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Abstract

We have developeda phylogenetidreereconstructionmethodthatdetectsand
reportsmultiple, topologicallydistant,low costsolutions.Our methodis a
generalizatiorof the NeighborJoining(NJ) methodof Nei andSaitou,and
affordsa morethoroughsamplingof the solutionspaceby keepingtrack of
multiple partial solutionsduringits execution.The scopeof the solutionspace
samplingis controlledby a pair of userspecifiedparameters thetotal numberof
alternatesolutionsandthe numberof alternatesolutionsthatarerandomly
selected effectinga smoothtradeof betweerruntime andsolutionquality and
diversity This methodcandiscovertopologicallydistinctlow costsolutions.In
testson biologicalandsyntheticdatasetsisingeitherthe least-squaredistanceor
minimume-evolution criterion,the methodconsistentlyperformedaswell as,or
betterthan,eitherthe NeighborJoiningheuristicor the PHYLIP implementation
of the Fitch-Maigoliashdistancemeasureln addition,the methodidentified
alternatve treetopologieswith costswithin 1 or 2% of the best,but with
topologicaldistance® or morepartitionsfrom the bestsolution(16 taxa);with
32taxa,topologieswvereobtainedl? (least-squares)22 (minimum-e/olution)
partitionsfrom the besttopologywhen200 partial solutionswereretained.Thus,
the methodcanfind lower costtreetopologiesandnearbesttreetopologieshat

aresignificantlydifferentfrom the besttopology



1 Introduction

Reconstructiomf ancestratelationshipgrom contemporarylatais widely usedto provide
bothevolutionaryandfunctionalinsightsinto biologicalsystemsThe explosive increasen
availableDNA sequenceélatahasincreasednterestin phylogeneti@analysisof multi-gene
anddomain-svappedproteinfamilies. Threegeneraklasse®f phylogenetiaeconstruction
methodsarecommonlyusedfor analysisof sequenceéatasetsparsimoty methodgSwofford
etal., 1996),distancebasednethodqFitch andMargoliash,1967),andmaximumlik elihood
methodgFelsenstein] 982;Felsenstein] 988).Parsimory- anddistance-basethethodsare
mostoftenused Jargely because¢hey arefastercomputationallyandallow alargernumberof

potentialphylogenetidreesto be evaluated.

Reconstructiomf anevolutionaryhistoryfor a setof contemporaryaxabasedn their
pairwisedistancas computationallyintractable(i.e., NP-completefor variousoptimality
criteria(FouldsandGraham1982;Day, 1987),includingtheleast-squaresriteriont andthe
minimum-evolution criterior?. Variousheuristicshave beenproposedo searctfor solutions

of desiredquality (Felsenstein]1 988;BandeltandDress,1992; Swofford etal., 1996),and

1Accordingto the least-squaresriterion, the bestphylogetry for theinput distancematrix
is theonethatminimizes), ;. (ti; — di;)* whered,; is the distancebetweertaxas and;
in theinput distancematrix, andt;; is the sumof all the branchlengthsalongthe uniquepath

connectingaxa: andj in the postulatecphylogety.

2By the minimum-evolution criterion, the bestphylogety for the input distancematrix is
onethatminimizesthe sumof all edgelengths whereedgelengthsareassignedo minimize

theleast-squaregeviation.



themajority of thesemethodsaregreedywhich alwaysemploy movesthatAre “locally best”
andmaynot necessarilyeadto globaloptima(Swofford etal., 1996). Amongthe greedy
approachesheNeighborJoiningmethod(SaitouandNei, 1987;StudierandKeppler 1988)

is widely usedby molecularbiologistsdueto its efficiengy andsimplicity.

Greedymethodsareefficient becauséhey explore only asmallportionof the solutionspacé.
However, greedymethodscanfail to find the bestoverall solutionif they becomé'trapped”in
local optima.In addition,becaus®nly a smallfractionof the solutionspaces examined a
greedyheuristictypically will notreport(or detect)alternatve solutionswith distinct
topologieghatmayfit the datanearlyaswell, or evenequallywell. Neglectingsuch
alternatve solutionscanproducemisleadingnferencesegardingthe evolutionaryhistory.
For instanceWilson etal. concludedhatall humansoriginatedfrom Africa, becauseheir
tree-luilding methodfailedto discover alternatve, nearoptimal,treesthatwereconsistent

with a differentgeographicahistory (Wilson etal., 1989;Maddison,1991).

To improve thereliability of phylogenetidreereconstructionsye proposea schemewhich
sampleghe solutionspacemoreextensvely by repeatedlyusingthe NeighborJoining
algorithm(SaitouandNei, 1987).Insteadof trackingonly a single,locally-besttreeas
NeighborJoiningdoes,our schememaintainanultiple partial solutionsasit progresseslhe
methodexploresall possibletreesderivablefrom the setof currentpartialsolutionsin a
singleneighbof¥joining step,andthenselectsa subsebf thesepartial solutionsto passonto

thenext iteration. This approachs competitve with NeighborJoiningin recoveringdistinct

3A solution spaceis the setof all possiblephylogeniesspanningthe given taxa. Taxa

correspondo leavesin atreethatspanghem.



low-costtopologieswhile still beingcomputationallyefficient.

2 Methods

2.1 TheNeighbor-Joining M ethod

TheNeighborJoiningmethod(NJ) wasinitially proposedy SaitouandNei (1987),andlater
modifiedby StudierandKepler(1988).NeighborJoiningseekdo build atreewhich
minimizesthe sumof all edgelengths,.e., it adoptsghe minimum-evolution (ME) criterion.
A numberof studieshave corroboratedNJ’s performancen reconstructingorrect
evolutionarytrees(Saitouandimanishi,1989;KuhnerandFelsenstein1 994;Huelsenbeck,
1995).For smallnumbersof taxa,NJ solutionsarelik ely to beidenticalto the optimalME

tree(Saitouandimanishi,1989).

NeighborJoiningbeginswith a startree,theniteratively findsthe closesineighboringpair
(i.e. thepairthatinducesatreeof minimumsumof edgelengths)amongall possiblepairsof
nodeg(bothinternalandexternal). The closestpair is thenclusterednto a new internalnode,
andthedistance®f this nodeto therestof thenodesn thetreearecomputedandusedin
lateriterations.Thealgorithmterminatesvhenn — 2 internalnodeshave beeninsertednto
thetree(i.e.,whenthestartreeis fully resohedinto abinarytree). The NeighborJoining

heuristicis illustratedin Figure1B.
Fig. 1 goesnearhere.

