Historical Perspectives

George Boole (1815-1864)

- Mathematician and philosopher

* Invented symbolic / Boolean logic

* Invented Boolean algebra, 1.e.
“calculus of reasoning”

A founder of computer science

* “An Investigation into the Laws of Thought el
» Influenced De Morgan, Schroder, Shannon o v or oo
» All modern computers, electronics, phones, =

data transmission, rely on Boolean principles
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Mozart writing the digital version of his symphony No. 38
in D major.



Historical Perspectives

Augustus De Morgan (1806-1871)

« Mathematician and logician

 Developed logic & mathematical induction
* De Morgan’s Laws In logic & set theory

* Invented re
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* Influenced
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Historical Perspectives

Charles Babbage (1791-1871)

» Mathematician, philosopher, inventor
mechanical engineer, and economist

* The father of computing

» Built world’s first mechanical computer
- the “difference engine” (1822)

 Originated the programmable computer
- the “analytical engine” (1837)

» Worked In cryptography

* Developed Babbage’s principle
of division of labor




Babbage’s Difference Engine

» World’s first mechanical computer

 Designed in 1822, redesigned in 1847-1849

25,000 parts, 15 tons, 8ft tall, 31 digits of precision

» Tabulated polynomial functions, used Newton’s method
« Approximated logarithmic and polynomial functions

» Used decimal number system and hand-crank
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Babbage’s Difference Engine

and the Quest to Build 2 CHARLES S ’.1 lH ‘ ﬁ =
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‘Andy Carol's Difference Engine 2  acarol.woz.org



Babbage’s Analytical Engine

» World’s first general-purpose computer

* Designed in 1837, redesigned throughout Babbage’s life
 Turing-complete, memory: 1000x50 digits (21 kB)
 Fully programmable “CPU”, used punched cards
 Featured ALU, “microcode”, loops, and printer!
 Could multiply two 20-digit numbers in 3 min

. Few components built by Babbage; constructed in 1991
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The CBI Archives collects, preserves and provides access to rich archival collections and
rare publications documenting the history of technology. Detailed archival finding aids
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Historical Perspectives

Countess Ada Lovelace (1815-1852)

« Daughter of Lord Byron

 Tutored Iin math and logic by De Morgan

e Wrote the “manual” for Babbage’s analytical
engine, as well as programs for it

* World’s first computer programmer!

 Foresaw the vast potential of computers

» Babbage: “The Enchantress of Numbers”

The International Language
for Software Engineering
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Ada Lovelace notes on “Sketch of the Analytical Engine Invented by

Charles Babbage”, by L. F. Menabrea, 1843

Her notes (three times longer than the paper itself!) contain the
world’s first computer program (for calculating Bernou

li numbers):
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World’s first computer program (for calculating Bernoulli
numbers), by Ada Lovelace, 1843:
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Quotes from the Ada Lovelace notes on
“Sketch of the Analytical Engine Invented by Charles Babbage™, 1843

“We may say most aptly, that the Analytical Engine weaves algebraical
patterns just as the Jacquard-loom weaves flowers and leaves.”

“Again, it might act upon other things besides
number, were objects found whose mutual

the abstract science of operations, and which should
be also susceptible of adaptations to the action of the
operating notation and mechanism of the engine.
Supposing, for instance, that the fundamental relations
of pitched sounds in the science of harmony and of
musical composition were susceptible of such
expression and adaptations, the engine might compose
elaborate and scientific pieces of music of any degree |
of complexity or extent.”



Quotes from the Ada Lovelace notes on
“Sketch of the Analytical Engine Invented by Charles Babbage™, 1843

“Many persons who are not conversant with mathematical studies, imagine that
because the business of the engine is to give its results in numerical notation,
the nature of its processes must consequently be arithmetical and numerical,
rather than algebraical and analytical. This is an error. The engine can arrange
and combine its numerical quantities exactly as if they were letters or any other
general symbols; and in fact it might bring out its results in algebraical
notation, were provisions made accordingly.”

