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Abstract  Steiner connected dominating set (SCDS) is a generalization of the famous connected dominating set problem,
where only a specified set of required vertices has to be dominated by a connected dominating set, and known to be NP-
hard. This paper firstly modifies the SCDS algorithm of Guha and Khuller and achieves a worst case approximation ratio
of (24 1/(m — 1))H(min(A, k)) + O(1), which outperforms the previous best result (¢ + 1)H (min(A, k)) + O(1) in the case
of m > 14 1/(c — 1), where c is the best approximation ratio for Steiner tree, A is the maximum degree of the graph, k is
the cardinality of the set of required vertices, m is an optional integer satisfying 0 < m < min(A, k) and H is the harmonic
function. This paper also proposes another approximation algorithm which is based on a greedy approach. The second
algorithm can establish a worst case approximation ratio of 2In(min(A, k)) + O(1), which can also be improved to 2Ink if

c.e2e+1

the optimal solution is greater than ST
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1 Introduction

Connected dominating set (CDS) is a classical prob-
lem in combinatorial optimization, which is defined as
the following: given a graph G = (V, E), find the small-
est subset S of vertices that induce a connected subgraph
and each vertex in V-§ is adjacent to at least one ver-
tex in . It is known to be NP-hardl and much effort
has been devoted to the study of approximation algo-
rithms for its solution® 4. A generalization of CDS is
the Steiner connected dominating set (SCDS) problem
where only a specified set R C V of required vertices
(terminals) has to be dominated by a connected domi-
nating set. Considering that the specified set R can be
V in some cases, SCDS is also known to be NP-hard[4.
While CDS'is applied to support efficient broadcasting in
wireless ad hoc networks(2:5:8 one of SCDS important
applications is multicasting and anycasting in wireless
ad hoc network. When all group members are viewed as
terminals of R, only the vertices in SCDS are responsible
for relaying multicast or anycast packets!”!. Therefore,
how to construct the minimum SCDS is a key issue of
energy-efficient multicast/anycast in wireless ad hoc net-
works.

Despite of a lot of approximation algorithms for CDS,
few heuristics have been proposed for SCDS. One rea-
son for the dearth of results on SCDS may be that it
is harder than CDS. Indeed, Guha and Khuller proved
that when vertices have weights, the SCDS problem
is at least as hard as the notorious TSP problem on
graphs for which no non-trivial approximation algorithm
They also proposed the first non-trivial
polynomial time approximation algorithm for the un-
weighted SCDS problem, with a worst case approxima-
tion ratio of (¢ + 1)H(min(A,k)) + O(1), where c¢ is
the best approximation ratio for Steiner tree (currently

is known/4l.
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c = 1.55[8]), A is the maximum degree of the graph, k
is the cardinality of the set of required vertices and H is
the harmonic function.

This paper focuses on designing approximation al-
gorithms for the SCDS problem. After analyzing the
complexity of the problem, two approximation algo-
rithms are proposed for the unweighted SCDS prob-
lem. One is a modification of Guha and Khuller’s
algorithm, and establishes an approximation ratio of
(24+1/(m—1))H(min(A, k))+O(m), which outperforms
Guha and Khuller’s by choosing m > 14+ 1/(¢—1). The
analysis also shows that the algorithm has the same time
complexity as the Guha and Khuller’s algorithm. The
other algorithm is based on a greedy approach with an
approximation ratio of 2In(min(A,k)) + O(1), and can
be further improved to a worst case approximation ratio
of 2Ink, if the optimal solution is greater than %

The rest of the paper is organized as follows. Section
2 gives some preliminary knowledge and definitions. Sec-
tions 3 and 4 present our first and second algorithms for
SCDS with the analysis of approximation ratio, respec-
tively. Finally, Section 5 concludes this paper.

2 Preliminaries

Given a graph G = (V,E) and a set R C V of re-
quired vertices (terminals), let n = V|, k = |R|, A the
maximum degree of G, N(v) the set of neighbors of ver-
tex v, and ¢ the size of the largest subset of R adjacent
to one vertex in G (6 < min(A,k)). For a subset V' of
V, G(V') is the subgraph of G induced by V’.

