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New Strategies for Assigning Real-Time Tasks
to Multiprocessor Systems

Almut Burchard, J6rg Liebeherr, Member, IEEE,

Abstract—Optimal scheduling of real-time tasks on multiproc-
essor systems is known to be computationally intractable for large
task sets. Any practical scheduling algorithm for assigning real-
time tasks to a multiprocessor system presents a trade-off between
its computational complexity and its performance. In this study,
new schedulability conditions are presented for homogeneous
multiprocessor systems where individual processors execute the
rate-monotonic scheduling algorithm. The conditions are used to
develop new strategies for assigning real-time tasks to processors.
The performance of the new strategies is shown to be significantly
better than suggested by the existing literature. Under the realis-
tic assumption that the load of each real-time task is small com-
pared to the processing speed of each processor, it is shown that
the processors can be almost fully utilized.

Index Terms—Hard real-time systems, multiprocessor systems,
rate-monotonic scheduling, periodic tasks, task assignment scheme.

I. INTRODUCTION

T HE distinguishing feature of real-time computer systems is
their attempt to achieve both logical and temporal cor-
rectness of computations. A computation is temporally correct
if it finishes within a specified time frame. In this sense, all
time-constrained computer applications require a real-time
‘computer system. Commonly, however, real-time computer
systems are used if violations of temporal correctness may
result in drastic consequences as, for example, in power plants,
hospitals, or manufacturing and transportation systems.

In most real-time applications, the computer system is sub-
ject to arrivals of messages containing monitor and control
information from many different sources. These messages can
arrive at any time, however, messages arrive at most periodi-
cally. Each message arrival initiates a request for executing a
computational task. The task must be completed before the
arrival of the subsequent message from the same source. Thus,
the earliest arrival time of the next message from the same
source is the deadline for executing the task. We refer to tasks
that are requested at most periodically and must finish execu-
tion before the end of the next period as (periodic) real-time
tasks.

To maximize the number of real-time tasks that can be
processed without timing violations, real-time computer sys-
tems use sophisticated scheduling algorithms to decide the
order in which tasks are executed. A schedule for assigning
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tasks to one or more processors is said to be feasible if the
execution of each task can be completed before its deadline.
Given a scheduling algorithm, a task set is said to be schedu-
lable if the scheduling algorithm generates a feasible schedule.
A feasible schedule is said to be minimal if there is no feasible
schedule utilizing less processors. A scheduling algorithm is
said to be optimal if for any set of tasks the algorithm finds a
minimal schedule.

Scheduling algorithms can be divided into fixed priority and
dynamic priority algorithms. In fixed priority algorithms, the
priority of a task remains constant at all times, whereas in dy-
namic priority algorithms, the priority of a task may change
during its execution. In their seminal work, Liu and Layland
[9] showed that in single processor systems the dynamic prior-
ity earliest-deadline-due (EDD) algorithm, which assigns the
highest priority to the task closest to the end of its period, is
optimal among all scheduling algorithms. They also showed
that the rate-monotonic (RM) algorithm, which assigns higher
priorities to tasks with shorter periods, is optimal among all
fixed priority scheduling algorithms. Liu and Layland derived
conditions under which the respective algorithms yield feasible
schedules. Such conditions are referred to as schedulability
conditions. For the EDD algorithm, Liu and Layland presented
necessary and sufficient schedulability conditions, however,
for the RM algorithms, they gave only sufficient conditions.
The necessary and sufficient schedulability conditions for the
RM algorithm were recently presented by Lehoczky, et al. [7].

Due to its low computational overhead the RM algorithm is
widely regarded as an appropriate algorithm for scheduling
real-time tasks on uniprocessor systems. Recently proposed
extensions to the RM algorithm have increased its practical
relevance [11], [12], [13].

Even though real-time computer systems are expected to
greatly benefit from multiprocessor technology, employing
multiprocessor systems for real-time applications has shown to
be difficult. A major obstacle is that scheduling algorithms are
significantly more complex for multiprocessor systems than
for uniprocessor systems, since the scheduling algorithm must
not only specify an ordering of tasks, but must also determine
the specific processor to be used. Leung and Whitehead [8]
proved that finding a minimal schedule for a given set of real-
time tasks in a multiprocessor system is NP-hard. Therefore,
research efforts have focused on the development of suitable
heuristic algorithms which can be efficiently implemented, yet,
require only a limited number of additional processors as
compared to an optimal algorithm.

There are two strategies for scheduling real-time tasks on a
multiprocessor system. In a global scheme each occurrence of
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TABLEI
ASYMPTOTIC UPPER BOUNDS OF TASK ASSIGNMENT SCi:EMES

Existing Schemes

Proposed Schemes

Scheme |RMNF [5]| RMFF [5]|[FFDUF [2JRMBF [10] RMST | RMGT
lim N/N, 1  2.67 233 2 233 -l 175
N,,I,,aoe

a real-time task may be executed on a different processor. In
contrast, a partitioning scheme enforces that all occurrences of
a particular task are executed on the same processor. Partition-
ing schemes have several advantages over global schemes.
First, partitioning schemes are less complex since the overhead
of multiprocessor scheduling merely consists in assigning tasks
to processors. Note that this operation is performed only once
for each task, that is, before the task is executed for the first
time. Second, if the assignment of tasks to processors is com-
pleted, well-known uniprocessor scheduling algorithms can be
used for each processor.

The performance of a partitioning scheme is determined by
two factors; the task assignment algorithm which distributes
tasks to the processors, and the scheduling algorithm which
determines the order of task executions on each processor. For
a given scheduling algorithm, an optimal task assignment al-
gorithm achieves a feasible schedule for each processor with
the least number of processors. However, the problem of
finding an optimal assignment for fixed priority scheduling
algorithms, in particular the RM algorithm, as well as for dy-
namic priority scheduling algorithms, in particular EDD, was
shown to be NP-hard [§].

In this study, we are concerned with task assignment schemes
for homogeneous multiprocessor systems where each processor
executes the RM scheduling algorithm. This problem has been
addressed in a number of studies' [2], [3], [5], [10]. Typically,
the task assignment schemes apply variants of well-known heu-
ristic bin-packing algorithms where the set of processors is re-
garded as a set of bins.? The decision whether a processor is full
is determined by a schedulability condition. All existing task
assignment schemes are based on the sufficient schedulability
conditions for uniprocessor systems derived in [9] and variants
of this condition [4]. Thus, the existing assignment schemes dif-
fer mainly in the choice of the bin-packing heuristic.

In [5], two heuristic assignment schemes are proposed, re-
ferred to as rate-monotonic next-fit (RMNF) and rate-monotonic
first-fit (RMFE). The schemes are based on the next-fir and
first-fit bin-packing heuristic, respectively. In both schemes,
tasks are sorted in decreasing order of their periods before the
assignment is started. Tasks are assigned to a so-called current
processor until the schedulability condition is violated, in
which case the current processor is marked full and a new
processor is selected. RMFEF first tries to accommodate a task
in'a processor marked as full before assigning it to the current
processor. The first-fit decreasing-utilization factor (FFDUE)

1. We only consider so-called off-line schemes which assume that the task
set is known a priori. In [1], we also investigate so-called on-line schemes
which allow the task set to change dynamically.

