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Where are we ? =
Five major sections of this course

| [ Regression (supervised) _‘
E>EI Classification (supervised)
J Unsupervised models

 Learning theory
1 Graphical models
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Where are we ? =»

Three major sections for classification

 We can divide the Iar%e variety of classification _‘
approaches into roughly three major types

1. Discriminative
- directly estimate a decision rule/boundary
- e.g., logistic regression, support vector machine, decisionTree

E> 2. Generative:

- build a generative statistical model
- e.g., naive bayes classifier, Bayesian networks

3. Instance based classifiers

- Use observation directly (no models)
- e.g. K nearest neighbors
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X, X, X, C

A Dataset for

Output as Discrete
Class Label
C.,C, ...,C,

e argmax P(C | X) = argmax P(X,C) = argmax P(X | C)P(C)
C C C

>arg£naXP(C/X) C=c,,,cC

L

Data/points/instances/examples/samples/records: [ rows |
Features/attributes/dimensions/independent variables/covariates/predictors/regressors: [ columns, except the last]
Target/outcome/response/label/dependent variable: special column to be predicted [ last column ]
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Establishing a probabilistic model for
classification (cont.)

argmax P(C| X) = argmax P(X,C)
C C

—1 (1) Generative model

=argmax P(X |C)P(C)
C

P(xlc,) P(xlc,) P(xlc,)

] 1 I
Generative Generative Generative
Probabilistic Model Probabilistic Model ... Probabilistic Model
for Class I for Class 2 for Class L
T T eee T 1T T oo 1 I 1 eee 1
X1 X Xp X1 X Xp X1 X A

X=(x1,x2,-°-,xp)

Adapt from Prof. Ke Chen NB slides
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Establishing a probabilistic
model for classification

— (2) Discriminative model \

P(CIX) C=c, ¢, X =(X,,>X)
a\‘jhﬂb({P(cllx) P(c, Ix) P(cle)}
C’\' I I X X I

Discriminative
Probabilistic Classifier

I T eee 1

X, X, X

n

X =(X,X,," X )
11/2/16 Adapt from Prof. Ke Chen NB slides
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Today : Generative vs. Discriminative

| B

‘ v' Why Bayes Classification — MAP Rule?
= Empirical Prediction Error

" (-1 Loss function for Bayes Classifier
v’ Logistic regression

v Generative vs. Discriminative
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Bayes Classifiers — MAP Rule

Task: Classify a new instance X based on a tuple of attribute
values X = <X1,X2,. . .,Xp> into one of the classes

Coap = argmaXP(cj le,xz,...,xp) —
CjEC

MAP = Maximum Aposteriori Probability

Adapt From Carols’ prob tutorial
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0-1 LOSS for Classification

* Procedure for categorical output variable C

o k=0.LV=0

* Frequently, 0-1 loss function used:|L(k, £)

K+, Lk D=
* Lk £)1s the price paid for misclassifying an

11/2/16

element from class (. as belonging to class (

= L*L matrix

L

Cl’(g ,CL‘
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Expected prediction error (EPE)

| * Expected prediction error (EPE), with _‘
expectation taken w.r.t. the joint

distribution Pr(C, X)
— Pr(C,X)=Pr(C | X )P;J(%{ dy-( 9655 E ()
4 Ef9e)

EPE(f)=E,  (L(C,f(X))

= EXZL[Ck,f(X)]Pr(Ck | X)

Consider
sample
population

distribution
11/2/16
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Etd)= Exe (L fm) IQPAE
=ExE g [LecTm)|2

DSM“‘C RV ‘s Expetatip,

= Fy Z_ | (G A=) Pr(Cel %)
O@W —

@ ‘é’blﬁtlﬁls} wwkaﬂm W keh XLX

= @(Xﬂ“ Brynt™ o LC(K ﬂ")) Vf((“lZVZ)

FONRS \

l °

L
) {(-,c\ Gr) WAX Y(CK\X =X ) ([
Cléé ¢ /[>((1 [7< )
CC7 . )
5 ;
11/2/16 'CL /?([L‘f
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Expected prediction error (EPE)

EPE(f)=E, .(L(C,f(X ))=EXZL[Ck'f (X)IPr(C, 1 X)

e Pointwise minimization suffices

. A K
e = s1mp1y f(X) — argmingec EL(CI( ,g)Pr(Ck | X = X)
k=1

A

fo=c, if
l Pr(C, |X=x)=ma}xPr(g|X:x)

Bayes Classifier

11/2/16
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SUMMARY: WHEN EPE USES DIFFERENT LOSS

Loss Function Estimator f(z)
pL(e) E=Ex.y (Y-T(Kﬁ'
L, \ / F(2) = BIY|X =al
» €
yL(e)
L1 f(x) = median(Y|X = z)
> €
yL(e) A
0-1 f(x) = arg ml?xP(Y|X =)
515 » € (Bayes classifier / MAP)