G = (V,E) is a unit disk graph, if E = {(u,v)| the
distance between u and v is at most one unit}.

Steiner connected dominating set of R is a subset S
of V that induces a connected subgraph and each vertex
of R-S is adjacent to at least one vertex on S.
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For a given SCDS problem, we use OPT(R) to de-
note the optimal solution of the problem, namely the
minimum Steiner connected dominating set of terminals,
and OPT = |OPT(R)|.

Note that in the case of R = V, SCDS is actually
CDS. With the results about the complexity of CDS in
[4], we have the following Theorem 1.

Theorem 1. The SCDS problem is NP-hard in gen-
eral graphs, even in UDGs. For general graphs, the ap-
prozimation ratio H(A) will be hard to improve unless
NP C DTIME[n®(cglogn)],

3 First Approximation Algorithm

This section presents our first algorithm SCDSI,
which is a modification of Guha and Khuller’s algorithm
(GKA)!Yl. We begin with an overview of GKA, presented
in Fig.1. Step 1 and Step 2 apply a modified greedy set
cover algorithm[®P-977] to find a small dominating set
C; of R, and then Step 4 chooses a terminal as the rep-
resentative for each vertex of C;. Finally, Step 5 finds
a Steiner tree of all representative terminals to connect
all vertices of C;.

Algorithm GKA

Input: graph G = (V, E) and a set R C V of terminals.

Output: a Steiner connected dominating set of R.

Begin

1. For each v € V, construct S, = {u|u € (RN N(v))}. Let
S ={Sy|lveV}

2. Run the function Greedy-set cover, with R as the ground
set and S as the set of subsets!?P-977] until no subset
contains more than one element. Let U denote the output
of the function, and C; = {v|S, € U}.

3. Let B’ = {u|u € R, and u is not covered by U}.

4. For each v € (4, select a terminal r(v) € S, as the repre-
sentative of v. Let B denote the set of all representative

terminals.
5. Apply a (edge weighted) Steiner tree algorithm for the set

(B U B'), with all edges having unit weight. Let T denote

the vertex-set of the output tree.
6. Return C; UT.

Fig.1. Algorithm GKA.

Note that after Step 4 of GKA, there are still some
extra vertices in graphs, each of which connects two
or more representative terminals of B. The algorithm
directly connects the representative vertices with the
Steiner tree at Step 5, ignoring these extra nodes. In
some cases, these representative terminals are connected
by two or more vertices in the Steiner tree T' at Step 5,
which leads to a large size of the Steiner tree as well as
the output SCDS. On the other hand, adding the eztra
vertices into the dominating set and removing the corre-
sponding dominated representative terminals of B will
make the vertex set of the final Steiner tree smaller, and
thus improve the approximation performance. With this
consideration, we present an SCDS algorithm, a modifi-
cation of GKA, in Fig.2.

Algorithm SCDS1 introduces new phases (from Step
5 to Step 13) to GKA. In each iteration from Step 7 to
Step 12, a vertex u that connects more than m termi-
nals is added into C3. Then terminals dominated by u
in B are added into C(B) and removed from B except
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the representative r(u), which is used to connect other
terminals later.

Algorithm SCDS1

Input: graph G = (V, E), a set R C V of terminals, and an
integer m, where 0 < m < A.

Output: a Steiner connected dominating set of R.

Begin
SCDS1 is the same as the GKA from Step 1 to Step 4.

5. Cz «—0

6. C(B)+ 0

7. while Ju € V that satisfies [N(u) N (BU B’)| = m

8. do Cy +— Cy U {u}

9. B' + B’ — (N(u)N B’)

10. select a terminal 7(u) € (N(u) N B) as the repre-
sentative of u

11. C(B) + C(B)U (N(u) N B) — {r(u)}

12. B+ B— (N(u)nB)U{r(u)}

13. Apply a (edge weighted) Steiner tree algorithm for the
set (B U B’), with all edges having unit weight. Let T
denote the vertex-set of the output tree.

14. Return C1UC UC(B)UT

Fig.2. Algorithm SCDS1.