2. The bin-packing problem is concerned with packing different-sized items
into fixed-sized bins, using the least number of bins [6].

method is a variation of the first-fit heuristic scheme. Here,
tasks are sorted in the order of their load factor [2]: In [10], a
best-fit bin-packing heuristic is used as the basis for the rate-
monotonic best-fit (RMBF) scheme. Similarly to RMFF,
RMBF attempts to assign tasks to processors that have been
marked as full. However, in RMBF, the full processors are
inspected in a specific order. As in [3], tasks are assumed to be
sorted by their period.

In all studies, the performance of task assignment schemes
is evaluated by providing worst case bounds for N/N,,,, where
N is the number of processors required to schedule a task set
with a given heuristic method, and N, is the number of proc-
essors needed by an optimal assignment. Unfortunately,
bounds for the existing schemes are only available as asymp-
totic bounds, that is, as lim supy ... N/N,, > In the left part

of Table I, we summarize the asymptotic performance bounds
of the discussed task assignment schemes. The computational
complexity of all assignment schemes is bounded by O(X log K)
for a set of X real-time tasks.

Our approach for developing task assignment schemes for
multiprocessor systems is different from previous work. Rather
than increasing the level of sophistication of the bin-packing
heuristic, we focus on developing tighter schedulability condi-
tions that allow us to assign more tasks to each processor. We
show that the maximum achievable load on each processor is -
significantly higher than suggested by previous work: If the load
factor of each task is small compared to the processing power of
a processor—a very realistic assumption considering the state-
of-the-art of hardware technology-—we will show that each
processor can be almost fully utilized. More precisely, the rate-
monotonic small-tasks (RMST) scheme proposed in this study

achieves an asymptotic bound of limy ... N[Ny, s1/0-0),

where ¢ is the maximal load factor of an individual task. For
general task sets we propose the rate-monotonic general-tasks
(RMGT) scheme which yields an asymptotic bound of
lim Nypesee Y, '/N,,, < 175. Different from previous work we also

derive bounds of the performance parameter N/N,,,, for N < oo,
The computational complexity of both assignment schemes for
assigning a set of K real-time tasks is bounded by O(K log K).
We use simulations to study the average-case behavior of our
assignment schemes. The simulation results indicate that on the
average, the performance of the new schemes is significantly
better than in the worst case. The simulations also show that the
average performance of our assignment schemes is superior to
any existing scheme.

3. “lim su” refers to the smallest asymptotic upper bound, and “lim inf” re-
fers to the largest asymptotic lower bound.

Authorized licensed use limited to: University of Virginia Libraries. Downloaded on November 7, 2008 at 08:39 from IEEE Xplore. Restrictions apply.



BURCHARD ET AL.. NEW STRATEGIES FOR ASSIGNING REAL-TIME TASKS TO MULTIPROCESSOR SYSTEMS

The remainder of this study is structured as follows. In Sec-
tion II we present our model for real-time tasks and multiproc-
essor systems. In Section III we derive a tight schedulability
condition for the RM scheduling algorithm in a uniprocessor
system that improves on the results presented in [9]. We also
prove a scheduling result for multiprocessor systems which can
be interpreted as dual result to the uniprocessor schedulability
condition in [9]. In Section IV we construct two simple assign-
ment schemes, referred to as RMST and RMGT. With our theo-
retical results from Section III we can prove bounds for the
number of processors required with these schemes. In Section V
we present simulations to illustrate the average case performance
of our schemes. In Section VI we conclude our study.

II. MODEL DESCRIPTION

We consider a real-time computer system consisting of a ho-
mogeneous multiprocessor system and a set of K real-time tasks.
The multiprocessor and the task set are characterized as follows.

e A real-time task is denoted by 7, = (C, T) (i = 1, ..., K).
T; denotes the shortest time between two requests of task
T;, and is also referred to as the period of ;.. C; denotes
the maximum execution time of task 7. Since we assume
that the multiprocessor system is homogeneous the exe-
cution time is identical on each processor. Each real-time
task must complete execution before the next request of
the same task. Thus, in the worst case, the execution of 7;
must be completed before 7; time units.

e The period and the maximum execution time of task 7

satisfy ;> 0and 0 < G T; (i = 1, ..., k). We will refer
to U; = CJ/T; as the load factor of the ith task, and to

U= ZLU,- as the total load of the task set. We use p,

to denote the utilization of the nth processor, that is, the
sum of the load factors of the tasks assigned to processor 7.

e Each of the K tasks is assigned to a processor using a

' partitioning scheme, that is, each execution of the same

task is performed on the same processor.

e Throughout this paper, we assume that the rate-
monotonic (RM) algorithm is used to schedule tasks on
each processor. That is, task 7; has precedence over task
7, if T; < T;. We assume that scheduling of tasks is pre-

emptive, and that task execution can be resumed without

loss after interruptions.

III. SCHEDULABILITY CONDITIONS

In this section we derive two sufficient schedulability con-
ditions for processors which schedule tasks with the RM al-
gorithm. The first result, presented in Theorem 1, is a simple
modification of the result for uniprocessor systems by Liu and
Layland [9]. Our result yields a higher utilization of the proc-
essor if the task periods satisfy certain constraints. For uni-
processor systems, the increase in utilization provided by
Theorem 1 is limited. However, for multiprocessor scheduling
we can divide a task set into subsets and use the sharpened
condition of Theorem 1 on all but possibly one processor.

1431

In our second result, stated in Theorem 2, we present a
schedulability condition for the RM algorithm in multiproces-
sor systems. In fact, Theorem 2 can be interpreted as a dual
result to the schedulability conditions for uniprocessors given
in [9]. Both results coincide for the special case K = 2.

A result similar to our Theorem 2 was conjectured in [5],
but not proven. A partial proof, yet incomplete, and needing
additional assumptions, was given in [4].

A. Rate-Monotonic Scheduling in Uniprocessor Systems

The schedulability condition presented in the following theorem
takes advantage of a special property of the RM scheduling algo-
rithm. We show that we can increase the processor utilization if all
periods in a task set have values that are close to each other.

THEOREM 1. Given a real-time task set 1, ..., Tx. Define
S;:=log, T; - Llog, Ti i=1,..,K (1)
and
B := max §; -~ min S 2)

I<i<K I<i<K

(a) If B< 1 = 1/K, and the total load satisfies
U < (k-2 —1)421F g 3)

then the task set is schedulable on one processor with the
RM algorithm.

(b) If B2 1 - 1/K, and the total load satisfies

U < k(2" -1) )
then the task set is schedulable on one processor with the
RM algorithm.
Both conditions are tight.

