CS4102 Algorithms

Warm up

Given any 5 points on the unit square, show
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there’s always a pair distance < g apart
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If points pq, p, in same quadrant, then 6 (p4,p2) < g 2
2

Given 5 points, two must share the same quadrant 1.

Pigeonhole Principle!




Today’s Keywords

Solving recurrences
Cookbook Method
Master Theorem
Substitution Method



CLRS Readings

* Chapter 4



Homeworks

* Hwl due Sunday, Feb 3 at 11pm
— Start early!
— Written (use Latex!) — Submit BOTH pdf and zip!
— Asymptotic notation
— Recurrences
— Divide and Conquer

* Hw2 released Monday, Feb 4 after class
— Programming assignment (Python or Java)
— Divide and conquer
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Guess and Check Intuition

To Prove: T(n) = 0(g(n))

Consider: g,.(n) = 0(g(n)) pick some specific function in 0(g(n))
Goal: show Ingy s.t. vn > ny, T(n) < g.(n)

— (definition of big-0)

Technique: Induction

— Base cases:
* showT(1) < g,.(1),T(2) < g.(2), ... for a small number of cases
— Hypothesis:

 Vn < x4, T(n) < g.(n)
— Inductive step:
e T(xg+1)<g.(xg+ 1)



Recurrence Solving Techniques
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Observation

* Divide: D(n) time,
* Conquer: recurse on small problems of size s, >;T(s) time
* Combine: C(n) time
* Recurrence:
—T(n) =DM) + ), T(s) + C(n)

* Many D&C recurrences are of the form:
—T(n) =aT (g) + f(n), where f(n) = D(n) + C(n)



Remember...

Better Attendance: T(n) =T (g) + 2
MergeSort: T(n) = 2T (g) +n
D&C Multiplication: T(n) = 4T (g) + 5n

Karatsuba: T(n) = 3T (g) + 8n
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Mathematical aside
<\

B = () 62")>"

e

D/_\
a= b2 = N



3 Cases

T(n)—f(n)+af n +a2f +a3f

Case 1:

Most work
happens at
the leaves

Case 2:

Work happens
consistently
throughout

Case 3:
Most work
happens at

top of tree  \_
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Master Theorem
n

T(n) =aT (b) + f(n)

e Case 1:if f(n) = 0(n'°8b @ ~¢) for some constant € > 0,
then T(n) = O(nl°8r )

» Case 2:if f(n) = O(n'°8> %), then T (n) = O(n'°8v % logn)
» Case 3:if f(n) = Q(nl°8 2+€) for some constant € > 0,
and if af (%) < cf (n) for some constantc < 1

and all sufficiently large n,

thenT(n) = 0(f(n))



Proof of Case 1

T(n) = 2% " a'f (37),
f(?’l) - O(nlogb a—e) = f(n) <c- nlogb a—e

)= o (%) 1 T
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Insert math here...

et L= leb n
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Proof of Case 1

’%\DQ lﬁgb
= C.,\V‘ = C,,\V\

Conclusion: T(n) = 0(n'°8» ¢)

17



Master Theorem Example 1

n

T(n) = aT (b) + f(n)
*  Case 1:if f(n) = 0(n'°8> ¢ =€) for some constant € > 0, then T(n) = 0(n'°8 %)
e Case 2:if f(n) = O(n'°8b 2), then T(n) = O(n'°8> ¢logn)

e Case 3:if f(n) = Q(nl°8 2+€) for some constant € > 0, and if af (%) < cf(n) for some constant
¢ < 1 and all sufficiently large n, then T(n) = 0(f(n))

n

T(n) =2T(2

)+n

Case 2
0(n'°822logn) = O(nlogn)
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Tree method

T(n) = 2T(
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Master Theorem Example 2

n
T(n) = aT (E) + f(n)

