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Where	are	we	?	è		
Five	major	secFons	of	this	course	

q 	Regression	(supervised)	
q 	ClassificaFon	(supervised)	
q 	Unsupervised	models		
q 	Learning	theory		
q 	Graphical	models		
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Where	are	we	?	è		
Three	major	secFons	for	classificaFon 

•  We can divide the large variety of classification 
approaches into roughly three major types  

      
 1. Discriminative 
              - directly estimate a decision rule/boundary 
              - e.g., support vector machine, decision tree 
  
 2. Generative: 
              - build a generative statistical model 
              - e.g., naïve bayes classifier,  Bayesian networks 
       
  3. Instance based classifiers 
          - Use observation directly (no models) 
          - e.g. K nearest neighbors 
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Last	Lecture	Recap:	Probability	Review	

•  The	big	picture	:	data	<->	probabilisFc	model		
•  Sample	space,	Events	and	Event	spaces	
•  Random	variables	
•  Joint	probability,	Marginal	probability,	
condiFonal	probability,		

•  Chain	rule,	Bayes	Rule,	Law	of	total	
probability,	etc.	

•  Structural	properFes	
•  Independence,	condiFonal	independence	
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Today	:	GeneraFve	Bayes	Classifiers	

ü Bayes	Classifier		
§  MAP	classificaFon	rule	
§  GeneraFve	Bayes	Classifier	

ü Naïve	Bayes	Classifier		
ü Gaussian	Bayes	Classifiers	

§  Gaussian	distribuFon		
§  Gaussian	NBC	
§  LDA,	QDA		
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A	Dataset	for		
classificaFon		

•  Data/points/instances/examples/samples/records:	[	rows	]	
•  Features/a0ributes/dimensions/independent	variables/covariates/

predictors/regressors:	[	columns,	except	the	last]		
•  Target/outcome/response/label/dependent	variable:	special	

column	to	be	predicted	[	last	column	]		11/30/16	

Output as Discrete 
Class Label  

C1, C2, …, CL 

C	
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•  Treat each feature attribute and the class label as 
random variables. 

•  Given a sample x with attributes ( x1, x2, … , xp ): 
– Goal is to predict its class C. 
– Specifically, we want to find the value of Ci that 

maximizes p( Ci | x1, x2, … , xp ). 

•  Can we estimate p(Ci |x) = p( Ci | x1, x2, … , xp ) 
directly from data? 

Bayes classifiers 
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Bayes classifiers 
è MAP classification rule 

 	•  Establishing a probabilistic model for classification 
è MAP classification rule 

–  MAP: Maximum A Posterior 

–  Assign x to c* if  

11/30/16	
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Bayes classifiers 
è MAP classification rule 

 	•  Establishing a probabilistic model for classification 
è MAP classification rule 

–  MAP: Maximum A Posterior 

–  Assign x to c* if  

11/30/16	

			

P(C = c* |X = x)	 > 	P(C = c |X = x)			
for		c ≠ c* , 		c = c1 ,⋅⋅⋅,cL
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Bayes classifiers 
è MAP classification rule 

      
•  Establishing a probabilistic model 

for classification 
–  (1) Discriminative 
–  (2) Generative 
 

11/30/16	
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(1) Discriminative 

      			

P(C |X)			
C = c1 ,⋅⋅⋅,cL ,	X 	 = (X1 ,⋅⋅⋅,Xp)

 
Discriminative  

Probabilistic Classifier 
 

1x 2x 	
xp

)|( 1 xcP )|( 2 xcP )|( xLcP

•••

•••

11/30/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	

Adapt	from	Prof.	Ke	Chen	NB	slides	14	

x = (x1, x2, ⋅ ⋅ ⋅, xp )



(2) Generative 

      

			

P(X |C)	,	
	C = c1 ,⋅⋅⋅,cL ,	X 	 = (X1 ,⋅⋅⋅,Xp)

Generative 
Probabilistic Model 

for Class 1 

)|( 1cP x

1x 2x xp
•••

Generative 
Probabilistic Model 

for Class 2 

)|( 2cP x

1x 2x xp
•••

Generative 
Probabilistic Model 

for Class L 

)|( LcP x

1x 2x xp
•••

•••

x = (x1, x2, ⋅ ⋅ ⋅, xp )
11/30/16	
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(2) Generative 

      

			

P(X |C)	,	
	C = c1 ,⋅⋅⋅,cL ,	X 	 = (X1 ,⋅⋅⋅,Xp)

Generative 
Probabilistic Model 

for Class 1 

)|( 1cP x

1x 2x xp
•••

Generative 
Probabilistic Model 

for Class 2 

)|( 2cP x

1x 2x xp
•••

Generative 
Probabilistic Model 

for Class L 

)|( LcP x

1x 2x xp
•••

•••

x = (x1, x2, ⋅ ⋅ ⋅, xp )
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Review : Bayes’ Rule  
– for Generative Bayes Classifiers 

P(C,X) = P(C | X)P(X) = P(X |C)P(C)