Note that inequality (4) is identical to the schedulability con-
dition given by Liu and Layland [9]. Theorem 1 improves
upon [9] when 8 < 1 — /K, since the strict convexity of the
function f{x) = x(2'*— 1) implies that

(K—l)(zﬂ/(K"l) —1)+2“ﬁ -1> k2% 1), 5)
Throughout the paper, we will use a simpler version of the

condition in (3), given in the following corollary.

COROLLARY 1.Given a set of real-time tasks ty, ..., T, and

define B as in (2). If the total load satisfies
U<max {In2,1~ f1n2} (6)
then the task set can be scheduled on one processor.

PROOF. Since both schedulability conditions (3) and (4) of
Theorem 1 are strictly decreasing with respect to K, we
have that

YK _ : VK _1) =
K25 =1) > lim k(2" ~1) = In2 (7
and
(K =128 ~1) 42777 ~1> tlim (K -1)(275Y ~1) 4217 -1
K—eo
®)
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=fBn2+2"F -1 )
>1-BIn2 (10)
Schedulability now follows from Theorem 1. O

The remainder of this subsection contains the proof of
Theorem 1, and requires three lemmas. The first lemma,
Lemma 1, due to Lehoczky, et al. [7], gives the necessary and
sufficient schedulability for the RM algorithm in a uniproces-
sor system.

LEMMA 1. Given a set of real-time tasks T, B, ..., Tx. Assume the
tasks are ordered with increasing period, Ti < -+- < Tx. Then, a
task T, always meets its deadline T, under rate-monotonic
scheduling, if and only if there exists a time O <t < T, such that

2| =lc
) I

We will need the following special cases of Lemma 1. If
Tx < 2T, then condition (11) reduces to

j—1 k
3 < kT 2 jzzcj+2c,..

i=1 i=j

(1n

(12)

If the task set consists of only two tasks, condition (11) re-
duces to

FQ—J(n -C)z2C o T, 2 {Elcﬁcz (13)
L T

The next lemma states that the RM algorithm is distin-
guished by a special property, which also holds for EDD,
however, not for general fixed-priority or dynamic scheduling
algorithms. The proof is a simple application of Lemma 1, but
the result is surprisingly powerful. Lemma 2 permits a gener-
alization of schedulability conditions, which apply to task sets
where the longest period is at most twice as long as the short-
est period, to unrestricted task sets. Also, Lemma 2 implies
that it is not necessary to assume that a task set is ordered by
periods in order to apply the schedulability conditions in [5],
[10], a fact overlooked in both references.

LEMMA 2. Given a task set 1y, Tp, ..., Tg, and a task 1= (C, T)
with T<T,fori=1, .., K. If tand 7, ..., T cannot be
scheduled together on one processor with the RM schedul-
ing algorithm, then also (2C, 2T), 1, ..., Tx cannot be
scheduled. _

PROOF. We assume that the tasks are ordered such that 77 < ---
< Tx. Denote by k the smallest index, such that (C, T) to-
gether with (Cy, Ty), ... (Cy, T}) is not schedulable.

There are two possible cases. If 27 > Ty, then we can use
schedulability condition (12) for both task sets in question.
But clearly, the condition
-1 k
20+ 2C+ Y G >T; forall j<k  (14)

i=1 i=j

is equivalent to
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j—1 k
122C5+2q +2C > T,

i=1 i=j

forall1<j< K. (195)
Also

k
C+3.G>T (16)

i=1

is equivalent to

k
Yog+2cs2r
i=1

which shows the claim that 2C, 21), (Cy, T1), ..., (Ci, To)

cannot be scheduled. If, on the other hand, 27 < T, then
Lemma 1 implies that for all 0 < ¢ < T,

‘< {ﬂmg{ﬂc
< ;ﬂmﬁmq

i=1 i

(17)

(18)

(19)

Again we have shown that 2C, 27), (Cy, T1), ..., (Ci, Tp) is
not schedulable. ' a

Lemma 3 is a corollary of Lemma 2 which applies to multi-
processor systems.

LEMMA 3. Assume that the task set Ty, ..., Ty cannot be
scheduled on N processors. Then the task set i, ..., Tk
given by

C =UT;,

T T=25 (20)

cannot be scheduled on N processors.

PROOF. For all tasks 7; . with T, > 25 we replace (C;, T;) by
(27"C;, 27°T;), where m is selected such that 27"T; < 25
Note that by scaling 7 in the schedulability conditions of
Lemma 1, the replacement does not change schedulability of
the task set. Also, the values for U; and S; remain unchanged.
So, we may assume that 7; < 2° for all . If 7, = 25 for all i,

we are done. Otherwise, we select 7, such that T, = min{(T))
and replace (G, T by (2C,, 2T,). Clearly, this does not
change the load factor U,. Lemma 2 implies that the result-
ing task set cannot be scheduled on N processors. We repeat
this procedure until we arrive at a task set with 7; = 2% for
all tasks. a

PROOF OF THEOREM 1. We will show that any set of K tasks
that cannot be scheduled on a single processor violates
condition (3), if 8 < 1 — /K, and violates condition (4), if
B=1-1/K. To show that the bounds from Theorem 1 are
tight we will construct a task set that cannot be scheduled on
one processor, but whose total load is arbitrarily close to the
bounds in (3) or (4). The proof will proceed in four steps.

1) Formulate Theorem 1 in terms of a problem of minimiz-
ing U as a function of its variables C = (Cy, Cy, ..., Cx)
and T'=(T1, Ty, ..., Ty).
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2) Fix the periods T = (T, Ty, ..., Tx) and minimize U over
the execution times C = (C,, C,, ..., Cx). Use the result to
express the execution times as functions of the periods.

3) Transform the reduced minimization problem into a con-
vex problem.

4) Solve the convex minimization problem.

1) Assume that the task set (Cy, Ty), ..., (Cg, Tx) cannot be
scheduled on one processor. Since the conditions given by
(3) and (4) are strictly decreasing with K, they are certainly
violated for a task set if they are violated for a subset.
Hence, we may assume without loss of generality that all
proper subsets of the task set can be scheduled on one proc-
essor. By Lemma 3, we can assume that

T,< ... <T<2'T, @1

Since, by assumption, the proper subset 7, ..., Tx_; can, but
the complete task set i, ..., Tx cannot be scheduled on a
single processor, task 7x, which has the lowest priority,
misses its deadline. By the schedulability condition in (12),
this is equivalent to

il K
N2G+Y.C>T, j=1...K (22
i=] i=j
We will minimize the total load U as a function of the execu-
tion times and the periods of all tasks under the conditions in
(21) and (22). Thus, we have to solve the following problem.
K

- C
minimize U(C,T)= ) —* (23)
(€1 le
subject to
= X . 24)
Y2+ C 2T j=1,..,K
i=1 i=j
0<C <T, i=1.. K (25
T <--<Te <21, B<1 (26)

We replaced “>” with “>” in (24) and (25) to ensure that the
minimum is attained at some point. Since the functional is
continuous, this does not affect the minimal value of U.
Note that U (C, T) in (23) is not a convex function of its ar-
guments. Hence, the problem cannot be solved straightfor-
wardly with standard (nonlinear) optimization methods.