Lemma 1. The output of SCDS1 is a Steiner con-
nected dominating set of R.

Proof. First, the output of the algorithm dominates
all terminals of R. Each terminal of R — B’ is dominated
by a vertex of C; at Step 2, and the terminals of B’ are
dominated by vertices of Cy or vertices in tree T'.

Next, we will show that the output induces a con-
nected subgraph of G. Clearly, G(T') is connected. For
any u € Cs, suppose 7(u) is the representative terminal
of u selected by Step 10. If r(u) remains in B at Step
13, there is an edge (u,r(u)) connecting u and G(T).
Otherwise r(u) must be dominated by another vertex
u; € Cq, and removed from B. Similarly, if r(u;) re-
mains in B at Step 13, there is a path (u,r(u),us,r(uy))
connecting u and G(T'). Since Cj is a finite set, there is
a sequence of vertices ui,ug,...,u;, such that u; dom-
inates r(u;_1) (1 < j < ¢) and the representative ter-
minal 7(u;) of u; remains in B at Step 13. So there is
a path (u,r(u),u1,7(u1),...,u;,r(u;)) connecting u and
T. In addition, each terminal of C(B) connects with a
vertex of C2. So G(C2 UC(B)UT) is connected. By
Step 4, each vertex of Cy has a connected representative
terminal in B, and then connects with G(CoUC(B)UT).
Therefore G(Cy U Cy U C(B)UT) is connected.

Above all, the output of SCDS1 is a Steiner connected
dominating set of R. a

Theorem 2. Given a graph G, a subset R of ter-
minals and an integer m, where 0 < m < A, SCDS1
computes an SCDS of R, with an approximation ratio
241/ (m—=1)H@)+e(m+1)—2+1/(m—1).

Proof. From Step 1 to Step 4, it has been proved
in [4] that |Ci| = |B] = |U| < (H(6) — 1)OPT and
|B’| < OPT. In each iteration from Step 7 to Step 12,
one vertex is added into Cs, with at least m — 1 terminals
added into C(B), so (m — 1)|Cs| < |C(B)|. Obviously,
all terminals of C(B) come from B that is computed by
Step 4, so we get

IC(B)| < |BI < (H(5) — 1)OPT
and
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12| < (H(8) — 1) OPT /(m — 1).
In Step 13, since OPT(R) cannot dominate any m termi-
nals of BUB' by one vertex, |[BUB’| < m-OPT. Consid-
ering that connected OPT(R) dominates all terminals of
B U B’, the spanning tree of G(BU B’ U OPT(R)) is a
Steiner tree of B U B’. Hence by Step 13, applying the
edge weighted Steiner tree heuristic!®! with all edges hav-
ing unit weight, SCDS1 finds a Steiner tree, the number
of whose edges is no more than ¢(|[BUB'UOPT(R)|—1)
(c is the approximation ratio of the Steiner heuristics,
the same as that in the following). Therefore
|T| < c[(m+1)OPT —1]4+1 < ¢(m+ 1)OPT.
Above all, the size of SCDS1 output is no more than
[(24+1/(m—=1)H(§) +c(m+1)—2+1/(m —1)]OPT.

So, the theorem holds. O

GKA achieves an approximation ratio of (¢ +
1)H(d) + ¢ — 1, while SCDS1 can achieve a better ap-
proximation ratio in the case of m > 1/(c — 1) + 1. On
the other hand, SCDS1 only introduces to GKA the it-
eration from Step 7 to Step 12. The iteration executes
no more than k/m times, hence the complexity of the
iteration is O(kn/m). So the time complexity of SCDS1
is still O(kn?), the same as GKA.

4 Second Approximation Algorithm

The SCDS1 algorithm modifies GKA and achieves
an approximation ratio of (24 1/(m — 1))H(4) + O(1),
better than (¢ + 1)H(d§) + O(1) of GKA in the case
of m > 1/(¢ — 1) + 1. This section proposes our sec-
ond SCDS algorithm, which further improves approxi-
mation performance of SCDS1. The algorithm runs in
two phases. In the first phase, the algorithm iteratively
picks the core (a core is a vertex that connects at least
two terminals) which connects maximum terminals and
selects one of its dominated terminals as a connecting
point that waits to be dominated by another core, until
no core exists. All cores and connecting points are added
into the solution. In the second phase, the algorithm
runs a Steiner tree algorithm to connect left terminals,
with each edge having unit weight. The detail of SCDS2
appears in Fig.3. In the algorithm, the set S consists of
all cores while the set C consists of all connecting points.