P(C | X) = P(X |C)P(C)
P(X)

17 

P(C1), P(C2), …, P(CL) 

P(C1|x), P(C2|x), …, P(CL|x) 
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P(C1), P(C2), …, P(CL) 

P(C1|x), P(C2|x), …, P(CL|x) 
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P(X |Ci )P(Ci )
P(X)



Review : Bayes’ Rule  
– for Generative Bayes Classifiers 
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P(X)

19 

P(C1), P(C2), …, P(CL) 

Prior		

P(C1|x), P(C2|x), …, P(CL|x) 

Posterior	
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Summary:  
Generative classification with the MAP rule 

      

•  MAP classification rule 
–  MAP: Maximum A Posterior 
–  Assign x to c* if  

 

•  Generative classification with the MAP rule 
–  Apply Bayes rule to convert them into posterior probabilities 

 

–  Then apply the MAP rule 

Lc,,cccc|cCP|cCP ⋅⋅⋅=≠==>== 1
**   ,    )(  )( xXxX

Li
cCPcC|P

P
cCPcC|P|cCP

ii

ii
i

,,2,1  for                                             
)()(                          

)(
)()( )(

⋅⋅⋅=
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=
======
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xXxX
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Summary:  
Generative Bayes Classifier  

with the MAP rule 
Task: Classify a new instance X based on a tuple of attribute 

values                                  into one of the classes X = X1,X2,…,Xp

cMAP = argmax
cj∈C

P(cj | x1, x2,…, xp )

= argmax
cj∈C

P(x1, x2,…, xp | cj )P(cj )
P(x1, x2,…, xp )

= argmax
cj∈C

P(x1, x2,…, xp | cj )P(cj )

22 

MAP	=	Maximum	A	Posteriori	
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An Example   

      

•  Example: Play Tennis 

C	

11/30/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	

23	



11/30/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	

24	



Example  

      

•  Example: Play Tennis 

C	
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•  maximum likelihood estimates (explain later) 
–  simply use the frequencies in the data 
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•  Learning Phase 

C	

Outlook 	
(3 values)	

Temperature	
(3 values)	

Humidity	
(2 values)	

Wind	
(2 values)	

Play=Yes	 Play=No	

sunny	 hot	 high	 weak	 0/9	 1/5	
sunny	 hot	 high	 strong	 …/9	 …/5	
sunny	 hot	 normal	 weak	 …/9	 …/5	
sunny	 hot	 normal 	 strong	 …/9	 …/5	

….	 ….	 ….	 ….	 ….	 ….	
….	 ….	 ….	 ….	 ….	 ….	
….	 ….	 ….	 ….	 ….	 ….	
….	 ….	 ….	 ….	 ….	 ….	

3*3*2*2 [conjunctions of attributes] * 2 [two classes]=72 parameters	

P(Play=Yes) = 9/14	 P(Play=No) = 5/14	
P(C1), P(C2), …, P(CL) 

P(X1,X2 ,…, Xp|C1), P(X1,X2 ,…, Xp|C2) 

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	

 Generative Bayes Classifier: 



 Generative Bayes Classifier: 

      
•  Test Phase 

–  Given an unknown instance 

–  Look up tables to assign the label c* to Xts if 	

–  Given a new instance,  
      x’=(Outlook=Sunny, Temperature=Cool, Humidity=High, Wind=Strong)	
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			 ′Xts = ( ′a1 ,⋅⋅⋅, ′ap)

		

P̂( ′a1 ,⋅⋅⋅ ′ap |c* )P̂(c* )> P̂( ′a1 ,⋅⋅⋅ ′ap |c)P̂(c),			
c ≠ c* , 	c = c1 ,⋅⋅⋅,cL



Today	:	GeneraFve	Bayes	Classifiers	

ü Bayes	Classifier		
§  MAP	classificaFon	rule	
§  GeneraFve	Bayes	Classifier	

ü Naïve	Bayes	Classifier		
ü Gaussian	Bayes	Classifiers	

§  Gaussian	distribuFon		
§  Gaussian	NBC	
§  LDA,	QDA		
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Naïve Bayes Classifier  

      
•  Bayes classification 

 

 

Difficulty: learning the joint probability                   

•  Naïve Bayes classification 
–  Assumption that all input attributes are conditionally independent! 

 

11/30/16	
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argmax

c j∈C
P(x1 ,x2 ,…,xp |c j )P(c j )



Naïve Bayes Classifier  

      •  Naïve Bayes classification 
–  Assumption that all input attributes are conditionally independent! 

 

		

P(X1 ,X2 ,⋅⋅⋅,Xp |C)= P(X1 |X2 ,⋅⋅⋅,Xp ,C)P(X2 ,⋅⋅⋅,Xp |C)
																																	 = 	P(X1 |C)P(X2 ,⋅⋅⋅,Xp |C)
																																	 = 	P(X1 |C)P(X2 |C)⋅⋅⋅P(Xp |C)
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Naïve Bayes Classifier  

      •  Naïve Bayes classification 
–  Assumption that all input attributes are conditionally independent! 

