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New Strategies for Assigning Re;al-Time Tasks 
to Multimocessor Svstems 

Almut Burchard, Jorg  Liebeherr, Member, ZEEE, Yingfeng Oh, and Sang H. Son, Member, IEEE 

Abstract-Optimal scheduling of real-time tasks on multiproc- 
essor systems is known to be computationally intractable for large 
task sets. Any practical scheduling algorithm for assigning real- 
time tasks to a multiprocessor system presents a trade-off between 
its computational complexity and its performance. In this study, 
new schedulability conditions are presented for homogeneous 
multiprocessor systems where individual processors execute the 
rate-monotonic scheduling algorithm. The conditions are used to 
develop new strategies for assigning real-time tasks to processors. 
The performance of the new strategies is shown to be significantly 
better than suggested by the existing literature. Under the realis- 
tic assumption that the load of each real-time task is small com- 
pared to the processing speed of each processor, it is shown that 
the processors can be almost fully utilized. 

Index Terms-Hard real-time systems, multiprocessor systems, 
rate-monotonic scheduling, periodic tasks, task assignment scheme. 

I. INTRODUCTION 

HE distinguishing feature of real-time computer systems is T their attempt to achieve both logical and temporal cor- 
rectness of computations. A computation is temporally correct 
if it finishes within a specified time frame. In this sense, all 
time-constrained computer applications require a real-time 
computer system. Commonly, however, real-time computer 
systems are used if violations of temporal correctness may 
result in drastic consequences as, for example, in power plants, 
hospitals, or manufacturing and transportation systems. 

In most real-time applications, the computer system is sub- 
ject to arrivals of messages containing monitor and control 
information from many different sources. These messages can 
arrive at any time, however, messages arrive at most periodi- 
cally. Each message arrival initiates a request for executing a 
computational task. The task must be completed before the 
arrival of the subsequent message from the same source. Thus, 
the earliest arrival time of the next message from the same 
source is the deadline for executing the task. We refer to tasks 
that are requested at most periodically and must finish execu- 
tion before the end of the next period as (periodic) real-time 
tasks. 

To maximize the number of real-time tasks that can be 
processed without timing violations, real-time computer sys- 
tems use sophisticated scheduling algorithms to decide the 
order in which tasks are executed. A schedule for assigning 
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tasks to one or molre processors is said to be feasible if the 
execution of each task can be completed before its deadline. 
Given a scheduling algorithm, a task set is said to be schedu- 
lable if the scheduling algorithm generates a feasible schedule. 
A feasible schedule is said to be minimal if there is no feasible 
schedule utilizing less processors. A scheduling algorithm is 
said to be optimal if for any set of tasks the algorithm finds a 
minimal schedule. 

Scheduling algorithms can be divided into fixed priority and 
dynamic priority algorithms. In fixed priority algorithms, the 
priority of a task remains constant at all times, whereas in dy- 
namic priority algorithms, the priority of a task may change 
during its execution. In their seminal work, Liu and Layland 
[9] showed that in single processor systems the dynamic prior- 
ity earliest-deadline-due (EDD) algorithm, which assigns the 
highest priority to the task closest to the end of its period, is 
optimal among all scheduling algorithms. They also showed 
that the rate-monotonic (RM) algorithm, which assigns higher 
priorities to tasks with shorter periods, is optimal among all 
fixed priority scheduling algorithms. Liu and Layland derived 
conditions under which the respective algorithms yield feasible 
schedules. Such conditions are referred to as schedulability 
conditions. For the 13DD algorithm, Liu and Layland presented 
necessary and sufficient schedulability conditions, however, 
for the RM algorithms, they gave only sufficient conditions. 
The necessary and sufficient schedulability conditions for the 
RM algorithm were recently presented by Lehoczky, et al. [7]. 

Due to its low computational overhead the RM algorithm is 
widely regarded as an appropriate algorithm for scheduling 
real-time tasks on uniprocessor systems. Recently proposed 
extensions to the RM algorithm have increased its practical 
relevance [l l] ,  [12], [13]. 

