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Where	are	we?	è		
Five	major	secGons	of	this	course	

q 	Regression	(supervised)	
q 	ClassificaGon	(supervised)	
q 	Unsupervised	models		
q 	Learning	theory		
q 	Graphical	models		
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Today	è		
Regression	(supervised)	

q 	Four	ways	to	train	/	perform	opGmizaGon	for	linear	
regression	models	
q 	Normal	EquaGon	
q 	Gradient	Descent	(GD)		
q 	StochasGc	GD		
q 	Newton’s	method		

		
q Supervised	regression	models		

q Linear	regression	(LR)		
q LR	with	non-linear	basis	funcGons	
q Locally	weighted	LR	
q LR	with	RegularizaGons	

9/7/16	 3	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	



Today	

q 	A	PracGcal	ApplicaGon	of	Regression	Model			
q 	More	ways	to	train	/	perform	opGmizaGon	for	
linear	regression	models	
q 	Gradient	
q 	Gradient	Descent	(GD)	for	LR	
q 	StochasGc	GD	(SGD)	
q 	Newton’s	method		
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Linear Regression Models  
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ŷ = f (x) =θ0 +θ1x
1 +θ2x

2

Ø  Features:		
Living	area,	distance	to	
campus,	#	bedroom	…	

Ø  Target	y:		
Rent		è	ConGnuous		

è e.g.   Linear Regression Models 	
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training	/	learning	goal	

•  Using	matrix	form,	we	get	the	
following	general	representaGon	
of	the	linear	funcGon	on	train	set:	

•  Our	goal	is	to	pick	the	opGmal																	
that	minimize	the	following	cost	
(SSE)	funcGon:	
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Method	I:	normal	equaGons	
•  Write	the	cost	funcGon	in	matrix	form:	

To	minimize	J(θ),	take	its	gradient	and	set	to	
zero:	
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e.g.	A	PracGcal	ApplicaGon	of	
Regression	Model		
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Proceedings	of	
HLT	’2010	
Human	
Language	
Technologies:			
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Movie	Reviews	and	Revenues:	An	Experiment	in	Text	Regression,		
Proceedings	of	HLT	'10	Human	Language	Technologies:			

Use	linear	regression	to	directly	predict	the	opening	weekend	gross	
earnings,	denoted	y,	based	on	features	x	extracted	from	the	movie	
metadata	and/or	the	text	of	the	reviews.	
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Movie	Reviews	and	Revenues:	An	Experiment	in	Text	Regression,		
Proceedings	of	HLT	'10	Human	Language	Technologies:			 e.g.	counts	

of	a	ngram	in	
the	text		
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The	feature	weights	can	be	
directly	interpreted	as	U.S.	
dollars	contributed	to	the	
predicted	value	yˆ	by	each	
occurrence	of	the	feature.		

to	movies	



Today	

q 	A	PracGcal	ApplicaGon	of	Regression	Model			
q 	More	ways	to	train	/	perform	opGmizaGon	for	
linear	regression	models	
q 	Gradient	Descent	
q 	Gradient	Descent	(GD)	for	LR	
q 	StochasGc	GD	(SGD)	
q 	Newton’s	method		
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Review:	DefiniGons	of	gradient		
(from	review	handout)		
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è	Denominator	layout	



Review:	DefiniGons	of	gradient	
(from	hjp://en.wikipedia.org/wiki/
Matrix_calculus#Scalar-by-matrix)		
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The	derivaGve	of	a	scalar	y	funcGon	of	a	matrix	X	of	
independent	variables,	with	respect	to	the	matrix	X	p*q,	is	
given	as		

NoGce	that	the	indexing	of	the	gradient	with	respect	to	X	
is	transposed	as	compared	with	the	indexing	of	X.			
è	numerator	layout		

è Numerator	layout		



Review:	DefiniGons	of	gradient		
(from	review	handout)			
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•  Size	of	gradient	is	always	the	same	as	
the	size	of		

if		
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è	Denominator	layout	



Review:	DefiniGons	of	gradient		
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•  Size	of	gradient	is	always	the	same	as	
the	size	of		
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This	gradient	is	a	1×n	row	vector	whose	entries	
respecGvely	contain	the	n	parGal	derivaGves	
è	numerator	layout		

(from	hjp://en.wikipedia.org/wiki/
Matrix_calculus#Scalar-by-vector)		

è Numerator	layout		



A	lijle	bit	more	about	[	OpGmizaGon	]	

•  ObjecGve	funcGon	
•  Variables	
•  Constraints	

To	find	values	of	the	variables	
that	minimize	or	maximize	the	objecAve	funcAon	
while	saAsfying	the	constraints	

18	9/7/16	
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F(x)
x



e.g.	Gradient	Descent		
(	Steepest	Descent	)	

A	first-order	opGmizaGon	
algorithm.		