 

–  MAP classification rule: for a sample   

 
[P(x1 | c*) ⋅ ⋅ ⋅P(xp | c*)]P(c*)> [P(x1 | c) ⋅ ⋅ ⋅P(xp | c)]P(c),  

  c ≠ c*,  c = c1, ⋅ ⋅ ⋅,cL

			x = (x1 ,x2 ,⋅⋅⋅,xp)

11/30/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	

32	

		P(X1 ,X2 ,⋅⋅⋅,Xp |C)= 	P(X1 |C)P(X2 |C)⋅⋅⋅P(Xp |C)



Naïve Bayes Classifier  

      •  Naïve Bayes classification 
–  Assumption that all input attributes are conditionally independent! 

 

–  MAP classification rule: for a sample   

 
[P(x1 | c*) ⋅ ⋅ ⋅P(xp | c*)]P(c*)> [P(x1 | c) ⋅ ⋅ ⋅P(xp | c)]P(c),  

  c ≠ c*,  c = c1, ⋅ ⋅ ⋅,cL

			x = (x1 ,x2 ,⋅⋅⋅,xp)

11/30/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	

33	

		P(X1 ,X2 ,⋅⋅⋅,Xp |C)= 	P(X1 |C)P(X2 |C)⋅⋅⋅P(Xp |C)



Naïve Bayes Classifier  
(for discrete input attributes) - training

  

      
•  Naïve Bayes Algorithm (for discrete input attributes) 

–  Learning Phase: Given a training set S,  

     Output: conditional probability tables; for             elements 

For each target value of ci (ci = c1,⋅ ⋅ ⋅,cL )

    P̂(C = ci )← estimate P(C = ci ) with examples in S;
    For every attribute value x jk  of each attribute X j ( j =1, ⋅ ⋅ ⋅, p;  k =1, ⋅ ⋅ ⋅,K j )

        P̂(X j = x jk | C = ci )← estimate P(X j = x jk | C = ci ) with examples in  S;

Xj, K j × L

11/30/16	
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Naïve Bayes  
(for discrete input attributes) - testing 

      •  Naïve Bayes Algorithm (for discrete input attributes) 

–  Test Phase: Given an unknown instance  

     Look up tables to assign the label c* to X’ if 	
       [P̂( !a1 | c*) ⋅ ⋅ ⋅ P̂( !ap | c*)]P̂(c*)> [P̂( !a1 | c) ⋅ ⋅ ⋅ P̂( !ap | c)]P̂(c),    

c ≠ c*,  c = c1, ⋅ ⋅ ⋅,cL

!X = ( !a1, ⋅ ⋅ ⋅, !ap )
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An Example   

      

•  Example: Play Tennis 

C	
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Learning (training) the NBC Model 

•  maximum likelihood estimates (explain later) 
–  simply use the frequencies in the data 

)(
),(

)|(ˆ
j

jii
ji cCN

cCxXN
cxP

=
==

=

C 

X1 X2 X5 X3 X4 X6 

N
cCN

cP j
j

)(
)(ˆ

=
=

39 11/30/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	



11/30/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	

40	



      

•  Learning Phase 

Outlook	Play=Yes	Play=No	
Sunny	 2/9	 3/5	

Overcast	 4/9	 0/5	
Rain	 3/9	 2/5	

Temperature	 Play=Yes	 Play=No	
Hot	 2/9	 2/5	
Mild	 4/9	 2/5	
Cool	 3/9	 1/5	

Humidity	 Play=Yes	Play=N
o	

High	 3/9	 4/5	
Normal	 6/9	 1/5	

Wind	 Play=Yes	Play=No	

Strong	 3/9	 3/5	
Weak	 6/9	 2/5	

P(Play=Yes) = 9/14	 P(Play=No) = 5/14	 P(C1), P(C2), …, P(CL) 

P(X2|C1), P(X2|C2) 

P(X4|C1), P(X4|C2) 

11/30/16	

3+3+2+2 [naïve assumption] * 2 [two classes]= 20 parameters	
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		Estimate	P(X j = x jk |C = ci )	with	examples	in		training;



Testing the NBC Model 

      
•  Test Phase 

–  Given a new instance,  
      x’=(Outlook=Sunny, Temperature=Cool, Humidity=High, Wind=Strong)	
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Testing the NBC Model 

      

•  Test Phase 
–  Given a new instance,  
      x’=(Outlook=Sunny, Temperature=Cool, Humidity=High, Wind=Strong)	
–  Look up in conditional-prob tables 

–  MAP rule 

P(Outlook=Sunny|Play=No) = 3/5	
P(Temperature=Cool|Play==No) = 1/5	
P(Huminity=High|Play=No) = 4/5	
P(Wind=Strong|Play=No) = 3/5	
P(Play=No) = 5/14	

P(Outlook=Sunny|Play=Yes) = 2/9	
P(Temperature=Cool|Play=Yes) = 3/9	
P(Huminity=High|Play=Yes) = 3/9	
P(Wind=Strong|Play=Yes) = 3/9	
P(Play=Yes) = 9/14	

P(Yes|x’): [P(Sunny|Yes)P(Cool|Yes)P(High|Yes)P(Strong|Yes)]P(Play=Yes) = 
0.0053	
 P(No|x’): [P(Sunny|No) P(Cool|No)P(High|No)P(Strong|No)]P(Play=No) = 
0.0206	
	

         Given the fact P(Yes|x’) < P(No|x’), we label x’ to be “No”.    	
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WHY ? Naïve Bayes Assumption 

•  P(cj)	
–  Can	be	esFmated	from	the	frequency	of	classes	in	
the	training	examples.	