Even though real-time computer systems are expected to 
greatly benefit froim multiprocessor technology, employing 
multiprocessor systems for real-time applications has shown to 
be difficult. A major obstacle is that scheduling algorithms are 
significantly more complex for multiprocessor systems than 
for uniprocessor systems, since the scheduling algorithm must 
not only specify an ordering of tasks, but must also determine 
the specific processor to be used. Leung and Whitehead [8] 
proved that finding a minimal schedule for a given set of real- 
time tasks in a multiprocessor system is NP-hard. Therefore, 
research efforts have focused on the development of suitable 
heuristic algorithms which can be efficiently implemented, yet, 
require only a limited number of additional processors as 
compared to an optimal algorithm. 

There are two strategies for scheduling real-time tasks on a 
multiprocessor system. In a global scheme each occurrence of 
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TABLE I 
ASYMPTOTIC UPPER BOUNDS OF TASK ASSIGNMENT SCliEMES 

I 
~~ 

Existing Schemes 
I Scheme IRMNF[5]1 FWFF E5]tFFDUF[Z]/RMBF[10: 

2.67 2.33 2 2.33 

a real-time task may be executed on a different processor. In 
contrast, a partitioning scheme enforces that all occurrences of 
a particular task are executed on the same processor. Partition- 
ing schemes have several advantages over global schemes. 
First, partitioning schemes are less complex since the overhead 
of multiprocessor scheduling merely consists in assigning tasks 
to processors. Note that this operation is performed only once 
for each task, that is, before the task is executed for the first 
time. Second, if the assignment of tasks to processors is com- 
pleted, well-known uniprocessor scheduling algorithms can be 
used for each processor. 

The performance of a partitioning scheme is determined by 
two factors; the task assignment algorithm which distributes 
tasks to the processors, and the scheduling algorithm which 
determines the order of task executions on each processor. For 
a given scheduling algorithm, an optimal task assignment al- 
gorithm achieves a feasible schedule for each processor with 
the least number of processors. However, the problem of 
finding an optimal assignment for fixed priority scheduling 
algorithms, in particular the RM algorithm, as well as for dy- 
namic priority scheduling algorithms, in particular EDD, was 
shown to be NP-hard [8]. 

In this study, we are concerned with task assignment schemes 
for homogeneous multiprocessor systems where each processor 
executes the RM scheduling algorithm. This problem has been 
addressed in a number of studies’ [21, [31, [5], [lo]. Typically, 
the task assignment schemes apply variants of well-known heu- 
ristic bin-packing algorithms where the set of processors is re- 
garded as a set of bins.* The decision whether a processor is full 
is determined by a schedulability condition. All existing task 
assignment schemes are based on the sufficient schedulabiiity 
conditions for uniprocessor systems derived in [9] and variants 
of this condition [4]. Thus, the existing assignment schemes dif- 
fer mainly in the choice of the bin-packing heuristic. 

In [5], two heuristic assignment schemes are proposed, re- 
ferred to as rate-monotonic next-fit (RMNF) and rate-monotonic 
first-fit (RMFF). The schemes are based on the next@ and 
first-fit bin-packing heuristic, respectively. In both schemes, 
tasks are sorted in decreasing order of their periods before the 
assignment is started. Tasks are assigned to a so-called current 
processor until the schedulability condition is violated, in 
which case the current processor is marked full and a new 
processor is selected. RMFF first tries to accommodate a task 
in a processor marked as full before assigning it to the current 
processor. The first-fit decreasing-utilization factor (FFDUF) 

1. We only consider so-called ofl-line schemes which assume that the task 
set is known a priori. In [ I ] ,  we also investigate so-called on-line schemes 
which allow the task set to change dynamically. 

