-SORT-C for each of the four technologies. The size of nets used in the comparison
is limited to nets with six sinks (i.e., seven pins) because of the exponential time complexity of BB-SORT-C.
For nets with seven pins, our results show that SERT-C achieves Elmore delay that is on average within
11.1% of optimal for the IC1 technology; results for IC2, IC3, and MCM parameters are very similar. The
table also gives average tree costs for our constructions and the standard error of our estimate for the ratio
between SERT-C and SORT-C delays.'® We see that the SERT-C algorithm does not perform as well as
the ERT algorithm in terms of nearness to optimality for the types of delay measures we have considered.
Nevertheless, our results provide strong guidance for future efforts in performance-driven routing: even if
future work improves the near-optimality of critical sink routing constructions, Table 11 shows that any

future improvement in Elmore delay will be at most from 8% to 12% for nets with up to seven pins.

17Because we consider connections to up to three edges for each sink in the growing tree, our BB-SORT-C will introduce
some redundancies in the tree topologies; we check for possible redundancies and prune the search at each redundant tree we
find.

18 Average Tunning times for each 5-pin net (in seconds) are 0.006 (BB-SORT-C), 0.0004 (SERT-C), 0.0014 (SERT), and
0.0012 (1-Steiner). Average running times for 7-pin nets are 0.44 (BB-SORT-C), 0.0007 (SERT-C), 0.0055 (SERT) and 0.0035
(1-Steiner).
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IC1 1C2
[IN| =5 IN| =7 IN|=5 IN| =7
delay cost delay cost delay cost delay cost
ORT 1.0 1.103 1.0 1.133 1.0 1.140 1.0 1.175
ERT 1.007 1.104 1.017 1.142 1.010 1.159 1.022 1.215
(Std Err) | (.0015) (.0021) (.0017) (.0022)
SPT 1.085 1.290 1.130 1.395 1.058 1.290 1.096 1.395
MST 1.169 1.0 1.282 1.0 1.272 1.0 1.451 1.0
1C3 MCM
IN|=5 IN|=7 [IN[=5 IN| =7
delay cost delay cost delay cost delay cost
ORT 1.0 1.146 1.0 1.190 1.0 1.432 1.0 1.547
ERT 1.011 1.172 1.027 1.252 1.009 1.585 1.024 1.892
(Std Err) | (.0018) (.0025) (.001) (.0008)
SPT 1.054 1.290 1.091 1.395 1.089  1.290 1.161 1.395
MST 1.311 1.0 1.499 1.0 1.894 1.0 2.457 1.0

Table 10: Elmore delays and wirelengths of various constructions using IC1, IC2, IC3 and MCM
parameters. Simulations were run on 200 random nets for each net size. Tree cost is normalized to
MST cost and delays are normalized to ORT delay. Standard errors for ERT delay are shown in
parentheses.

of 0.21%, indicating a 95% confidence interval between 1.3% and 2.1% (i.e., an interval of within two times

the standard error of the average).

Technology IC3 gives our worst results in terms of the optimality of ERTs. For the IC3 parameters and
7-pin nets, ERT gives an average value within 2.7% of ORT with a 95% confidence interval of between 2.2%
and 3.2%. For MCM parameters, the Elmore-based ERT constructions are also very close to optimal: on
average, they are within 2.4% of ORT delay for 7-pin nets. Finally, our tables compare the delays of the
SPT construction with those of the ERT and MST solutions; the SPT outperforms the MST, but not the
ERT, in terms of Elmore delay.

4.4 Elmore-Optimality of Steiner Tree Constructions

We have shown that our spanning tree constructions are nearly optimal when when we optimize the max-
imum Elmore delay over all sinks in the net. Because Steiner constructions give lower delay values than
spanning trees in general, we close this section with a similar comparison for our SERT-C and SERT Steiner
constructions. At first, this comparison appears very complicated because there are infinitely many possible
locations for Steiner nodes. Indeed, while it is well-known that the result of Hanan [17] restricts the choice
of Steiner nodes in a minimum-cost Steiner tree to at most k - (k + 1) points, no such characterization has
been established for a Steiner tree with optimal Elmore delay. In Appendix B, we present new theoretical
results which restrict the choice of Steiner nodes in Elmore-optimal trees to exactly the same finite “Hanan

grid” that contains the Steiner nodes of minimum-cost trees. This allows a finite algorithm which deter-

error of the average difference between ERT and ORT delays is equivalent to the standard error of average ERT delay.
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avoids testing any topology more than once by requiring that sinks be added in the order of a breadth-first
traversal of the tree (if two sinks are connected to the same parent node, then the sink with smaller index
must be added to the tree first). It is easy to verify that according to this convention, any tree topology will
imply a unique ordering of the sinks. Consequently, although BBORT tries all possible orderings of sinks,
it calculates delay at most once for each tree topology. In Figure 6, lines 7 through 9 comprise the core of
the branch-and-bound methodology used: if the delay in the current tree 7" is greater than or equal to t,n
(the current best-known delay for a complete tree), then procedure Add_Edges terminates and the algorithm
backtracks. Otherwise, if 7" is a complete tree, then #,,;, is set to the delay of 7", or if 7" is a partial tree,

then Add_Edges recursively adds more edges to T".

BBORT Algorithm

Input: signal net N with source ng € N

Output: optimal-delay tree T;,; over N

LT =(7,5) = ([no},0)

2. tmin = 00

3. Call Add_Edges(T)

4. Output T,,;

Procedure Add_Edges(Tree: T'= (V, E))

5. While there exist v € V and u € V such that
T = (VU{u}, EU{(u,v)}) is a new tree topology Do

Compute tree delay t(7")

If t(T') < tmin Then
If |T'| = |N| Then Typy = T" ; tmin = 4(T")
Else Call Add_Edges(7")

W oo ~J O

Figure 6: Branch-and-Bound Optimal Routing Tree (BBORT) algorithm (recursive implementa-

tion).

To track all of the above simulation results, we have run BBORT trials on random sets of 200 nets
for each of several net sizes. Our inputs are evaluated using the same four sets of technology parameters
discussed previously. Table 10 compares Elmore delays of the BBORT and ERT constructions, as well
as of the minimum spanning tree (MST) and shortest path tree (SPT) constructions, for each of the four
technologies.!® Delay for each tree is normalized to the ORT delay of the same net. Tree costs are similarly

normalized to the MST cost of each net.

In the table, we see that ERTs over seven pins in the IC1 technology have an average maximum Elmore
delay only 1.7% greater than optimal, while MSTs have average Elmore delay 28.2% greater than optimal.
For smaller nets, ERTs are even better: for nets with five pins, ERT delays are only 0.7% above optimal on
average, while MSTs are 16.9% above optimal. Our confidence in the average difference computed between

ERTs and ORTs is very high: for instance, the 1.7% difference obtained for 7 pins has a standard error!®

15The SPT construction is the tree which minimizes cost subject to each source/sink path having minimum length, i.e., it is
a Steiner arborescence, or A-tree [11, 30].

16 As used here, the term standard error is defined as follows. For a random variable X, let X = Z:l_l X; be an estimator

for the expected value of X. The standard error of X is an estimate of its standard deviation over multiple sample sets, and
is equal to the standard deviation of X divided by \/n. Because delays are recorded as ratios to the ORT delay, the standard
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a) Node 2 (or 4) critica b) Node 3 (or 7) critical
(also 1-Steiner tree)

¢) Node 5 critical d) Node 6 critical

€) Node 8 critical f) Node 9 critical
(also Steiner ERT)

Figure 5: SERT-C tree constructions for a single 9-pin net, showing variation of solution with choice
of critical sink n..