•  P(x1,x2,…,xp|cj)		
– O(|X1|.	|X2|.	|X3|….	|Xp|.|C|)	parameters	
–  Could	only	be	esFmated	if	a	very,	very	large	
number	of	training	examples	was	available.	

	
Naïve	Bayes	CondiFonal	Independence	AssumpFon:	
•  Assume	that	the	probability	of	observing	the	conjuncFon	of	

alributes	is	equal	to	the	product	of	the	individual	probabiliFes	
P(xi|cj).	

45 
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WHY ? Naïve Bayes Assumption 
•  P(cj)	

–  Can	be	esFmated	from	the	frequency	of	classes	in	the	
training	examples.	

•  P(x1,x2,…,xp|cj)		
–  O(|X1|.	|X2|.	|X3|….	|Xp|.|C|)	parameters	
–  Could	only	be	esFmated	if	a	very,	very	large	number	of	
training	examples	was	available.	

	
•  P(xk|cj)		

–  O([|X1|+	|X2|+	|X3|….+	|Xp|].|C|)	parameters	
–  Assume	that	the	probability	of	observing	the	
conjuncFon	of	alributes	is	equal	to	the	product	of	the	
individual	probabiliFes	P(xi|cj).	
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WHY ? Naïve Bayes Assumption 
•  P(cj)	

–  Can	be	esFmated	from	the	frequency	of	classes	in	the	
training	examples.	

•  P(x1,x2,…,xp|cj)		
–  O(|X1|.	|X2|.	|X3|….	|Xp|.|C|)	parameters	
–  Could	only	be	esFmated	if	a	very,	very	large	number	of	
training	examples	was	available.	

	
•  P(xk|cj)		

–  O([|X1|+	|X2|+	|X3|….+	|Xp|].|C|)	parameters	
–  Assume	that	the	probability	of	observing	the	
conjuncFon	of	alributes	is	equal	to	the	product	of	the	
individual	probabiliFes	P(xi|cj).	
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DETOUR:	Course	Schedule	

•  Midterm	@	WED	/	In	CLASS	/	70mins	
•  Open	to	your	notes	+	(printed)	lecture	+	Four	
HWs	we	had	so	far		
– Nothing	else	is	allowed	
– Please	turn	off	your	phone	at	the	beginning		
– No	Electronic	Devices	(other	than	basic	calculator)		

•  Final	Exam	
– Will	be	close-note	!		
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Learning (training) the NBC Model 

•  maximum likelihood estimates (explain later) 
–  simply use the frequencies in the data 

)(
),(

)|(ˆ
j

jii
ji cCN

cCxXN
cxP

=
==

=

C 

X1 X2 X5 X3 X4 X6 

N
cCN

cP j
j

)(
)(ˆ

=
=
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•  What if we have seen no training cases where patient had no flu 
and muscle aches? 

•  Zero probabilities cannot be conditioned away, no matter the other 
evidence! 

		
P̂(X6 = t |C = not_flu)=

N(X6 = t ,C = nf )
N(C = nf ) =0

		??= argmaxc P̂(c) P̂(xi |c)i∏
11/30/16 50 
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X1 X2 X5 X3 X4 X6=Muscle-ache 

For	instance:		
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Smoothing to Avoid Overfitting 

kcCN
cCxXN

cxP
j

jii
ji +=

+==
=

)(
1),(

)|(ˆ

#	of	values	of feature Xi 
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Smoothing to Avoid Overfitting 

		
P̂(xi |c j )=

N(Xi = xi ,C = c j )+1
N(C = c j )+ki

•  Somewhat more subtle version 

#	of	values	of Xi 

mcCN
mpcCxXN

cxP
j

kijkii
jki +=

+==
=

)(
),(

)|(ˆ ,,
,

overall	fracFon	in	data	
where	Xi=xi,k 

extent	of	
“smoothing”	 53 11/30/16	
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Today	:	GeneraFve	Bayes	Classifiers	

ü Bayes	Classifier		
§  MAP	classificaFon	rule	
§  GeneraFve	Bayes	Classifier	

ü Naïve	Bayes	Classifier		
ü Gaussian	Bayes	Classifiers	

§  Gaussian	distribuFon		
§  Gaussian	NBC	
§  LDA,	QDA		
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Review:	ConFnuous	Random	Variables	