“But it would be a mistake to suppose that because its
results are given in the notation of a more restricted
science, Its processes are therefore restricted to those of
that science. The object of the engine is in fact to give the
utmost practical efficiency to the resources of numerical
Interpretations of the higher science of analysis, while it
uses the processes and combinations of this latter.”
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http://upload.wikimedia.org/wikipedia/commons/0/0f/Venn4.svg
http://upload.wikimedia.org/wikipedia/commons/3/39/Venn5.svg
http://upload.wikimedia.org/wikipedia/commons/4/49/Edwards-Venn-five.svg




= One set of
N=11

Symmetric
\Venn diagram

Female Visible Minority

{5000 {1500}
Female
{50007

q

Visible Minority
{15007

Area-proportional
esMaor\fenn diagrams (1000)

(1000

) b Triangles only Venn diagram (N=6)




exposed Venn
diagrams n=5

symmetric k-fold
Venn diagrams n=2

=
mn
o
o
mn

T
= Umm
n 'mo

sphere-based
Venn diagram
“Vennice ball” n=4

http://www.combinatorics.org/Surveys/ds5/VennEJC.html

Venn
polyominoes



Venn diagram puzzles: [ answerraner

Circle 2:

Circle 1:
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.com/
6768jc
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Puzzle solution: Circle5: 2

N [N N [N N NN N N [N [ [

S I VI BV SVl BV

Simpsons

The
Graduate

Doubftfire

Puzzles




_.111| GraphJam.com

Final Exams A client can have their project __ : Cable TV Tynes of clowns

Channels in Basic
package

. .t11] Graphlam.com _.1111Graphlam.com 1111 Graphlam.com
Futuristic Trends in Law Enforcement Judging Web Site Author Sanity cllltlllllﬂ of GomlllalllEI's
People Who Complain People Who Wear
M“‘“ﬂ.ﬁ;‘ Clothes Madge In Rsia

Erratically
placed clip art

Probability of
author insanity =
100%

Chablyh

_+111 | Graphlam.com

The Marx Brothers
The Ironic Truth about Venn Diagrams

genemfgm oy .
gfm ﬁme’ .11 Graphlam

_.111 ]| GraphJam.com


http://graphjam.com/2008/04/29/song-chart-memes-judging-web-site-author-sanity/

Why People write
"First" in the
comments

Look closely
to find Jesvs

1111 Graphlam

Slate : az

Things One Can Have While in College
Republicans

intelligent
Design

the real winner:
the worldwide
spandex industry

please, no more
mascots

People who have
been put in the
corner.

People who should NOT
have been put in the
corner.

there should be at Iéast any country can fake it

one incredible wipeout for two weeks!
where the person’s body “Not to scale. Stupidity actually overlaps Religion
goes limp and equipment and Politics much more than depicted
goes flying all over the place SaintGaseline. com e vaiiriom

Correlation Between Visual Subgroups
in Select Juveniles

Tavtar

Sauce

SITUATIONS

WHEREIT TWO PERSON

HORSE
COSTUMES

People The Kid Can See

STINKS BEING
THEBOTTOM

Dead :
People Relish

Bruce
Willis

Cotolne




People who know
when to hold 'em

Intelligence Dweeb Social Ineptitude
Nerd The Gambler
Geek Dork
People who know when to
) fold 'em.
Obsession

AREy
VER
£D /hot GET
CONFUSET/ T han

THOSE WHO Reny s
THERE IS NoTHING
To GET

GraphJam.com

251 ym e "‘y\\
@O{v;wewo Bod it -\
%7 gon'd gep
@uer LSOGCL@@J gum
Yenn éﬁe‘gjmw,

Portiand Mayor
Sam Adams's "First
100 Days" Auenda

People who don't have to
put on the red light.

Serious,
Worthwhile
Ideas

People who don't have to sell
their bodies to the night.