2) We will show that U(C, T) takes its minimal value in a point
where the conditions in (24) hold with equality. Suppose that
a minimum, say U, for the objective function is assumed at
C*=(C,Cy,..., Cx), and T*=(T]", Ty, ..., Tg). If for
some j > 1, inequality (24) is strict, we set

C,,—¢ ifi=j-1

J .
G, =4Ci+e ifi=j 7
(o otherwise

where ¢ is defined by

BURCHARD ET AL.: NEW STRATEGIES FOR ASSIGNING REAL-TIME TASKS TO MULTIPROCESSOR SYSTEMS 1433

j-1 K
€:= Z;ZC" +Zq -T;>0 (28)
= i=j

Then side condition (24) is unchanged for i # j, and holds
with equality for i = j. The'total load at this point satisfies
~ 1 1
UIC, T*)=U*-¢g| 4———5 |SU* 29
Er)-vrd gz @

i1 i

where we have used'inequality (21). So we found a new
minimum of the functional.

Similarly, if there is strict inequality in condition (24) for j = 1,
we set

C+e ifi=1
C =1Cy~2¢ ifi=K (30)
(o otherwise
where
K * *
e:=yC~T >0 31)
i=1
The total load satisfies
~ 2
U(g, 1*) —ur—g 2 -Llcys, (32)
Ty T

where we have used inequality (21). Again we found a new
minimum of the functional.

Summarizing, we have shown that U takes its minimum in a
point with

Jj-1 K
Yo +y. ¢ =17
i=1 i=j

Subtracting equations in (33) for consecutive indices, and
subtracting (33) for j = 1 from (33) for j = K, we obtain the
following identities

* % *
G =TT,

forj=1,.... K (33)

forj=1..,K-1 (34)

Cx = 2T - Ty 35)

Note that the side conditions in (25) are satisfied automati-
cally. Thus, we have reduced the problem to

e _
minimize U(7) = 2-—-—-TE+1 h 'i-—‘—‘—ZT1 Tk (36)
i=1 i T
subject to
' (37
T, << T <2°7;
3) Substituting
x; := log, T;‘ i=1..K-1 (38)
2T
xg o= log, —L (39)
Ty

we rewrite the minimization problem in (36) and (37) as
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K
minimize U(x) =" (2% -1) (40)
i=1
subject to
(41)
%20, i=1..,K
g 21- (42)
K
Yox=1 (43)

Relation (43) is a consequence of the definitions in (38) and
in (39).

4) The minimization problem in (40)-(43) is a (strictly) convex
problem, since the functional is a sum of convex functions
and the side conditions describe a convex set. At this point,
the minimization can be completed with a Lagrange multi-
plier method.

More directly, it follows from the strict convexity of the
problem that there is a unique critical point at which the to-
tal load is minimized. This critical point must be symmetric
under any symmetry of the problem. If we disregard condi-
tion (42), the problem is completely symmetric under per-
mutation of the indices. Hence, in the minimum, all xf must
be equal, and side condition (43) demands that

x =1/K, fori=1..,K (44)

Note that for § 2 1 — 1/K, condition (42) is satisfied auto-
matically. Reversing the transformations in (34)-(35) and
(38)-(39), we obtain the following solution of the original
problem in (23)-(26).

¢l =a2™ (2 -1), 17 =a2’, fori=1,..,K (45)

where @ > 0 is any number. On this task set, U(C, T) takes
the minimal value

U'=K2"-1) (46)
given on the right hand side of (4). The bound is tight since
the task set given in (45) can be scheduled on a single proc-
essor. However, if any of the execution times C] is replaced

by 6;‘ > C7, then the resulting task set cannot be scheduled.
If $< 1 - 1/K, the minimum satisfies

xg =1-f
Problem (40)-(43) 1s symmetric under permutation of x, ...,
xg_. Hence, in the minimum, all values for x; (7 # K) must
be equal. From (43) and (47) we obtain the solution

o =P

K-1

Transforming back with (34)-(35) and (38)-(39) gives the
final solution

47)

i=1..,K-1 (48)

Ci* - a25i/(K“1)(2ﬁ/(K_1)_1) 7;* — azﬁf/(K‘l) i=1.. K-1
(49)
Cy = a2 D(P 1) 1 = a2 (50
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where a > 0 is any number. For this task set, U(C, T) takes
the minimal value

U= (K-)(275 D —1)+27F -1, 1)
The bound in (3) is tight since the task set given in (49) and
(50) can be scheduled on one processor; but if any of the
execution times Ci* is replaced by C; >'C,-* , the resulting
task set cannot be scheduled. This completes the proof. [

B. Rate-Monotonic Scheduling in Multiprocessor Systems

In the previous subsection we were concerned with schedul-
ing real-time tasks on a uniprocessor system that employs the
RM scheduling algorithm. Theorem 1 addresses the question:
‘When can a set of tasks be scheduled on one processor? For the
answer we found the worst case task set which can still be
scheduled on a single processor. For the corresponding result in
multiprocessor systems we have to find the minimal number of
processors that is needed to find a feasible assignment of a task
set to a multiprocessor system. Obviously, in the worst case,
only one task can be assigned to each processor. Therefore, we
have to be concerned with the question: When can a set of tasks
be scheduled on less than one processor for each task?

The answer to this question is given in Theorem 2. In short,
Theorem 2 says, that if K processors are needed to schedule a
set of K tasks, then the load on each processor cannot be much
less than 1/2.

THEOREM 2. If the total load of a set of K real-time tasks sat-
isfies
K
Vs

then the task set can be scheduled with the RM algorithm
on less than K processors. The condition is tight.

(52)

The following example shows that Theorem 2 is a true mul-
tiprocessor result, and cannot be obtained as a corollary of
Theorem 1. We select an integer K = 3, and set

C=2"  T,=2"%02" 11y fori=1,..,K (53)
X

Since U = —y— the task set can be scheduled on less than K

processors by Theorem 2. However, since '1/ R 1 > V2 -1
the schedulability conditions in Theorem 1 fail for any pair of
tasks. As a result, assignment schemes based on Theorem 2
can achieve a better processor utilization than schemes based
on uniprocessor results alone.

The following corollary provides a good approximation of .
Theorem 2. The given bound is asymptotically exact for K — oo,
and never differs by more than 0.07 from the exact value.
COROLLARY 2. If the total load U of a set of K real-time tasks

(K 22) satisfies ‘

ye K 2
2 4

then the task set can be scheduled with the RM algorithm
on less than K processors.

(54)

PROOF. The claim follows from the following inequalities (K =2):
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St <

K n2 K _K 55)
2 4 2

O

Next we give the proof of Theorem 2. We will need a tech-
nical lemma, given in Lemma 4. With Lemma 4, we can show
that for the task set which satisfies the inequality of Theorem 2
with the lowest total load, the execution times C; satisfy the
same ordering relations C; < --- < G < 2C; as the periods. A
proof of the lemma is given in Appendix A.