AlthoughtheNeighborJoiningmethodrunsquickly, it returnsonly the singlebestsolution



foundby its greedysearclstratgy. This solutioncanbefurtherimprovedwith
post-processingy rearrangindoranchesandswappingsubtreegRzhetsk andNei, 1992;
Swofford, 1996),but suchimprovedsolutionstendto remaintopologicallysimilarto the
original starting-pointsolutions.To increaseour confidencan the solutionreliability, it is
naturalto askif thereareothersolutions,with differenttopologiesthatareequally

well-supportedy the distancamatrix data.

Solutionspacesanexhibit mary alternatdocal optima(Penty etal., 1995).For instance,
amongall 15 possibletreesof 5 taxa,2 of them(77 in Figures1lC andT; in FigurelB) fit the
input matrix (Figure1A) best.However, thesetwo treeshave very differenttopologiesthey
shareno commoninternaledgesindeed,accordingo the partitiondistancemetric(see

Section2.4),T; andT, arethemostdissimilarpossible.

2.2 The Generalized Neighbor-Joining M ethod

Our GeneralizedNeighborJoining(GNJ) methodsampleghe solutionspaceaxtendedlyby
keepingtrack of multiple partialsolutionsasit progressefthe numberof partialsolutionskK
is aninput parameter)Unlike the NeighborJoiningmethod which follows only a singlepath
towardsa solution,GNJperformsa morethoroughsearchof the solutionspaceby tracking
andexploring mary potentially-goocpaths.Thatis, GNJretainspromisingpartialsolutions,
which maynot belocally-optimal,but which have the potentialfor substantiallygreatercost
savingsin subsequerdteps.An executionexampleof GNJonthe matrix of Figure1lA is

showvn in Figure?2.

Fig. 2 goesnearhere.



The GeneralizedNeighborJoining(GNJ)algorithmcanselectin severalwaysthe K partial
solutionsthatarepassedan to the next iteration. A simplestratey would save the K best
(i.e.,leastcost)partial solutions;alternatvely, partial solutionscanbe choserat random.
Selectinghe bestsolutionstendsto improve solutionquality, while selectingalternates
randomlytendsto increasesolutiondiversity We implementa hybrid schemehatbalances
thesetwo extremesthetop @ < K least-costolutionsareselectedalongwith anadditional
D = K — Q “topologically diverse”solution$. If therearemorethan(@ least-cospairsata
giveniteration,GNJwill selectQ of themarbitrarily, which makesthe GNJmethod

non-deterministic.

To achieve topologicaldiversity, at eachiteration,afterselectinghebest@ partialsolutions,
theremainingpartialsolutionsarepartitionedinto G groupsaccordingo their topological
distancedrom a bestpartial solution(partial solutionswithin the samegroupareequidistant
from thebestpartialsolution).We thenobtainanadditional D “topologically diverse”partial
solutionsfor the next iterationby selectinghetop [gj solutionsfrom eachgroup’. Thus,at
thelaststeptowardssolvinga 16-taxaproblem,alternatesolutionscanbeasmary as13
partitionsaway from the bestcurrentsolution.In thiscasejf D = 50, atleast% = 3 best
solutionsattopologicaldistanced and2 aresaved,andatleastthe4 bestsolutionsat
topologicaldistances through13 aresaved. For 32 taxaand D = 100, atleast3 solutions
will besaredat eachtopologicaldistance Becaus¢he maximumtopologicaldistance

increasedinearly with the numberof taxa,the above stratgly ensureghatthe numberof

4Theparametenames? andD aremnemonidor quality anddiversity, respectiely.

*If G doesnotdivide D, we selectoneadditionalsolutionfrom eachof the D — (| 2] - G)

groupscorrespondingo thetopologicaldistancedarthestfrom the bestpartial solution.



topologicallydistinctgoodsolutionscanremainrelatively constanby increasingD linearly,

ratherthanexponentially with the numberof taxa.

A similarideais employedin the stepwisaminimum-evolutiontreebuilding method(Kumarg
1996).At eachiteration,for a givenpartialtree,this methodfirst identifiestheleadingnode
(i.e.,thenodemostlik ely to bejoinedto anothemode),andformsthe setof next-step
NeighborJoiningtreesby clusteringeachnodewith theleadingnode. This stratey restricts
the solutionspacesomevhat, but it requiresexponentialkime to run, which makesit practical
only for smalldatasetsMoreover, it doesnot explicitly consideralternatesolutionsat
differenttopologicaldistancegseebelaw), soit is lesslik ely to identify topologicallydistinct

alternatves.

Differentcombination®f @ andD ( K = @ + D ) enablea smoothtradeoff betweerguality
vs. diversity As QQ increasesvith respecto D (for afixed K), lower-costsolutionsare
favoredover oneswith diversetopologieswhile for smallervaluesof @, the solutionspace
explorationbecomesnorebroad,andtopologicallydifferentlocal optimaaremorelik ely to
emege. We notethatif K = @ = 1 (andthusD = K — Q = 0), thesinglesolutionreturned
by our GeneralizedNeighborJoiningapproachs identicalto the solutionproducedy the
original NeighborJoiningmethod(SaitouandNei, 1987;StudierandKeppler 1988).Here
only thebest-cospartialsolutionis passedo eachsubsequenteration,whichis exactly what

is doneby NeighborJoining. Thus,GNJdirectly generalizeshe NeighborJoiningmethod.

Additional stratgjiesfor expandingthe searchof phylogenetidree-spacenight be
consideredThe GNJapproactcanbe abstractlydividedinto two phases(1) atree

generatiorcomponentvhich producesnultiple partial solutions and(2) a partial solution



evaluationfunctionwhich favorscertainpreferredpartial solutionsover others.The overall
runtime periterationof thecombinedmethodis asymptoticallyno greatetthanthe slowestof

thesetwo components.

Thealgorithmdescribedn Section2.2 utilizesthe NeighborJoiningmethodasthe partial
treegeneratiormechanisnin phasg1), while usingthe minimum-evolutioncriterion
(implicit in the NeighborJoiningmethod)in filtering candidatepartialsolutionsin phaseg(2).
However, any combinationof existing algorithmsor heuristicsor treegeneratiorandtree

evaluationcanbeincorporatednto this generatemplate.

For example,we canevaluatepartialtreesat eachstepusingtheleast-squaredeviation
optimality criterion. An alternatve schemdor treegeneratiommightallow arbitrarypartitions
atintermediatestepg(i.e., “join” anynumberof taxaratherthanexactly two). In thiscasea
numberof existing efficient partitioningheuristic§Alpert andKahng,1995)canbereadily
appliedto generatenorepromisinganddiversepartial solutions.Lik ewise,the methodfor
selectingopologicallydiversepartial solutionsmight selectmoresolutionsfrom moredistant
topologiesratherthanuniformly samplingthetopologicaldistancessis donein this

implementation.

