CS4102 Algorithms

Fall 2019

Warm Up

What is the asymptotic run time of MergeSort if
Its recurrence is

T(n) = 2T (g) +209n



Tree methoo

T(n) = zr(g) + 2097
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Tree Methoo

T(n) = 2T(n/2) + 209n Number of Cost of
subproblems  subproblem
What is the cost? 1 209n
. 209
Cost at level i: 2! 2_ln = 209n 2 209n /2
log, n 4 209n /4

Total cost: T(n) = 2 209n
i=0
log, n 2k 209n/2k

= 209n Z 1 =nlog,n
(=0 = O(nlogn)



Today's Keywords

Karatsuba (finishing up)
Guess and Check Method
Induction

Master Theorem



CLRS Readings

* Chapter 4



HomMeworks

* Hw1 due Thursday, September 12 at 11pm
— Start early!
— Written (use Latex!) — Submit BOTH pdf and zip!
— Asymptotic notation
— Recurrences

— Divide and Conquer



1. Break into smaller subproblems

n
a b =102 a + b
n
X ¢ d =102 ¢ + d
a )
Recall: previous divide- n
and-conquer recursively 10 ( a X C )+

computed ac, ad, bc, bdj

n
~102(a X'd + b (X ¢ )+

o

Karatsuba lets us reuse
ac, bd to compute

K(ad + bc) in one muItipIy/ ( b X d ) 7




Karatsupa Multiplication

2. Use recurrence relation to express recursive running time a_ b

10™(ac) + 10™2((a 4+ b)(c +d) —ac— bd) +

Recursively solve

T(n) =



Karatsupa Multiplication

2. Use recurrence relation to express recursive running time a b
X ¢ d

10™(ac) + 10"/2((61 +b)(c+d) —ac — bd) + bd

Recursively solve

T(n) =37 (g) +8n

Need to compute 3 multiplications, each 2 shifts and 6 additions

of sizen/2:ac, bd, (a+ b)(c +d) on n-bit values



BN Karatsuba Algorithm

X| € d

1.Recursively compute: ac, bd, (a + b)(c + d)
2. (ad +bc) =(a+b)(c+d) —ac — bd

3. Return 10™(ac) + 10z2(ad + bc) + bd

n

T(n) = 3T(2

Pseudo-code ) +8n

1. x « Karatsuba(a, c)

2. vy « Karatsuba(b, d)

3. z « Karatsuba(a+b,c+d)—x—y
4. Return 10™x + 102z +y
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Karatsuba example

a=41 n=4
4 1 O 2 b = 252; = Constant time divide 0(1)
C =
a+b=43
c + d — 37 = 2 preliminary additions O(2n)
ac = 41%x18 = 738
bd — 02)(19 — 38 — 3recursive_Karatsuba calls
(a+b)(c+d)=43x37 =1591 | 7T s



Karatsuba example

ac =41x18 =738 n =4
bd — 02X19 — 38 — 3recursive_Karatsuba calls
(a b)(C d) — 43%37 = 1591— each size "/, = 2 3T(n/2)

n
10" (ac) + 107((a +b)(c+d) —ac— bd) + bd

4
10*(ac) + 102((a + b)(c + d) — ac — bd) + bd
10000(ac) + 100((a + b)(c + d) —ac — bd) + bd [~ combinestep

10000(738) + 100(1591 — 738 — 38) + 38
10000(738) + 100(815) + 38




Karatsupa Example

—

10000(738) + 100(815) + 38 n=4
7380000 + 81500 —+ 38 >— Combine step 0O(6n)
7461538
4102
Xx1819

7461538



BN Karatsuba Algorithm

X| € d

1.Recursively compute: ac, bd, (a + b)(c + d)
2. (ad +bc) =(a+b)(c+d) —ac — bd

3. Return 10™(ac) + 10z2(ad + bc) + bd

n
2

Pseudo-code T(n) = 3T(
1. x « Karatsuba(a, c)
2. vy « Karatsuba(b, d)
3. z « Karatsuba(a+b,c+d)—x—y
4. Return 10™x + 102z +y

)+8n
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logo n
3. Use asymptotic notation to simplify T(n) — 8n Z (B/Z)i
n
— — =0
T(n) = 3T (2) + 8n i
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3. Use asymptotic notation to simplify

T(n) = 3T (g) + 8n

log, n _
T =8n Y (3/,)
(=0
3 log, n+1 B
T(n) = 8n( /2)3 !
/21

Math, math, and more math...(on board, see lecture supplement)
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Karatsuba

\bn ((;2["3'5")(?;"“ -l)

231924 4 [, — 19,0 |
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3. Use asymptotic notation to simplify

T(n) = 3T (g) + 8n
logo n .
) =8n Y (3/,)
i=0
3 log, n+1 B
T(n) = 8n( /2)3 !
/21

Math, math, and more math...(on board, see lecture supplement)