LEMMA 4. Assume that a set of K arbitrary nonnegative num-
bersy,, ..., yx has the following property. For every 1 <j< K
there exists at least one index i such that

yj=mi:= min{2)’1, neey 2yi—hyi+l! "‘9yK} or ny=mi (56)

For such a set, either
NS Sy <2y (57)

or there exists an index 1 < j < K and numbers a > b 2 0
such that

a ifi<j
yi=yb ifi=j (58)
2a ifi>j

PROOF OF THEOREM 2. We want to find the smallest value of
U for a set of K tasks that cannot be scheduled on less than
K processors. Since for K = 1 there is nothing to show, we
will assume K 2 2. The proof will proceed in four steps.

1) Formulate Theorem 2 in terms of a problem of minimiz-
ing U as a function of its variables (C;, T;).

2) Fix the execution times C = (Cy, C,, ..., Cx) and mini-
mize U over the periods T = (T}, Ty, ..., Tx). Use the re-
sult to express the periods as functions of the execution
times.

3) Transform the minimization problem into a convex
minimization problem.

4) Solve the minimization problem with standard methods.

1) Assume that the tasks (C,, Ty), ..., (Cx, Tx) cannot be
scheduled on less than K processors. We want to show that
the total load U violates (52). With Lemma 3 we can as-
sume that

T,< - <Tg<2T, (59)

- The assumption that the K tasks cannot be scheduled on less
than K processors is equivalent to the statement that no two
tasks can be scheduled on one processor. By (13), this is
equivalent to .

ifi<j

{Ti <G +C; ©0)

T <C+2C; ifi>j
So we have to solve the following minimization problem.

K
minimize U(C, z)=2% (61)
i=1 Ti
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subject to
T,<C+C; i<j 62)
L<G+2C i>] 63)
0<CG<T, i=1..,K (64)
< <T, 227 (65)

As in the proof of Theorem 1, we replace “<” by “<” to
enforce that the minimum is attained at some point.

2) Since the partial derivatives of U(C, T)

U C,
E(Q, Z) = —‘%’: <0

1 i

(66)

are negative, U(C, T) is minimal if we we choose the T; as
large as possible. We enforce the first two side conditions,
(62) and (63), by setting

T,‘:—“ C,‘ + min{ZCl, . 2Ci_1, C,'_,_l, ey Ck} (67)

With (67), the objective function can be phrased exclusively
in terms of C. To simplify (67), we will show that in the abso-
lute minimum of U(C, T), conclusion (57) of Lemma 4 holds.
To this end, we first have to show that the assumptions of
Lemma 4 hold. Assume that (56) is not satisfied, that is, for
some index j there exists neither i < j such that m;= C;, nor i > j
such that m;=2C;. Since the total derivative
dU c m;

-

= >0
(C.f+m,i)2

(68)

is positive, we can lower the value of the functional U(C) by
lowering the values for C;. Thus, condition (56) of Lemma 4
is satisfied in any critical point of the functional.

Next we show that the second outcome of Lemma 4 is not
feasible in a minimum of the functional. If the task execu-
tion times satisfy (58) then

a ifi<j
Ci=1b ifi=j (69)
2a ifi>j

with 0 < b < a. At such a point the periods of the tasks are
given by

a+b ifi<j
T =12a+b ifi=j (70)
2a+2b ifi>j
We obtain for the total load factor
‘ a b
UC, T)=(K-1 + 71
. (_ “) ( )a+b 2a+b n
Setting
it (72)
a
equation (71) reads
i t
U(e) = (K~1)——+—— 73)

1+t 2+t
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which is nonincreasing with z. Consequently, for 0 <t < 1,
U assumes its minimum at ¢ = 1, that is @ = &. Hence, con-
dition (57) holds.

Since we showed that in a minimum the C; satisfy condition
(57), we obtain with (67) that

Ti=C+Cy i=1,...,K-1 (74)

TK= C‘K'\L 2C1 (75)

Note that the side condition in (65) is always satisfied.
Summarizing, we have reduced the problem to

i . c
minimize U(C) =Y ——t—+—X (76)
= C+ Gy Crt2C
i=1 i i+
subject to
N )
Cz0 i=1..,K
3) We perform a transformation of variables. Define
x; .= log, Cg‘ ifi<Kk
; 78
Xy = log 26 ™
kx =108, ——
Cx
Then the optimization problem of (76) and (77) reads
K
1
minimize U(x)= (79
(x) g‘ 142% )
subject to %0
x20 i=1...,K (89)
K
Yx=1 (81)
i=1

where (81) is a consequence of definition (78).

4) Since the optimization problem in (7%)-(81) is strictly con-
vex, and since both the functional and the side conditions
are symmetric under permutation of the indices, the unique
minimum is also symmetric under permutations of indices.
From the side condition in (81), we directly obtain that the
solution must be

x; =YK

: i=1,..

L K (82)
Transforming back to the original variables we obtain the

solution in terms of execution times and periods:

¢ =a2’* (83)

7;* _ azi/K(zl/K+1) (84)

where a > 0 can be any number. For this task set, U has the
minimal value

U'=kI2"+ 1) (85)
To show. that the bound of Theorem 2 is tight, we verify that
the task set with parameters as in (83) and (84) can be
scheduled on less than K processors. But if all C: are re-
placed by 6’,- > Cf , then the resulting task can only be
scheduled on K processors. This completes the proof. [
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IV. ASSIGNMENT SCHEMES
FOR MULTIPROCESSOR SYSTEMS

In this section, we design a. new class of  assignment
schemes for distributing a set of real-time tasks to a set of
processors. The new assignment schemes apply our schedu-
lability conditions from Section III. To evaluate the perform-
ance of our assignment schemes, we determine the number of |
processors needed by our schemes for processing a task set.
Ideally, one would like to compare the number of processors
needed by our heuristic assignment schemes with the minimum
number processors N, that is required by an optimal task as-
signment scheme. However, since it is not feasible in practice
to analytically determine N, for an arbitrary task set, we will
nse the total load U as a lower bound for N,

We propose two assignment schemes. The first scheme, re-
ferred to as rate-monotonic small-tasks or RMST scheme, is
intended for task sets where the load factor U; of each real-

time task is small compared to the processing speed of each

processor. The second scheme, referred to as rate-monotonic
general-tasks or RMGT scheme, applies to general task sets.