11/2/16
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Today : Generative vs. Discriminative

| B

v' Why Bayes Classification — MAP Rule?
= Empirical Prediction Error

" (-1 Loss function for Bayes Classifier

‘ v’ Logistic regression

v Generative vs. Discriminative
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Multivariate linear regression to
Logistic Regression

y = o+ Bxy +B,%; +. +BiX; ﬂ@

Dependent Independent variables
Predicted Predictor variables
Response variable Explanatory variables
Outcome variable Covariables

Logistic regression for
binary classification

_ _ { +‘
P(y|x) %‘9*

=0+pPD X +PD X +..+D X
_1—P(y‘x)_ ﬁl 1 'BZ 2 'Bp p

In

15
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_yE{O,l} In Y %"‘ﬁ X +px +...+[3an

(1) Linear decision boundary E@(YCW@ () K&S{J

1-P(y]x).

Ply=olX)

0@0\@/( N‘(‘(}IK( At —6%‘,’){ —
\MM\N’

Ty, R0Y° Ax) = p (o))
noh

f)?b “‘&“ \,,\5(‘—7

P “j/\<> i p(v=1]x)
o £ g

U



1-P(y]x).

(1) Linear decision boundary E@(YCVT@ ’G«NKL%J)
Q P “j/\<> Qp(wl\x 4
—={h

c\><>

B P%=\|X) ] Dr. Yanjun Qi / UVA CS 6316-4501Q4 / f16

P(=o]X)

e /[) e \ﬁ' |-+ e(“)t :
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The logistic function (1)
--isa common "S" shape func

e.g. P (Y=1|X)
Probability of 1.0 - eG+BX

disease P(y‘x) = —
. 1+e""
0.6 - M- o+ e X
0.4 - E—oo ’+ 00)
0y ( Qo(—e pX
>
0 [+ e bX

11/2/16 18
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Logistic Regression—when?

-

Logistic regression models are appropriate for target
variable coded as 0/1.

We only observe “0” and “1” for the target variable—but
we think of the target variable conceptually as a
probability that “1” will occur.

11/2/16 19
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Logistic Regression—when?

Logistic regression models are appropriate for target
variable coded as 0/1. _ W
3576 ma‘:j G @)

We only observe “0” and “1” for the target variable—but
we think of the target variable conceptually as a
probability that “1” will occur. > /% re o Kun 0"\ y &

This means we use Bernoulli distribution to model the target
variable with its Bernoulli parameter p=p(y=1 | x) predefined.

The main interest = predicting the probability that an event
occurs (i.e., the probability that p(y=1|x) ).

11/2/16 20



—

Discriminative

e.g.
Probability of
disease

Logit function

11/2/16

Logistic regression models for
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binary target variable coded 0/1.

P (y=1|X)
1.0 -

0.8 -

0.6 -

0.4 -

0.2 -

0.0

-

logistic function

eoc+ﬁx

P(y=1x)=
=1)=——%

X

21
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Discriminative

Logistic regression models for
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binary target variable coded 0/1.

P(y= l‘x) =

-

logistic function

ea+ﬁx

l+e

o+ PBx

X

P (y=1[X)
e.g. 1.0 -
Probability of
disease 0.8 |
0.6 -
0.4 -
0.2 -
Logit function 0.0
P(y=1|x
| PO=1x)

 P(y=0]x)

1-P(y=1]|x)

Decision Boundary =» equals to zero

P(y=1|x)

v
=o+px, +Px,+t X,
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The logistic function (2)

o Hh
POl =T Loyt }

i g | Doyt | 1400

S
Logit of P(y|x)
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The logistic function (3)

* Advantages of the logit Z:log(L] _‘

— Simple transformation of P(y|x) 1=p
— Linear relationship with x

— Can be continuous (Logit between -inf to +infinity)

— Directly related to the notion of log odds of target
event

11/2/16 24



Logistic Regression Assumptions

Linearity in the logit — the regression
equation should have a linear relationship
with the logit form of the target variable

There is no assumption about the feature
variables / target predictors being linearly
related to each other.
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Binary Logistic Regression (K:z)

In summary that the logistic regression tells us two things at once.

« Transformed, the “log odds” (logit) are linear.