The GNJprogramis writtenin the‘C’ programmindanguageandis availablefrom
ftp://ftp.virginia. edu/ pub/fasta/ G\NJ. To makethe GNJresultsmoreusable
in practice we outputthetreesobtainedoy GNJin a computefreadabldormatthatcanbe
readilyprocessetby otherprogramge.g.,theconsense programin the PHYLIP package).
Moreover, we summarizeheleaf partitionsfoundamongthe GNJsolutionsbelor a

thresholdcost,andrankthemby decreasindrequencies.



2.3 Datasets

We testedthe GNJheuristicin the UNIX environment. Two typesof distancenatricesvere

usedto evaluatethealgorithm:

(1) Distancematriceswereconstructedor nucleotidesequencegeneratedby randomly
mutatingan “ancestral’sequenc@longa modelevolutionarytreeusingthetreeDNA
program(Felsensteinpersonatommunicationyvith the Kimura two-parametemodelfor
mutationrates(Kimura, 1980). Threetypesof topologieswereusedfor the modeltrees:
topologiesof minimumdiameter(which we referto asType*‘A’), topologiesof maximum
diameter(type'B’), andamixture of both(type‘C’). Here,thediameterof atopologyis
definedasthe maximumnumberof edgesconnectingary two leaf nodeswithin thetopology
Thereforetopologiesof type‘A’ aremost“branchy”(i.e.,they resemblea completebinary
tree),while topologiesof type‘B’ aremore“stringy”. type‘A’ treeswerethe most

challengingandareusedfor mostof thefigures.

Divergenceratesrangingfrom 0.005 (internalbranchesjo 0.50 (leaf or externalbranches)
wereusedto producethe syntheticdata. Two differenttype‘A’ andtype‘'B’ datasetsvere
examined.type‘Al’ and‘B1’ datasetsiseddivergencerates~ 0.02 (32taxa)— ~ 0.05
(8-taxa)for internaledgesand~ 0.4 for externaledgeqthus,theratio of externalto internal
branchratesvariedfrom 10 for 8 taxato 35 for 32taxa). Type‘A2’ and‘B2’ treesusedrates
of ~ 0.005 for thecentral(internal)edgesand~ 0.50 for theexternal(leaf) edges

(external/internalatiosof 100).

(2) Severalbiologicaldatasetsvereexamined,ncludingimmunologicaldatafrom 9 frog

speciegSaitouandNei, 1987),datafrom 13 viral ernv V3 fragmentsandgag P17(Leitner
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etal., 1996),and47 alignedTCP-1chaperonir60 family membergJonSundBlandfort,
personatommunication)For DNA sequenceshedistancematricesverecomputedwith the
dnadi st progamin thePHYLIP packagdFelsenstein1 993),usingthe Kimura2-parameter
model(Kimura, 1980).For proteinsequenceshe distancanatricesverecomputedwith the
pr ot di st programin the PHYLIP packaggFelsenstein] 993),usingthe Dayhof PAM
matrix model(Dayhof, 1978).We obtain30 biologicaldatasetsof 8, 16, or 32 taxaby
randomlysamplingthe original datasets.Resultson the differentbiologicaldatasetsvere

similar; only resultson the chaperonirdistancegreferredto asdatasetR1’) arereported.

2.4 Algorithms Compared

We evaluatedthe datasetsisingthreealgorithms:(1) NJ: TheNeighborJoiningmethod
(SaitouandNei, 1987;StudierandKeppler 1988),asimplementedn the PHYLIP package
(Felsensteinl1993);(2) FM: TheFitch-Magoliashmethodfor fitting topologieso distance
matriceswith respecto theleast-squaresriterion (Fitch andMargoliash,1967),as
implementedn the PHYLIP packaggFelsenstein] 993);and(3) GNJ: the Generalized

NeighborJoiningmethod describedn this paper

In addition,we examinedevery possibletreetopologyfor syntheticandbiologicaldataover 8
taxa. This exhaustve methodis guaranteedb returna globaloptimum(i.e. thelowest-cost
topology).Becausef thesheersizeof the solutionspacethe optimalmethodis feasibleonly

for datasetgontainingfewer thantentaxa.

Thesolutionsfrom the differentalgorithmswereevaluatedusingeithertheleast-squaresr

theminimum-evolution criterion. Least-squareseecostis computedy assigning
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non-n@ative edgelengthsin away thatminimizestheleast-squaredeviation.

Minimum-evolutiontreecostis computedasthe sumof suchedge-lengthé atree.

To improve furtherthe solutionquality, we alsoapplieda post-processingptimizationstep
whichrearrangesubtreessfollows. Givenatopology we computethe costof all thetrees
resultingfrom swapping/&changingsubtreesroundeachof theinternaledgesf the
topology Then,thelowest-costreeis choserasthe new currenttree,andits neighborhoods

investigatedn turn. We iteratethis procesauntil no furtherimprovementcanbe obtained.

Topologicaldistancesn this paperarebasedn the partitionmetric (RobinsorandFoulds,
1981;Penty andHendy 1985;SteelandHendy 1993),which measurethe numberof edges
commonto a givenpair of binarytrees.Eachinternaledgenaturallypartitionsthe setof leaf
nodesinto two subsetsTwo treesspanninghe samesetof leaveshave acommonedgeif
removing this edgeinduceshe sametwo subset®f leaf nodes.Thus,the partitiondistance
betweerary two treesis definedasthe numberof edgesn onetreefor whichthereis no
corresponding@quivalentedgein the othertree. Sinceeachbinarytreeof n leaveshasn — 3
internaledgesdistancesinderthe partitionmetriccanberepresentedsintegersbetweer)

andn — 3.

3 Reaults

Like NeighborJoining,GeneralizedNeighborJoining(GNJ)seekdo identify phylogenetic
treetopologiesandbranchlengthsthatbestfit distancedata. GNJimproveson

NeighborJoiningby identifying nearoptimaltopologieghataresignificantlydifferentfrom

12



thebestsolutionfoundin the search(therearetypically mary nearoptimalsolutionsthat
differ only slightly from the bestsolution;we seektopologically-distanalternatves).In the
resultsbelow, we first shawv thatthe datasetshatwe examinecontaintopologicallydistinct,
low-costsolutions.We thendemonstratéhatthe GNJalgorithmcanfind theseow-cost
alternatve solutions by examiningtwo measuresf success(1) the numberof alternatve
treesfoundby GNJwith a nearoptimalcost;and(2) the maximaltopological(partition)
distancebetweerthe nearoptimalsolutionsandthe optimalsolutionfound? In bothtests we
seekthelargestnumberof solutionswith costnearesto optimal,but with topological

distancehatis far away.