GraphJam.com

WITH THE COLLAPSE OF THE DOLLAR, THE GOVERNMENT
HAS ENDORSED AN ALTERNATE CURRENCY.

YOUR MONETARY WORTH 1S NOW DETERMINED BY THE
NUMBER OF FUNNY PICTURES SAVED TO YOUR HARD DRIVE.

!
dl}

You don't

need to see his

Harold had to face the painfu
¥~ truth. He and Daisy were neve

T HAVE BEEN PREPARING FOR THIS MOMENT MY WHOLE LIFE. identification.

These
aren't the
droids you're
looking for.

He can
go about his
business.

We have.
Nnoth ng In
comnyaon.

These
aren’t the
droids you’re
looking for.

-

c —

going to be a Venn diagram.



Historical Perspectives

Charles Dodgson (1832-1898)

* AKA “Lewis Carroll”

» Mathematician, logician, author, photographer

* Wrote “Alice in Wonderland”, “Jabberwocky”,
and “Through the Looking Glass”

» Popularized logic & syllogisms and made it fun! ¢

* Invented “Scrabble” and “word ladder” games |

» Profoundly influenced literature, art, and culture 9
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by LEWIS CARROLL
illustrated by JOHN TENNIEL ||

DS S TR RS A RS A s ZhS ZRS hs D)
o z




The %FSNEP Classic fairglakes
inPoslage Stamps

lieg inWonderiand £57¥ Basesssssss

“UMALDIVES 1 ‘WONDERLAND |

Sy -~ ol FABSERW OCKY
= : 3 CENTERNIAL .

“:"‘t:

1~
UMALDIVES 4.

JARBIAWOCKY
CENTENNAL

WONDERLAND




W Mo
DAL
‘"“*“;%? i

by LEWIS CARROLL
illustrated by TOHN TENNIEL




W_‘ ‘
o u’j
.
»
=
)///4’J
»
»
;,;_










7K EIDE

TAS TAS <

&3

S IAS TAS ZA

White Pawn (Alice) to play, and win in eleven moves.

|| (24 1. Alice meets R. Q..
50 Whar Arice Fovso Crrne 3 B iy i
Sty Rt

TN

PAGE
. Q. oK. Rs dth

10.Q. B.s 4th (after shawl)

10 Q. B.s Sth (becomes sheep)
10 K. Bs Bth (leaves egg on

2227
0000

and ee)
3. Alice meets W. Q. (with shawl)

Av LEWIS CARROLL 4. Alice 10 Qs Sth (shop, river, shop) .
20

E
5T oS

10.Q. B $th (ying from R.

3 Al Q's 6 (Hompy Dimpey)
s 6. Alice to Q.'s 7th (forest)
N (6 7. W. Kt takes R. Kt .
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A e 8 i

oP-A,P,FN_
sorErnz
fo

o

EEL M NN

s caste /?‘VZ/A:,'I;AV‘\:- \y

Q. R b o) AN Y




N

.-*5.

¥
” ”’%%’ajx/ﬂ@.« 2
S

M 4T

"e -

LN e
ESE




HUMPTY DUMPTY

Lewis Carroll
Tluatration by Sie John Tenniet

Humpty Dumpty
sat on a wall:

Humpty Dumpty
had a great fall.

All the King's horses
and all the King's men

Couldn’t put Humpty Dumpty
in his place again.







alice in

wonderland

e as an innocent in satin
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“AN EXTRAORDINARY PIECE OF WORK:

A et DIGITAL oiits SURROUND DX (e BRILLIANTLY INVENTIVE A PIERCING, ORIGINAL VISION.”

nkonownvL i bbbl 2 ferrence Rafferty, THE NEW YORKER
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Alice and the White Knight:
A Lesson In Logic, Semantics, and Pointers

“You are sad,' the Knight said in an anxious tone: "let me sing you a song to
comfort you.'