4.3 Elmore-Optimality of Spanning Tree Constructions

We have seen that the ERT constructions yield greatly improved signal delay when compared to previous
methods. An obvious question is whether we still need to seek methods that better minimize Elmore
delay. Thus, we have implemented a branch-and-bound algorithm which finds optimal generic routing trees
according to Elmore delay. Starting with a trivial tree containing only the source pin, we incrementally
add one edge at a time to the growing tree and evaluate the maximum sink delay. If this value exceeds
the maximum sink delay in any complete candidate tree seen so far, we prune the search and backtrack to
select a different edge at the previous step. A recursive implementation of this Branch-and-Bound Optimal

Routing Tree (BBORT) search is shown in Figure 6. BBORT attempts to add sinks in all possible orders, but
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and HO0), and it does not require any simulator calls as does HBest.

a) B .7 b) B -7
6 3 6 3
5 1 -4 .5 1 ¢
.—Jz 2
9 9
C) . .7 d) . .7
6 3
4
.5 1
2
9 9

€)

f)

9 9

Figure 4: Example of the progressive SERT Steiner tree construction for a 9-terminal net using
IC2 parameters. The source pin is labeled 1, and sinks are numbered in order of distance from the
source.

Figures 4 and 5 illustrate the SERT and SERT-C algorithmsfor a 9-pin signal net using the IC2 technology
parameters. Figure 4 shows the progressive growth of the SERT construction. Figure 5 contains the trees
produced by SERT-C for the various choices of critical node. The tree constructed when n. is node 3 or
node 7 is also the 1-Steiner tree, and the tree constructed when n. is node § is the same as the generic SERT

result.

19



I1C1 1C2

|IN|=5 | IN|=9 | [N[=5 | |[N]=9
MST 0.645 ns | 0.984 ns | 0.395 ns | 0.609 ns

Crit. AHHK -9.6% -16.3% -13.7% -23.0%
Sink ERT -12.1% -16.3% -19.6% -25.9%
Delay 1Stein 0.549 ns | 0.848 ns | 0.331 ns | 0.520 ns
SERT -3.3% -11.6% -7.9% -19.4%

SERT-C | -5.3% -15.3% | -13.0% | -26.5%
MST 0.758 ns | 1.213 ns | 0.485 ns | 0.792 ns

Max AHHK -12.4% -19.5% -16.5% -25.3%
Delay ERT 14.5% | -21.0% | -21.4% | -30.1%
1Stein 0.627 ns | 1.028 ns | 0.393 ns | 0.664 ns

SERT -4.5% -14.7% -8.1% -22.0%

SERT-C | -3.0% -8.6% -3.8% -10.8%
MST 1.64cm | 243 cm | 1.64cm | 2.43 cm

AHHK +16% +9% +16% +9%

Ave WL ERT +10% +15% +18% +25%
1Stein 1.48 cm | 2.18 cm | 1.48 cm | 2.18 cm

SERT +6% +9% +11% +18%

SERT-C +6% +6% +15% +11%

1C3 MCM

IN|=5 | IN|=9 | [N|=5 ] |N|=9

MST 0.262 ns | 0.403 ns | 2.82 ns 4.80 ns

Crit. AHHK -11.5% -25.1% -22.3% -39.2%
Sink ERT -21.8% -29.8% -52.8% -67.1%
Delay 1Stein 0.218 ns | 0.342 ns | 2.31 ns | 4.09 ns
SERT -9.2% -21.9% -41.6% -61.6%

SERT-C -16.1% -30.7% -43.3% -66.0%

MST 0.326 ns | 0.533 ns | 3.86 ns 7.05 ns

Max AHHK -17.8% -27.0% -24.1% -36.8%
Delay ERT -23.6% | -33.2% | -45.6% | -60.1%
1Stein 0.262 ns | 0.444 ns | 3.06 ns 5.92 ns

SERT -9.2% -24.1% -30.1% -51.9%

SERT-C -4.6% -10.8% -14.1% -15.4%
MST 1.64cm | 243 cm | 16.4 cm | 24.3 cm

AHHK +16% +9% +4% 1.07

Ave WL ERT +19% +27% +61% 2.15
1Stein 1.48 cm | 2.18 cm | 14.8 cm | 21.8 cm
SERT +13% +22% +66% +127%

SERT-C | +16% +14% +28% +22%

Table 9: Two-Pole simulation results for Elmore routing tree variants. Spanning ERT constructions are
compared with MST and AHHK; Steiner SERT and SERT-C constructions are compared with 1-Steiner. All
choices of critical sink are random, and all results are averaged over 100 random nets. MST and 1-Steiner
results are reported in the physical units (nanoseconds or centimeters) while other results are reported as
percent differences from corresponding MST or 1-Steiner results.

Since maximum sink delays still decrease, it is likely that overall skew in the routing tree will be reduced
even when we treat the critical-sink formulation. Finally, we note that the SERT-C router produces very
similar delays and costs compared to the HBest and HO variants of CS-Steiner discussed in the previous
subsection. However, SERT-C is more practical than HBest or H0 since it runs in O(k%logk) time (versus

the O(k3) complexity of the best practical implementation of the 1-Steiner heuristic that is called by HBest
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n; as the critical sink.

Variants HO and HBest significantly reduce delay to the critical sink, particularly in larger nets and for
MCM interconnect technology where output driver and wire resistances are low. In other words, the simple
strategy of connecting the critical node via a path with low branching factor is very successful for these

cases. Of course, this strategy will produce larger routing cost.'3

4.2 Elmore Routing Trees

We constructed Elmore routing trees for the same sets of random inputs used in the CS-Steiner exper-
iments. Delay simulation results, again obtained using the Two-Pole simulator, are presented in the upper
parts of Table 9. For comparison, the table includes data for the minimum spanning tree and AHHK tree

[1] constructions.

Our results show that even as generic net-dependent routers, the ERT methods we propose are highly
effective, beyond their relative efficiency and ease of implementation. For nets with 9 sinks, the spanning
tree ERT construction reduces critical sink delay versus the MST construction by 16%, 26%, and 30% in
the respective IC technologies and by 67% in the MCM technology. ERT also improves upon AHHK for
most of the technologies, with reductions of 0% (IC1), 4% (IC2), 6% (IC3), and 46% (MCM). These results
are particularly impressive because our AHHK data follows the experimental methodology in [1], which
generates output trees for 21 different values of the ¢ parameter and then chooses the best tree found for

each signal net instance.'*

The Steiner ERT variant also performs well as a generic high-performance router. For 9-pin nets, SERT
improves critical sink delay versus the 1-Steiner routing by 19% and 62% for the IC2 and MCM technologies,
respectively. The percentage reductions in maximum delay are somewhat greater for the IC technologies, but
somewhat smaller for MCM interconnects. It should be noted that for the MCM technology, the ERT and
SERT constructions tend to be star-like, producing tree costs significantly higher than those of the 1-Steiner
construction. In practice, when delay is not an overriding concern, the user may recapture wirelength by

simulating a larger output driver resistance.

Finally, even more significant reductions in delay can be achieved when a critical sink has been identified
per the original CSRT formulation. The SERT-C algorithm improves over the SERT results by an additional
reduction in delay at the critical sink of 5%, 7% and 6% for the three IC technologies, and 8% for MCM.
Identification of a critical sink has clear advantages in terms of tree cost, particularly for MCM routing: the

SERT-C trees have much less cost than the SERT outputs, while still improving the delay to the critical sink.

13Highly “star-like” topologies can possibly introduce other difficulties such as crossing wires, nodes with degree > 4, and
capacitive coupling effects; these are not modeled by either SPICE or the Two-Pole simulator. Note that HBest uses calls to
the Two-Pole simulator its delay analysis for candidate connections; see the definition of HBest in Section 3.1.