T(n) = 24(n'°823) — 16n = @(nlos2 3)
~ @(n1.585) 18
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Recurrence Solving Technigues
?’ Tree

? ‘/Guess/Check

(induction)

=0 /= o ))
#ee( “Cookbook

Substitution

20



Induction (review)

Goal: Vk € N, P(k) holds
Base case(s): P(1) holds i Technically, called i
strong induction
Y
Hypothesis: Vx < xq, P(x) holdsv

Inductive step: show P(1), ..., P(xy) = P(xy, + 1)

21



Guess and Check Intuition

* Show:T(n) € 0(g(n))
* Consider: g.(n) = c - g(n) for some constant c, i.e. pick g,.(n) € 0(g(n))
* Goal: show dn, such that vn > ny, T(n) < g.(n)
— (definition of big-0)
* Technique: Induction

— Base cases:
* showT(1) < g.(1),T(2) < g.(2), ... for a small number of cases (may need additional base cases)
— Hypothesis: ~
e Vn < x0,T(n) < g.,(n) Need to ensure that in inductive
— Inductive step: step, can either appeal to a base
case or to the inductive hypothesis

e Show T(xp+ 1) < g.(xg + 1) U /

22



Karatsuba Guess and Check (Loose)

T(n) =3T (E) +8n
2
Goal: T(n) < 3000 n'® = 0(n'®)

Base cases: T(1) =8 <3000
T(2) =3(8) + 16 = 40 < 3000 - 21°
... up to some small k

Hypothesis:  Vn < xo,T(n) < 3000116

Inductive step: Show that T (xy + 1) < 3000(x, + 1)1°

TO/‘\ & 001”‘)
%f(ﬂ\ = 3000 e

23



Karatsuba Guess and Check (Loose)

HP g ‘\’(A\: Zooo 0 ' L X (n)- ST(% 3n
Gresd. 11)59*"\ < 2050 [KJ(\W
‘ Ll <y,
() = ST(<%B*Y(“5 -

< 3 [z@ 1_%‘_)‘ “’) v 8(&4—\3 < e indo chive MWXWU

= —;T.(zcu: Cun)"“) 9 ()

2 0917  Seoo [H)" + 2 eh)

- (1- 3 3o Lw‘)"“) + 7(eM) 4v%

= 3m6(°_\,()"§° - 01[&_,14)“9 4’3’(\@4)\)

< 3oeo () ¢ tnYe 0 (n'e)
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Mergesort Guess and Check

n
T(n) = ZT(E) +n
Goal: T(n) <nlog,n = 0(nlog,n)

Basecases: T(1)=0

T(2) =2 < 2log, 2

... up to some small k
Hypothesis:  Vn < xq T(n) < nlog,n

Inductive step: T(xg + 1) < (xg + 1) log,(xg + 1)

Math, math, and more math...(on board, see lecture supplemental)
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Mergesort Guess and Check

Gosl: TN € g h) T6) - ()= 2T(8)

Pssme hygpless: /v < n\sy n
bos Tl 2 (xott) by (eont) St
Tl = 2T(E) v
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Karatsupba Guess and Check

n
T(n) = 3T (E) + 8n
Goal: T(n) < 24n'°823 — 16n = 0(n'°82 3)

Base cases: by inspection, holds for small n (at home)

Hypothesis:  Vn < xo, T(n) < 24n!°823 — 16n

Inductive step: T(xo + 1) < 24(xo + 1)1°823 — 16(xy + 1)

Math, math, and more math...(on board, see lecture supplemental)

27



Karatsupba Guess and Check

Wi ey TE)eMa P -lon  TOU 3T+
dd Tler) 2 24(e)™ - 18] v.u)

Tlear) = 31—(@ —\—%(&4-\3
S 3(2‘1 (%Yﬂz}* l‘a(%") + ()
= 5'”0‘”)[ 7 — 24{xM) +8(wr)
leg23
S QYL bk ~ ()
z/”’%
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What it we leave out the —16n”

T(n) = 3T (g) + 8n

Goal: T(n) < 24n'°823 — 161 = 0(n'°82 3)
Base cases: by inspection, holds for small n (at home)

Hypothesis:  Vn < xo, T(n) < 24n!°823 — 16n
Inductive step: T(xg + 1) < 24(xo + 1)'°823 — 16(x, + 1)

What we wanted: T(xy + 1) < 24(x, + 1)'082 3 Induction failed!
What we got: T(xg + 1) < 24(xy + 1)1°823 + 8(x + 1)

29



‘Bad Mergesort” Guess and Check

n
T(n) =2T (E) +209n
Goal: T(n) < 209nlog,n = 0(nlog, n)
Basecases: T(1)=0
T(2) =518 < 209 - 2log, 2

... up to some small k

Hypothesis:  Vn < xy,T(n) < 209nlog, n

Inductive step: T(xg+ 1) < 209(xg + 1) log,(xo + 1)

30