Lemma 2. The output of SCDS2 is a Steiner con-
nected dominating set of R.

Proof. First, the output of the algorithm dominates
all terminals of R. Each terminal of R-A is dominated
by a vertex u of S at Step 2, and the terminals of A are
dominated by vertices in tree T'.

Next, we will show that the output induces a con-
nected subgraph of G. Clearly, G(T') is connected. For
any u € S, suppose c(u) is the connecting point of u
selected by Step 6. If c¢(u) remains in A at Step 9,
there is an edge (u,c(u)) connecting u and G(T'). Oth-
erwise ¢(u) must be dominated by another core u; € Cy,
and removed from R. Similarly, if ¢(u;) remains in A
at Step 9, there is a path (u,c(u),uq,c(ur)) connect-
ing v and G(T). Since S is a finite set, there is a

sequence of vertices wi,uz,...,u;, such that u; dom-
inates c(u;—1) (1 < j < i) and the connecting point
c(u;) of u; remains in A at Step 9. So there is a path
(u,c(u),uy,c(ur),...,u;,c(u;)) connecting u and T'. So,
any core in S connects with 7" in the subgraph induced
by the solution. Also note that any connecting point
connects with its core. So the output of SCDS2 is a
Steiner connected dominating set of R. O

Algorithm SCDS2
Input: graph G = (V, E) and a set R C V of terminals.
Output: a Steiner connected dominating set of R.

Begin:

1. C+0

2. S« 0

3. while Ju € V that satisfies |[N(u) N R| > 2

4. do select a vertex u that maximizes |[N(u) N R|

5. S+ SU{u}

6. arbitrarily select a vertex v € (N(u) N R) as a
connecting point

7. C + CU{v}

8. R+ R—(N(u)NR)U {v}

9. A+ R

10. Apply a (edge weighted) Steiner tree algorithm for the

set A, with all edges having unit weight. Let 7' denote

the vertex-set of the output tree.
11. Return SUCUT

Fig.3. Algorithm SCDS?2.

Algorithm SCDS2 finds a solution
to the SCDS problem with an approzimation ratio of
2Ind+c+ 4.

Proof. Clearly, A only consists of terminals left in
R at Step 9. Considering that the connected OPT(R)
dominates all terminals of A, the spanning tree of
G(A U OPT(R)) is a Steiner tree of A. So there is a
Steiner tree of A with at most |A|+ OPT vertices. When
a (edge weighted) Steiner tree algorithm with all edges
having unit weight is applied by Step 9, SCDS2 com-
putes a tree with at most ¢(|A| + OPT — 1) 4+ 1 vertices.

Let r denote the number of iterations. Since at most
one core and one connecting point are selected in each
iteration, |C| < |S| < r. Hence the size of the final so-
lution is at most 2r + ¢(]A| + OPT). Since no vertex
connects two terminals of A, we get the bound of A,
|A] < OPT.

We now give a bound on r. Let a; denote the num-
ber of terminals left in R after the i-th iteration and
initially agp = k. Since all vertices of OPT(R) dominate
all terminals, there must be a core that dominates at
least [ 557 terminals in the i-th iteration. So

a; <ai1— |[Ger| +1<ai1(1-1/OPT)+1. (1)

It can be concluded that
a; < ao(1—1/OPT) + 3 (1 — /OPT)’

by summing up (1). When ¢ > OPT -In(aq/OPT), the
first term ag(1 — 1/OPT)* < OPT. The second term
is a geometric series that sums up to at most OPT.
So there are at most 2 OPT vertices left in R after
OPT -1n(ag/OPT) iterations. If more OPT iterations
are executed to select cores, the number of terminals left
in R will be less than OPT, because at least one terminal
is removed from R in one iteration.