1% According to [1], AHHK already achieves strong improvements over such other recent methods as shallow-light routing [10]
or Steiner arborescences [11] when measured by the same Two-Pole simulation methodology. However, it should also be noted
that delay reductions in practice will probably not attain exactly these magnitudes, partly because our modeling methodology
cannot capture all of the device characteristics and delay effects related to the geometric embedding of our topologies.
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4 Experimental Results

4.1 CS-Steiner Trees

1C1 1C2
IN|=5 | IN|=9 | [N|]=5 ] [N|]=9
1Stein 0.549 ns | 0.848 ns | 0.331 ns | 0.520 ns
Critical 1Stein+GSR -2.2% -3.6% -3.0% -6.6%
Sink H0+GSR -2.0% -17.6% -12.4% -30.0%
Delay H1+GSR 4.0% | -11.7% | -6.6% | -17.3%
HBest+GSR -7.1% -18.3% -13.3% -27.9%
1Stein 148 cm | 2.18cm | 1.48 cm | 2.18 cm
Ave WL H0+GSR +29% +22% +29% +22%
H1+GSR +4% +6% +4% +6%
HBest+GSR +7% +11% +10% +12%

1C3 MCM

IN|=5 | IN|[=9 | [N|=5 | [N|=9

1Stein 0.218 ns | 0.342 ns | 2.31 ns 4.09 ns

Critical 1Stein+GSR -3.2% -5.0% -4.8% -7.3%
Sink H0+GSR -15.1% -33.6% -45.0% -66.7%
Delay H1+GSR 7.8% | -19.0% | -14.3% | -33.5%
HBest+GSR -15.6% -30.7% -40.7% -66.0%
1Stein 1.48 cm | 2.18 cm | 14.8 cm | 21.8 cm

Ave WL H0+GSR +29% +22% +29% +22%

H14+GSR +4% +6% +4% +6%
HBest+GSR 11% +12% +22% +21%

Table 8: Two-Pole simulation results comparing CS-Steiner trees with 1-Steiner heuristic trees. Each entry
corresponds to an average over delay computations for random critical sinks in each of 100 different random
signal nets. 1-Steiner results are reported in the physical units (nanoseconds or centimeters) while other
results are reported by their percent difference from the 1-Steiner results. Note that 1-Steiner and 1-Steiner
plus GSR always produced nearly identical average costs.

We implemented each of the CS-Steiner variants HO, Hl and HBest, along with the 1-Steiner algorithm
[22], using C on a Sun SPARCI ELC workstation, and ran these algorithms on random 4- and 8-sink
inputs.!'? We also applied our GSR post-processing algorithm (denoted as +GSR) to 1-Steiner and each of

the CS-Steiner variants. Qur inputs correspond to the four distinct technologies described in Table 1.

Table 8 gives delay and tree cost (WL) results and comparisons. The delays at all sink nodes correspond
to 50% rise times estimated using the Two-Pole simulator [37] [38]. Each entry in Table 8 represents an
average taken over every sink node in 50 random point sets. We emphasize that the 1-Steiner algorithm
(or the BRBC, AHHK, etc. methods), being net-oriented, will return the same tree for a given sink set no
matter which sink happens to be critical; the delays at the sinks n; are in some sense “generic”. In contrast,
each of the three CS-Steiner variants can return a different tree for each choice of critical sink in the same

net. Thus, for each variant we report the delay at n; in the specific tree corresponding to identification of

12Results for 16-sink inputs have been reported in preliminary form, e.g., [6]. While such large inputs magnify the effect of
our new methods, in practice most signal nets will be within the size range that we now discuss.
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strategies are only motivated by Elmore delay and whose solution quality may therefore be more sensitive

to the technology, the input instance, and the choice of parameters.
Time complexities for our ERT variants are analyzed as follows.
Observation 1:  The SERT-C algorithm can be implemented in O(k?logk) time.

Proof:  The effect on delay tgp(n.) of inserting a new edge (u, w) into T arises only in the C; terms in
Equation (1), and is an additive constant no matter when (u, w) is added into the tree. Initially, we compute
the best connection from each non-critical sink to the tree containing only edge (ng, n.). For each new sink
added, at most three new edges will be inserted into the tree. In constant time, we can calculate the effects
of connections from a given sink outside T to these three new edges (all previously computed effects remain
unchanged and need not be recomputed). We can insert the new delay effects into a priority queue for each
u ¢ V in O(logk) time and also retrieve the current minimum-cost connection for v in O(log k) time. Thus,
each pass through the while loop of Figure 3 can be accomplished in O(klog k) time, giving an overall time

complexity of O(k?logk). 0

Observation 2: The ERT spanning tree algorithm can be implemented in O(k®) time, assuming constant

unit wire resistance, unit wire capacitance, and sink capacitances.

Proof: The result follows from a simple observation: if a new tree edge incident to sink v € V (Line
3 of Figure 3) minimizes the maximum Elmore delay maz;tgp(n;), it must connect u to the sink v ¢ V
that is closest to u. Thus, at each pass through the while loop, we simply compute the shortest “outside
connection” for each node in V| i.e., every possible u, in O(k?) time. We then add each of the O(k) shortest
outside connections to 7" in turn. Evaluating the Elmore delays at all sinks in each of the resulting trees
requires O(k) time per tree. Hence, each pass through the while loop requires O(k?) time, and this yields
the O(k3) complexity result.!! =

In practice, the complexity of the ERT algorithm will be transparent to the user, since k is typically small
(e.g., our runtimes for the problem sizes discussed here are O(107?) seconds on Sun SPARCI1 hardware;
see also the Footnote 18 below). We know of no implementation of the SERT algorithm that is faster than
O(k*). Intuitively, the difficulty is that (i) in Line 3 we must always consider ©(k?) Steiner connections, and
(ii) the connection which minimizes maz;tgp(n;) in Line 3 may not be the best one from the “perspective”
of any individual sink in V or edge in 7T'. Thus, we currently have a rather interesting situation where the
CSRT problem formulation leads to an algorithm (SERT-C) that enjoys nearly quadratic speedup over the
generic Steiner computation (SERT).

11 Again, we note the fundamental difference between the ERT approach and the method of [28]: while [28] must add the
single sink that is closest to the existing tree, the ERT algorithm identifies both a new sink and its connection such that Elmore
delay is minimized.
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net is spanned by the growing tree.!’ Note that greedy approach of the ERT algorithm can be generalized
to any delay model by applying the appropriate estimator in Line 3 of Figure 3.

ERT Algorithm

Input: signal net N with source ng € N
Output: routing tree T over N

I T=(V.E)=({n},0)

2. While |V| < |N| do

3. Find u € V and v € V which minimize the maximum Elmore delay
from ng to any sink in the tree (V U {v}, EU {(u,v)})

4. V=Vu{v}

5. E=EU{(u,v)}

6. Output resulting spanning tree 7= (V, E)

Figure 3: The ERT Algorithm: direct incorporation of the Elmore delay formula
into a heuristic routing tree construction.

We apply the ERT approach to Steiner routing by allowing the new pin to connect to an edge (or the
source) of the existing tree, possibly inducing a Steiner node on this edge at the point that is closest to the
new pin. In this way, the number of ways a pin outside the current tree can be added at each iteration is
at most the number of edges in the current tree plus one (i.e., a connection to the source). Note that the

orientation of each “L-shaped” edge remains flexible until a Steiner node is placed on it.

e For generic performance-driven routing, our Steiner Elmore routing tree (SERT) algorithm iteratively
finds u ¢ V, (v,v') € E, so that connecting u to the closest point on edge (v,v’) minimizes the

maximum source-sink Elmore delay in the resulting tree.

e To address critical-sink routing, our Steiner Elmore routing tree with identified critical sink (SERT-C)
algorithm begins with a tree containing the single edge (ng,n.) in Line 1 of Figure 3, then continues
as in the SERT algorithm, except that we minimize ¢{gp(n.) rather than the maximum delay to all

sinks.