3.1 Comparison of GNJ with exhaustive 8-taxa searches

To judgehow effectively the GNJapproacHindsalternatve topologically-distincsolutions,
we first characterizethe actualnumberanddiversity of nearoptimalsolutionsby
enumeratingll 10,395differenttreesfor datasetsvith 8 taxaandcalculatedhe costfor each
treetopology(Fig. 3). Tree-costsvereoptimizedusingeitherthe minimum-evolution
criterionor theleast-squaresriterion. Becausehe differentcostcriteriamay have different
distributionsof costs,we plot the numberof treesobtainedasa functionof thefractionalcost
range:(cz — Cmin)/(Cmaz — Cmin), Wheree, is theleast-squaresr minimum-evolution costof
aspecifictreetopology c,.:,, is theminimum (andfor exhaustve searchespptimal) cost

underthatcriterion,andec,,. is the costof theworsttopology For the 8 taxadata,c,,;, and

®In the caseof morethan8 taxa,wherean exhaustve searchfor the optimal solutionis

computationallyinfeasible we compareo the bestsolutionfoundinsteadof to optimal.
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cmaz @reknown becauséhe costof every possibletopologyhasbeencalculated.

For the syntheticdata,it is possibleto askhow oftenthelow costtreesfoundby the GNJ
algorithmwereconsistentvith the original treethatwasusedto producethe distancedata.
However, thelowestcostleast-squaresr minimum-evolutiontreewasoftendifferentfrom
theoriginaltree. Treesfrom type‘Al’ and‘B1’ dataareusedfor mostof thefiguresbecause
thedifferencebetweerthe original treecostandthe besttreecostwastypically betweerD
and0.1 with themedianbetweer).01 and0.03 of thecostrange.Treesfrom type‘Al’ and
‘B1’ syntheticdatabehaedvery similarly to treesfrom thebiologicaldatasetsFor the‘A2’
and‘B2’ datasetsthemedianoriginaltreecostwas0.4 — 0.7 of thecostrange.Thus,because
of the high external/internalateratio, the besttreefrequentlyhada costsubstantiallyjjower
thantheoriginal treeandthesedatasetfiave alarge numberof distinctlocal minima,which

arenotseerwith the biologicaldataset®r with thetype‘Al’ and‘B1’ trees.

Fig. 3 goesnearhere.

Fig. 3 shavs how the numberof treesandthetopologicaldistancebetweerthe alternatve
solutionsincreasegverthefractionalcostrange.Theresultsfrom threedifferentdatasetsre
shown usingeitherthe minimum-evolution or the least-squaresostcriterion. In theseplots,

morechallengingdatasetfiave a largernumberof nearoptimaltreesandgreatertopological

’For larger datasetsg,,;, is approximatedrom the minimum cost obtainedfor all the
tree-searchesn the datasetandc,,,, IS approximatedrom the maximumcostobtainedby
sampling100 treesrandomly Thusfor the 16 and 32 taxa datasets¢,,;, may not be the
optimalminimumcostandc,,., maynotbethehighestworst)cost,but theseapproximations

shoulddiffer only slightly from thetruevalues.
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distanceatlower fractionalcost.In generaltherearemorenearoptimaltreeswith the
least-squaresriterionthanwith the minimum-evolution criterionandthosetreestendto be
moretopologicallydistinct(Fig. 3). For example,with thebiologicaldata(Fig. 3C), there
werel4.6 treeson averagewith least-squaresostwithin 0.01 of optimal,but only 2.6trees
< 0.02 whenthe minimum-esolution costis calculated Furthermorewhenthe costis less
than0.01, the maximumtopologicaldistanceor nearoptimaltreesis greateifor the

least-squareseesthanfor the minimum-esolutiontrees.

The“branchy’type‘Al’ syntheticdatasetendsto producealargernumberof nearoptimal,
topologicallydistanttreesthanthetype‘B1’ (Fig. 3) datasetsWhenthetype‘A2’, ‘B2’ and
‘C2’ datasetsvereexamined(datanot shavn), type‘A2’ datasetsverethemostchallenging,
and,for treeswith cost< 0.01, thenumberof treesandtopologicaldistancebetweerthetrees
wasabouttwice ashigh for type‘A2’ comparedo type‘Al’. Thebiologicaldataseappears
morechallenginghanthetype‘Al’, ‘B1’ and‘B2’ syntheticdatasetshut lesschallenging
thanthetype'A2’ datase{Fig. 3 anddatanotshovn). We focusour attentionon the number
anddiversityof treeswith cost-rang#.01-0.05 bothbecause¢hesecost-rangeareintuitively
close—between% and5% of the bestcostfound—andbecausefor thetype‘Al’ and'B1’
syntheticdata,0.01-0.05 spangherangeof costdifferencedetweertheoriginal treesused

to generatehedistancedataandthe besttreesfoundfor the data.

Ideally, the GNJalgorithmwould find eachof the nearoptimalsolutionsthatcanbe found
whenevery tree-topologys examined.Thus,we usethe numberof solutions their average
cost,andtheir diversityto gaugethe effectivenesof GNJ(Fig. 4 — 6), andcompareGNJwith
anexhaustve search(Fig. 3). We seekcombination®f ‘Q’ and'D’ thatapproachhe
distribution of solutionsseenn the exhaustve searchFig. 4A shavsthatthe GNJalgorithm

15



effectively identifiesvirtually all sub-optimakolutionswith costs< 0.05 onthesynthetic
datasetaslongas@ > 0. (Resultsnotshawn, usingthe minimum-evolution costcriterion
areindistinguishablePnly when@ = 0, D = 50 is thenumberof nearoptimalsolutions
differentfrom thenumberfoundin the exhaustve searchthatis, someof thelowest-cost
alternatve solutionsaremissed.Thecurvesin Fig. 4B, D reporttheaveragemaximum
topologicaldistancej.e. the maximumtopologicaldistanceamongall the treeswith costless
thantheordinateis determinedor eachof the 30 datasetsandthe 30 maximumdistancesre
averaged Again,when@ > 0 thealternatesolutionsfoundby the GNJalgorithmareas
diverseasthosefoundby the exhaustve searchfor costswithin 10% of optimal. (We also
examinedthe maximumtopologicaldistancedor thedatain Fig. 4, andfoundthatthey were

very similarto theexhaustve searchf @ > 0, datanotshowvn.)

Fig. 4 goesnearhere.