•  Probability	density	funcFon	(pdf)	instead	of	
probability	mass	funcFon	(pmf)	
– For	discrete	RV:	Probability	mass	funcFon	(pmf):	
P(X	=	xi)	

	

•  A	pdf	(prob.	Density	func.)	is	any	funcFon	f(x)	
that	describes	the	probability	density	in	terms	
of	the	input	variable	x.	
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Review:	Probability	of	ConFnuous	RV	

•  ProperFes	of	pdf	
§  		

§  		
	
•  Actual	probability	can	be	obtained	by	taking	
the	integral	of	pdf	
§  E.g.	the	probability	of	X	being	between	5	and	6	is		

		

f (x)≥0,∀x

f (x)=1
−∞

+∞

∫

		
P(5≤ X ≤6)= f (x)dx

5

6

∫
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Review:	Mean	and	Variance	of	RV	

•  Mean	(ExpectaFon):		
– Discrete	RVs:		

	
– ConFnuous	RVs:	

	

( )XEµ =

( ) ( )X P X
i
i iv

E v v= =∑

( ) ( )XE xf x dx
+∞

−∞
= ∫

€ 

E(g(X)) = g(vi)P(X = vi)vi
∑

€ 

E(g(X)) = g(x) f (x)dx
−∞

+∞

∫
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Review:	Mean	and	Variance	of	RV	

•  Variance:		

–  Discrete	RVs:		

–  ConFnuous	RVs:	
	

	

•  Covariance:	

( ) ( ) ( )2X P X
i

i iv
V v vµ= − =∑

( ) ( ) ( )2XV x f x dxµ
+∞

−∞
= −∫

Var(X) = E((X −µ)2 )

€ 

Cov(X,Y ) = E((X − µx )(Y − µy )) = E(XY ) − µxµy
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Gaussian	Distribu@on	

Courtesy:	hlp://research.microsow.com/~cmbishop/PRML/index.htm	

Covariance	Matrix	Mean	
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Mul@variate	Normal	(Gaussian)	PDFs	

Where |*| represents determinant  

The only widely used continuous joint PDF is the multivariate normal (or Gaussian): 

Bivariate 
normal PDF: . 

X2 

X1 •  Mean of normal PDF is at 
peak value.  Contours of 
equal PDF form ellipses. 

• 	The	covariance	matrix	captures	linear	dependencies	among	the	variables	
11/30/16	
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Example: the Bivariate Normal distribution  

   

f x1,x2( ) = 1

2π( ) Σ 1/2 e
−1

2
!x−
!µ( )T Σ−1 !x−

!µ( )
    

with 
  

!
µ =

µ1

µ2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

2
2 1 2

22 2
2 22 2 2

σ σ σ ρσ σ
σ σ ρσ σ σ

11 1 1

×
1 1

⎡ ⎤⎡ ⎤
Σ = = ⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦

and 

( )2 2 2 2
22 12 1 2 1σ σ σ σ σ ρ11Σ = − = −
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Surface Plots of the bivariate 
Normal distribution 
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Contour Plots of the bivariate 
Normal distribution 
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Scatter Plots of data from the 
bivariate Normal distribution 
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Trivariate Normal distribution 

x1 

x2 

x3 
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How	to	Es@mate	Gaussian:		
MLE	(Later) 

∑
=

=
n

i
ixn 1

1µ

•  We can fit statistical models by maximizing the 
probability / likelihood of generating the observed 
samples: 
L(x1, … ,xn | \theta) = p(x1 | \theta) … p(xn  | \theta) 
(the samples are assumed to be IID ) 
 
•  In the 1D Gaussian case,  we simply set the mean 
and the variance to the sample mean and the 
sample variance: 

		
2

σ = 1
n

2

( ix −µ)i=1

n

∑
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< X1, X2!, X p >~ N µ

"#
,Σ( )

The p-multivariate Normal distribution  
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DETOUR:	ProbabilisFc	
InterpretaFon	of	Linear	Regression	

•  Let	us	assume	that	the	target	variable	and	the	inputs	are	
related	by	the	equaFon:	

	
where	ε	is	an	error	term	of	unmodeled	effects	or	random	noise	

•  Now	assume	that	ε	follows	a	Gaussian	N(0,σ),	then	we	
have:	

•  By	IID	assumpFon:	

ii
T

iy εθ += x

⎟⎟⎠

⎞
⎜⎜⎝

⎛ −−= 2

2

22
1

σ
θ

σπ
θ )(exp);|( i

T
i

ii
yxyp x

⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛ −
−⎟

⎠
⎞⎜

⎝
⎛== ∑∏ =

=
2

1
2

1 22
1

σ
θ

σπ
θθ

n

i i
T

i
nn

i
ii

y
xypL

)(
exp);|()(

x
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DETOUR:	ProbabilisFc	
InterpretaFon	of	Linear	Regression	

