CS4102 Algorithms
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Today’s Keywords

Divide and Conquer

Matrix Multiplication
Strassen’s Algorithm
Sorting

Quicksort



CLRS Readings

* Chapter 4
* Chapter 7



Homeworks

* Hw2 due 11pm next Wednesday!
— Programming (use Python or Javal!)
— Divide and conquer
— Closest pair of points
— Note: you will need to write a recursive function in:

* closest pair.py or
* ClosestPair.java



Matrix Multiplication
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Matrix Multiplication D&C

Multiply nXn matrices (A and B)

Divide:

d13  d14) 15  Qi6 D13 b14| b1s  big!



Com

Runtime? T(n) = 8T(

Matrix Multiplication D&C

Multiply nXn matrices (A and B)

.

nine:

AB=[

Ay1B11 + 412854
Ay 1B11 + 45,854

.
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+(
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How many matrix multiplications?

How many additions?

i - 2
Al,lBl,Z + ALZBZ'ZI Size of sub-problems:
Ay1B1,+ Ay2B;,

Cost of adding two sub-matrices?

Cost of
additions



Matrix Multiplication D&C

n NG
T(n) = 8T (E) + 4 (E)
n
_ i 2
T(n) = 8T (2) +n
a=8,b=2f(n) =n?
Case 1!
nlogb a — nlogz 8 — 53

T(n) = 0(n?)

We need to be more clever...

How?



Matrix Multiplication D&C

Multiply nXn matrices (A and B)
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Ay1B11 +A12By,1 Ay1Bi, + A1,232,2]
Ay, 1By1 +A432B,1 Ay1B1,+A,,B5,

ldea: Use a Karatsuba-like technique on this
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Strassen’s Algorithm

Multiply nXn matrices (A and B)
A4 Aq, B4 B,
A= Y ( | B
A2,1 ) AZ)Z ] Bz)l B2,2
Calculate: Find AB:

Q1 = (A11 + Az2)(Bi1 + By)
Q2 = (A2,1 + Az,z)B1,1
Q3 = A11(B12 — B32)
Qs = A22(B21 — B11)
Qs = (A1 + A12)B2
Qs = (Az1 — A11)(Bi1 + By 2)
Q7 = (A2 — A22)(By1 + By )

Ay11B11 +A12B54

Ay 1By, + A1,2Bz,2]
Ay 1B11+A2,B54

Ay 1B1,+A2,B;,
[Q1+Q4—Q5+Q7

Q2 + Q4 Q1 — Q2+ 03+ ¢
Number Mults.: 7 Number Adds.: 18

T(n) = 7T (g) +18 (g)2

Q3 + s ]



Strassen’s Algorithm

T(n) =7T (;) | an

9
a=7b=2f()=>n’

nlogp a — plogz 7  ;,2.807

Case 1!

T(n) = 0(n'°827) ~ O(n?8°7)
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Is this the fastest?

o
3.0 ;
naive

29 ¢ Best possible

: S is unknown

trassen
) P
28 - =
 Bini et al.

- May not even
2.7 .

: exist!
2.6 [
s | Schonhage Romani
=L Coppersmith, Winograd Strassen
2.4 i Coppersmith, Winograd Stothers
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Divide and Conquer, so far

Mergesort
Naive Multiplication
Karatsuba
Closest Pair of Points
Strassen’s

What they have in common
Divide: Very easy (i.e. 0(1))
Combine: Hard work (£2(n))
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Quicksort

* Like Mergesort:

— Divide and conquer

— O(nlogn) run time (kind of...)
* Unlike Mergesort:

— Divide step is the hard part
— Typically faster than Mergesort



ldea: pick a pivot element, recursively sort two sublists around

Quicksort

that element

Divic
Cono

e: select pivot element p, Partition(p)
uer: recursively sort left and right sublists

Com

nine: Nothing!
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Partition (Divide step)

* Given: alist, a pivot p

Start: unordered list

. 5 7 3 112110 1 2 4 9 6 | 11

Goal: All elements on left, all > p on right




Partition, Procedure

If value < p, move right
Else swap value with End value, move End Left
Done when = End

2

7 3 112|110 1 2 4 9 6 | 11

7 3 112110 1 2 4 9 6 | 11

1 2 4 9 6 | 11

7 3 |11 |10 1 2 4 9 Gl.
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Partition, Procedure

If value < p, move right
Else swap value with End value, move End Left
Done when = End

5 7 BﬁlO 1 2 4

b

5 7 3 6 | 10 | 1 2 4

b

5 7 3 6 | 10 | 1 2 4

5 7 3 Gﬁl 2 4




Partition, Procedure

If value < p, move right
Else swap value with End value, move End Left
Done when = End

Case 1: meet at element

Swap p with (2 in this case)
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Partition, Procedure

If value < p, move right
Else swap value with End value, move End Left
Done when = End

Case 2: meet at element > p

Swap p with (2 in this case)
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Partition Summary

1. Put p at beginning of list

2. Put a pointer ( ) just after p, and a pointer (End) at the
end of the list

3. While < End:
1. |If value < p, move right
2. Else swap value with End value, move End Left

4. If pointers meet at element : Swap p with

5. Else If pointers meet at element > p: Swap p with

Run time? 0(n)



Conquer

6

All elements < p

Recursively sort

AnDnOnD
|
All elements > p

Exactly where it belongs!

and Right sublists
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Quicksort Run Time (Best)

* |f the pivot is always the median:

2

5

1

3

6

2

* Then we divide in

6

4

o Le oo [ ]]
Lo fo [o] ] 2]

nalf each time

n

T(n) = 2T(2)+n
T(n) = 0(nlogn)
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Quicksort Run Time (Worst)

* |f the pivot is always at the extreme:

_

* Then we shorten by 1 each time
Tn)=Tn—1)+n

T(n) = 0(n?)
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Quicksort Run Time (Worst)

—

TmM)=Tn—1)+n

Tm)=14+2+3+--+n

nn+1)
2

T(n) = 0(n?%)

T(n) =




Quicksort on a (nearly) Sorted List

* First element always yields unbalanced pivot

_

* So we shorten by 1 each time
TmM)=Tn—1)+n

T(n) = 0(n?)
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Takeaway Question

* How to pick the pivot?