Thebiological’'R1’ datasets morechallengingn someways—theras alargernumberof
alternatesolutionswith low cost(Fig. 4C) andthelow-costsolutionsappeamore
topologicallydiverse(Fig. 4D). For the biologicaldatasetGNJbeginsto misssolutionswith
costs> 0.005 thatarefoundby the exhaustve search At afractionalcostof 0.01, 11 of 15
solutionsarefoundby GNJwith Q > 25, and18 outof 31 arefoundat fractionalcost0.02.
As with the syntheticdatase(Fig. 4B), when@ = 0, someof thebestnearoptimalsolutions
aremissed.Theresultsin Fig. 4 suggesthatfor small(8 taxa)problemsthe GNJalgorithm

identifiesalternatenearoptimal,topologically-distansolutionsvery effectively.
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3.2 GNJ performancewith 16 and 32 taxa

For largerdatasetsit is not computationallyfeasibleto examinethe solutionspace
exhaustvely, sowe cannotdirectly comparehe GNJresultsto the optimal solution.
(Likewise,we cannotguarante¢hatthelowest-cossolutionis optimal,but it is likely to be
nearoptimal.) Nonethelessye canstill evaluatehow the GNJalgorithmbenefits§rom saving
multiple K = @ + D solutionsby examiningarangeof Q, D pairs(Figs.5—-6). Whentype
‘Al’ syntheticdatasetsvith 16 taxaaresearchedhelargestnumberof low-costsolutionsare
againfoundwhen@ > 0, andthe mosttopologicallydiversesolutionsarefoundwhen

D > 0. (Fig. 5 shavs theresultsusingthe minimum-evolution costcriterion; resultsusingthe
least-squaresriterion,not shavn, aresimilar.) For thesedatasetsvith K = 100, thetrade-of
betweemuality Q anddiversity D is clearcut. Below 0.01 thereis little differencen
diversityas@ and D changeabove 0.02, D > 50 givesthebestresults.On the biological
datasetFig. 5C), searchesvith Q > 100 find almosttwice asmary (62—78) solutionswith
fractionalcost< 0.01 assearchesvith D = 90 or 100 (3337 solutions).Thedifferencean
performancavith respecto 2 and D increasest higherfractionalcosts.However, while
reducingD increaseshe numberof low-costsolutionsfound, it alsodecreasethediversity

of the solutionset.For thesedata,Q = D = 50 seemdo bethe bestcompromise.
Fig. 5 goesnearhere.

Whensearchesreperformedon 32-taxadata(Fig. 6), theimportanceof D in improving the
diversityof thesolutionsis moreapparentAs before,solutionswith Q = D = 250 appeaio
provide a goodbalancebetweerfinding the largestnumberof low-costsolutionsandfinding

themostdiversesolutions.We notethatas( increase$rom 250 to 500, thereis little change

17



in thenumberof treeswith fractionalcost< 0.02 onthesynthetictype‘Al’ datasefFig. 6A),
andthatthe maximumtopologicaldistanceamongthosesolutionsincreasesery little asD
increase$rom 250 to 500. Thus,for this syntheticdata,althoughX = 500 retainsonly atiny
fractionof upto 10*° possible32-taxatreetopologiesthedatain Fig. 6A andFig. 10 suggest
thatmostof thelowest-cossolutions,andmary of thetopologicallydiversesolutions are

found.

Fig. 6 goesnearhere.

3.3 Comparison with other methods

Thusfar, our resultssuggesthat GNJcanidentify alternatve, nearoptimalsolutionswhen K
rangedrom 50 (8-taxa)to 200 (32-taxa).In this sectionwe compareGNJwith different

K = @ + D totwo popularphylogenetidreereconstructioomethoddor distancedata,the
NeighborJoiningmethod(SaitouandNei, 1987)andthe Fitch-Maigoliashalgorithm(Fitch
andMargoliash,1967)asimplementedn the PHYLIP packaggFelsenstein] 993).As
before,we considetbothsyntheticandbiologicaldatasetsvith differentnumbersof taxa,and
we compargwo costcriteria: the minimum-evolution criterionusedfor NeighborJoining
searchesandtheleast-squaresriterionusedby Fitch-Mamgoliash.In thesetests we again
considertwo measuresf successquality (cost)anddiversity We evaluatethe quality of the
solutionsin two ways: (a) thefractionof thetime (for the 30 testdatasets)hata nearoptimal
solutionis found;and(b) the averagecostof the bestsolutionsfound. To evaluatediversity,
for eachdistancamatrix, we first computethe maximumtopologicaldistancebetweemnairs

of nearoptimal GNJsolutions.Diversityis thenmeasuredby computing(a) themaximum,as
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well as(b) theaverageof thesedistancesopver 30 datasets.

Fig. 7 goesnearhere.

For 8-taxatype‘Al’ data,GNJfindssolutionsof very high quality thatareasdiverseasthe
exhaustve searchwhen K > 5 and@ > 2 (Fig. 7). When@ > 2, asolutionwithin a cost
rangeof 0.01 of optimalis found 100%of thetime. For @ = 0, GNJfindsa solutionwithin
0.01 of optimallessthan20%of thetime whenD = 5, andlessthan40% of thetime when
D > 5. OnthesamedatasetsiNeighborJoiningfindsa < 0.01 minimum-evolution solutution
andFitch-Mawgoliashfindsa < 0.01 least-squaresolutionmorethan95%of thetime. The
averagecostdatain Fig. 7A showvsthatthe bestsolutionsfoundby NeighborJoiningand
Fitch-Mamgoliasharetypically within 0.01 of the costrange but thosefoundby GNJ

(K > 20 and@ > 2) areoptimal. Thus,GNJconsistentlyfinds solutionswith costlowerthan
eitherNeighborJoiningor Fitch-Magoliash.Moreover, comparisorof boththelargest
maximumtopologicaldistanceandthe averagemaximumtopologicaldistancgFig. 7B)
shaws thatwhenthe optimal solutionwasfound by GNJ,thediversityof solutionsfound
(with costs< 0.01 of optimal)is aslargefor the GNJsolutionsetasfor thosefoundby the
exhaustve search GNJperformedaswell asthe exhaustve seachonthemuchmore

challengingype‘A2’ dataaswell (notshawvn).

Fig. 8 goesnearhere.