“It's long,' said the Knight, "but it's very, very beautiful. Everybody that hears

me sing it -- either it brings the tears into their eyes, or else --'
. . ] . logical disjunction!
Or else what?' said Alice, for the Knight had made a sudden pause. [ the name Is called ]
law of the excluded middle! Haddocks’ Eyes

“Or else it doesn't, you know. The name of the song is called “Haddocks' Eyes™.'

VvV

. ..., JPointer to a pointer! . the name of the song is
Oh, that's the name of the song, is it?' Alice said, trying to feel interested. [“The Aged Aged MS.]”]

"No, you don't understand,' the Knight said, looking a little vexed. That's -

what the name is called. The name really is “The Aged Aged Man ™. [ «A-sitting ORa Gate”
.(ijointer dereferencing: meta-pointer resolved!
"Then I ought to have said “That's what the song 1s called”?" Alice corrected

herself.

separation of abstractions: variable vs. pointer!

"No, you oughtn't: that's quite another thing!
. but that's only what it's called, you know!"'

"Well, what is the song, then?' said Alice, who was by this time completely

bewildered.
call-by-name vs. call-by-value!

"I was coming to that,' the Knight said. "The song really is “A-sitting On a
Gate’’: and the tune's my own invention.'
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¥ The Lewis Carroll Society of North America - About Us - Mozilla Firefox =1O| x|
Fle Edt Wiew Hgtory Bockmarks Todk Help

@ - (0 | L] [hetpitpwn lewiscarral.oraf 77 | [[GJ] songle F:
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Wolfram 8%~

IEEEFEE:

Lewis Carroll Society
of North America

| HOME | ABOUT US | MEMBERSHIP | NEWS | PUBLICATIONS | EDUCATION | LINKS | FAQ |

WELCOME

Welcome to The Lewis Carroll Society of North America (LCSNA) homepage. The LCSNA is
a non-profit organization dedicated to furthering Carroll studies, increasing accessibility of
research material, and maintaining public awareness of Carroll's contributions to society and
culture. This website is one way we share information with Carroll enthusiasts around the
World. If you are a Carrollian and would like to help in these endeavors, or if you simply
enjoy Carroll and want to be among other people with a like interest, please consider joining
the LCSNA.

For detailed information about C.L. Dodgson ("'Lewis Carroll') and his creations, please
access the Lewis Carroll Homepage.

Spring Meeting

The 2009 Spring meeting will be held in beautiful Sante Fe, New Mexico, on May 9. Please
consult the newly updated (as of April 24th) meeting agenda for all of the details. See you
there.

X Find:

Mext Previous & Highlight all T~ Matgh case

Done




¥ The Lewis Carroll Society Website - Homepage - Mozilla Firefox I =] 5
File Edit Wiew History Bookmarks Tools  Help
@ - (oo | % [ retpnewiscaralisaciety. org.uki 77 - |G- eode £
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{ g The Lewis Carroll Society
Lewis Carroll
Society founded 1969 ~ registered charity no. 266239
Navigation Welcome to the Lewis Carroll Society Website
= Site Index The Lewis Carroll Society was formed in 1969 with the aim of encouraging
® Sjte Search research into the life and works of Lewis Carroll (Charles Lutwidge Dodgson).
. . The Society has members around the world, including many leading libraries
Recent Additions and institutions, authors, researchers and many who simply enjoy Carroll's
® Interesting Links books and want to find out more about the man and his work.
Why not join the LCS - for your own interest and entertainment or to make a
Communication contribution to Carroll scholarship? Our subscription are remarkably low for a
society of this nature. Click Here for membership details.
= Contact The Society
® Join Our Email List
. Events at Lyndhurst: from 15 May 2009
About The Society
= Membership \
® Publications L / |
® Society Journals e lce f". ad
= Detailed Information ADVG']TUQﬁ —
yndhurst 2008 ' ‘
About Lewis Carroll ‘
= | ewis Carroll's Life
= Lewis Carroll's Works This wonderful season of Alice-related events has something for everyone! The
village of Lyndhurst, in the beautiful New Forest, celebrates its Alice
® Lewis Carroll's Diaries connections with walks, talks, tea-parties, musicals, and many other activities.
= Reading & Researching Vist the Alice Adventure website for more details.
Inspired by Carroll
® Fine Art Events at Oxford: 4 July 2009
s Performing Art The city of Oxford plays host to the second Alice's Day this
year, with a busy programme of events on 4 July. There are
® Postage Stamps live performances, reading, drama workshops, exhibitions,
® Pop-up Alice Editions talks anq other aCtIVIt.IES ff:r all the famlly.'.
The Lewis Carroll Society is hosting a series of lectures at the
E P le. PI Natural History Museum from 10:15. Edward Wakeling talks
vents, People, Places about the real Alice and the original telling of her
= Carrollian Events adventures, Anne Varty investigates the child-actresses who
u Lewis C Il Societi played Alice and were friends of Lewis Carroll and Mark
S (el S =S Richards explores the connections between Carroll and
® Places to Visit Charles Darwin. All are welcome to attend - come and go as
[ Waril Fima nd Channina you please' LI
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An Educational Software that teaches students
computer programming in a 3D environment