2. The bin-packing problem is concerned with packing different-sized items 
into fixed-sized bins, using the least number of bins [6]. 

method is a variation of the first-fit heuristic scheme. Here, 
tasks are sorted in the order of their load factor [2]. In [lo], a 
best-@ bin-packing heuristic is used as the basis for the rate- 
monotonic best-fit (RMBF) scheme. Similarly to RMFF, 
RMBF attempts to assign tasks to processors that have been 
marked as full. However, in RMBF, the full processors are 
inspected m a specific order. As in [5], tasks are assumed to be 
sorted by their period 

In all studies, the performance of task assignment schemes 
is evaluated by providing worst case bounds for NINo,lz, where 
N is the number of processors required to schedule a task set 
with a given heuristic method, and No,, is the number of proc- 
essors needed by an optimal assignment. Unfortunately, 
bounds for the existing schemes are only available as asymp- 
totic bounds, that is, as lim sup,,,-tm NIN,,,, .3 In the left part 

of Table I, we summarize the asymptotic performance bounds 
of the discussed task assignment schemes. The computational 
complexity of all assignment schemes is bounded by O(K log K )  
for a set of K real-time tasks. 

Our approach for developing task assignment schemes for 
mulhprocessor systems is different from previous work Rather 
than increasing the level of sophistication of the bin-pachng 
heuristic, we focus on developing tighter schedulability condi- 
tions that allow us to assign more tasks to each processor. We 
show that the maximum achievable load on each processor is 
significantly higher than suggested by previous work If the load 
factor of each task is small compared to the processing power of 
a processor-a very realistic assumption considering the state- 
of-the-art of hardware technology-we will show that each 
processor can be almost fully utilized. More precisely, the rate- 
momtonic small-tasks (RMST) scheme proposed in this study 
achieves an asymptobc bound of limNo,,,+- N/NOpr 5 l/(l- a ) ,  

where a is the maximal load factor of an individual task. For 
general task sets we propose the rate-monotonic general-tasks 
(RMGT) scheme which yields an asymptotic bound of 
limN0,,,,, N/Nopi < 1.75. Different from previous work we also 

denve bounds of the performance parameter NINo,,,, for N < M 

The computational complexity of both assignment schemes for 
assigning a set of K real-time tasks is bounded by O(K log K).  
We use simulabons to study the average-case behavior of our 
assignment schemes. The simulabon results indicate that on the 
average, the performance of the new schemes is significantly 
better than in the worst case The simulations also show that the 
average performance of our assignment schemes is superior to 
any existing scheme. 

3 “lim su” refers to the smallest asymptotic upper bound, and “lim inf’ ie- 
fers to the largest asymptotic lower bound 
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The remainder of this study is structured as follows. In Sec- 
tion I1 we present our model for real-time tasks and multiproc- 
essor systems. In Section I11 we derive a tight schedulability 
condition for the RM scheduling algorithm in a uniprocessor 
system that improves on the results presented in [9]. We also 
prove a scheduling result for multiprocessor systems which can 
be interpreted as dual result to the uniprocessor schedulability 
condition in [9]. In Section IV we construct two simple assign- 
ment schemes, referred to as RMST and RMGT. With our theo- 
retical results from Section I11 we can prove bounds for the 
number of processors required with these schemes. In Section V 
we present simulations to illustrate the average case performance 
of our schemes. In Section VI we conclude our study. 

11. MODEL DESCRIPTION 

We consider a real-time computer system consisting of a ho- 
mogeneous multiprocessor system and a set of K real-time tasks. 
The 

0 

multiprocessor and the task set are characterized as follows. 
A real-time task is denoted by zj = (ei, Ti) ( i  = 1, ..., IC). 
Ti denotes the shortest time between two requests of task 
zi, and is also referred to as the period of zi. C; denotes 
the maximum execution time of task q. Since we assume 
that the multiprocessor system is homogeneous the exe- 
cution time is identical on each processor. Each real-time 
task must complete execution before the next request of 
the same task. Thus, in the worst case, the execution of zi 
must be completed before Ti time units. 
The period and the maximum execution time of task zi 
satisfy Tj > 0 and 0 < Cj I Tj ( i  = 1, . . ., k) .  We will refer 
to Ui = CJTi as the load factor of the ith task, and to 
U = c E , U i  as the total load of the task set. We use pn 

to denote the utilization of the nth processor, that is, the 
sum of the load factors of the tasks assigned to processor n. 
Each of the K tasks is assigned to a processor using a 
partitioning scheme, that is, each execution of the same 
task is performed on the same processor. 
Throughout this paper, we assume that the rate- 
monotonic (RM) algorithm is used to schedule tasks on 
each processor. That is, task zi has precedence over task 
z;, if T, < q. We assume that scheduling of tasks is pre- 
emptive, and that task execution can be resumed without 
loss after interruptions. 