In[p/(1-p)]

j e
2 //
Odds= p/(1-p) . _
4 /
ol
-8 T T T T T T
1] 20 40 60 80 100 120 140
» Logistic Distribution X
P (Y=1|x) 1?
0.8 = :
06 *
04 R
0.2 +
0 e T T . .
0 20 40 60 80 100 120 140
11/2/16 X

This means we
use Bernoulli
distribution to
model the
target variable
with its Bernoulli

parameter

P=p(y=1X)
predefined.
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Binary =2 Multinomial
Logistic Regression Model O SRR R

2 (6| x)

Directly models the posterior probabilities as the output of regression \

T
Pr(Gok| X =x)e—SPBtBD) ey

K-1

1+ Z exp(f,, + :BlTx)
1

Pr(G=K|X=x)=

K-1

1+ Z exp(f,, + IBITX)

x is p-dimensional input vector

\beta, is a p-dimensional vector for each k o \
2

Total number of parameters is (K-1)(p+1) @\40 %‘€ )
—_— p

Z)'%é'\

Note that the class boundaries are linear

11/2/16 27
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Logistic Regression Model C I ]

Directly models the posterior probabilities as the output of regression

/Y@ [(7( PG =k| X =x)= iﬁp(ﬁkwﬁfx) k=l K-l Q[?g)(
e (3 1+ Z exp(f, + B x)

£ 1% fix.
Ll'Q Pr(G=K|X =x)=—— 1 Q + 0
Ay O 1+ S exp(fly A1 1 % oK)

| x is p-dimensional input vector

7 el WLIRA @‘

\beta, is ajp,dimensional vector for each k

Total number of parameters is
)
Note that the class boundaries are linear
11/2/16 28
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Today : Generative vs. Discriminative

-

v' Why Bayes Classification — MAP Rule?
= Empirical Prediction Error
" (-1 Loss function for Bayes Classifier

¢

e
x)=z —L
v’ Logistic regression ?(’ﬂ\ 1+ ef

‘ = Parameter Estimation for LR N

v’ Generative vs. Discriminative

11/2/16 29
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Parameter Estimation for LR
=» MLE from the data

* RECAP: Linear regression =2 Least squares _‘

* Logistic regression: = Maximum likelihood
estimation

11/2/16 30
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MLE for Logistic Regression Training

Let’s fit the logistic regression model for K=2, i.e., number of classes is 2
For Bernoulli distribution

Training set: (x, y,), i=1,...,N _
p(ylx)’(1-p)~

l(ﬁ)=i{logPr(Y=y,.|X=x,.)} ’?@J”Q

iy log(&(Y:1|X:xi))+(1—yi)log(Pr(Y:O|X:xi))

O epx)
—Z‘(y,.logHeXp(ﬁ )+(1-y,)lo g1+exp(ﬁTXi))

=2 (v,8"x,~log(1+exp(8'x,)))

i=1

conditional )
og-likelihood/

x; are (p+1)-dimensional input vector with leading entry 1
\beta is a (p+1)-dimensional vector

11/2/16  We want to maximize the log-likelihood in order to estimate \beta 31



I(B)= Z{logp Y=y |X=x)}

J ﬁ%r (Y= | X= Y») Wmlm}
/ﬁ /U[’)O (( Pl | )W

1111111
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Newton-Raphson for LR (optional)

AP L, expfx)
8 2 e _‘
Jegks?

(p+1) Non-linear equations to solve fonknowns @

Solve by Newton-Raphson method:

new old _ azl(ﬁ) -1 al([j)
p b [(aﬁaﬁT)] 05
where. (azl(/j) N s exp(fB’ x) 1
BIB" 1+exp([3’ x) 1+exp(/3 x)

minimizes a quadratic approximation
to the function we are really mterested in.
Orr1 = 0r — H'gx
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Newton-Raphson for LR...

a1</5> -So xp(BTD \_riy

= 1+ exp(Bx) \bll)( ‘1='lx>':‘em
k of

DB ry

BB’
So, NR rule becomes: B — B+ (XTWX) ' X (y-p),
| 2 [ exp(fx) /(1 +exp(5'x,) |
P E | | exp(87 ) 1+ exp(Bx,)
- . s V= : » P= .
_x]7\; AN-by—(p+1) _yN_ N—-by-1 _exp(ﬂTxN) /(l + exp(ﬂT‘xN))_ N—by—1
X :NX(p+1) matrix of x,
y: Nx1 matrix of y,
p: Nx1 matrix of p(x;; 5"")
W : Nx N diagonal matrix of/p;xl.; B71=p(x,; B7Y)
11/2/16 (I+exp(B'x))  (l+exp(B'x,)) 34
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Newton-Raphson for LR...

e Newton-Raphson /( _‘

- IBnew — ﬂold _I_(XTWX)—l XT (y_p)
_ o _ Re expressin
— (XTWX) IXTW(XIB W l(y - p)) Newtgn stepgas

— (XTWX)—I XTWZ _ weighted least

square step
— o _

— Adjusted response\ ‘><XIX3 X'
'\\ -

z=XB" +W " (y-p) W W#
— lteratively reweighted least squares (IRLS)
[ argmﬁin(z—X,BT)TW(z—X,BT)

< argmin(y - p) Wl (y—-p)