•  Let	us	assume	that	the	target	variable	and	the	inputs	are	
related	by	the	equaFon:	

	
where	ε	is	an	error	term	of	unmodeled	effects	or	random	noise	

•  Now	assume	that	ε	follows	a	Gaussian	N(0,σ),	then	we	
have:	

•  By	IID	assumpFon:	

ii
T

iy εθ += x

⎟⎟⎠

⎞
⎜⎜⎝

⎛ −−= 2

2

22
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σπ
θ )(exp);|( i
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DETOUR:	ProbabilisFc	
InterpretaFon	of	Linear	Regression	

•  Let	us	assume	that	the	target	variable	and	the	inputs	are	
related	by	the	equaFon:	

	
where	ε	is	an	error	term	of	unmodeled	effects	or	random	noise	

•  Now	assume	that	ε	follows	a	Gaussian	N(0,σ2),	then	we	have:	

•  By	IID	(independent	and	idenFcally	distributed)	assumpFon:	

ii
T

iy εθ += x

⎟⎟⎠

⎞
⎜⎜⎝

⎛ −−= 2

2

22
1

σ
θ

σπ
θ )(exp);|( i

T
i

ii
yxyp x

			
L(θ )= p( yi |xi ;θ )

i=1

n

∏ = 1
2πσ

⎛

⎝⎜
⎞

⎠⎟

n

exp −
( yi −θTx i )2i=1

n∑
2σ 2
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⎠
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L(θ )= p( yi |xi ;θ )

i=1

n

∏ = 1
2πσ

⎛

⎝⎜
⎞

⎠⎟

n

exp −
( yi −θTx i )2i=1

n∑
2σ 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

We	can	learn	\theta	by	maximizing	the	probability	/	likelihood	of	generaFng	the	
observed	samples:	

			
l(θ )= log(L(θ ))= nlog 1

2πσ
− 1
σ 2

1
2 ( yi −θTx i )2i=1

n∑

∑
=

−=
n

i
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T
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L(θ )= p( yi |xi ;θ )

i=1

n

∏ = 1
2πσ

⎛

⎝⎜
⎞
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n

exp −
( yi −θTx i )2i=1

n∑
2σ 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

We	can	learn	\theta	by	maximizing	the	probability	/	likelihood	of	generaFng	the	
observed	samples:	

			
l(θ )= log(L(θ ))= nlog 1

2πσ
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σ 2
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L(θ )= p( yi |xi ;θ )

i=1

n

∏ = 1
2πσ

⎛

⎝⎜
⎞
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n

exp −
( yi −θTx i )2i=1

n∑
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⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

We	can	learn	\theta	by	maximizing	the	probability	/	likelihood	of	generaFng	the	
observed	samples:	

			
l(θ )= log(L(θ ))= nlog 1

2πσ
− 1
σ 2

1
2 ( yi −θTx i )2i=1
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∑
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−=
n

i
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A	general	Statement 
	 
Consider	a	sample	set	T=(X1...Xn)	which	
is	drawn	from	a	probability	distribuFon	
P(X|\theta)	where	\theta	are	
parameters.		
	
If	the	Xs	are	independent	with	
probability	density	funcFon	P(Xi|
\theta),	the	joint	probability	of	the	
whole	set	is 
	 
 

  
 

		
P( 1X ... nX |θ )=

i=1

n

∏P( iX |θ )

	this	may	be	maximised	with	respect	to	\theta		
	to	give	the	maximum	likelihood	esFmates. 

θ̂ = argmax
θ

P(Train |M (θ )) = argmax
θ

P( 1X ... nX |θ )

Maximum	Likelihood	EsFmaFon	
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A	general	Statement 
	 
Consider	a	sample	set	T=(X1...Xn)	which	
is	drawn	from	a	probability	distribuFon	
P(X|\theta)	where	\theta	are	
parameters.		
	
If	the	Xs	are	independent	with	
probability	density	funcFon	P(Xi|
\theta),	the	joint	probability	of	the	
whole	set	is 
	 
 

  
 

		
P( 1X ... nX |θ )=

i=1

n

∏P( iX |θ )

	è	This	may	be	maximised	with	respect	to	\theta		
	to	give	the	maximum	likelihood	esFmates	(MLE)	of	\theta	:	 

		
θ̂ = argmax

θ
P( 1X ... nX |θ )

Maximum	Likelihood	EsFmaFon	

11/30/16	 75	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	



It	is	owen	convenient	to	work	with	the	Log	of	the	likelihood	funcFon. 
	 
 

  
 

log(L(θ )) =
i=1

n

∑log(P( iX |θ ))

The	idea	is	to		
	
ü assume	a	parFcular	model	with	unknown	parameters:		
ü we	can	then	define	the	probability	of	observing	a	given	event	
condiFonal	on	a	parFcular	set	of	parameters.	

ü 	We	have	observed	a	set	of	outcomes	in	the	real	world.	
ü 	It	is	then	possible	to	choose	a	set	of	parameters	which	are	
most	likely	to	have	produced	the	observed	results. 