© About Alice « Downloads ) Teaching « Community « Publications ) Support

_Mirevolution in computer science pedagogy

The Alice Project announces a unique @ Sun
collaboration with Sun Microsystems :

read more...

All about Alice ARS Teaching Materials

Read more...

Alice Blog ¥ community Forums

2 :
£, AFREE Gift to YoU from Carnegie Mellon universry = %
- Alice is made freely available as a public service. Alice 2.0 © 1993-2009, Alice 3 © 2008-2003, Carnegie Mellon University. All rights reserved. A v ~g
)ava ‘We gratefully acknowledge the financial support of Electronic Arts, Sun Microsystems, DARPA, Intel, Microsoft, NSF, and ONR.




Historical Perspectives
Georg Cantor (1845-1918)

 Created modern set theory
* Invented trans-finite arithmetic

(highly controvertial at the time)
* Invented diagonalization argument
e First to use 1-to-1 correspondences with sets
* Proved some infinities “bigger” than others
« Showed an infinite hierarchy of infinities

« Formulated continuum hypothesis Py
 Cantor’s theorem, “Cantor set”, Cantor dust, dvq

Cantor cube, Cantor space, Cantor’s paradox %, /o
» Laid foundation for computer science theory 0T

THEORY OF

« Influenced Hilbert, Godel, Church, Turing TRANSFINITE NUMBERS




GEORG CANTOR

His Mathematics and
Philosophy of the Infinite
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David Foster Wallace
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N.Ya. Vilenkin

translated by Abe Shenitzer
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Thv essence of
mathematics resides in
its [reedom.

—_ Gcorge Cantor




Problem: How can a new guest be accommodated
in a full infinite hotel? f(n) = n+1




Problem: How can an infinity of new guests be
accommodated in a full infinite hotel?

f(n)=2n o

I 128 3
LNV H =)
= . :1A\\ \ v

11




Problem: How can an infinity of infinities of new
guests be accommodated in a full infinite hotel?
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"HILBERTS HoTg L <4t
THE INFINITE HSTEL WAS ALWAYS

FILLED TbHCAPAdT\/.. o

g S

@ @ W
WWW. WAYLAY.COM'
THIS PARADOX ASSUMEP THAT
MANAGEMENT CoUuLD ALWAYS
ADD oNE OR MORE To lNFINJ_TZ';

We'W. simPLY
PUT Yol IN RooM\

1, THEN AsK /
EVERYoNE To
SHIFT oVER
ONE RooM.

UNFORTUNATELY, THEY WERE
A BUNCH oF SLoBS.

YET, IF A NEW GUEST ARRIVED,

THE BRAIN-BRUISING HOTEL
ATTRACTEP A LoT of MATHE-
MATICIANS AND PHILOSoPHERS.

