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Last	  Lecture	  Recap	  

q 	  Three	  Ways	  to	  train	  /	  perform	  opHmizaHon	  
for	  linear	  regression	  models	  

q 	  Normal	  EquaHon	  
q 	  Gradient	  Descent	  (GD)	  	  
q 	  StochasHc	  GD	  	  
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Linear Regression Models  
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ŷ = f (x) =θ0 +θ1x
1 +θ2x
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è e.g.   Linear Regression Models 	  

J(θ ) = 1
2

(ŷi (
!xi )− yi )
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è To minimize the cost function: 	  
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Method	  I:	  normal	  equaHons	  
•  Write	  the	  cost	  funcHon	  in	  matrix	  form:	  

•  To	  minimize	  J(θ),	  take	  derivaHve	  and	  set	  to	  
zero:	  

J(θ ) = 1
2

(xi
Tθ − yi )

2

i=1

n

∑

=
1
2
Xθ − !y( )T Xθ − !y( )

=
1
2
θ T XTXθ −θ T XT !y − !yTXθ + !yT !y( )

yXXX TT !
=⇒ θ       

The	  normal	  equa8ons	  

( ) yXXX TT !1−
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Method	  II:	  	  LR	  with	  batch	  Steepest	  
descent	  /	  	  Gradient	  descent	  	  

– This	  is	  as	  a	  batch	  gradient	  descent	  algorithm	  
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∑

θt =θt−1 −α∇J(θt−1) For	  	  the	  t-‐th	  epoch	  	  
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Method	  III:	  	  LR	  with	  StochasHc	  GD	  è	  

•  From	  the	  batch	  steepest	  descent	  rule:	  	  

•  For	  a	  single	  training	  point,	  we	  have:	  	  

	  

–  This	  is	  known	  as	  the	  Least-‐Mean-‐Square	  update	  rule,	  or	  the	  Widrow-‐
Hoff	  learning	  rule	  

–  This	  is	  actually	  a	  "stochas8c",	  "coordinate"	  descent	  algorithm	  
–  This	  can	  be	  used	  as	  a	  on-‐line	  algorithm	  
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Summary:	  three	  ways	  to	  learn	  LR	  
•  Normal	  equaHons	  

–  Pros:	  a	  single-‐shot	  algorithm!	  Easiest	  to	  implement.	  
–  Cons:	  need	  to	  compute	  pseudo-‐inverse	  (XTX)-1,	  expensive,	  numerical	  

issues	  (e.g.,	  matrix	  is	  singular	  ..),	  although	  there	  are	  ways	  to	  get	  around	  this	  
…	  

•  GD	  or	  Steepest	  descent	  
	  

–  Pros:	  easy	  to	  implement,	  conceptually	  clean,	  guaranteed	  convergence	  
–  Cons:	  batch,	  ogen	  slow	  converging	  

•  StochasHc	  LMS	  update	  rule	  

–  Pros:	  on-‐line,	  low	  per-‐step	  cost,	  fast	  convergence	  and	  perhaps	  less	  prone	  to	  
local	  opHmum	  

–  Cons:	  convergence	  to	  opHmum	  not	  always	  guaranteed	  
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Today	  

q 	  More	  opHmizaHon:	  	  	  	  
q 	  StochasHc	  gradient	  descent	  	  
q 	  Newton’s	  method	  	  

q 	  Regression	  Models	  Beyond	  Linear	  
– LR	  with	  non-‐linear	  basis	  funcHons	  
– Locally	  weighted	  linear	  regression	  
– Regression	  trees	  and	  MulHlinear	  InterpolaHon	  
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StochasHc gradient	  descent	  /	  
	  Online	  Learning	  Algorithm	  

SGD	   GD	  
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versus	  
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StochasHc	  gradient	  descent	  :	  	  
More	  variaHons	  	  

•  Mini-‐batch:	  	  	  

•  Single-‐sample:	  	  
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12	  
Nando	  de	  Freitas’s	  tutorial	  slide	  

StochasHc	  gradient	  descent	  



9/9/14	  

7	  

Today	  

q 	  More	  opHmizaHon:	  	  	  	  
q 	  StochasHc	  gradient	  descent	  	  
q 	  Newton’s	  method	  	  

q 	  Regression	  Models	  Beyond	  Linear	  
– LR	  with	  non-‐linear	  basis	  funcHons	  
– Locally	  weighted	  linear	  regression	  
– Regression	  trees	  and	  MulHlinear	  InterpolaHon	  
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Newton’s	  method	  for	  opHmizaHon	  	  

•  The	  most	  basic	  second-‐order	  opHmizaHon	  
algorithm	  	  

•  UpdaHng	  parameter	  with	  	  
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Review:	  Hessian	  Matrix	  /	  d==2	  case	  	  	  

