
CS4102 Proofs Day 5 - Spring 2019

Master Theorem Case 1

Recurrence:

T (n) = aT (
n

b
) + f(n)

Assumption:

f(n) = O(nlogb a−ε)⇒ f(n) ≤ c · nlogb a−ε

To Show:

T (n) = O(nlogb a)

Proof: (let L = logb n, i.e. the height of the recurrence tree)

T (n) = f(n) + af(
n

b
) + a2f(

n

b2
) + . . .+ aLf(

n

bL
)

≤ c((n)logb a−ε + a(
n

b
)logb a−ε + a2(

n

b2
)logb a−ε + . . .+ aL−1(

n

bL−1
)logb a−ε) + aLf(1)

= cnlogb a−ε(1 +
a

blogb a−ε
+

a2

b2 logb a−ε
+ . . .+

aL−1

b(L−1) logb a−ε
) + aLf(1)

= cnlogb a−ε(1 + bε + b2ε + . . .+ b(L−1)ε) + aLf(1)

= cnlogb a−ε(
bεL − 1

bε − 1
) + aLf(1)

= cnlogb a−ε(
bε logb n − 1

bε − 1
) + aLf(1)

= cnlogb a−ε((nε − 1) · 1

bε − 1
) + alogb nf(1)

= cnlogb a−ε((nε − 1) · c2) + nlogb a · c3
= c4n

logb a − c4n
logb a−ε + nlogb a · c3

= O(nlogb a)
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