While CS-Steiner began with a minimum-cost Steiner tree and heuristically perturbed it to improve
t(n.), SERT-C uses the opposite approach of starting with the required ng-n. connection and growing the
routing tree while keeping tgp(n.) as small as possible. Again, we note that SERT-C offers a consistent,

direct incorporation of Elmore delay within its construction, in contrast to heuristics whose objectives or

10Qur approach should be distinguished from the method of Prasitjutrakul and Kubitz [28] cited above, wherein A* heuristic
search and the actual Elmore delay formula are used in a performance-driven routing tree construction. Like our method, [28]
grows a routing tree over a net /N starting from the source ng; they perform A* search of a routing graph (e.g., in building-block
design) to find the Elmore delay-optimal Steiner connection from the existing tree to a new sink. However, the choice of this
new sink is forced: the algorithm always adds the sink that is closest (by Manhattan distance) to the existing tree, and thus
falls into the standard pitfall of ignoring the underlying delay criterion. The effect of this difference is apparent in the ERT
ordering of added nodes in Figure 4 of Section 4 below. Indeed, the method of [28] can yield Elmore delays substantially larger
than those of ERT: given a very tall, “hairpin”-like version of Figure 1a with many sinks very closely spaced along the entire
hairpin path, [28] forces the sinks to be added into the tree according to the path order (starting from the source ng at the
lower left), yielding an obviously poor solution.
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H1: The direct connection in Line 2 consists of the shortest possible wire that can join n. to Ty, subject to

the monotone path constraint.

HBest: Accomplish Line 2 by trying all shortest connections from n. to edges in Ty, as well as from n, to

ng; perform timing analysis on each of these routing trees, and return the tree with lowest delay at n..

The complexity of these variants is dominated by the construction of 7y in Line 1 (or possibly by the

simulator calls in HBest).

We enhance the CS-Steiner construction via an efficient Global Slack Removal (GSR) postprocessing
algorithm. GSR [6] is similar to the method developed independently by Chen and Sarrafzadeh in [8], which
also removes “U’s” from interconnections. However, the objective of GSR is not to reduce tree cost (which
is already effectively minimized by the 1-Steiner algorithm) but rather to maximize the monotonicity of all
source-sink paths and reduce Elmore delay to all sinks. GSR accomplishes this without increasing overall
tree cost. For expository reasons, we defer formal description of GSR, along with its proofs of correctness,

to Appendix A.

3.2 Elmore Routing Trees

From the discussion of Section 2.2, we see that current routing objectives such as minimum tree cost, bounded
tree radius, or prescribed cost-radius balance have often been motivated by the Elmore model. However,
such objectives are abstractions: they do not directly optimize Elmore delay. Thus, the effectiveness of a
given objective often depends on the prevailing technology, on the particular distribution of sink locations
for a given signal net, and on the user’s ability to find the parameter value (e.g., € in the BRBC algorithm

[10], or ¢ in the AHHK algorithm [1]) which will yield a good solution for the particular input.

In this subsection, we depart from the abstraction inherent in “minimum cost” or “bounded radius”
objectives, and propose a new greedy Elmore routing tree (ERT) approach which optimizes Elmore delay
directly as the routing tree is constructed. The ERT approach is efficient, since Elmore delay at all nodes of
a routing tree can be evaluated in linear time (see Footnote 1 above). Based on the performance results in
Section 4 for both critical-sink and “generic” performance-driven routing formulations, we believe that the
ERT approach, which we have embodied as the ERT, SERT and SERT-C algorithms described below, offers

a basic new tool for VLSI routing.

The basic ERT approach is embodied in our Elmore routing tree (ERT) algorithm® for spanning trees
(Figure 3), which is analogous to Prim’s minimum spanning tree construction [29]: starting with a trivial
tree containing only the source, we iteratively find a pin n; in the tree and a sink n; outside the tree so that

adding edge (n;, n;) yields a tree with minimum Elmore delay. The construction terminates when the entire

?Note that “ERT approach” refers to our basic concept of optimizing Elmore delay directly via a greedy heuristic. In
contrast, the “ERT algorithm” is simply one of many possible implementations of the ERT approach: specifically, it is a greedy
spanning tree construction.
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Figure 1: Parts (a)-(c): optimal Steiner tree (cost 2.0 cm, ¢(n.) = 3.34 ns); minimum cost shortest-
paths tree (cost 2.5 cm, t(n.) = 2.26 ns); and optimal-delay tree (cost 2.2 ¢cm, t(n.) = 1.67 ns) for
the same sink set. Coordinates shown are in mm, and the 1.2 IC2 technology parameters (Table
1) were used with the Two-Pole simulator and 90% rise time delay criterion. Part (d): two distinct
minimum-cost SPT solutions for a set of three sinks.

3 Two Classes of CSRT Heuristics
3.1 The CS-Steiner Approach

Given the observations above, we may characterize the optimal CSRT solution in Figure 1(c) as one which
minimizes total tree cost, subject to the path from ng to n. being monotone (i.e., of minimum possible length).
This simultaneous consideration of radius and cost parameters recalls the motivationsin [1] [9] [10], but here
the tradeoff is formulated with respect to the critical sink n.. We thus obtain our CS-Steiner heuristic for

the CSRT problem (Figure 2).

CS-Steiner Algorithm
Input: signal net N; source ng € N; identified critical sink n, € N
Output: heuristic CSRT solution T’
1. Construct heuristic minimum-cost tree Ty over N — n,.
2. Form T by adding a direct connection from n, to Tp,
i.e., such that the ng-n. path in 7" is monotone.

Figure 2: The CS-Steiner heuristic.

The idea behind CS-Steiner is simple: construct a minimum-cost Steiner routing tree as usual, then “fix”
the tree to reflect an identified critical sink. Since the algorithm template is quite general, we have examined
a number of CS-Steiner variants. All of our variants use the 1-Steiner heuristic of Kahng and Robins [22] to

construct the initial tree Tp in Line 1. Section 4 reports results for the following three variants:®

HO: The direct connection in Line 2 consists of a single wire from n, to nyg.

8 We also studied two additional variants. Variant H2 modifies Line 1 of CS-Steiner so that the initial heuristic tree Ty is
constructed over the entire net N. H2 then deletes the edge which lies directly above n. when we root Ty at ng, and rejoins
(the component containing) n. to (the component containing) ng using a shortest possible wire from n., as in variant H1.
Variant H3 performs Lines 1 and 2 simultaneously by executing the 1-Steiner algorithm subject to a “maintaining monotone
feasibility” constraint. In other words, we iteratively choose a Steiner point which minimizes the sum of the tree cost and
the cost of any needed direct connection from n. to ng. The direct connection from n. requires that there exist a monotone
path through the “bounding boxes” of the edges in the path to ng. Intuitively, this favors initial choice of Steiner nodes along
some monotone path from ny and n., since such nodes will most rapidly reduce the marginal cost of adding the direct n.-ng
connection. The H2 and H3 variants yielded delays that were inferior to those of HO, H1 and HBest.
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critical-sink and maximum sink delay criteria.

2.2 Intuitions from Elmore Delay

Because of its fidelity to SPICE-computed delay, Elmore delay is a good performance objective for construct-
ing high-performance routing trees. Furthermore, the simplicity of the Elmore delay formula (1) allows us

to intuit heuristics which effectively minimize delay.

Since r., and ¢, are usually proportional to the length of edge €,, we see that tgp(n;) has a quadratic
relationship to the length of the ng-n; path, suggesting a min-radius criterion. However, the C; term implies
that Elmore delay is also linear in the total edge length of the tree which lies outside the ng-n; path,
suggesting a min-cost criterion. The relative size of the driver resistance rg heavily influences the optimal
routing topology: if r4 is large, the optimal routing tree (ORT) is a minimum cost tree; as rq decreases,
the ORT tends to resemble a “star” topology. The size of ry relative to unit wire resistance is a “resistance
ratio” [5] that captures the technology vis-a-vis routing tree design. Values of the resistance ratio are larger
for current-generation CMOS, but tend to decrease in MCM substrate and some submicron CMOS IC

interconnects (Table 1).

In Figure 1, we show a signal net N with identified critical sink n., along with three routing trees: (a)
the 1-Steiner tree, (b) a minimum-cost SPT, and (c) the optimal CSRT with respect to critical sink n..