111. SCHEDULABILITY CONDITIONS 

In this section we derive two sufficient schedulability con- 
ditions for processors which schedule tasks with the RM al- 
gorithm. The first result, presented in Theorem l ,  is a simple 
modification of the result for uniprocessor systems by Liu and 
Layland [9]. Our result yields a higher utilization of the proc- 
essor if the task periods satisfy certain constraints. For uni- 
processor systems, the increase in utilization provided by 
Theorem 1 is limited. However, for multiprocessor scheduling 
we can divide a task set into subsets and use the sharpened 
condition of Theorem 1 on all but possibly one processor. 

In our second result, stated in Theorem 2, we present a 
schedulability condition for the RM algorithm in multiproces- 
sor systems. In fact, Theorem 2 can be interpreted as a dual 
result to the schedulability conditions for uniprocessors given 
in [9]. Both results coincide for the special case K = 2. 

A result similar to our Theorem 2 was conjectured in [ 5 ] ,  
but not proven. A partial proof, yet incomplete, and needing 
additional assumptnons, was given in [4]. 

A. Rate-Monotonic Scheduling in Uniprocessor Systems 

The schedulability condition presented in the following theorem 
takes advantage of a special property of the RM scheduling algo- 
rithm. We show that we can increase the processor utilization if all 
periods in a task set have values that are close to each other. 

THEOREM 1. Given a real-time tusk set z,, . . ., z,. Define 

si := log, Ti - Llog2 T~J i = 1, . . ., K (1) 

(2)  

and 
p : =  max Si - min Si 

I G S K  l G S K  

(a) I f p  < 1 - 1/K, and the total load satisfies 

u I (~-1) (2B’(~-~)- i )+2l -P  -1 ( 3 )  

then the tusk set is schedulable on one processor with the 
RM algorithm. 

(b) I f  p 2 1 - IJK, and the total load satisfies 

u < K(2”K - 1) (4) 

then the task set is schedulable on one processor with the 
RM algorithm. 
Both conditions are tight. 

Note that inequality (4) is identical to the schedulability con- 
dition given by L.iu and Layland [9]. Theorem 1 improves 
upon [9] when p .< 1 - 1/K, since the strict convexity of the 
functionfix) = ~(2”’- 1) implies that 

(K-1)(2B’(K-1) -1)+21-8 -1 > K(21iK -1). ( 5 )  

Throughout the paper, we will use a simpler version of the 
condition in (3) ,  given in the following corollary. 
COROLLARY 1.Given u set of real-time tasks T ~ ,  ..., zK, and 

define f i  as in (2:). Ifthe total load satisfies 

U s m a x ( I n 2 ,  1 - p l n 2 )  (6) 
then the task sei can be scheduled on one processor. 

PROOF. Since both schedulability conditions (3) and (4) of 
Theorem 1 are strictly decreasing with respect to K, we 
have that 

(7) K(~’/I‘ -1) > lim ~ ( 2 ’ l ~  -1) = In2 
K+- 

and 
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(9) j-1 k 
z 2 C 1  + z C f  + 2 C  > for all 1 5  j i K .  (15) 
,=I '= I  > 1-p ln2  (10) 

Also Schedulability now follows from Theorem 1. 
The remainder of this subsection contains the proof of 

Theorem 1, and requires three lemmas. The first lemma, 
Lemma 1, due to Lehoczky, et al. [7], gives the necessary and 
sufficient schedulability for the RM algorithm in a uniproces- 
sor system. 