Previously proposed assignment schemes only consider the
Toad factors of the tasks [2], [3], [5], [10]. Our schemes gain
superiority by additionally taking into account the task periods.
Before we present the schemes, let us review the maximum
performance that can be achieved with a task assignment
scheme using information on the load factors only. In this case,
the sufficient schedulability conditions given in [9] and its
variants [5], [10] are the best available schedulability condi-
tions. With these conditions, the load assigned to any pair of
processors is guaranteed to exceed In2/2 per processor. So, if
N processors are used, then

U> %Z—N (86)

This bound cannot be improved beyond («/5 ~1)N. For ex-
ample, a set with X real-time tasks where U; = J2 -1+¢ for
each task cannot be scheduled onto K processors with this
condition. Thus, all task assignment schemes that use the
scheduling condition of [9] are strictly limited in the perform-
ance they can achieve. ,

Similar arguments show that if the load factor of every task
is less than ¢, then a next-fit task assignment scheme based on

[9] will ensure that the load on all but one processor is at least
In2 — . This shows that

U>({n2-oN &7

For a < 1/2 this bound is best possible. More sophisticated
bin-packing heuristics, such as first-fit or best-fit, can improve
the average performance, but one can construct task sets such
that U < N In 2. Consequently, in the worst case, N/N,,, = 1/In 2.
A moment’s consideration shows, that the bounds given in
inequalities in (86) and (87) are far below the bounds that can
be achieved with an optimal assignment scheme. By Theorem 2,
any set of K real-time tasks with U; < 1/2 — ¢ for all tasks can
be scheduled on less than X processors if the number of tasks
is sufficiently large. And we can certainly assign task sets with
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TABLE II ‘

EXAMPLE PARAMETER SET
i= 1 2 3 4 5 6 7 8 9 10
T,=| 65 280 36 150 20 45 400 7 230 60
C;=| 16 27 11 31 3 14 113 2 70 19
U; =]0.2461] 0.964 }0.3055|0.2067| 0.15 }0.3111/0.2825[0.2857[0.304310.3167|
S; = 10.0223]0.1292]0.1699|0.2288]0.3219]0.4918/0.6438]0.8073 0.8454]0.9068

small load factors to processors in such a way that the load on
all but one processor exceeds 1/2. This argument suggests that
the best bound for an optimal assignment scheme is of the
form

N
U > —~—const. (88)
2
Similarly, if the load factor of every task is bounded above by
o, one may hope to prove that

U> (1 - )N — const. (89)

Note that these inequalities have the same form as corresponding
inequalities for periodic tasks without deadline constraints. In
particular, the leading terms N/2 and (1 — @) N are best possible.
The RMST and RMGT assignment schemes proposed here
create task assignments that satisty bounds of the form (89)
and (88), respectively. In.the following we discuss the schemes
in detail and prove properties of their worst-case performance.

A. RMST—An Assignment Scheme for Small Tasks

We first consider the problem of scheduling a set of tasks
with small load factors. Denote by

max U, (90)

i=1..,K

a:
the maximal load factor of any single task. For all practical
purposes, we may assume that a task set contains only *“small”
tasks if @ < 1/2.

Recall that by Corollary 1 the minimal achievable load on a
single processor is larger than 1 — 3 In 2 where f3 is defined as
in (2). The main idea of RMST is to partition the tasks in such
a way that on each processor, 8 has a small value.

It is convenient to visualize the values of S; as defined in (1)
for a given task set as points on a circle with circumference
one. Starting at any point on the circle and proceeding clock-
wise, we assign tasks to processors, using the schedulability
condition of Theorem 1. Then, the value of J at each processor
is given by the length of the arc spanned by the tasks that are
assigned to that processor.

The RMST scheme is summarized in Algorithm 1. It can be
easily verified that the computational complexity of Algorithm 1 is
determined by the sorting of tasks in Step 1. Thus, the complexity '
of RMST is O (K log K) where K is the size of the task set.

(1) Order the task set such that 0 < §; < +-- < S < 1and set Sgyq =51 + 1.
Set the task index to ¢ := 1, and the processor index ton = 9.

(2) Select an empty processor with index n :=n + 1. Assign lask 7; to processor »,
that is p, 1= Up. Set § := Sy, and Bnr=0.

(3) Increase the task index, ¢ := i + 1, and set By := 8; — 5. If the schedulability condition from
Corollary 2, i.e.,

Ui + pp < max{ln2,1 ~ fn 2}

is satisfied, assign task 7; to processor n by setting pn := pn -+ Uy, and continue with step (3).
Otherwise, continue with step (2).

(4) When all tasks have been assigned set A, := Sx11 — S and terminate.

Algorithm 1. Rate-monotonic small tasks (RMSTs).

We will illustrate the RMST scheme with an example. In
Table II we show the parameters for a set of 10 tasks, also
including the values of S;. The task set is already ordered
according to S;. For the parameter set in Table I we obtain
o = 0.3167. In Fig. 1, we depict the values for S; on a circle
with circumference one. The shaded areas indicate the clock-
wise assignment of tasks to processors as obtained by RMST.
The areas are labeled with the value of 3 for each processor.*
Thus, three processors are required to schedule the set of tasks
of Table I, where tasks 7;, T, T3, T are assigned to the first
processor, s, T, 77 to the second processor, and %, T, Tio tO
the third processor. Note that any assignment scheme proposed
in the literature would utilize four processors.

0

'S
0.5

Figure 1: Processor Assignment for Algorithm 1.

4. Note that f is slightly different from Bn in Algorithm 1; B , also con-

tains the value of §; of the first task 7 not assigned to processor 7.
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Next we will show that the RMST scheme satisfies per-
formance bounds of the form given in (83).

THEOREM 3. For any given task set Ty, ..., Tx, the RMST
scheme arrives at a feasible assignment of tasks to proces-
sors. If the maximal load factor of any single task is

C.
max —+ <1

i=,..K T;

o= ©n
then the number N of processors needed by RMST satisfies
the inequality
N Uy 17In2
1-a 1-a

92)

The inequality in (92) is not quite tight; however, the ine-
quality is asymptotically tight since one can construct arbitrar-
ily large task sets for which RMST requires at least U/(1 — o)
processors. For o < 1/2, the bounds obtained with the RMST
scheme improve upon any previously proposed assignment
scheme. For a > 1/2, the RMGT scheme presented in the next
subsection will give better bounds than RMST. Since in most
practical real-time systems the load imposed by individual
real-time tasks is small compared to the power of the proces-
sors, the result of Theorem 3 shows to be highly relevant for
practical real-time applications.

PROOF OF THEOREM 3. Denote by K, the number of tasks as-
signed to the nth processor, and by p, the load on the proces-
sor de to these tasks. Define S, as f§, = S; —S5, , where i,

is the index of the first task assigned to processor n. We also

set S; , =1+5,. Note that these definitions are identical to
the values of [Nin after Algorithm 1 has terminated.

The task assignment resulting from Algorithm 1 is feasible
by Corollary 1. We now estimate N, the number of proces-
sors needed by Algorithm 1 to schedule a given task set. By
our schedulability condition in (6), the loads on the proces-
sors satisfy

p,>1-B,n2-a n=1..N-1 (93)
Pyat+py>1-By In2 o4
Adding (93) and (94), and using that by construction
; N
>B,=1 ©5)
n=1
we obtain
N
U=Yp, (96)
n=1
N2 _
> 3 (1=B,n2-a)+1-By, 2 (©7)
n=l1
> (N=2)(1-0)+1-1n2 (98)
Solving for N yields assertion (92). a

In the following corollaries we compare the number of
processors required by RMST to schedule a task set with the
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number of processors required by an optimal assignment
scheme. Corollary 3 gives the bound of the performance pa-
rameter N/N,,, for any number N of processors. In Corollary 4
we present the asymptotic limit which is included in Table I.