11/2/16 35



Dr. Yanjun Qi / UVA CS 6316-450104 / f16

Logistic Regression

_______________________________________________

Task classification
1 i Log-oc}ds = linear
Represlentatlon | function of X’ s
: EPE, with conditional
Score [“"Ctm" g Log-likelihood
Searcthrtimization Iterative (Newton) method
Models, Logistic
Parameters i weights
ea+[3’x

11/2/16 1 + e 36
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Today : Generative vs. Discriminative

-

v' Why Bayes Classification — MAP Rule?
= Empirical Prediction Error
" (-1 Loss function for Bayes Classifier

v’ Logistic regression

@) v Generative vs. Discriminative

11/2/16 37



Discriminative vs. Generative

Generative approach

- Model the joint distribution p(X, C) using
p(X | C=c¢)and p(C=c)

Class prior

Discriminative approach
- Model the conditional distribution p(c| X)

directly ’\
. 1

€.8
/Y(('/\\"’Q‘ 1 + e—(Bot+B1xX))



Discriminative vs. Generative
p O@VN/‘)(C
rA

Logistic Regressmn
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LDA vs. Logistic Regression . )

| > vew KT+7?
LDA (Generative model) GV
— Assumes Gaussian class-conditional densities and a common covariance

— Model parameters are estimated by maximizing the full log likelihood,
parameters for each class are estimated independently of other classes,

Kp+ p(p;l) + (K — 1) parameters

— Makes use of marginal density information Pr(x)
— Easier to train, low variance, more efficient if model is correct
— Higher asymptotic error, but converges faster

L - L L L] L] L ~) Qk~l )(?+ (>
Logistic Regression (Discriminative model)
— Assumes class-conditional densities are members of the (same) exponential
family distribution

— Model parameters are estimated by maximizing the conditional log likelihood,
simultaneous consideration of all other classes, (K — 1)(p + 1)parameters

— Ignores marginal density information Pr(x)
— Harder to train, robust to uncertainty about the data generation process

=,/ .ower asymptotic error, but converges more slowly "



Discriminative vs. Generative

® Definitions
O hge, and hy,: generative and discriminative
classifiers

O hgen inf @Nd hy st S@aMe classifiers but trained on
the entire population (asymptotic classifiers)

O n - infinity, h,e, = hg s and hye = hy 1o

Ng, Jordan,. "On discriminative vs. generative classifiers: A
comparison of logistic regression and naive bayes." Advances in
neural information processing systems 14 (2002): 841.



Discriminative vs. Generative

Proposition 1: t’\-(;y(,«e
€ (hdisjinf) S € (hgen,inf)

Proposition 1 states that aymptotically, the error of the discriminative logistic re-
eression is smaller than that of the generative naive Bayes. This is easily shown
- p : number of dimensions
- n : number of observations

- € : generalization error



Logistic Regression vs. NBC

Discriminative classifier (Logistic Regression)
- Smaller asymptotic error
- Slow convergence ~ O(p)

In numerical
analysis, the
speed at which

Generative classifier (Naive Bayes) a convergent

sequence

- Larger asymptotic error approaches its

limit is called

- Can handle missing data (EM) e @i @

convergence.

- Fast convergence ~ O(lg(p))



Ng, Jordan,. "On discriminative vs. generativerclassifierss &16-450104 /{16
comparison of logistic regression and naive bayes." Advances in
neural information processing systems 14 (2002): 841.

generalization error . .
pima (continuous)

0.5 T T

5t - .
0491 % Logistic Regression

0.35r \\
.
0.3 / [ N
Naive Bayes BRI
. . .
0'“50 20 40 60

11/2/16 44
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generalization error pima

fNai g .
SR ——“ILDA: T, =A, S =A %cé«é«
S | -—— logistic reg.
-1 .\ « 4 aaq LDA21=Z‘22=Z
~ |-
o
- O
g - ‘ 4, (Gerem
P S Wi ‘
5 o Qistivs ¥ L
= oi89
< o ———— -
N B} h‘-‘-“-"“-..-
o

50 100 150 200
m Size of training set

Xue, Jing-Hao, and D. Michael Titterington. "Comment on “On discriminative vs. generative classifiers: A comparison
of logistic regression and naive Bayes”."Neural processing letters 28.3 (2008): 169-187.



Discriminative vs. Generative

e Empirically, generative classifiers approach
their asymptotic error faster than
discriminative ones

o Good for small training set

o Handle missing data well (EM)

e Empirically, discriminative classifiers have
lower asymptotic error than generative ones

o Good for larger training set



References

J Prof. Tan, Steinbach, Kumar’s “Introduction
to Data Mining” slide

J Prof. Andrew Moore’s slides
J Prof. Eric Xing’s slides
] Prof. Ke Chen NB slides

] Hastie, Trevor, et al. The elements of

statistical learning. Vol. 2. No. 1. New York:
Springer, 2009.