LEMMA 1. Given a set of real-time tasks TI, ~ 2 ,  . . ., zK. Assume the 
tasks are ordered with increasing period, TI 5 . . . 5 TK. Then, a 
task r k  always meets its deadline Tk under rate-monotonic 
scheduling, if and only ifthere exists a t im 0 < t I Tk such that 

We will need the following special cases of Lemma 1. If 
TK I 2T1, then condition (I 1) reduces to 

i=l i=j 

If the task set consists of only two tasks, condition (11) re- 
duces to 

The next lemma states that the RM algorithm is distin- 
guished by a special property, which also holds for EDD, 
however, not for general fixed-priority or dynamic scheduling 
algorithms. The proof is a simple application of L e m a  1, but 
the result is surprisingly powerful. Lemma 2 permits a gener- 
alization of schedulability conditions, which apply to task sets 
where the longest period is at most twice as long as the short- 
est period, to unrestricted task sets. Also, Lemma 2 implies 
that i t  is not necessary to assume that a task set is ordered by 
periods in order to apply the schedulability conditions in [ 5 ] ,  
[lo], a fact overlooked in both references. 

LEMMA 2. Given a task set T I ,  7 2 ,  . . ., zK, and a task z = (G, T) 
with T 5 Ti for i = 1, . . ., K. If z and TI, . . ., T~ cannot be 
scheduled together on one processor with the RM schedul- 
ing algorithm, then also (2C, 213, q, ..., zK cannot be 
scheduled. 

PROOF. We assume that the tasks are ordered such that TI I ... 
to- 5 TK. Denote by k the smallest index, such that (C, 

gether with (Cl, TI), . . . (ck, Tk) is not schedulable. 
There are two possible cases. If 2T > Tk, then we can use 
schedulability condition (12) for both task sets in question. 
But clearly, the condition 

i-l G 

2 C + 2 2 C I  + c C ,  > TJ for all j 5 k (14) 
,=I I = ]  

is equivalent to 

i=l 

is equivalent to 
k 

c 2 C i  +2C> 2T 
,=I 

which shows the claim that (2C, 213, (CI, T I ) ,  ..., (ck, Tk) 
cannot be scheduled. If, on the other hand, 2T 5 Tk, then 
Lemma 1 implies that for all 0 I t 5 Tk 

Again we have shown that (2C, 213, (CI, T I ) ,  .., (Ck, Tk) is 
not schedulable. 
Lemma 3 is a corollary of Lemma 2 which applies to multi- 

processor systems 

LEMMA 3. Assume that the task set 71, . , ZK cannot be 
scheduled on N processors. Then the task set z;, . ., Z; 
given by 

cl/ = u1q; ?;I= 24 (20) 
cannot be scheduled on N processors. 

PROOF. For all tasks Z, with I; > 2'1 we replace (Cf, T I )  by 
(2"C,, 2"T,), where m is selected such that 2-m?; < 2" . 
Note that by scaling t in the schedulability conditions of 
Lemma 1, the replacement does not change schedulability of 
the task set. Also, the values for U, and S, remam unchanged 
SO, we may assume that T 5 2'1 for a11 z.  If = 2'1 for all i, 

we are done. Otherwise, we select Zk such that Tk = min,(T,) 
and replace (Ck, TJ by (2ck, 2Tk). Clearly, this does not 
change the load factor uk. Lemma 2 implies that the result- 
ing task set cannot be scheduled on N processors We repeat 
this procedure until we arrive at a task set with ?; = 2'1 for 
all tasks. 0 

PROOF OF THEOREM 1 We will show that any set of K tasks 
that cannot be scheduled on a single processor violates 
condition (3), if p < 1 - 1/K, and violates condition (41, if 
P2 1 - l / K  To show that the bounds from Theorem 1 are 
trght we will construct a task set that cannot be scheduled on 
one processor, but whose total load is arbitrarily close to the 
bounds in (3) or (4) The proof will proceed in four steps. 
1) Formulate Theorem 1 in terms of a problem of minimiz- 

ing U as a function of its variables _C = (Cl, C,, ..., C,) 
and I= (TI, Tz, . , TK) 
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2)  Fix the periods = ( T I ,  T2, . . ., TK) and minimize U over 
the execution times _C = (C1, C,, . . ., CK). Use the result to 
express the execution times as functions of the periods. 