Theorem 3.
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Suppose more ay iterations are further executed be-
fore invoking the edge weighted Steiner tree algorithm,
then the number of iterations r is at most OPT -
In(ag/OPT) + OPT + ay, and A < OPT — ay. So the
final solution has at most
2(OPT -In(ag/OPT)+ OPT +as) + ¢(OPT — ay OPT)
terminals. Since there are at most OPT terminals left in
R after OPT In(aog/ OPT)+ OPT iterations, ay < OPT.
Since each vertex can be adjacent to at most § terminals,
6+ OPT > ag. Finally, SCDS2 gets an approximation
ratio of 2Ind + ¢ + 4. O

We also give the following modification of SCDS2,
which can achieve an approximation ratio of 21n £ if the
optimal solution is great enough. This modification is
based on the idea of [10], which is used to solve the node
Steiner tree problem.

The modification of SCDS2 is presented in Fig.4, in
which A = 2¢+ 1.

Algorithm Modification of SCDS2
Input: graph G = (V, E) and a set R C V of terminals.
Output: a Steiner connected dominating set of R.

Begin:

1. C+0

2. S0

3. 140

4 while Ju € V that satisfies |[N(u) N R| 2> 2) and

|R| = ﬁ +8)‘)

5. do select a vertex u that maximizes |[N(u) N R|

6. S+ SU{u}

7. arbitrarily select a vertex v € (N(u) N R) as the
connecting point

8. C + CU {v}

9. R+ R— (N(u)NnR)U {v}

10. i 1+1

11. A+ R

12. Apply a (edge weighted) Steiner tree algorithm for the
set A, with all edges having unit weight. Let T" denote

the vertex-set of the output tree.
13. Return SUCUT

Fig.4. Modification of SCDS2.

The modified SCDS2 iteratively picks a core, until
no core exists or the number of terminals left in R is less
than ﬁ + e* before the i-th iteration.

Theorem 4. The modification of SCDS2 finds a so-
lution to the SCDS problem with an approzimation ra-
tio of 2Ink, when the optimal solution is greater than

coe2etl

(et 1) -
Proof. As before, let r denote the total number of

iterations, a; denote the number of terminals left in R
after the i-th iteration and initially ag = k. The size of
the final solution is at most 2r 4 ¢(|A| + OPT). We also
have
ai <ao-(1—-1/OPT) + 370 (1—1/OPT).

When ¢ > (Ink — A)OPT, the first term ag - (1 —
1/OPT) < ap - e*~™F < e* and the second term is at
most OPT. So after (Ink — A)OPT iterations the num-
ber of terminals a; < e* + OPT < m + e*, which
means that the iteration must be stopped after at most
(Ink — A) OPT iterations. This guarantees the bound of
the total number of iterations,

r < (Ink — X)OPT.
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If the iteration stops because no core exists, no ver-
tex connects two terminals of A, so |A] < OPT. Else
the iteration stops because the number of terminals is
smaller than ﬁ + e, then

|A| < g +€* < OPT + ¢
because 7 < (Ink—\)- OPT. So we get |A| < OPT +¢*

in both cases. And the size of the final solution is at
most

2. (Ink—X)- OPT +c- (OPT + & + OPT) =
[2Ink-c-e* —2(\ —¢)]OPT.

Since A = 2¢ + 1, our solution gives at most 2Ink -
2¢+1

OPT vertices in the case of OPT > 62(66—_1_1) O

5 Conclusion

In this paper, we make an in-depth investigation on
the SCDS problem, which is a generalization of CDS
problem. After analyzing the complexity of the prob-
lem, we propose two approximation algorithms, both of
which achieve better approximation performance than
previous results.

For the problem in arbitrary graphs, our algorithms
achieve an approximation ratio of 2In(min(A, k))+0(1).
Considering no ratio better than H(A) for SCDS ex-
ists unless NP C DTIME[nCUeglos™)] our algorithms
are with quite good performance. An open question is
whether the problem can be approximated within a ratio
less than 2In(min(A, %)) or not?
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