Resultsfor 16-taxaareshavn in Figs.8 and9. Onthesynthetictype‘Al’ datasetGNJfound
asolutionwithin 0.01 of thebestcost100%of thetime when@ > 0. For this data,
NeighborJoiningfounda < 0.01 costsolutiononly 80%of thetime usingthe

minimum-evolution criterion,while Fitch-Magoliashalwaysfounda < 0.01 costsolution.
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Onceagain,GNJfoundsolutionswith lower averagecost. For type‘A2’ data(notshown),
NeighborJoiningandFitch-Maigoliashfound < 0.01 solutionsonly 30 — 55% of thetime for
theleast-squaresriterion,and25 — 37% of thetime for the minimum-evolution criterion
while GNJfoundthe bestminimum-evolution solution100%o0f thetime when@ > 5. GNJ
foundthebestleast-squaresolutionmorethan80% of thetime ontype ‘A2’ datawith

Q@ > 5. As K increasedrom 20 to 200, the costof the bestsolutionsconsistentlymproved
with GNJ.While we cannotcomparehe GNJdiversityto thediversitythatwould befound
by anexhaustve searchjncreasingk” from 20 to 200 improvesthe averagemaximum

diversity, andasbefore,Q = D seemdo provide low-costsolutionswith high diversity

Fig. 9 goesnearhere.

When16-taxabiologicaldataareexaminedthe NeighborJoiningandFitch-Magoliash
algorithmsperformquitewell (Fig. 9). However, evenwith this data,the averagecostof the

bestsolutionsfoundimprovesfrom about10~* to 10~¢ whenGNJis usedand@ > 25.

Fig. 10 goesnearhere.

NeighborJoining,Fitch-Mamgoliash,andGNJall performwell on 32-taxatype‘Al’ (Fig. 10)
andbiologicaldata(not shavn) usinga costthresholdof 0.02 or 0.05 (notshovn). However,
it is surprisinghow diversethe GNJsolutionsarewhensolutionswith costswithin 2% of the
bestcostareincluded;GNJfoundalternatdow costsolutionsthatsharefewer thanhalf of
theinternaledgeqtwo treesshareaninternaledgeif theedgeinduceshe samedeatf

bi-partitionsin bothtrees).

Comparisorof the costandthediversityof GNJsolutionswith K = 200 and K = 500

suggestshat, K = 500, whichincreasesheruntime 2.5-fold, is probablyunnecessargince
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neitherthe quality of the solutionsnor the diversityincreasesignificantlywith the higher K.

Again,using@ = D providesa goodbalanceof quality anddiversity.

3.4 Post-processing

Rzhetsly andNei have obsenredthatfor smalldatasetsNJ solutionsarelik ely to be
topologicallycloseto the optimalsolution(Rzhetsk andNei, 1992).We examinedhow
post-processinfdescribedn Section2.4) affectsthe numberanddiversityof the low-cost
solutions,andhow post-processingightimprove NeighborJoining,Fitch-Magoliash,and
GNJ-basednitial solutions.The post-processinglgorithmexaminesall thetreesthatcanbe
formedby swapping(exchangingsubtreesroundeachof theinternaledgesn thetree,thus
consideringall thealternatve treesthatarewithin onepartitiondistancerom theinitial tree.
If atopologyis foundwith alower cost(least-squaresr minimum-evolution),the processs
repeateduntil notopologicalneighboris foundwith alower cost.If the GNJalgorithmfinds
alternatesolutionsthatareon differentsidesof a singleshallov costbasin,post-processing
shouldreducethe numberanddiversity of low-costalternatdrees.This seemdo bethecase
for thebiological‘R1’ data(Fig. 11A) andthe synthetictype‘Al’ data(similarto the
biological‘R1’ data,notshavn). Alternatively, if GNJactuallyfindsdistinctlocal minima
(with respecto cost),the numberof treesmay decreaséramaticallybut thetopological
distancebetweenralternatesolutionsshouldremainsubstantialMultiple distinctlocal minima

arefoundwith thesynthetictype ‘A2’ data.
Fig. 11 goesnearhere.
Theresultsof post-processingn the 16-taxadatasetsuggesthat GNJis capableof
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identifying alternatefopologically-distinclocal minimawhenthey exist (Fig. 11). As
expectedthe numberof distinctsolutionsdropsdramatically(becaus®f corvergence)when
the GNJsolutionsarepost-processedror thebiological'R1’ data(Fig. 11A,C),thedropis
morethan30-fold, asit is with thesynthetictype‘Al’ data(notshavn). However, for the
synthetictype‘A2’ data,whichis derivedfrom treesin whichthe costfor the original treeis
frequentlymid-way betweerthe bestandworstcosts thedropis only 2—3-foldandthe
averagemaximumtopologicaldistanceslropsonly about20%. Thusfor this very difficult
datasetmary of thealternatesolutionsfoundby GNJcannotbereachedy local
branch-swappingfrom the bestsolution,anddistinctlocal minimahave beenfound. Fig. 12
compareshe performancef NeighborJoining,Fitch-Magoliash,andGNJ,eachfollowed
by post-processingin 16-taxatype ‘A2’ data.Post-processingnprovesthe performancef
NeighborJoiningandFitch-Magoliashin finding a solutionwith cost< 0.01 from about
30-50% succes$o 50—70% success{NJIis 100% successfulith every combinatiorof K,
Q, andD. Again, GNJfindslower-costsolutionsthatNeighborJoiningandFitch-Mawgoliash
fail to find, evenafterexhaustve post-processing-or thesedata,NeighborJoiningand
Fitch-Mamgoliashappeato sometimedind local minima (with respecto cost),while GNJ

findsmoreglobalminima.

Fig. 12 goesnearhere.

Theaveragemaximumtopologicaldiversityon thedifficult type‘A2’ datadecreasesnly
slightly with post-processingndthe maximumtopologicaldiversityis ashigh after
post-processingsbefore. This result—topologicallydiversesolutionsdespitea dramatic
decreas@ thenumberof low-costsolutions—impliegshat GNJhasfoundalternatdocal
minimathatcannotbereachedy local branchswappingfrom the lowest-cossolution.Since
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our post-processingtratgy beginsfrom the K solutionsfoundby corventionalGNJ,GNJ
without post-processingandetecttopologicallydistinctalternatve local minima. For the
synthetictype‘A2’ datasetdow-costsolutionsthataretopologicallydistinctlocal minima
appearoften. For example,for @ = 50 and D = 50, theleast-squaresolutionsdiffer by 11
(outof amaximum13 possible)ranchswaps(partitions)arefoundin atleastonedataset,
anddiffer by 2.9 swapson average(minimum-evolution solutionsdiffer by asmuchas9
partitions,and4.3 onaverage).This suggestshattopologicallydistinctsolutionshave been

foundby GNJon 25-50% of the 30 syntheticdatasets.