	 
	
This	is	maximum	likelihood.	In	most	cases	it	is	both		consistent	
and	efficient.	It	provides	a	standard	to	compare	other	
esFmaFon	techniques. 

		P( iX |θ )
θ

θ̂ = argmax
θ

P( 1X ... nX |θ )
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It	is	owen	convenient	to	work	with	the	Log	of	the	likelihood	funcFon. 
	 
 

  
 

log(L(θ )) =
i=1

n

∑log(P( iX |θ ))

The	idea	is	to		
	
ü assume	a	parFcular	model	with	unknown	parameters,		
ü we	can	then	define	the	probability	of	observing	a	given	event	
condiFonal	on	a	parFcular	set	of	parameters.	

ü 	We	have	observed	a	set	of	outcomes	in	the	real	world.	
ü 	It	is	then	possible	to	choose	a	set	of	parameters	which	are	
most	likely	to	have	produced	the	observed	results. 

	 
	
This	is	maximum	likelihood.	In	most	cases	it	is	both		consistent	
and	efficient.	It	provides	a	standard	to	compare	other	
esFmaFon	techniques. 

		P( iX |θ )
θ

θ̂ = argmax
θ

P( 1X ... nX |θ )

11/30/16	 77	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	



It	is	owen	convenient	to	work	with	the	Log	of	the	likelihood	funcFon. 
	 
 

  
 

log(L(θ )) =
i=1

n

∑log(P( iX |θ ))

The	idea	is	to		
	
ü assume	a	parFcular	model	with	unknown	parameters,		
ü we	can	then	define	the	probability	of	observing	a	given	event	
condiFonal	on	a	parFcular	set	of	parameters.	

ü 	We	have	observed	a	set	of	outcomes	in	the	real	world.	
ü 	It	is	then	possible	to	choose	a	set	of	parameters	which	are	
most	likely	to	have	produced	the	observed	results. 

	 
	
This	is	maximum	likelihood.	In	most	cases	it	is	both		consistent	
and	efficient.	It	provides	a	standard	to	compare	other	
esFmaFon	techniques. 

		P( iX |θ )
θ

θ̂ = argmax
θ

P( 1X ... nX |θ )
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•  Hence	the	log-likelihood	is:	

•  Recognize	the	last	term?	
	

	 	Yes	it	is:		

•  Thus	under	independence	Gaussian	residual	assumpFon,	
residual	square	error	is	equivalent	to	MLE	of	θ	!	

			
l(θ )= log(L(θ ))= nlog 1

2πσ
− 1
σ 2

1
2 ( yi −θTx i )2i=1

n∑

∑
=

−=
n

i
i

T
i yJ

1
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2
1 )()( θθ x
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Today	:	GeneraFve	Bayes	Classifiers	

ü Bayes	Classifier		
§  MAP	classificaFon	rule	
§  GeneraFve	Bayes	Classifier	

ü Naïve	Bayes	Classifier		
ü Gaussian	Bayes	Classifiers	

§  Gaussian	distribuFon		
§  Gaussian	NBC	
§  Not-naïve	Gaussian	BC	è	LDA,	QDA		
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Gaussian Naïve Bayes Classifier	
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argmax
C

P(C | X) = argmax
C

P(X,C) = argmax
C

P(X |C)P(C)
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  whichfor  examples of X values attribute of deviation standard :
C  whichfor  examples of  values attribute of (avearage) mean :

2
)(

exp
2

1)|(ˆ                     2

2

σ
µ

σ
µ

σπ

P(X |C) = P(X1,X2, ⋅ ⋅ ⋅,Xp |C)
= P(X1 | X2, ⋅ ⋅ ⋅,Xp,C)P(X2, ⋅ ⋅ ⋅,Xp |C)
=  P(X1 |C)P(X2, ⋅ ⋅ ⋅,Xp |C)
=  P(X1 |C)P(X2 |C) ⋅ ⋅ ⋅P(Xp |C)

Naïve	
Bayes	
Classifier		
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Gaussian Naïve Bayes Classifier 

      

•  Continuous-valued Input Attributes 
–  Conditional probability modeled with the normal distribution 

–  Learning Phase: 	
     Output:         normal distributions and  

–  Test Phase: 
•  Calculate conditional probabilities with all the normal distributions 
•  Apply the MAP rule to make a decision 

                     P̂(Xj |C = ci ) =
1

2πσ ji

exp −
(X j−µ ji )

2

2σ ji
2

"

#
$$

%

&
''

µ ji :  mean (avearage) of attribute values Xj  of examples  for which C = ci
σ ji :  standard deviation of attribute values X j  of examples  for which C = ci

for X = (X1, ⋅ ⋅ ⋅,Xp ),   C = c1, ⋅ ⋅ ⋅,cL
p× L

for  !X = ( !X1, ⋅ ⋅ ⋅, !Xp )

P(C = ci )  i =1, ⋅ ⋅ ⋅,L
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Gaussian Naïve Bayes Classifier 

      

•  Continuous-valued Input Attributes 
–  Conditional probability modeled with the normal distribution 