JUST A
MoMENT;
PLEASE.

AFTER ALL, THERE WERE AN
INFINITE NUMBER oF RooMS.
RooM 8437229486,114392645,
3652898652132
NEEDS FRESH ToWELS.

THEY LIKEP To ARGUE INTo
THE WEE HouRrRS ABoUT THE
NFINITY.

MANAGEMENT HAP To HIRE A
NEW MAIP To KEEP UP WITH
THE MESS.

PAUNTED BY THE NUMBER of
RooMS To CLEAN...

EM.
632946951743

NoK ~

Ode to Aleph Null

0

Aleph-null bottles of beer on
the wall,

Aleph-null bottles of beer,

if pue of those bottles should
happen to fall,

Aleph-null hottles of beer on
the wall.
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Requires windows media player or
Amanda Boyle real Player.
average rating from 27 members ® ® @ @
‘- drama | 2004 | London | Switzerland/ Mandarin | 10 min
. Published 28 Feb 07
What happens when an hotel of infinite rooms suddenly
becomes full?
Contact Us B4 send to a friend »
synopsis rate this film
Like this page? 3 3
Sendititor ioenal There was once a hotel in the mountains that was so popular
with guests, the Manager decided to extend it. Yet still it 9500000
remained full. The Manager continued to extend it, until ® 100000
eventually it became infinitely large. One day much to his 0300000
surprise, no spare rooms could be found in his now infinite
hotel. All the mathematical calculations, which he normally ® 200000
relied on to find the rooms, just wouldn't work... ® 100000
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Problem: Are there more integers than natural #’s?

N = Z €ornnee _4/-3]-2|-1
So |N|<|Z| ?

Rearrangement:
Establishes 1-1
correspondence

N T 7 >
N 123456789 = >

o
=
N
w
N

—|N|=|Z|




Problem: Are there more rationals than natural #’s?

9 I—F—F—F—7 7 7 |T
N Q 1l 2 3 4 5 &% |7 |8°
N+ Q 6L 6 6 6 6 6 |6 5p6
1 2 3 4 5 |6 |7 |8
So |N[<|Q] ?
‘ l_l@ sif_gl8 gl9 g02ls |5 |5 |5
Dovetailing: °| T 2 3 4 [5 |6 |7 |8
Establishes 1-1 4 ]&6 15& 14& 13£ 22£ 4 |4 |4
correspondence 12 3 |4 |5 |6 |7 |8
f: NoQ 3 §5 §6 7§ 123 233 283 |3 |3 .
1| 2 |3 [4 [5 |6 |7 |8

:>|N|_|Q| 5 24 39 82 1y 249 29 2 2
1T (2 [3 (4 [5 |6 |7 |8

11 P19 10 2% 261 [ |1 |
L1772 3 7 5 % 7 @

1 2 3 4 5 6 7 8.




Problem: Are there more rationals than natural #’s?

NcQ
N+ Q
So |N|<|Q] ?
Dovetalling:

Establishes 1-1
correspondence

TN Q
=|N|=|Q|

7

5

7 24 725 726 7 27 728 _729 7 397
Il 2 3 7 35 3 |7 |8
643 6 6 6 226 6306 |6
1 2 3 4 5 g; ! g
52 sl3 g4 g ‘ZYK‘IE A5 3B5
1 2 3 4 6 ! 8
40 4 104 @Qsi 4 R4 |4
T 2 3&P% [F |8 |7 |3
3436 93 113 |3 3B3 373 .
1 Q@ 3 4 5 6 7 8
2A>2 P2 |2 18 |2 32 |2 .
1 2 3 4 5 6 ! 8
11 P11 V1 81 191 207 3P 3p
I 2 3 4 5 6 7 8
1 2 3 4 5 6 7 8 .



Problem: Are there more rationals than natural #’s?