Theresultswith thebiologicalandsynthetictype‘Al’ datasetsontrasistarklyto the
diversityfoundwith the synthetictype‘A2’ data.With theleast-squaresriterionand
post-processindhe averagemaximumtopologicaldiversityis about0.5 andthe maximum
diversityis 4, implying thatdistinctsolutionsarefoundin only about10% of the datasets.
With the minimume-evolution criterion,the maximumdiversityis the samebut the average
maximumis 1.1; again,topologicallydiversesolutionsmaybefoundfor 25%of these
16-taxadata.For the synthetictype‘Al’ data,theaveragediversitydropsfrom about4 to 1.1

(least-squares)r from 7 to 2 (minimum-evolution).

Although post-processinganimprove the quality of GNJsolutionswithout significantly
reducingtheir diversity, thetime requiredto post-proces# alternatve solutionscanbe
prohibitive whenthe numberof taxa(andthusthe numberof branchswapsthatmustbe
tested)s large (> 16). However, comparisorof Fig. 12A andthe non-post-processethta
(notshawn) suggestshatpost-processingoesnotimprove the solutionquality significantly

when@Q andD > 50, andthusthe extra computatioris unnecessary
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35 RunTime

GNJusescomputatiortime roughly proportionaito the numberof partialsolutions
maintainedduringexecution(X), andcubicin the numberof taxaanalyzed Averagerun
timesof NeighborJoining,Fitch-MamgoliashandGNJfor variousinput sizesareshovn in
Tablel. GNJis considerablyslower thanNeighborJoining(whichis oneof thefastestree
constructioralgorithmsavailable,becausé doesnot evaluateary alternatve trees),and3

(K = 200) to 8-fold (K = 500) slowerthanFitch-Magoliashfor the 32-taxadatasets.

Duringits execution,GNJkeepsrackof K partialsolutions.At eachiteration,asthe next
pair of taxais removedfrom the“star” tree, GNJexploresall the candidatesolutionsderivable
fromthecurrentK partialsolutionsvia asingleNeighborJoiningstep.Sinceeachpartialtree
inducesO(n?) candidatereesby groupingoneof the O(n?) possiblenodepairsin thetree,
the costof all theresultingcandidatereesrequiresO(n?) evaluationtime. Thereforegach

GNJiterationrequiresO (K - n?) time to examinethe costof all O(K - n?) candidaterees.

At eachiteration,GNJmustalsoselectK candidatdreesto passonto thenext iteration.In
this version the selectionprocessequiresall O(K - n?) candidatdreesto be sortedby cost.
Currently thetime requiredby eachiterationof GNJis dominatedy the sortingtime which
iSO(K -n?-log(K - n?)) = O(K -n?- (log K + logn)). We anticipatethatthe amountof
datato besortedcanbereducedandthatin futureversionsthe GNJcostcalculationwill
dominatetheruntime. SinceGNJhasatotal of n — 3 iterationsthe overallruntime for GNJ

isO(K -n? - (log K + logn)).
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4 Discussion

The GeneralizedNeighborJoiningalgorithmis explicitly designedo explore broadly
phylogenetidreesolutionspacesandseeklow-costsolutionsthataretopologicallydistant.
To achiere this goal, GNJmaintainamultiple partial solutionsat eachiteration,and
incorporatedothquality (treecost)anddiversity (topologicaldistance)n selectinghe setof
partial solutionsthatwill be passedan to thenext iteration. The solutionspacesamplingis
controlledby the parameters(, @, and D, which specifythenumberof partial solutionsto

retainandthe balancebetweemuality () anddiversity (D) in selectingalternatesolutions.

For dataset®f smallsize(i.e. < 10-taxa),GNJcanperformbetterthanNeighborJoiningand
Fitch-Mamgoliashalgorithmsby maintainingK' = 20-50 partialsolutions.For example for
biologicaldataset®ver9-taxa,all 8 treesof costcloseto the NJ cost(undertheleast-squares
criterion)areobtainedby GNJwhile maintainingonly K = 50 partialsolutions.For

syntheticdataset®f 8-taxa,GNJfindsthe optimalsolutionwhenerer K > 20 and@ > 2.

For datasetsvith 16 or 32-taxa,boththetopologicaldiversityandthe quality of GNJ
solutionsimprovesas K increaseskor the datasetshatwe examined Jow-costsolutions
wereefficiently foundwith K > 20 for 8-taxaand K > 50 for 16-taxa.Increasingk did
little to improve eitherthe quality or thediversityof the solutions.32-taxaproblemsarefar
morechallenginglandmorecommonin the molecularbiology literature).While K > 200
(32-taxa)waseffective in finding low-costsolutions,increasingk’ improvedthe quality, and

to alesserextentthe diversity, of the 32-taxasolutions.

We believe thatthe post-processingesultsshav that GNJis capableof identifying low-cost,
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topologically-distincsolutionsthatcannotbe foundsimply by successiely examiningevery
topologynearto individual low-costtrees.“Falling into local minima” is aninherentflaw of
ary phylogenetisearchmethodthatexaminesonly a smallportionof the solutionspace The
post-processingesultsfor thebiological‘R1’ datasuggesthatthis dataprobablyhassingle,
very broadlocal minimumwith mary differentlow-costtopologiesbut very few, if any,
alternatesolutionsthatcannotbe foundby post-processingjocal branchswapping).In
contrastthe synthetictype‘A2’ datadoesappeato have severaldistinctlocal minima,which
werefoundby GNJ.While it is reasuringo learnthatGNJis capableof finding alternatve
local minimawhenthey exist, moreextensve simulationswill berequiredto characterizéhe
conditionsunderwhich large numbersof distinctlocal minimaoccur While post-processing
may not be necessaryo find high quality solutions thedecreasn diversitywith
post-processinghouldimprove our confidencehata datasetioesnot have mary

topologicallydistinctlow-costsolutions.

OurresultssuggesthatGNJperformsbestwhen@ = D = % andthat K = 200 providesan
excellentbalancebetweercomputatiortime andsolutionquality/diversityfor up to 32-taxa.
For morethan50-taxa, K = 500 or 1000 may provide bettersolutions;however, this will
dependyreatlyon the structureof the phylogenetidreesolutionspace For large numbersof
taxa,onecanjudgewhetheralarger K is likely to provide novel solutionsby performing
searchesvith 100 and200. If K = 200 doesnotfind ary low-costtreesthatweremissedwith

K =100, it is unlikely that K = 500 (or more)will uncoveradditionalnovel treeseither

GNJis considerablyslowerthantraditionalNeighborJoining,andfor large problems
(> 32-taxaand K > 200), it is muchslower thanFitch-Mawgoliashaswell. However, a GNJ
runis moreaccuratelycomparedo multiple Fitch-Magoliashsearchesvherethetaxaare
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successiely addedn differentorder a processhatcaneasilyincreaséhe amountof time
requiredby 20 to 50-fold. Becaus&sNJexplicitly seeksouttopologicallydiversesolutions,
we believe thatit is morelik ely to identify distinctalternatvesthanadditional

Fitch-Mamgoliashtrials.