–  Learning Phase: 	
     Output:         normal distributions and  

–  Test Phase: 
•  Calculate conditional probabilities with all the normal distributions 
•  Apply the MAP rule to make a decision 

                     P̂(Xj |C = ci ) =
1

2πσ ji

exp −
(X j−µ ji )

2

2σ ji
2

"

#
$$

%

&
''

µ ji :  mean (avearage) of attribute values Xj  of examples  for which C = ci
σ ji :  standard deviation of attribute values X j  of examples  for which C = ci

for X = (X1, ⋅ ⋅ ⋅,Xp ),   C = c1, ⋅ ⋅ ⋅,cL
p× L

for  !X = ( !X1, ⋅ ⋅ ⋅, !Xp )

P(C = ci )  i =1, ⋅ ⋅ ⋅,L
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Naïve	Gaussian	means	?		
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P(X1,X2, ⋅ ⋅ ⋅,Xp |C = cj ) = P(X1 |C)P(X2 |C) ⋅ ⋅ ⋅P(Xp |C)

=∏
i

1
2πσ ji

exp −
(X j−µ ji )

2

2σ ji
2

$

%
&&

'

(
))

P(X1,X2, ⋅ ⋅ ⋅,Xp |C) =

Naïve		

Not	
Naïve		

11/30/16	
Σ_ ck = Λ _ ckDiagonal	Matrix	

Each	class’	
covariance	
matrix	is	
diagonal		



Today	:	GeneraFve	Bayes	Classifiers	

ü Bayes	Classifier		
§  MAP	classificaFon	rule	
§  GeneraFve	Bayes	Classifier	

ü Naïve	Bayes	Classifier		
ü Gaussian	Bayes	Classifiers	

§  Gaussian	distribuFon		
§  Gaussian	NBC	
§  Not-naïve	Gaussian	BC	è	LDA,	QDA		
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(1)	covariance	matrix	are	the	same	across	classes	
è	LDA	(Linear	Discriminant	Analysis)	
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Class	k Class	l 
Class	k Class	l 

Each	class’	covariance	
matrix		is	the	same	



Op@mal	Classifica@on	
	
	
	
	
	
	
	
-  Note		

argmax
k

P(C _ k | X) = argmax
k

P(X,C) = argmax
k

P(X |C)P(C)
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!!

argmax
k

P(Ck |X )= argmax
k

P(X ,Ck )= argmax
k

P(X |Ck )P(Ck )
= argmax

k
log{P(X |Ck )P(Ck )}
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!!

argmax
k

P(Ck |X )= argmax
k

P(X ,Ck )= argmax
k

P(X |Ck )P(Ck )
= argmax

k
log{P(X |Ck )P(Ck )}
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!!
log P(Ck |X )

P(Cl |X )
= log P(X |Ck )

P(X |Cl )
+ log P(Ck )

P(Cl )
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è	The	Decision	Boundary	Between	class	k	and	l,						
{x	:	δk	(x)	=	δl(x)},	is	linear		

Boundary	points	X	:		
	
when	P(c_k|X)	==	P(c_l|X),	
	
the	lew	linear	equaFon	==0,	a	linear	
line	/	plane	

Equals	to	
zero		



93 

Visualization (three classes) 
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(2)		If	covariance	matrix	are	not	same	
e.g.	è	QDA	(QuadraFc	Discriminant	Analysis)	
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LDA	on	Expanded	Basis 
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LDA	with	
quadraFc	basis		
Versus	
QDA		



(3)		Regularized	Discriminant	Analysis 
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An	example:	Gaussian	Bayes	Classifier	
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Gaussian	Bayes	Classifier	
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Today	Recap	:	GeneraFve	Bayes	
Classifiers	

ü Bayes	Classifier		
§  MAP	classificaFon	rule	
§  GeneraFve	Bayes	Classifier	

ü Naïve	Bayes	Classifier		
ü Gaussian	Naïve	Bayes	Classifiers	
§  Gaussian	distribuFon		
§  Gaussian	NBC	
§  Not-naïve	Gaussian	BC	è	LDA,	QDA		

	
	

11/30/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	

99	



Generative Bayes Classifier 

classification 

Prob. models p(X|C) 

EPE with 0-1 loss è 
likelihood 

Many options  

Prob. Models’ 
Parameter 

Task  

Representation  

Score Function  

Search/Optimization  

Models, 
Parameters 

P(X1, ⋅ ⋅ ⋅,Xp |C)

argmax
k

P(C _ k | X) = argmax
k

P(X,C) = argmax
k

P(X |C)P(C)

 P̂(Xj |C = ck ) =
1

2πσ jk

exp −
(X j−µ jk )

2

2σ jk
2

"

#
$$

%

&
''

P(W1 = n1,...,Wv = nv | ck ) =
N !

n1k !n2k !..nvk !
θ1k
n1kθ2k

n2k ..θvk
nvk

p(Wi = true | ck ) = pi,kBernoulli	
Naïve		

Gaussian	
Naive	
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