21 741 7 7
NcQ 5 8
N = Q 6 6
So |N|<|Q| ? i i
. 5 S,
Dovetailing: ° 5 :
Establishes 1-1 4
correspondence 8
SNE .
8
i
: z 8
1 2 4 5 3 .




Problem: Why doesn’t this “dovetailing” work?

7 1 1 1 1 1 1 1
There’s no "T 2 3 7 5 % 7 8°
“last’clement 6 6 5 6 6 6 6 6
on the first line! 1 2 3 4 5 6 7 8
502 2 2 2 5 2 3 5.
So the 2" line 1 2 3 4 5 6 7 8
Isneverreached! ,) 4 4 4 4 4 4 4 4
1 2 3 4 5 & T 38
—> 1-1 function 3—83—3 3 3 3 3 3
is not defined! 12 3 4 5 6 7 8
| 2—2—2—2—2——2—2—2
1 2 3 4 5 &% 7 8
1 —4—3—4+—31 111
W1 2 3 7 5 % 7 @
1 2 3 4 5 6 7 8 .




Dovetailing Reloadec

Dovetailing: f:N <Z 4321110111213 4

Z
N123456789

To show |N|=|Q| we can construct /:N<«>Q by sorting x/y

by Increasing key max(|x|°§ while avoiding duplicates:

max(|x],|y[)
max(|x|, | O, 1?1

max( =213, oh
& yl) =3 123, 283 3/1, 3%

{finite new set at each step}
. Dovetalllng can have many disguises!
 So can diagonalization!




Theorem: There are more reals than rationals / integers.
Proof [Cantor]: Assume a 1-1 correspondence f: N <> R

l.e., there eX|sts a table c ntalnlng all of N andall of R:

X=0.2 19 3 4 .. R O

~ But X'is missing from our table! X'= (k) V keN
W — /nota l-1 correspondence
= contradiction

= R IS not countable!
There are more reals than rationals / integers!




Problem 1: Why not just insert X into the table?
Problem 2: What if X=0.999... but 1.000... is already in table?

 Table with X inserted will have X’ still missing!
Inserting X (or any number of X’s) will not help!
 To enforce unigue table values, we can avoid
using 9’s and 0’s in X.







Non-Existence Proofs

» Must cover all possible (usually infinite) scenarios!
« Examples / counter-examples are not convincing!
« NOt “symmetric” to existence proofs!

Ex: proof that you “Proof” that you
are a millionaire: are not a millionaire ?

$¥ Citizens Bank

1-800-922-9999

CallGitizens' PhoneBank anytime for account information,
current rates and answers to your questions.

ACCOUNT NUMBER:

Jonsw ovEwOWAFT LINIT, AS OF THE STATEFN | |
ey # 1,000.00. THIS MAY BE CH2
SLTHNIT MOTICE. OVERDRAFTS ARE SUBJE!
. IRAMSACTION CHARGE =
B A g - SEE REVERSE FOR Mc

e £~ TAL DEPOSITS l

Beginning June 12, 2009 = e g
1
Y through July 13, 2009

JOHN MORRISON

=
Circle Gold Money Market | |2
T 7 130

Checking
uuuuuuu
Balance Calculation Interest v

AF
Previous Balance 3,273,750.65  Current Interest Rate fF 3
Checks .00 - Annual Percentage Yield Earned, o 2"
Withdrawals 53,532.55 - Number of Days Interest, 1 P 7,
Deposits & Additions 395,787.23 + Interest Ear: 477, [
Interest Paid 2,471.10 + Inte aifl ths 12,418.4 PG

43 = o
3,618,482 1 3 -,



Cantor set:

Start with unit segment

« Remove (open) middle third

« Repeat recursively on all remaining segments
» Cantor set is all the remaining points

Total length removed: 1/3 +2/9 +4/27 + 8/81 + ... =1

Cantor set does not contain any intervals

Cantor set Is not empty (since, e.g. interval endpoints remain)

An uncountable number of non-endpoints remain as well (e.g., 1/4)

Cantor set is totally disconnected (no nontrivial connected subsets)

Cantor set Is self-similar with Hausdorff dimension of log;2=1.585

Cantor set iIs a closed, totally bounded, compact, complete metric
space, with uncountable cardinality and lebesque measure zero



Cantor dust (2D generalization): Cantor set crossed with itself




OF:1ile]get crossed with
&= Rnliee times

S
g
R
b RN, SRR
P . N B - RN RN
N, RO RS
S e WO TR S, SN, RO RN,



Problem: Solve the following equation for X:
v
X =2

X
where the stack of exponentiated x’s extends forever.