	
To	find	a	local	minimum	of	a	

funcGon	using	gradient	
descent,	one	takes	steps	
proporGonal	to	the	
nega&ve	of	the	gradient	of	
the	funcGon	at	the	current	
point.		
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!!−∇xF(xk−1)

The	gradient	points	in	
the	direc6on	of	the	
greatest	rate	of	
increase	of	the	func6on	
and	its	magnitude	is	
the	slope	of	the	graph	
in	that	direc6on	



IllustraGon	of	Gradient	Descent	
(2D	case)	

9/7/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	

20	

The	gradient	points	in	
the	direc6on	of	the	
greatest	rate	of	
increase	of	the	func6on	
and	its	magnitude	is	
the	slope	of	the	graph	
in	that	direc6on	
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Gradient	Descent	(GD)	

•  IniGalize	k=0,	choose	x0	
	
•  While	k<kmax		

!!xk = xk−1 −α∇xF(xk−1)

22	

For		the	k-th	epoch		
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Review:	DerivaGve	of	a	QuadraGc	FuncGon	
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y00 = 2
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!!xk = xk−1 −α∇xF(xk−1)

x0 = �3,↵ = 0.1
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!!xk = xk−1 −α∇xF(xk−1)
x0 = 3,↵ = 0.1
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x

F (x)
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Review:	DerivaGve	of	a	QuadraGc	FuncGon	
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This	convex	funcGon	is	
minimized	@	the	unique	point	
whose	derivaGve	(slope)	is	zero.		
è	If	finding	zeros	of	the	
derivaGve	of	this	funcGon,	we	
can	also	find	minima	(or	maxima)	
of	that	funcGon.	 y00 = 2



IllustraGon	of	Gradient	Descent	(2D	case)	

x1	

x0	

F(x)	

Original	point	in	
weight	space	

New	point	in	
weight	space	

xk

xk xk−1
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Comments	on	Gradient	Descent	Algorithm	

	
•  Works	on	any	objecGve	funcGon	F(x)		

–  as	long	as	we	can	evaluate	the	gradient	
–  this	can	be	very	useful	for	minimizing	complex	funcGons	

•  Local	minima	

–  Can	have	mulGple	local	minima	
–  (note:	for	LR,	its	cost	funcGon	only	has	a	single	global	minimum,	so	

this	is	not	a	problem)	
–  If	gradient	descent	goes	to	the	closest	local	minimum:	

•  soluGon:	random	restarts	from	mulGple	places	in	weight	space	
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Today	

q 	A	PracGcal	ApplicaGon	of	Regression	Model			
q 	More	ways	to	train	/	perform	opGmizaGon	for	
linear	regression	models	
q 	Gradient	Descent	
q 	Gradient	Descent	(GD)	for	LR	
q 	StochasGc	GD	(SGD)	
q 	Newton’s	method		
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Review:	Normal	EquaGon	based	on	
Convex	loss	funcGon		

•  IntuiGvely,	a	convex	funcGon	has	a	single	
point	at	which	the	derivaGve	goes	to	zero,	
and	this	point	is	a	minimum.		

•  To	minimize	J(θ),	take	derivaGve	and	set	to	
zero:	

	

9/7/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	

35	
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The	normal	equaAons	

!! θ
* = XTX( )−1 XT !y

!!!
J(θ )= 12 ( f (x i )− yi )2

i=1

n

∑



	
	
	

36	

LR	with	batch	GD	

•  The	Cost	FuncGon:	

•  Consider	a	gradient	descent	algorithm:	

∑
=
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LR	with	batch	GD	
•  Steepest	descent	/		GD	

–  Note	that:	

	

– This	is	as	a	batch	gradient	descent	algorithm	
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Based	on	Handout’s	
DefiniGon	of	
Gradient	

(Denominator)	

Update	Rule	Per	
Feature	

(Variable-Wise	



IllustraGon	of	Gradient	Descent	
(2D	case)	
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Choosing	the	Right	Step-Size	/
Learning-Rate	is	criGcal		
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Today	

q 	A	PracGcal	ApplicaGon	of	Regression	Model			
q 	More	ways	to	train	/	perform	opGmizaGon	for	
linear	regression	models	
q 	Gradient	Descent	
q 	Gradient	Descent	(GD)	for	LR	
q 	StochasGc	GD	(SGD)	
q 	Newton’s	method		
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		LR	with	StochasGc	GD	è	
•  Batch	GD	rule:		