This paperconsiderghe generalizatiorof the neighbofjoining partitioningstrateyy to which
thedistancecostmeasureseemideally suited.However, the methodof retainingmary
partial solutionsduringa partitioningstrateyy canbe appliedto maximumparsimoly
methodsandperhapdo maximumlik elihood-basedapproacheaswell. We arecurrently
developingabroademeneralizatiorof the approachthatcanbe appliedto charactetased,

ratherthandistance-basedpstcriteria.
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Tablel:

Execution times

Method 8taxa 16taxa 32taxa

NJ <0.01 0.01 0.09

FM  0.08 2.4 31.5

GNJK =20 0.08 0.8 9.8

K=50 0.2 2.1 25.1

K =100 05 4.4 52.1

K =200 11 8.8 103.7

K =500 31 242  262.7

Run time (in CPU secondson a 167-Mhz UltraSparc)for NeighborJoining (NJ), Fitch-
Margoliash(FM),and GNJ, averagedover 100 type ‘A’ input dataset®f varioussizes,using

theleast-squaresriterionand@ = D.
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Figure Legends

Fig. 1 TheNeighborJoining heuristic(A) An input matrix of size5. (B) A NeighborJoining
solutionstratey. First, the startreetopologycenteredat node6 is formed;next, the closest
neighborpair {1, 2} is “joined” into adistinctinternalnode7; finally, this new internalnode
7, togethewith oneof theleaf nodes3, arejoinedinto a new internalnodes to form 7. (C)

An equally-goodsolutionT; but with avery differenttopology whichwasnot foundby NJ.

Fig. 2 TheGenealizedNeighborJoining MethodThe GNJheuristicfor thedataof Figure1lA
is shavn. Throughouthe search3 partialsolutionsarekept(K = 3). At eachiteration,all
possibleneighboringaxapairsareexamined;3 areselectedo passo thenext iteration. The
dashedinesrepresenthe neighboringpairsthatareeliminatedduringthe currentiteration.
While NJfollows the pathon theleft, andthusonly findsthe singletreeT;, the GNJscheme

recoversbothequally-goodsolutionsT; andT;, (seeFigurel).

Fig. 3 Distribution of treecostsanddiversity Thenumberof trees(left ordinate B, (1) and
maximumtopological(partition) distanceaveragedver 30 dataset¢right ordinate ®,0) are
plottedasa functionof thefractionalcostrange.Distributionsfor theleast-squared.S, B,

®) andthe minimum-evolution (ME, [, O) criteriaareshownn. Distributionsweredetermined
for 8 taxafrom 30 synthetictype‘Al’ datasets30 synthetictype‘B1’ datasetsand30
dataset$rom biologicaldatasetR1’. Thefiguresshav theresultsdeterminedafteran

exhaustve searclof all 10,395treetopologiedor 8 taxa.

Fig. 4 GNJsolutions—8axaThedistribution of solutionsfoundby GNJon 30 type‘Al’
synthetic8 taxadataset$A, B) or 30 ‘R1’ biological 8 taxadataset$C, D) areshown.
Searchesveredonewith K = Q + D = 50. PanelsA, C show theaveragenumberof
differenttreeswith costswithin thefractionalleast-squaresostshovn. PanelsB, D show the

averageof the maximumtopologicaldistanceof the solutionswithin thefractionalcostrange.
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Fig. 5 GNJsolutions—16@axaThedistribution of solutionsfoundby GNJon 30type‘Al’
syntheticl6-taxadataset$A, B) or 30 ‘R1’ biological16-taxadataset$C, D) areshavn.
Searchesveredonewith K = Q + D = 100. PanelsA, C shav theaveragenumberof
differenttreeswith costswithin thefractionalminimum-evolution costshavn. PanelsB, D
show the averageof the maximumtopologicaldistanceof the solutionswithin thefractional

costrange.

Fig. 6 GNJsolutions—32axaThedistributionsof the numberof trees(A) andthe maximum
topologicaldistanceaveragedver 30 datasets(B) areshownn for theleast-squaresost
criterionon 32 taxasynthetictype‘Al’ data.Searchesveredonewith K = Q + D = 500.

Panels(C) and(D) shav treenumbersandtopologicaldistanceor thebiological'R1’ data.

Fig. 7 GNJperformance—8xaThequality anddiversityof GNJsolutionswith different
valuesof @ and D arecomparedo the optimalsolutionset(opt), andNeighborJoiningNJ
andFitch-MawgoliashFM solutionsfor synthetictype‘Al’ data.(A) Thefractionof thetime
asolutionwasfoundwith a cost< 0.01 of optimal(squaresleft axis)usingeitherthe
least-squareffilled symbols)or the minimum-evolution (opensymbols)criterion. Theright
axis(circles)reportsthe costof the bestsolutionfound, averagedver the 30 datasets(B)
Thediversityof the K = @ + D solutionswith cost< 0.01 is shovn asthelargest
topologicaldiversityfoundamongall 30 dataset¢squaresandthe maximumtopological
diversityaveragedverthe 30 datasetsClosedsymbolsreportdiversityfor least-squares

solutions;opensymbolsreportminimum-evolution diversity.

Fig. 8 GNJperformance—16xaResultsfor 16 taxatype‘Al’ syntheticdataareplottedas
in Fig. 7, exceptthatboththefraction of solutionsfoundandthetopologicaldistanceplot

usesa costthresholdof 0.01.
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Fig. 9 GNJperformance—biolgical dataResultsor 16 taxafrom biologicaldatasetR1’ are

plottedasin Fig. 8.

Fig. 10 GNJperformance—3faxaResultdor 32 taxatype‘Al’ syntheticdataareplottedas
in Fig. 8, exceptthatboththefractionof solutionsfoundandthetopologicaldistanceplot

usesa costthresholdof 0.02.

Fig. 11 Numberanddiversity of post-pocessedolutionsResultsfor 16-taxabiologicaldata
(B, D) and16-taxatype ‘A2’ data(C, D) areplottedasin Fig. 5. Resultsshavn arefor

K =100, @ = D = 50, with eithernon-post-processddquarespr post-processeftircles)
solutions.Filled symbolsreportthedistribution of least-squaresolutionswith fractional

cost;opensymbolsplot minimum-evolutioncosts.

Fig. 12 Post-piocessedNeighborJoining, Fitch-Margoliash,and GNJperformance

Post-processemsultsfor 16-taxatype ‘A2’ dataareplottedasin Fig. 8.
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Figurel: TheNeighborJoiningHeuristic
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Figure2: GeneralizedNeighborJoining
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