•  1st	  derivaHve	  to	  gradient,	  
2nd	  derivaHve	  to	  Hessian	  

f (x, y)
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Review:	  Hessian	  Matrix	  	  
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Newton’s	  method	  for	  opHmizaHon	  	  

•  Making	  a	  quadraHc/second-‐order	  Taylor	  
series	  approximaHon	  	  
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the	  minimum	  soluHon	  of	  
the	  above	  right	  
quadraHc	  approximaHon	  
(quadraHc	  funcHon	  
minimizaHon	  is	  easy	  !)	  
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Newton’s	  Method	  /	  second-‐order	  
Taylor	  series	  approximaHon	  	  

	  

19	  

θk+1θk
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Newton’s	  Method	  /	  second-‐order	  
Taylor	  series	  approximaHon	  	  
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Newton’s	  Method	  /	  second-‐order	  
Taylor	  series	  approximaHon	  	  
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Newton’s	  Method	  /	  second-‐order	  
Taylor	  series	  approximaHon	  	  
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Newton’s	  Method	  
•  At	  each	  step:	  

•  Requires	  1st	  and	  2nd	  derivaHves	  
•  QuadraHc	  convergence	  
•  è	  However,	  finding	  the	  inverse	  of	  the	  Hessian	  
matrix	  is	  ogen	  expensive	  

θk+1 =θk −
"f (θk )
""f (θk )

23	  

θk+1 =θk −H
−1(θk )∇f (θk )
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Comparison	  

•  Newton’s	  method	  vs.	  Gradient	  descent	  

A	  comparison	  of	  	  gradient	  descent	  
(green)	  and	  Newton's	  method	  
(red)	  for	  minimizing	  a	  funcHon	  
(with	  small	  step	  sizes).	  	  
	  
Newton’s	  method	  uses	  curvature	  
informaHon	  to	  get	  a	  more	  direct	  
route	  	  …	  	  
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Newton’s	  method	  
	  for	  Linear	  Regression	  	  

WHY	  ???	  
Normal	  Eq?	  	  
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Today	  

q 	  More	  opHmizaHon:	  	  	  	  
q 	  Regression	  Models	  Beyond	  Linear	  

– LR	  with	  non-‐linear	  basis	  funcHons	  
– Locally	  weighted	  linear	  regression	  
– Regression	  trees	  and	  MulHlinear	  
InterpolaHon	  

	  
	  
9/9/14	   26	  

Yanjun	  Qi	  /	  UVA	  CS	  4501-‐01-‐6501-‐07	  



9/9/14	  

14	  

Yanjun	  Qi	  /	  UVA	  CS	  4501-‐01-‐6501-‐07	  

	  
	  
	  

27	  

Beyond	  basic	  LR	  

•  Linear	  model	  is	  an	  approximaHon	  

•  Three	  ways	  to	  moving	  beyond	  linearity	  

– LR	  with	  non-‐linear	  basis	  funcHons	  
– Locally	  weighted	  linear	  regression	  
– Regression	  trees	  and	  MulHlinear	  
InterpolaHon	  (later)	  

9/9/14	  

e.g.	  polynomial	  regression	  

•  Introduce	  basis	  funcHons	  	  
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Dr.	  Nando	  de	  Freitas’s	  tutorial	  slide	  
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e.g.	  polynomial	  regression	  
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KEY:	  if	  the	  bases	  are	  given,	  the	  problem	  of	  
learning	  the	  parameters	  is	  sHll	  linear.	  
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LR	  with	  non-‐linear	  basis	  funcHons	  

•  LR	  does	  not	  mean	  we	  can	  only	  deal	  with	  
linear	  relaHonships	  

•  We	  are	  free	  to	  design	  (non-‐linear)	  features	  
(e.g.,	  basis	  funcHon	  derived)	  under	  LR	  

	  where	  the	  φj(x)	  are	  fixed	  basis	  funcHons	  (also	  define	  
φ0(x)	  =	  1).	  

•  E.g.:	  polynomial	  regression:	  

)()( xxy Tm

j j φθφθθ =+= ∑ =10

[ ]321 xxxx ,,,:)( =φ
9/9/14	  
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Many	  Possible	  Basis	  funcHons	  
•  There	  are	  many	  basis	  funcHons,	  e.g.:	  

–  Polynomial	  

–  Radial	  basis	  funcHons	  

–  Sigmoidal	  

–  Splines,	  	  
–  Fourier,	  
–  Wavelets,	  etc	  

ϕ j (x) = x
j−1

( )
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ −
−= 2

2

2s
x

x j
j

µ
φ exp)(

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

s
x

x j
j

µ
σφ )(
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e.g.	  nonlinear	  regression	  with	  
predefined	  RBF	  basis	  funcHons	  	  
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Dr.	  Nando	  de	  Freitas’s	  tutorial	  slide	  
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1D	  and	  2D	  RBFs	  