•  Therefore,	for	a	single	training	point	(i-th),	we	have:		

	

–  This	is	actually	a	"stochasAc",	"coordinate"	descent	algorithm	
–  This	can	be	used	as	an	on-line	algorithm	

			 θ
t+1 =θ t +α( yi −

!x i
Tθ t )!x i
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StochasGc gradient	descent	/	
	Online	Learning	Algorithm	

SGD	 GD	

9/7/16	
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versus	



StochasGc	gradient	descent	:		
More	variaGons		

•  Mini-batch:			

•  Single-sample:		

9/7/16	
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•  Very	useful	when	training	with	massive	datasets	,	e.g.	
not	fit	in	main	memory		

•  SGD	can	be	used	for	offline	training,	by	repeated	
cycling	through	the	data		
–  Each	such	pass	over	the	whole	data	è	an	epoch	!		

•  In	offline	case,	owen	bejer	to	use	mini-batch	SGD	
–  B=1	standard	SGD	
–  B=N	standard	batch	GD	
–  E.g.	B=100				

9/7/16	
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StochasGc gradient	descent	(1)	
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StochasGc gradient	descent	(2)	

Dr.	Nando	de	Freitas’s	tutorial	slide	



When	to	stop	(S)GD	?		

•  Lots	of	stopping	rules	in	the	literature,	
•  There	are	advantages	and	disadvantages	to	
each,	depending	on	context	

•  E.g.,	a	predetermined	maximum	number	of	
iteraGons	

•  E.g.,	stop	when	the	improvement	drops	below	
a	threshold	

•  ….	

9/7/16	
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Summary	so	far:	three	ways	to	learn	LR	
•  Normal	equaGons	

–  Pros:	a	single-shot	algorithm!	Easiest	to	implement.	
–  Cons:	need	to	compute	pseudo-inverse	(XTX)-1,	expensive,	numerical	

issues	(e.g.,	matrix	is	singular	..),	although	there	are	ways	to	get	around	this	
…	

•  GD	or	Steepest	descent	
	

–  Pros:	easy	to	implement,	conceptually	clean,	guaranteed	convergence	
–  Cons:	batch,	owen	slow	converging	

•  StochasGc	GD	

–  Pros:	on-line,	low	per-step	cost,	fast	convergence	and	perhaps	less	prone	to	
local	opGmum	

–  Cons:	convergence	to	opGmum	not	always	guaranteed	

( ) yXXX TT !1−=*θ
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Direct	(normal	equaGon)	vs.		
IteraGve	(GD)	methods	

•  Direct	methods:	we	can	achieve	the	soluGon	in	a	
single	step	by	solving	the	normal	equaGon	
– Using	Gaussian	eliminaGon	or	QR	decomposiGon,	we	
converge	in	a	finite	number	of	steps	

–  It	can	be	infeasible	when	data	are	streaming	in	in	real	
Gme,	or	of	very	large	amount	

•  IteraGve	methods:	stochasGc	or	steepest	gradient	
–  Converging	in	a	limiGng	sense	
–  But	more	ajracGve	in	large	pracGcal	problems		
–  CauGon	is	needed	for	deciding	the	learning	rate	
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Scale	up	to	big	n	or	big	p	?	
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53	Dr.	Sanjay	Kumar	slide	
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Convergence	rate	
•  Theorem:	the	steepest	descent	equaGon	algorithm	converge	

to	the	minimum	of	the	cost	characterized	by	normal	
equaGon:	

		
	If	the	learning	rate	parameter	saGsfy	è	

	
	
	
•  A	formal	analysis	of	GD-LR	need	more	math;	in	pracGce,	one	

can	use	a	small	�,	or	gradually	decrease	�.	
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Dr.	EricXing’s	tutorial	slide	



	
	
	

55	

Performance	vs.	Training	Size	
for	an	example	

l  The	results	from	B	and	O	
update	are	almost	idenGcal.	
So	the	plots	coincide.	

l  The	test	MSE	from	the	
normal	equaGon	is	more	
than	that	of	B	and	O	during	
small	training.	This	is	
probably	due	to	overfi{ng.	

l  In	B	and	O,	since	only	2000	
(for	example)	iteraGons	are	
allowed	at	most.	This	
roughly	acts	as	a	
mechanism	that	avoids	
overfi{ng.	
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Dr.	EricXing’s	tutorial	slide	



Today	

q 	A	PracGcal	ApplicaGon	of	Regression	Model			
q 	More	ways	to	train	/	perform	opGmizaGon	for	
linear	regression	models	
q 	Gradient	Descent	
q 	Gradient	Descent	(GD)	for	LR	
q 	StochasGc	GD	(SGD)	
q 	Newton’s	method		
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Review:	Convex	funcGon		
•  IntuiGvely,	a	convex	funcGon	(1D	case)	has	a	single	
point	at	which	the	derivaGve	goes	to	zero,	and	this	
point	is	a	minimum.		