Based on this example, the example of Figure 1(d), and Equation (1), we make the following observations.

e The minimum cost solution (a) has large delay to the critical sink n, due to the long source-sink path.

e However, requiring a monotone path to every sink, as in the SPT (b) or a Steiner arborescence [11, 30],

can result in large tree capacitance which again leads to large delay at n..

e The optimal CSRT construction (c¢) illustrates the dependence of routing topology on the choice of

critical sink, and reflects both the minimum-cost and the SPT solutions.

e Finally, Equation (1) implies that the number of Steiner points in the ng-n. path should be minimized,
and the Steiner points “shifted” toward ng (i.e., branches off of the ng-n, path should occur as close to
the source as possible). Figure 1(d) shows two trees which are both shortest-path trees and minimum

Steiner trees, yet the rightmost tree has less signal delay at n..
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IC1 1C2 1C3 MCM
Rank CS Max CS Max CS Max CS Max
1| 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000
2 | 1.006 | 1.049 | 1.003 | 1.046 | 1.002 | 1.050 | 1.001 1.044
3] 1.011 | 1.087 | 1.005 | 1.088 | 1.005 | 1.089 | 1.001 1.108
4 | 1.014 | 1.120 | 1.006 | 1.128 | 1.006 | 1.133 | 1.002 | 1.189
5] 1.016 | 1.154 | 1.007 | 1.153 | 1.006 | 1.158 | 1.003 | 1.250
6 | 1.017 | 1.180 | 1.007 | 1.184 | 1.006 | 1.191 | 1.004 | 1.297
71 1.026 | 1.201 | 1.012 | 1.215 | 1.007 | 1.221 | 1.005 | 1.363
8 | 1.040 | 1.227 | 1.021 1.243 | 1.014 | 1.247 | 1.005 | 1.419
9 | 1.074 | 1.253 | 1.046 | 1.273 | 1.036 | 1.279 | 1.014 | 1.474
10 | 1.160 | 1.282 | 1.138 | 1.311 | 1.120 | 1.322 | 1.047 | 1.531
11 | 1.180 | 1.306 | 1.155 | 1.336 | 1.134 | 1.345 | 1.049 | 1.594
12 | 1.224 | 1.330 | 1.207 | 1.371 | 1.182 | 1.380 | 1.058 | 1.652
13 | 1.246 | 1.353 | 1.218 | 1.399 | 1.191 | 1.417 | 1.060 | 1.713
14 | 1.288 | 1.387 | 1.254 | 1.436 | 1.225 | 1.449 | 1.064 | 1.763
15 | 1.306 | 1.417 | 1.269 | 1.468 | 1.233 | 1.483 | 1.066 | 1.831
16 | 1.327 | 1.436 | 1.309 | 1.495 | 1.283 | 1.515 | 1.103 | 1.886
17 | 1.351 | 1.491 | 1.344 | 1.572 | 1.326 | 1.595 | 1.427 | 1.987
18 | 1.380 | 1.517 | 1.376 | 1.600 | 1.354 | 1.629 | 1.431 | 2.039
19 | 1.417 | 1.554 | 1.427 | 1.641 | 1.413 | 1.672 | 1.475 | 2.079
20 | 1.445 | 1.574 | 1.466 | 1.667 | 1.456 | 1.697 | 1.686 | 2.142
125 8.04 5.46 10.36 6.51 10.81 6.83 18.34 | 10.41

Table 6: Average SPICE delay ratios for the top 20 topologies ranked according to SPICE for
|N| = 5. Values are averaged over 50 random nets and normalized to the average delay of the best

topology. Also included is the average ratio for the worst topology (rank 125).

Critical Sink Delay | Maximum Sink Delay
Technology | |[N|=4 |N|=5 | |N|=4 IN|=5
IC1 1.029 1.099 1.009 1.001
1C2 1.039 1.096 1.005 1.002
IC3 1.038 1.078 1.013 1.002
MCM 1.019 1.031 1.001 1.001

Table 7: Average SPICE suboptimality of Elmore delay as measured by the ratio between the average
SPICE delays of the Elmore-optimal and SPICE-optimal topologies.

A more direct measure of the suboptimality of Elmore delay is to compare SPICE delays of the Elmore-
optimal and SPICE-optimal topologies. Table 7 shows averages of this measure of suboptimality for both
the critical sink and the maximum delay criteria. For critical sink delay and |N| = 5, the average SPICE
suboptimality of the Elmore-optimal topology is between 3.1% for MCM and 9.9% for IC1. Moreover, the
Elmore-optimal topologies are closer to SPICE-optimal for the IC3 and MCM technologies, which have lower
resistance ratios. We believe that the estimates of Elmore suboptimality for critical-sink delay in Table 7 are
larger than those inferred above from Tables 4-6, due to the convexity of the relationship between SPICE
rank and average SPICE delay (cf. Table 6). For maximum delay, Table 7 indicates that minimizing Elmore
delay very nearly minimizes SPICE delay, with suboptimality of between 0.1% and 0.2% for the optimal
Elmore topology. Thus, while the accuracy of Elmore delay has many dependencies on technology and is

particularly weak for critical-sink delay, we find that the fidelity of Elmore delay is strong for both the
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Elmore
vs SPICE vs SPICE
Topologies | [N|=4 |N|=5]||N|=4 |N|=5
IC1 Best 2.30 16.3 0.54 5.9
5 Best 2.52 18.1 1.02 7.2
All 2.43 17.0 0.92 8.0
1C2 Best 2.52 19.4 0.58 6.4
5 Best 2.66 20.2 0.99 7.2
All 2.44 16.9 0.94 7.9
1C3 Best 2.60 19.8 0.58 5.6
5 Best 2.68 20.9 0.93 6.5
All 2.43 16.5 0.93 7.7
MCM | Best 3.04 24.6 0.72 5.1
5 Best 2.81 24.4 0.89 4.7
All 2.33 15.7 0.89 7.1

Table 4: Average difference in rankings of topologies, in terms of 50% delay to a given random
critical sink in each net. The sample consists of 50 random nets of each cardinality, and the 50%
rise time delay criterion was used. The total number of topologies for each net is 4(*=2) = 16 for
[N| =4, and 5(°=2) = 125 for [N| = 5.

Linear Elmore
vs SPICE vs SPICE
Topologies | [N|=4 |N|=5||N|=4 |N|=5
IC1 Best 0.50 2.06 0.38 0.10
5 Best 0.66 2.78 0.71 0.47
All 0.94 7.74 0.65 1.39
1C2 Best 0.40 2.26 0.16 0.20
5 Best 0.68 2.61 0.51 0.53
All 0.87 7.02 0.43 1.24
1C3 Best 0.64 2.40 0.48 0.20
5 Best 0.87 2.59 0.52 0.44
All 1.04 6.96 0.60 1.22
MCM | Best 0.70 4.56 0.14 0.08
5 Best 0.71 3.15 0.11 0.22
All 1.02 7.01 0.16 0.86

Table 5: Average difference in rankings of topologies in terms of maximum delay over all sinks.
The sample consists of 50 random nets of each cardinality, and the 50% rise time delay criterion was
used.

also found a very high correlation between the two delay measures.

Table 6 shows the average increase in SPICE delay from optimal for the 20 top-ranking topologies,
i.e., the 20 lowest SPICE delays for |[N| = 5. For IC2, the average distance of 6.4 rank positions for the
optimal critical sink Elmore topology implies an expected difference of approximately 1.6% in actual SPICE-
computed delay (i.e., halfway between the seventh and eighth best topologies); for IC3 a distance of 5.6 rank
positions implies approximately 0.7% delay suboptimality; and for MCM a difference of 5.1 rank positions
implies 0.4% delay suboptimality. For maximum sink delay, Table 6 implies approximate suboptimality

ranging between 0.6% for MCM and 2.4% for IC3.