COROLLARY 3. For any task set, the number N of processors:
needed by RMST satisfies

N 1 2

< +
N(,p, l-a Nm

99)

Ngp, denotes the number of processors utilized by an opti-
mal assignment scheme.

PROOF. For any schedule, we must have Nope2 U. With (92) we
obtain

N -
N <oy, 1oIn2 (100)
1-o 1-a
Dividing by N, gives the claim. (|

COROLLARY 4. Let {7;1i=1, 2, ...} be a given infinite task
set. Assume that the load factor of any single task does
not exceed o. Denote by U(k) the total load factor of tasks
Ty, ..., T Denote by N(k) the number of processors used by
RMST to schedule T, ..., T, and by No,(k) the number of
processors needed in an optimal assignment. If

lim Uk) = oo (101)
k=00 ‘
then
lim inf Uk) 21— (102)
k—eo N k)
lim sup M) < 1 : (103)
k—>eo Napr(k) -«
The bounds are tight.

PROOF. We obtain (102) by dividing by N in (92) of Theorem:3
and passing to the limit. For (103) we pass to the limit in
inequality (99) of Corollary 3. a

B. RMGT—An Assignment Scheme for General Task Sets

The RMST scheme from the previous subsection provides
excellent bounds for task sets where the maximal load factor of
any task 7; is limited by U; < 1/2. Next we propose d task
assignment scheme, referred to as rate-monotonic general-
tasks (RMGT) scheme which applies to unrestricted task sets. -
We show that RMGT is able to find a feasible task assignment
with less than N < 2U + 2 processors. '

For the RMGT scheme we partition the task set into two
groups, such that the load factors of tasks in the first and sec-
ond group, respectively, satisfy U; < 1/3 and U; > 1/3. Tasks in
the first group are assigned to processors with the RMST
scheme in Algorithm 1. Tasks from the second group are as-
signed to processors with a. first-fit heuristic. The heuristic
assigns at most two tasks to one processor using the exact
schedulability condition from (13). The complete RMGT
scheme is summarized in Algorithm 2.

Partitioning the task set in Algorithm 2 involves a computa-
tional complexity of O(K) where K is the total number of tasks.
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Recall from Subsection IV.A that Algorithm 1 has a complex-
ity of O(K, log K)), where K| is the number of tasks in group
G,. Since a first tit bin-packing algorithm for tasks in G, can
be implemented with a complexity of O(K; log K,), where K,
is the number of tasks in the second group [6], the worst case
computational complexity of the RMGT scheme is given by
O(K log K). o

In Theorem 4, we show that the number of processors
needed by RMGT for scheduling an arbitrary set of real-time
tasks satisfies a bound similar to (88). In Theorem 5 and
Corollary 5 we prove bounds for the performance of the
RMGT scheme.

(1) Partition the set of tasks into two gronps:

Gy={n | U; <1/3} Gr={m | Ui > 1/3}
(2) Use the RMST scheme in Algorithm 1 to assign the tagks in set (.
(3) Assign tasks in (; as follows:

(3.1) Set the task index to 4 := 1 and assign 7y to an empty processor with index 1. Set
= U4

(3.2) Increase the task index to ¢ := i + 1 and consider task 7;. Use a first-fit heuristic to find
a processor # that contains only one task, say 7;, and satisfies the following condition:

Fl@-cy>c; o 7> [F|aivc; it T< Ty
[Blaj-cyze o mx B Crc if T2

If such a processor exists, assign task 7; to processor n by setting pp, := py -+ Us, and
mark processor n as full, Otherwise, assign task 7; to an empty processor with index m,
and set p,, := U;. Continue with step (3.2).

(3.3) Terminate when all fasks in Gz have been assigned.

Algorithm 2. Rate-monotonic general tasks (RMGTs).

THEOREM 4. For any task set 1, ..., Tg, the RMGT algorithm
arrives at a feasible processor assignment. The number N
of processors utilized by RMGT to schedule the task set
satisfies

N<2U+%1n2——%:2U+1.42 (104)

PROOF. Given a task set T;, T, ..., Tx. By Theorem 3 and
Lemma 1, RMGT arrives at a feasible processor assign-
ment. To estimate the number of processors used by RMGT,
assume that Algorithm 2 assigns to n; processors each two
tasks from G,, and to n, processors each one task from G,.
Also assume that Algorithm 1 utilizes n; processors for
tasks in G;. Denote the total load factors assigned to the
three groups of processors by U®, U, and U?, respec-
tively. Then we obtain:

o

v s 2 (105)

y® %_1142 (106)

R NN S S R S ST
3 2 6

Inequality (105) holds, because each processor in this group
has been assigned two tasks, each with a load larger than
1/3. Inequality (106) follows from Corollary 2. Inequality
(107) follows from Theorem 3 provided that n; = 3. Be-
cause the joint load on any two processors exceeds In 2 by
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construction, (107) holds also if n3< 3. Adding the three
inequalities and solving for N yields the claim in (104). O

THEOREM 5. The number of processors utilized by RMGT to
assign a task set satisfies

N gl+151n2_4zl+0'79 (108)
N, opt 4 8N, opt 4 opt

where N, is the number of processors utilized by an opti-
mal assignment. The inequality becomes false, if the right
hand side is replaced by anything less than 7/4.

PROOF. As in the proof of Theorem 4, we denote by n, the num-
ber of processors that have been assigned one task from G,.
By adding inequalities (105), (106), and (107), we obtain

2 n, 1 In2
NOP,ZU>§(N—n2)+-—2——§—1n2—T (109)
2yl S, (110)

37 6 3 4

Moreover, since we used exact schedulability conditions to
schedule class G,, we have that

Nopi2 1y (111)
We obtain
Nop 2 Orsrtllianmax{U, n} (112)
sAne2 B (113)
7 7 14
which proves (108).

To prove that the second claim of the theorem holds we will
construct a class of arbitrarily large task sets such that
NIN,,, = 7/4. The task set consists of 13m (m > 0) tasks. For
the construction of the tasks we select two small positive
numbers € and & with

eln2S5<—z—£ln2 (114)

We label the tasks by 7, where 1 <¢<m, and 1 <j < 13.
The tasks are given by

C; =U,T;, T,=2% (115)
The values for Uj; and Sj; are given by
1/2-6 if j=2,58,11
Uy =1{1/3 if j=1,6,10 (116)
1/6~6 if j=3,4,7,9,12,13
and
12i+j) if1<j<12
5, =0 e =g (17)
P l(12i+10)e if j=13

An optimal assignment will require exactly 4m processors
to schedule the given task set. In particular, the optimal as-
signment distributes the following groups of tasks to one
processor each.