3 )  Transform the reduced minimization problem into a con- 
vex problem. 

4 )  Solve the convex minimization problem. 

1) Assume that the task set (C1, T I ) ,  ..., (CK, TK) cannot be 
scheduled on one processor. Since the conditions given by 
(3) and ( 4 )  are strictly decreasing with K,  they are certainly 
violated for a task set if they are violated for a subset. 
Hence, we may assume without loss of generality that all 
proper subsets of the task set can be scheduled on one proc- 
essor. By Lemma 3,  we can assume that 

T ~ < . . . < T K I ~ ~ T ~  (21)  

Since, by assumption, the proper subset q, . . ~, z ~ - ~  can, but 
the complete task set z ~ ,  ..., zK cannot be scheduled on a 
single processor, task ZK, which has the lowest priority, 
misses its deadline. By the schedulability condition in (12), 
this is equivalent to 

5 2 c 1  +eel > T/ j = 1, ..., K (22)  

We will minimize the total load U as a function of the execu- 
tion times and the periods of all tasks under the conditions in 
(21) and (22). Thus, we have to solve the following problem. 

K 

1=1  1 = /  

Ci 
K 

minimize u(_c, 1) = C- 
i=l T 

subject to 
K (24) 

j - 1  

c 2 C i + c C i  2 T/ j = 1, ..., K 

O I C ,  17; i = 1, ..., K (25) 

T,  S . . . I T K  I2’T, P I 1  (26) 

We replaced “>” with “2” in (24)  and (25) to ensure that the 
minimum is attained at some point. Since the functional is 
continuous, this does not affect the minimal value of U .  
Note that U (C, n in (23) is not a convex function of its ar- 
guments. Hence, the problem cannot be solved straightfor- 
wardly with standard (nonlinear) optimization methods. 

2) We will show that U(G, 3 takes its minimal value in a point 
where the conditions in (24) hold with equality. Suppose that 
a minimum, say U*, for the objective function is assumed at 
c* = ( C , ,  C,, ..., C i ) ,  and I* = (T,*, T;, ..., T i ) .  If for 
some j > 1, inequality (24) is strict, we set 

* *  

I i f i =  j - 1  

C, = C, + E  if i = j (27) 
otherwise 

where E is defined by 

j-1 K 
& : = C 2 C , * + C c 1 * - T ,  > o  

i=l i= j 

Then side condition (24)  is unchanged for i f j ,  and holds 
with equality for i = j .  The total load at this point satisfies 

where we have used inequality (21). So we found a new 
minimum of the functional. 
Similarly, if there: is strict inequality in condition (24) for j = 1, 
we set 

otherwise 

where 
K 

E := C C L *  -T,* > 0 
i=l 

The total load satisfies 

where we have used inequality (21). Again we found a new 
minimum of the functional. 
Summarizing, we have shown that U takes its minimum in a 
point with 

J - 1  K 

1=1 ,=J 

C 2 c l * + C c 1 *  = T;” for j = 1, ..., K (33) 

Subtracting equations in (33) for consecutive indices, and 
subtracting (33) for j = 1 from (33) for j = K ,  we obtain the 
following identities 

(34) 
* * *  

C, = q+r - T /  for j = 1, ..., K-1 

C i  = 2T,* -T i  (35) 
Note that the side conditions in (25)  are satisfied automati- 
cally. Thus, we have reduced the problem to 

subject to 

T,  I ... I TK I 2’T, 
(37) 

3)  Substituting 

(38) xi := log,-- T+l i = 1, ..., K - 1  
T 

(39) X K  :=log,- 2T, 
TK 

we rewrite the minimization problem in (36) and (37) as 
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