•  1D	  RBF	  

•  Ager	  fit:	  

9/9/14	  

Yanjun	  Qi	  /	  UVA	  CS	  4501-‐01-‐6501-‐07	  

	  
	  
	  

34	  

Good	  and	  Bad	  RBFs	  

•  A	  good	  2D	  RBF	  

•  Two	  bad	  2D	  RBFs	  

9/9/14	  
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Two	  main	  issues:	  	  

•  Learn	  the	  parameter	  \theta	  	  
– Almost	  the	  same	  as	  LR,	  just	  	  è	  X	  to	  	  
– Linear	  combinaHon	  of	  basis	  funcHons	  (that	  can	  be	  
non-‐linear)	  

	  

•  Choose	  the	  model	  order,	  e.g.	  polynomial	  
degree	  for	  polynomial	  regression	  	  

9/9/14	  
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ϕ(x)
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Issue:	  Overfiqng	  and	  underfiqng	  

xy 10 θθ += 2
210 xxy θθθ ++= ∑ =

=
5

0j
j

j xy θ

9/9/14	  

K-‐fold	  Cross	  
ValidaHon	  !!!!	  	  

Generalisation:	  learn	  funcHon	  /	  
hypothesis	  from	  past	  data	  in	  order	  
to	  “explain”,	  “predict”,	  “model”	  or	  
“control”	  new	  data	  examples	   
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Issue:	  Over-‐fiqng	  and	  under-‐fiqng	  

Looks	  
good	  	  

Under	  
fit	  	   Over	  fit	  

Purple	  :	  true	  funcHon	  	  

•  Page	  159	  of	  “Elements	  of	  SL”	  book,	  Figure	  5.9	  
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Today	  

q 	  More	  opHmizaHon:	  	  	  	  
q 	  Regression	  Models	  Beyond	  Linear	  

– LR	  with	  non-‐linear	  basis	  funcHons	  
– Locally	  weighted	  linear	  regression	  
– Regression	  trees	  and	  MulHlinear	  
InterpolaHon	  (later)	  
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(2)	  	  Locally	  weighted	  linear	  regression	  

•  The	  algorithm:	  
Instead	  of	  minimizing	  
	  
now	  we	  fit	  	  	  	  	  	  to	  minimize	  
	  
	  
Where	  do	  wi's	  come	  from?	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  

•  where	  x0	  is	  the	  query	  point	  for	  which	  we'd	  like	  to	  know	  its	  corresponding y 
	  

à	  EssenHally	  we	  put	  higher	  weights	  on	  (errors	  on)	  
training	  examples	  that	  are	  close	  to	  the	  query	  point	  x0	  
(than	  those	  that	  are	  further	  away	  from	  the	  query)	  

∑
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e.g.	  when	  
for	  only	  
one	  feature	  
variable	  	  
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versus	  

LWR	  	  

LR	  	   f (xq ) = (xq )
Tθ * = (xq )

T XTX( )
−1
XT !y
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Parametric	  vs.	  non-‐parametric	  
•  Locally	  weighted	  linear	  regression	  is	  a	  non-‐parametric	  

algorithm.	  	  

•  The	  (unweighted)	  linear	  regression	  algorithm	  that	  we	  saw	  
earlier	  is	  known	  as	  a	  parametric	  learning	  algorithm	  	  
–  because	  it	  has	  a	  fixed,	  finite	  number	  of	  parameters	  (the	  \theta),	  
which	  are	  fit	  to	  the	  data;	  

–  Once	  we've	  fit	  the	  \theta	  and	  stored	  them	  away,	  we	  no	  longer	  need	  
to	  keep	  the	  training	  data	  around	  to	  make	  future	  predicHons.	  

–  In	  contrast,	  to	  make	  predicHons	  using	  locally	  weighted	  linear	  
regression,	  we	  need	  to	  keep	  the	  enHre	  training	  set	  around.	  	  

•  The	  term	  "non-‐parametric"	  (roughly)	  refers	  to	  the	  fact	  that	  the	  
amount	  of	  stuff	  we	  need	  to	  keep	  in	  order	  to	  represent	  the	  
hypothesis	  grows	  with	  linearly	  	  the	  size	  of	  the	  training	  set.	  
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Today’s	  Recap	  

q 	  More	  opHmizaHon	  for	  LR:	  	  	  
q 	  StochasHc	  gradient	  descent	  	  
q 	  Newton’s	  method	  	  

	  	  
q 	  Regression	  Models	  Beyond	  Linear	  

– LR	  with	  non-‐linear	  basis	  funcHons	  
– Locally	  weighted	  linear	  regression	  
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