Accuracy of Linear, Elmore and Two-Pole Delay Estimates
for Maximum Sink Delay

IN| =4 IN| =7
Delay Ratio average std dev | average std dev
IC1 SPICE/Linear - 11.0% - 11.4%

SPICE/Elmore 0.79 1.9% 0.79 1.7%
SPICE/2-Pole 1.39 1.7% 1.39 1.7%
2-Pole/Elmore | 0.568 0.3% 0.567 0.2%
IC2 | SPICE/Linear - 12.5% - 12.9%
SPICE/Elmore 0.83 4.1% 0.81 2.6%
SPICE/2-Pole 1.44 3.6% 1.42 2.4%
2-Pole/Elmore | 0.572 0.8% 0.568 0.4%
IC3 | SPICE/Linear - 13.0% - 13.6%
SPICE/Elmore 0.87 6.0% 0.83 3.6%
SPICE/2-Pole 1.51 5.1% 1.46 3.4%
2-Pole/Elmore | 0.574 1.3% 0.569 0.4%
MCM | SPICE/Linear - 25.8% - 23.3%
SPICE/Elmore 0.79 2.3% 0.79 2.0%
SPICE/2-Pole 1.39 2.1% 1.39 1.9%
2-Pole/Elmore | 0.568 1.0% 0.566 0.4%

Table 3: Accuracy of the Linear, Elmore and Two-Pole estimators for mazimum sink delay. See
Table 2 for explanatory notes.

for each topology. This measure of fidelity corresponds to a standard rank-ordering technique used in the
social sciences [2]. We have run simulations to estimate this measure of fidelity for nets of size 4 and 5 using
the linear and Elmore delay estimators and each of the four interconnect technologies”. (In Section 2.1.1
we showed that the ratio between Elmore delay and the Two-Pole estimator of [38] is very nearly constant.
As would therefore be expected, fidelity values for the Two-Pole simulator are nearly identical to those for

Elmore delay, and we do not report them here.)

Tables 4 and 5 show the fidelity to SPICE of the linear and Elmore delay estimators; the delay criterion
is the 50% delay time to a given randomly-chosen critical sink in the net. We report the average difference
in ranking over all topologies; the average rank difference for the topology which has lowest delay according
to the estimator; and the average difference for the five topologies which have lowest delay according to
the estimator. Our results show that Elmore delay has surprisingly high fidelity for the critical-sink delay
criterion, and nearly perfect fidelity for the maximum sink delay criterion. For example, with 5-pin nets
and IC3 technology parameters, optimal critical-sink topologies under Elmore delay averaged only 5.6 rank
positions (out of 125) away from optimal according to SPICE, while the best topology for maximum Elmore
delay averaged only 0.2 positions away from its “proper” rank using SPICE. Kim, Owens and Irwin [24]
have similarly established the fidelity of Elmore delay for circuit design: they plotted Elmore- versus SPICE-

computed delays for a suite of 209 different place/route solutions of the same ripple-carry adder circuit, and

"Again, we use linear delay defined to be the source/sink pathlength. This definition leads to numerous ties between
topologies, and we break ties in favor of trees with lower total wirelength. Ties also occur with SPICE-computed delay because
of the finite time step used; here we again break ties according to total wirelength.



Accuracy of Linear, Elmore and Two-Pole Delay Estimates
for Critical-Sink Delay

IN| =4 IN|=7
Delay Ratio average std dev | average std dev
IC1 | SPICE/Linearj 28.4% 32.7%

SPICE/Elmore 0.72 13.5% 0.69 15.4%
SPICE/2-Pole 1.27 13.5% 1.23 15.4%
2-Pole/Elmore | 0.568 0.5% 0.566 0.2%
IC2 | SPICE/Lineart - 33.9% - 38.8%
SPICE/Elmore 0.74 16.1% 0.70 17.8%
SPICE/2-Pole 1.30 15.9% 1.23 17.8%
2-Pole/Elmore | 0.572 0.9% 0.568 0.5%
IC3 | SPICE/Lineart - 34.9% - 40.3%
SPICE/Elmore 0.78 16.0% 0.72 17.8%
SPICE/2-Pole 1.36 15.7% 1.27 17.9%
2-Pole/Elmore | 0.574 1.4% 0.571 0.8%
MCM | SPICE/Lineart} - 57.1% - 61.6%
SPICE/Elmore 0.69 20.5% 0.65 25.1%
SPICE/2-Pole 1.20 20.8% 1.14 25.2%
2-Pole/Elmore | 0.568 1.0% 0.566 0.4%

Table 2: Accuracy of the Linear, Elmore and Two-Pole estimators for critical-sink delay. The table
gives the average and standard deviation of the ratios between SPICE3e2 delay and estimated delay
at a single random critical sink, averaged over 100 random nets. All nets are connected using MST

constructions. Standard deviations are reported as a percent of the average. (T) Linear delay is
defined as the source/sink pathlength; because this is a distance rather than a time, we do not
report a SPICE/Linear “ratio”. However, we can report the standard deviation of this quotient,
since it is independent of units.

factors” would seemingly compensate for the observed inaccuracy of these estimators. However, for delay at
a random critical sink, the standard deviation of the accuracy ratio is consistently above 15%. This lesser
consistency perhaps indicates that the traditional net-based performance objective is more “forgiving” of

errors in the delay estimate than newer path-based delay objectives.’

2.1.2 Fidelity

A key observation is that precise accuracy is not really required of delay estimates used to construct routing
trees. In practice, we only require that an estimator have a high degree of fidelity — i.e, an optimal or
near-optimal solution according to the estimator should also be nearly optimal according to actual delay.
To this end, we have defined a measure of fidelity vis-a-vis an exhaustive enumeration of all possible routing
solutions: we first rank all spanning tree topologies® by the given delay model, then rank the topologies again

by SPICE delay, and then find the average of the absolute value of the difference between the two rankings

5The small standard deviation of the accuracy values for maximum sink delay seems in part due to the rough similarity of
the maximum source-sink distances over the examples studied. Note that, for example, with the MCM technology and |N| = 7,
the average SPICE/Elmore ratio for a random sink is 0.65, whereas for the sink with greatest delay (generally furthest from
the source) the ratio is 0.79. The critical-sink analysis in some sense better reveals this effect of sink distance from the source.
6 An early theorem of Cayley [16] implies that there are |]\7||N|_2 distinct spanning tree topologies for any given net N.



of the factors that account for delay. For example, the Two-Pole distributed RCL simulator [38] considers
inductive effects; according to [5] and [38], its moment-based methodology is intermediate between SPICE

and Elmore delay in both accuracy and computational efficiency.

2.1.1 Accuracy

In choosing a delay simulator, one traditionally measures accuracy, which may vary with the circuit technol-
ogy and the specifics of a net (for instance, the number of pins it contains, or the size of its bounding box).
Tables 2 and 3 indicate the accuracy of the linear, Elmore and Two-Pole models for each of the interconnect
technologies described in Table 1. For each of the three estimators, the Tables give the average ratio of
SPICE delay to the estimated delay, and also show the consistency of this ratio in terms of its standard
deviation.® In Table 2, delay is calculated for a single random “critical” sink; in Table 3, delay is measured
as the maximum delay at any sink in the net. For each net size, the results are averaged over 100 random
nets with pin locations chosen from a uniform distribution over the routing area; each net is connected using
the minimum cost spanning tree (MST) construction. We use MSTs rather than random tree topologies so
that our comparisons will be for relatively good (albeit not necessarily optimal) routing solutions. (Observe
that for a 7-pin net, finding the optimal-delay routing solution by exhaustive enumeration using SPICE is

not computationally feasible.)

In all cases, the ratio of SPICE to Linear Delay has the largest standard deviation; this inaccuracy in
the linear approximation is not surprising. It is also reasonable to expect poor “accuracy” of the Elmore
and Two-Pole approximations with respect to SPICE, if only due to the somewhat ill-defined state of delay
modeling and analysis noted in Footnote 3. Indeed, based on the average ratio of SPICE to Elmore delay
or to the Two-Pole simulator, neither estimator seems particularly accurate: each is generally at least 20%
away from SPICE on average at the critical sink.* Interestingly, Table 3 shows the ratio between SPICE
and both the Two-Pole and Elmore estimators to be very consistent when measuring mazimum sink delay,

with standard deviations within 4% for all technologies on seven-pin nets. Thus, precomputed “correction

20ur SPICE3e2 delay modeling uses constant unit resistance and capacitance values. The root of the routing tree is driven
by a resistor connected to the source. For the Two-Pole and SPICE simulators, every interconnect segment is broken into
uniform segments, each at most 1/100th the length of the layout dimension, connected in series. To model sink loads, we use
pure capacitive loads derived using minimum-size transistors. For all simulators, we have used the 50% rise time delay criterion,
and we have measured both average sink delay and maximum sink delay. For the Two-Pole and SPICE simulators we have
used time steps of 0.005 ns for the IC technologies and 0.05 ns for MCM.