*  Case 1:if f(n) = 0(n'°8> ¢ =€) for some constant € > 0, then T(n) = 0(n'°8 %)
e Case 2:if f(n) = O(n'°8b 2), then T(n) = O(n'°8> ¢logn)

e Case 3:if f(n) = Q(nl°8 2+€) for some constant € > 0, and if af (%) < cf(n) for some constant
¢ < 1 and all sufficiently large n, then T(n) = 0(f(n))

n

T(n) =4T(2

)+5n

Casel
@(nlogz 4) — @(nZ)



Tree method

T(n) = 4T (g) +5n

5n

n

Zlogz n.g5n
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Master Theorem Example 3

n

T(n) =aT (b) + f(n)
*  Case 1:if f(n) = 0(n'°8> ¢ =€) for some constant € > 0, then T(n) = 0(n'°8 %)
e Case 2:if f(n) = O(n'°8b 2), then T(n) = O(n'°8> ¢logn)

e Case 3:if f(n) = Q(nl°8 2+€) for some constant € > 0, and if af (%) < cf(n) for some constant
¢ < 1 and all sufficiently large n, then T(n) = 0(f(n))

n

T(n) = 3T(2

)+8n

Case 1
@(nlogz 3) ~ @(nl.S)



n

Karatsuba

T(n) = 3T(2) + 8n
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Master Theorem Example 4

T(n) =aT (b) + f(n)

*  Case 1:if f(n) = 0(n'°8> ¢ =€) for some constant € > 0, then T(n) = 0(n'°8 %)

e Case 2:if f(n) = O(n'°8b 2), then T(n) = O(n'°8> ¢logn) \
*  Case 3:if f(n) = Q(nl°8 2+€) for some constant € > 0, and if%(;l) < cf(é for some constant

1 and all sufficiently | ,thenT(n) = ©
¢ < 1 and all sufficiently large n, then T(n) = 0(f (n)) - Z":(ﬁ éCﬁ(“\\
3
n 2 5r 2 63
T(n) =27 (3) + 15n 2

Case 3
e(n3)
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Tree method

T(n)=2T(g)+15n3
15n3
n
n/2 |50 + n/2 |15(3)
4/2\3\ 1523 5(—
n/4 - n/4 (4)+ n/4 42& n/4 15
1 11 BT a1 1901 1491
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Recurrence Solving Techniques
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Substitution Method

* |dea: take a “difficult” recurrence, re-express it such that one
of our other methods applies.

* Example: T(n) = 2T(vn) +log, n



Tree method
T(n) = 2T(n) +log, n

log, n

1

2

—log, n

log, nY

log, n

1

—log, \/% 4log2_r|z_ \/% Zlog_lln \/ﬁ Zlogzn lngTl
T T F T
1 1
1 ek 2 1 2 | ' logyn)

T(n) = O(log, n - log, log, n)

log, log, n

28



Substitution Method

* |dea: take a “difficult” recurrence, re-express it such that one
of our other methods applies.

* Example: T(n) = 2T(\/n) + log, n
Letn = 2™, i.e.m =log, n
T(2™) = 2T (2%) + m Rewrite in terms of exponent!
Let S(m) = 28 (%) +m Case 2!
Let S(m) = O(mlogm)  Substitute Back

Let T(n) = O(lognloglogn)



n=2m

Tree method
T(2™) = 2T (2%) +m

log, n
om
1/\ .
1 m/2 > log, n + om/2 2 log, n
1 /\
dﬁ\ Z logz n Z 10g2 l logz n
m/4 - m/4 + | om/4 + | om/4 4
: . . . ; . ¢_:\>
1 - 1 1 1 1
2 |+ 2 |+ 2 |t 2 |+ 2 |+ 2

> log, log, n
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Tree method

T(2™) = 2T(2™/?) + m

m

§>
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+lom/4 |y +|om/4
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L2t T2t 2t
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Tree method

n=2m S(m) = 25 (=) +
T(2™) = S(m) o) (2) "
m m )
m
m/2 % + m/2 % m

4 4

m/4 |4+ +|m/4 tim/4 |4 T im/4 m
7N /N 7N
1 i .
S T e T S I T e T I T

T(n) =0(m -log, m)= 0(log, n - log,log, n)