(T, T, T}y { T, Tisy T}y { T7s Tiss Toor Taz)s { Tnos Tinss T2}
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fori=1,...,m (118)

Since the total load of the task set is given by U 2 (1 — 46)(4m),
the given assignment is optimal, if € and & are chosen suffi-
ciently small. The assignment is feasible by Corollary 1.

RMGT as given in Algorithm 2 first divides the task set into
two groups. In the first group we have for each i

G =1{117j=1,3,46,7,9,10,12,13;i=1, ... m} (119)

These tasks are assigned with Algorithm 1, resulting in the
following distribution of task groups to one processor each.

{71, Tss Tals (T, s Tiods {Titos Tz, Tz} fori=1, ..., m (120)
The second group is given by
Go={11j=2,58,11;i=1, ... m} 121)

The load factor of each task in G, is given by 1/2 — 8. Thus,
according to (13), no two tasks from G, can be scheduled
on the same processor. So, RMGT needs 7m processors for
the same task set. O

The following corollary provides the asymptotic limit of the
performance parameter N/N,,, which is included in Table I.

COROLLARY 5. Let {7; 1 i=1, 2, ...} be a given infinite task
set. Denote by U(k) the sum of the load factors of tasks
T, ..., T. Denote by N(k) the number of processors used by
RMGT 1o schedule Ty, ..., T, and by Nop(k) the number
needed in an optimal assignment. If

lim U(k) = (122)
k—>e0
then ‘
fim inf 208 5 1 (123)
k—o0 N(k) 2
lim sup N(k) < z (124)
k—yeo N()pr (k> 4

Both bounds are tight.

PROOF. Inequality (123) is obtained by dividing (104) of
Theorem 4 by 2N, and passing to the limit. Inequality (124)
follows by passing to the limit in (108) of Theorem 5. 0

V. AVERAGE-CASE PERFORMANCE EVALUATION
OF RMST AND RMGT

So far, the performance bounds of the new assignment
schemes, RMST and RMGT, were derived under worst-case
assumptions. While a worst-case analysis assures that the per-
formance bounds are satisfied for any task set, it does not
provide insight into the average behavior of the assignment
schemes. To obtain the average-case performance of the
RMST and RMGT schemes, one can analyze the schemes with
probabilistic assumptions, or conduct simulation experiments
to empirically study the average performance. Since a prob-
abilistic analysis of our algorithms is beyond the scope of this
study, we resort to simulation to gain insight into the average-
case behavior of RMST and RMGT.
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We present simulation experiments for large task sets with
100 < K < 1,000 tasks. In each experiment, we vary the value
of parameter & = max;-;,  U;, the maximal load factor occur-
ring in the task set. The task periods are selected to be uni-
formly distributed with values 1 < T; £ 500. The execution
times of the tasks are also taken from a uniform distribution
with range 0 < C; < oT;. The performance metric in all experi-
ments is the number of processors required to assign a given
task set. We compare the RMST and RMGT schemes with
several existing assignment schemes. All assignment schemes
are executed on identical task sets. The following assignment
schemes are considered:

e rate-monotonic small-tasks (RMST) (Section IV.A),

¢ rate-monotonic general-tasks (RMGT) (Section IV.B), -
rate-monotonic-next-fit (RMNF) [5],
rate-monotonic-first-fit (RMFF) [5],
rate-monotonic-best-fit (RMBF) [10].°
Since an optimal task assignment cannot be calculated for
large task sets, we use the total load (U = 2: U;) to obtain a

lower bound for the number of processors required.

The outcome of the simulation experiments is shown in
Figs. 2-4. The maximum load of a task is set to & = 0.2 in
Fig. 2,10 = 0.5 in Fig. 3, and to & = 0.8 in Fig. 4. In the fig-
ures, each data point depicts the average value of 15 independ-
ently generated task sets with identical parameters. Note that
the RMGT scheme gives the best performance in all experi-
ments. In Fig. 2, the performance of RMST and RMGT cannot be
distinguished since RMST and RMGT are identical if cr< 0.3. As
we increase the value of @, we observe that the performance of
RMST decreases. Note from Figs. 2-4, that in all schemes the
rate of increase for the number of processors required is ap-
proximately proportional to the total load. In Table III we
show the minimum and maximum valués of

_ Number of Processors Used
Total Load

as obtained for the different assignment schemes in all task
sets. The data in Table IIT was collected from the same simu-
lation experiments used for Figs. 2-4.
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Fig. 2. Task sets with or=0.2.

5. In all simulations, the results obtained with RMFF and RMBF were identical,
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Fig. 4. Task sets with = 0.8.
TABLE III
SIMULATION RESULTS FOR N/U

RMNF RMFF RMST RMGT
min. max. | min. max. | min. max. | min. max.
a=02 142 155|130 145|106 1201 1.06 120
a=05 150 164 ] 129 136 115 126 1.14 1.22
a=08 150 167 [ 127 138 | 130 144 ] 1.18 1.33

VI. CONCLUSIONS

We derived new schedulability conditions for scheduling
periodic real-time tasks on uniprocessor and multiprocessor
systems. Each processor was assumed to use the rate-
monotonic scheduling algorithm. Based on the schedulability
conditions we developed two task assignment schemes for
multiprocessor systems, called RMST and RMGT.

For each scheme we obtained upper bounds for the per-
formance parameter N/N,,,, where N is the number of proces-
sors required to schedule a task set with RMST or RMGT, and
N, is the number of processors needed in an optimal assign-
ment. We also obtained lower bounds for the average proces-
sor utilization. We provided asymptotic limits of these bounds.
For RMST, the asymptotic bound for N/N,, was proven to be
1/(1 — &) where « is the maximal load factor of the tasks in the
given task set. For the RMGT scheme we proved an asymp-
totic bound of 7/4. We compared the average-case perform-
ance of the RMST and RMGT schemes with existing schemes
via simulations, and showed that our new schemes are also
superior if worst case conditions do not hold.
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Note that the performance improvement of the RMST and
RMGT schemes, compared to previously existing results, were
achieved with rather simple assignment algorithms. The
strength of the presented schemes resulted from the novel
schedulability conditions.

APPENDIX
PROOF OF LEMMA 4

For K < 2 the statement is trivially correct. For K > 2, con-
sider a task set that satisfies the assumption but violates (57).
We have to distinguish two cases. Either, y;,, > y; for some
index 1 <j <K, or yx> 2y;. We will only prove the first case,
since the proof for the second case is completely analogous.

Assume that there exists an index 1 < j < K with y;; > y;.
Then we obtain by definition of m;, that for all i <j — 1,

;S Y < Yp (125)

and for all i > j,
(126)

But with the assumption in (56) we must have that m; = 2y; .
By definition of my;, this means

m; < 2)), < 2)1}'_1

5 < 2y, ifi<j-1 177
ViSRS s (127)
Using (56), we have
2y, ifi<j
m; =92y, ifi=j (128)
Y if i >j
It follows that (58) holds witha =y, and b= y;. O
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