We have found our results to be qualitatively independent of methodological choices (e.g., 50% rise time instead of 90% rise
time as a delay criterion). However, many reasonable alternative simulation methodologies were possible. For instance, Elmore
delay does not intrinsically correspond to any delay time (it is simply the first moment of an impulse response), but can be said
to correspond to a 63% delay criterion since RC/2 is the coefficient of s in the system transfer function H(s) of a distributed
RC line. On the other hand, the nature of the Two-Pole approximation makes it more suited to a 90% rise time criterion [38].
Other inconsistencies: while SPICE can model active devices as loads, the Two-Pole simulator can only handle “equivalent”
sink capacitances; while SPICE and Two-Pole can model series inductance (for MCM interconnect), Elmore delay is solely a
distributed RC model — indeed, the list of incomparable variables seems endless.

4Recall that we assigned a near-zero inductance value for the IC technologies, since inductance parameters were not available
from MOSIS/MCNC, and since the Two-Pole simulator requires a non-zero inductance. We found that this does not change our
results significantly. For example, if we increase the IC1 inductance parameter to 400 fH/um, the average Two-Pole/Elmore
ratio becomes 0.566 with a standard deviation of 0.51%. Elmore delay is independent of inductance since the first moment of
the impulse response in a distributed RC'L tree has no L term.



(i.e., signal delay is proportional to total tree capacitance, which is proportional to tree cost). In [9, 10, 34],
the linear delay approximation is used; sink delays are thus proportional to source-sink path lengths, and a

minimum-radius criterion is obtained.

Name IC1 IC2 IC3 MCM
Technology 2.0 pym CMOS | 1.2 um CMOS | 0.5 um CMOS MCM
rq 164.0 212.1 Q 270.0 Q 25.0 Q
unit wire resistance 0.033 Q/um 0.073 Q/um 0.112 Q/um 0.008 Q/um
unit wire capacitance 0.234 fF/um 0.083 fF/um 0.039 fF/pum | 0.06 fF/um
unit wire inductance 1x1075 fH/pm | 1x1075fH /pum | 1x107°fH/um | 380 fH/um
loading capacitance 57 fF 7.06 fF 1.0 fF 1000 fF
resistance ratio (x 10°um) 0.0050 0.0029 0.0024 0.0031
chip size 1x1 em? 1x1 em? 1x1 em? 10x10 cm?

Table 1: Technology parameters for three CMOS IC technologies and one MCM technology. Par-
asitics and SPICE simulation decks for the IC1 and IC2 technologies are provided by MOSIS; IC3
parasitics are courtesy of MCNC; MCM interconnect parasitics are courtesy of Professor Wayne W .-
M. Dai of UC Santa Cruz, and correspond to data provided by AT&T Microelectronics Division. The
driver resistances (rq) and sink loading capacitances are derived for minimum-size transistors. Note
that inductance values for IC1 - IC3 are set to 1x1075fH /um (effectively zero) because they were
not provided by MOSIS/MCNC, and because a non-zero inductance is required by the Two-Pole
simulator (see Footnote 4 below).

Such simple delay approximations are known to be inaccurate as technology scales; e.g., smaller wire ge-
ometries imply that resistive effects of the interconnect become more dominant, particularly in relation to
driver on-resistance (see the discussion below of “resistance ratio” effects, and note the four technology
characterizations in Table 1). Furthermore, greater system speeds and layout areas may expose inductive
effects on delay. Given these considerations, distributed RC delay approximations (e.g., that of Elmore
[15]) or distributed RCL delay approximations (e.g., the “Two-Pole” simulator of Zhou et al. [38]) are of
interest, since they are more accurate than linear or lumped-capacitance approximations while requiring less

computation time than SPICE.

Elmore delay in an RC tree [15] [32] [36] is defined as follows. Given routing tree T'(N) rooted at the
source ng, let ¢, denote the edge from node v to its parent in 7(N). The resistance and capacitance of edge
ey are denoted by r., and c.,, respectively. Let 7, denote the subtree of 7" rooted at v, and let ¢, denote
the sink capacitance of v (¢, = 0 if v is a Steiner node). We use C, to denote the tree capacitance of Ty,

namely the sum of sink and edge capacitances in 7,. Using this notation, the Elmore delay along edge e, is

Cey

2

equal to r., (== + Cy). Let rq denote the output driver resistance at the net’s source. Then Elmore delay

tgp(n;) at sink n; is:
Ce,

tep(n;) =rqCp, + Z e, ( 2

ey Epath(no,n;g)

+C) (1)

Although Elmore delay has a compact definition and can be quickly computed? it does not capture all

2Elmore delay can be evaluated at all sinks in O(k) time, as noted by Rubinstein et al. [32]. The calculation uses two
depth-first traversals: (1) to compute the delay along each edge and (2) to sum up the delays along each source-sink path.



measure to guide the routing tree design, and derives motivating observations from analysis of the Elmore
approximation for signal delay in distributed RC trees. Section 3 then presents our two main classes of CSRT
algorithms. We first describe the CS-Steiner method, which perturbs an existing Steiner tree construction to
account for the presence of identified critical sinks. We then propose an efficient class of Elmore routing tree
(ERT) constructions which not only yield good CSRT solutions, but are also the first methods to optimize
Elmore delay directly without any of the abstractions implicit in previous routing objectives. Section 3 also
describes the extension of the ERT approach to net-dependent routing objectives. Experimental results
are presented in Section 4, where we compare delays at critical sinks in our heuristic tree topologies with
analogous delays obtained using the best-performing minimum Steiner tree heuristic [22] and the AHHK
routing [1]. Our methods prove extremely effective, obtaining up to an average 69% reduction in signal delay
to identified critical sinks in 8-sink nets. The ERT approach also yields generic high-performance routing
trees when all sinks are equally critical: for 9-pin nets in 1.2 CMOS IC (MCM) technology, we improve
average sink delay by 19% (62%) and maximum delay by 22% (52%) over the minimum Steiner routing.
We thus obtain a significant advance over the existing performance-driven routing tree constructions in the
literature, including such recent works as [1] [10] [28]. Our results are complemented by a detailed analysis of
the accuracy and fidelity of the Elmore delay approximation, and we furthermore provide ezact assessments
versus optimal for our heuristic tree constructions. To determine the latter data, we have developed a
new theoretical characterization of Elmore-optimal routing trees, as well as a decomposition theorem for

(Elmore-) optimal Steiner trees, which are of independent interest.

2 On Delay Approximations and Tree Design Objectives

For arbitrary signal nets N, the appropriate objective to use in efficiently constructing “high-performance
routing trees” has not yet been established. In this section, we first consider necessary qualities for a delay
approximation that is to be used in routing tree design. By studying both the relative accuracies and the
relative fidelities of linear, distributed RC, distributed RCL, and SPICE-computed delay approximations,
we demonstrate that the Elmore distributed RC delay approximation is of surprisingly high fidelity with
respect to SPICE3e2. From Elmore’s simple formula (i.e., the first moment of the impulse response in a
distributed RC tree), we then develop revealing intuitions regarding the “correct” objective for critical-sink

routing tree design.

2.1 Accuracy and Fidelity of Delay Approximations

Ideally, a routing algorithm will compute and optimize signal delays according to a detailed circuit simulation,
such as that provided by SPICE. Since the computation times required by SPICE are prohibitive for routing
tree construction, simpler delay approximations must be used. For example, the traditional minimum-cost

Steiner tree objective, in addition to minimizing wiring area, corresponds to a lumped-capacitance model



delays. For example, Lin and Du [26] use a linear delay approximation so that their method updates the
module placement to reduce the rectilinear distance between sources and critical sinks. Other path-oriented

methodologies include those of Hauge et al. [18] and Teig et al. [35].

