
CS4102 Day 4 Recurrence Proofs - Spring 2019

Karatsuba, Guess and Check, Loose Bound

Karatsuba Recurrence:

T (n) = 3T (
n

2
) + 8n

Goal:
T (n) ≤ 3000n1.6

Base Case:
T (1) = 8 ≤ 3000

Hypothesis:
∀n < x0, T (n) ≤ 3000n1.6

Inductive Step:

T (x0 + 1) = 3T (
x0 + 1

2
) + 8(x0 + 1)

≤ 3

(
3000

(
x0 + 1

2

)1.6
)

+ 8(x0 + 1)

=
3

21.6
· 3000(x0 + 1)1.6 + 8(x0 + 1)

≤ 0.997 · 3000(x0 + 1)1.6 + 8(x0 + 1)

= (1− 0.003) · 3000(x0 + 1)1.6 + 8(x0 + 1)

= 3000(x0 + 1)1.6 + 8(x0 + 1)− 0.003 · 3000(x0 + 1)1.6

= 3000(x0 + 1)1.6 + 8(x0 + 1)− 9(x0 + 1)1.6

≤ 3000(x0 + 1)1.6
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MergeSort, Guess and Check

MergeSort Recurrence:

T (n) = 2T (
n

2
) + n

Goal:
T (n) ≤ n log2 n

Base Case: by inspection
Hypothesis:

∀n < x0, T (n) ≤ n log2 n

Inductive Step:

T (x0 + 1) = 2T (
x0 + 1

2
) + (x0 + 1)

≤ 2(
x0 + 1

2
log2

x0 + 1

2
) + x0 + 1

= (x0 + 1) log2
x0 + 1

2
+ x0 + 1

= (x0 + 1)(log2(x0 + 1) + log2
1

2
) + x0 + 1

= (x0 + 1)(log2(x0 + 1)− 1) + x0 + 1

= (x0 + 1) log2(x0 + 1)− (x0 + 1) + x0 + 1

= (x0 + 1) log2(x0 + 1)
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Karatsuba, Guess and Check, Tight Bound

Karatsuba Recurrence:

T (n) = 3T (
n

2
) + 8n

Goal:
T (n) ≤ 24nlog2 3 − 16n

Base Case: by inspection
Hypothesis:

∀n < x0, T (n) ≤ 24nlog2 3 − 16n

Inductive Step:

T (x0 + 1) = 3T (
x0 + 1

2
) + 8(x0 + 1)

≤ 3(24(
x0 + 1

2
)log2 3 − 16

x0 + 1

2
) + 8(x0 + 1)

= 3(
24

3
(x0 + 1)log2 3 − 8(x0 + 1)) + 8(x0 + 1)

= 24(x0 + 1)log2 3 − 24(x0 + 1) + 8(x0 + 1)

= 24(x0 + 1)log2 3 − 16(x0 + 1)
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Bad MergeSort, Guess and Check

MergeSort Recurrence:

T (n) = 2T (
n

2
) + 209n

Goal:
T (n) ≤ 209n log2 n

Base Case: by inspection
Hypothesis:

∀n < x0, T (n) ≤ 209n log2 n

Inductive Step:

T (x0 + 1) = 2T (
x0 + 1

2
) + 209(x0 + 1)

≤ 2(209
x0 + 1

2
log2

x0 + 1

2
) + 209(x0 + 1)

= 209(x0 + 1) log2
x0 + 1

2
+ 209(x0 + 1)

= 209(x0 + 1)(log2(x0 + 1) + log2
1

2
) + 209(x0 + 1)

= 209(x0 + 1)(log2(x0 + 1)− 1) + 209(x0 + 1)

= 209(x0 + 1) log2(x0 + 1)− 209(x0 + 1) + 209(x0 + 1)

= 209(x0 + 1) log2(x0 + 1)
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