•  IntuiGvely,	a	funcGon	f	(1D	case)	is	convex	on	the	
range	[a,b]	if	a	funcGon’s	second	derivaGve	is	posiGve	
every-where	in	that	range.		

•  IntuiGvely,	if	a	funcGon's	Hessians	is	psd	(posiGve	
semi-definite!),	this	(mulGvariate)		funcGon	is	Convex		
–  IntuiGvely,	we	can	think	“PosiGve	definite”	matrices	as	
analogy	to	posiGve	numbers	in	matrix	case		

9/7/16	

Dr.	Yanjun	Qi	/	UVA	CS	6316	/	f16	

57	



Newton’s	method	for	opGmizaGon		

•  The	most	basic	second-order	opGmizaGon	
algorithm		

•  UpdaGng	parameter	with		
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Review:	Hessian	Matrix	/	n==2	case			

•  1st	derivaGve	to	gradient,	

•  2nd	derivaGve	to	Hessian	

f (x, y)

g =∇f =
∂f
∂x

∂f
∂y

#
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Singlevariate										à	mulGvariate		



Review:	Hessian	Matrix		
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Newton’s	method	for	opGmizaGon		

•  Making	a	quadraGc/second-order	Taylor	
series	approximaGon		
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Finding	the	minimum	
soluGon	of	the	above	
right	quadraGc	
approximaGon	
(quadraGc	funcGon	
minimizaGon	is	easy	!)	
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Newton’s	Method	/	second-order	
Taylor	series	approximaGon		
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θk+1θk
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Newton’s	Method	/	second-order	
Taylor	series	approximaGon		
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Newton’s	Method	/	second-order	
Taylor	series	approximaGon		
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Newton’s	Method	/	second-order	
Taylor	series	approximaGon		
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Newton’s	Method	
•  At	each	step:	

•  Requires	1st	and	2nd	derivaGves	
•  QuadraGc	convergence	
•  è	However,	finding	the	inverse	of	the	Hessian	
matrix	is	owen	expensive	

θk+1 =θk −
"f (θk )
""f (θk )
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θk+1 =θk −H
−1(θk )∇f (θk )
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Newton	vs.	GD	for	opGmizaGon		

•  Newton:	a	quadraGc/second-order	Taylor	
series	approximaGon		

•  GD:	a	approximaGon		
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Finding	the	minimum	soluGon	of	
the	above	right	quadraGc	
approximaGon	(quadraGc	
funcGon	minimizaGon	is	easy	!)	

1

↵



Comparison	

•  Newton’s	method	vs.	Gradient	descent	

A	comparison	of		gradient	descent	
(green)	and	Newton's	method	
(red)	for	minimizing	a	funcGon	
(with	small	step	sizes).		
	
Newton’s	method	uses	curvature	
informaGon	to	get	a	more	direct	
route		…		
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Newton’s	method	
	for	Linear	Regression		

WHY		
???	

Normal	
Eq?		



Today	Recap	

q 	A	PracGcal	ApplicaGon	of	Regression	Model			
q 	More	ways	to	train	/	perform	opGmizaGon	for	
linear	regression	models	
q 	Gradient	Descent	
q 	Gradient	Descent	(GD)	for	LR	
q 	StochasGc	GD	(SGD)	
q 	Newton’s	method		
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•  TesGng	MSE	(mean-squared-error)	to	report:		

•  Training	MSE	to	report:		

Evaluation :  
for Regression	Models		

!!!
MSEtest =

1
m

(x iTθ * − yi )2
i=n+1

n+m

∑
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!!!
MSEtrain =

1
n

(x iTθ * − yi )2
i=1

n

∑

!! 
J(θ )= 12 ( ŷi(

!xi )− yi )2
i=1

n

∑
Sum	of	squared	error	
(SSE)	on	training	set		
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q 	Notes	about	Gradient	Descent	from	
Toussaint:	h`p://ipvs.informaAk.uni-
stu`gart.de/mlr/marc/notes/
gradientDescent.pdf		
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