If a timing-critical path passes through a given net, the path-oriented approach can provide an explicit
bound on delay at that net’s critical sink. While the net-oriented approach may arguably provide only im-
plicit routing constraints, it is still easy to identify critical sinks after the timing analysis has been performed,
or a priori by finding paths in the design that contain more module delays. This reveals a “placement-routing
mismatch”: the performance-driven routing constructions reviewed above generally address net-specific ob-
jectives (min cost, min radius, cost-radius tradeoffs, etc.) and do not exploit the critical-path information
that is available during iterative performance-driven layout. As a consequence, designers cannot realize the
full benefit of high-quality timing-driven module placements. With this in mind, our work develops new

high-performance routing tree constructions which directly exploit available critical-path timing information.

1.2 The Critical-Sink Routing Tree Problem

A signal net N consists of a set of pin locations {ng, ni,...,nk} in the Manhattan plane, which are to be
connected by a routing tree T(N). We use ng to denote the source, with the n; (1 < ¢ < k) denoting sinks.
The cost of an edge €;; in T'(V), denoted by d;;, is the Manhattan distance between the endpoints n; and n;
of the edge. The cost of the tree T'(IV) is simply the sum of its edge costs. In a given routing tree T(N), the
signal delay between two terminals n; and n; is denoted by t(n;, n;); the shorthand notation ¢(n;) indicates
the delay from the source to the sink n;. Finally, we allow each n; to have an associated criticality, «;,
reflecting the timing information obtained during the performance-driven placement phase. Our goal is to

construct a routing tree T'(N) which minimizes the weighted sum of sink delays:

Critical-Sink Routing Tree (CSRT) Problem: Given a signal net N = {ng,ni,...,nx} C R? with

source ng and possibly varying sink criticalities a; > 0,4 = 1,..., k, construct a routing tree T(N) such that

k
E «; - t(n;) is minimized.
i=1

This CSRT problem formulation is quite general, and easily captures traditional performance-driven routing
tree objectives: (i) average delay to all sinks is minimized by using all a; = some positive constant, then
taking the L; sum of the weighted delays; and (ii) mazimum delay to any sink is minimized by using all a; =
some positive constant, then taking the Lo, sum of the weighted delays. In the discussion below, we will
concentrate on the simple yet realistic case where ezactly one critical sink, denoted by n., has been identified.
In other words, we assume that a, > 0 and that all other a; = 0. Our methods may be generalized to the

case where a small number of critical sinks is specified.

The remaining discussion is organized as follows. Section 2 discusses the appropriate choice of a delay



the former work also incorporates a hierarchy-based net ordering. For minimum Steiner tree routing, the
1-Steiner method [22] is the best-performing heuristic, and we therefore use it as a basis for comparison

below.!

In [9], Cohoon and Randall proposed a heuristic which simultaneously considered both the cost (total edge
length) and the radius (longest source-sink path length) of the routing tree. A more general formulation was
given by Cong et al. [10], wherein a parameter ¢ guides the tradeoff between cost and radius minimization;
the same authors in [10] proposed the “provably good” BRBC (bounded-radius, bounded-cost) algorithm,
which affords both cost and radius simultaneously within constant factors of optimal. The BRBC method
and works of Awerbuch et al. [3] and Khuller et al. [23] all achieve a smooth cost-radius tradeoff via the
same basic idea: (i) make a depth-first traversal of the minimum spanning tree over the signal net, and
(ii) if the accumulated path length from the source to some sink becomes too large, modify the tree to
reduce that particular source-sink path length. The cost-radius tradeoff may also be viewed as one between
competing minimum spanning tree (MST) (or minimum-cost Steiner tree) and shortest-path tree (SPT)
constructions. Using this perspective, Alpert et al. [1] recently proposed the AHHK algorithm, which
achieves a direct MST-SPT tradeoff. Finally, Cong et al. [11] have recently proposed the use of rectilinear
Steiner arborescences [30], or A-trees; these are essentially minimum-cost SPTs with Steiner points allowed.
The delay performance of the AHHK algorithm is superior to that of the BRBC or A-tree constructions [1],

and thus below we use AHHK as another basis of comparison with our new methods.

1.1 Motivations For Critical-Sink Routing

In performance-driven layout for cell-based designs, timing-critical paths are determined by static timing
analysis, and modules in these paths are then placed close together (see, e.g., [13, 18, 20, 26, 27, 34]).
The static timing analysis thus iteratively drives changes within both the module placement and the global
routing phases. Our contribution stems from carefully considering routing tree constructions within this

overall performance-driven layout process.

In general, existing performance-driven placement algorithms may be classified as either net-oriented or
path-oriented. Net-oriented placement typically uses centroid-connected star cost [33], probabilistic estimates
of Steiner tree cost [20], minimum spanning tree cost [13] or the bounding box semiperimeter [27] to estimate
wire capacitance and signal delay for a multi-terminal net. From this information, critical timing paths
between primary inputs and primary outputs are computed, after which module placements are updated
to reduce these “net-based” objectives for signal nets along the critical paths. By contrast, path-oriented
placement considers delay between the source and a particular critical sink of a multi-terminal net. The

critical sink is typically determined via timing analysis using known module delays and estimated path

1Recent studies by Barrera et al. [4], using the optimal Steiner code of J. Salowe, show that 1-Steiner is within 0.25% of
optimal on average.



Near-Optimal Critical Sink Routing Tree Constructions®

Kenneth D. Boese, Andrew B. Kahng, Bernard A. MCCO}IT, and Gabriel Robins!

CS Dept., University of California at Los Angeles, Los Angeles, CA 90024-1596
i CS Dept., University of Virginia, Charlottesville, VA 22903-2442

Abstract

We present critical-sink routing tree (CSRT) constructions which exploit available critical-path infor-
mation to yield high-performance routing trees. Our CS-Steiner and “Global Slack Removal” algorithms
together modify traditional Steiner tree constructions to optimize signal delay at identified critical sinks.
We further propose an iterative Elmore routing tree (ERT) construction which optimizes Elmore delay
directly, as opposed to heuristically abstracting linear or Elmore delay as in previous approaches. Ex-
tensive timing simulations on industry IC and MCM interconnect parameters show that our methods
yield trees that significantly improve (by averages of up to 67%) over minimum Steiner routings in terms
of delays to identified critical sinks. ERTSs also serve as generic high-performance routing trees when
no critical sink is specified: for 8-sink nets in standard IC (MCM) technology, we improve average sink
delay by 19% (62%) and maximum sink delay by 22% (52%) over the minimum Steiner routing. These
approaches provide simple, basic advances over existing performance-driven routing tree constructions,
including the recent works of [1, 10]. Our results are complemented by a detailed analysis of the accuracy
and fidelity of the Elmore delay approximation; we also exactly assess the suboptimality of our heuristic
tree constructions. In achieving the latter result, we develop a new characterization of Elmore-optimal
routing trees, as well as a decomposition theorem for optimal Steiner trees, which are of independent
interest.

1 Introduction

Due to the scaling of VLSI technology, interconnection delay has become a dominant concern in the design
of complex, high-performance circuits [13, 34]. Performance-driven layout design has thus become an active
area of research over the past several years. In this paper, we develop a new critical-sink problem formulation

and new solutions for performance-driven routing tree design.

For a given signal net, the typical goal of performance-driven routing is to minimize average or maximum
source-sink delay. Much early work implicitly equates optimal routing with minimum-cost Steiner routing.
For example, Dunlop et al. [14] use static timing analysis to yield net priorities, so that the highest-
priority nets may be routed by minimum Steiner trees, leaving lower-priority nets to subsequently encounter
blockages. Jackson, Kuh, and Marek-Sadowska [21] and Prastjutrakul and Kubitz [28] have given approaches

which are tuned to building-block layout and allow prescribed upper bounds on individual source-sink delays;
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