This “power tower” converges for:
0.065988 ~ e ¢ < X <el®t=1.444668
Yy y(x)=x’9x"=|!!;xﬂn

Generalization to
complex numbers: -

1/e
(0,0) &3 1% *X




Historical Perspectives

Bertrand Russell (1872-1970)

* Philosopher, logician, mathematician,
historian, social reformist, and pacifist

» Co-authored “Principia Mathematica” (1910)

« Axiomatized mathematics and set theory

 Co-founded analytic philosophy

e Originated Russell’s Paradox

« Activist: humanitarianism, pacifism, education,
free trade, nuclear disarmament, birth control PRINCIPIA
gender & racial equality, gay rights MATHEMATICA

 Profoundly transformed math & philosophy,
mentored Wittgenstein, influenced Godel

o Laid foundation for computer science theory

« \Won Nobel Prize in literature (1950)

VOLUME THREE




The Problems o

ur KNO

WLEDGE or THE

NAL WORLD

BERTRAND A. W. RUSSELL

The A B C Of Atoms

Bertrand Russell

Bertrand Rsll

The Analysis
of the Mind

\ INTI\ODUCTION TO
Bertrand Russell MATHEMATICAL
PHILOSOPHY

marriage

Bertrand
RUSSELL:

Dictionary of
ND

AATTER
and MORA! §

. BERTRAND RUSSELL |

Freedom
versus
Organization

THE PATTERN OF POLITICAL CHANGES
| IN19TH CENTURY EUROPEAN HISTORY.




TuEe PracTICE The Philosophy
and of Logical

THEORY

A P Atomism
(TR N “YAﬁ.&lf L/ PR 0f
THE ABC OF ) ¥ -l "
RELATIVITY (o Rsnuct g - BOLSHEVIM

BERTRAND A Lifelong Fight
RUSSELL By o - for Peace, Justice, a‘;d Truth

éj ) € in Letters to the Editor
|

K= BERTRAND
i\ [ R RUSSELL

Bertrand Russell

The
Problem
of China

Edited by Ray Perkins, Jr. BERTRAND RUSSELL

r
e ]|

Russell |

RUSSELL

warfime | Il k BERTRAND
5

Human Society in Ethics and Politics \ & S 7y »~ N e 35 ]

Bertrand Russell ’ . : *{n
A Critical Expos1t10n

jof the Philosophy

GEORGE ALLEN & UNWIN LTI bniz: . - _‘?"‘});!_t
o Y p Ry o B INERY

Bertrand B%ﬁg%%(ﬂ

RUSSELL Why|AmNot

a Chrlstlan

ther essays and related subjects

German Social
Democracy:
Six Lectures

Bertrand Russell




e
:}
¥

v
B IRITYR A N D

RUSSELL

— T

AUTOBIOGRAPHY

POWER

Bertrand Russell

Hrnarmed
Victory

The Collected Stories
of
BL’I".I'&UIL{ RUSSCH

COMFILED AND EDITED BY BARRY FEINEERG

The Impact of Science on Society]

|

I

WISDOM
OF THE WEST

BERTRAND RUSSELL

S EL& S —— ‘g
“ = = * /4Bertrand Russell

=

1 Bertrand Russell

HAS MAN
'A FUTURE?

New Hopes
IN PRAISE

: OF
M IDLENESS
Bertrand
- Russell

A REPRINT

Bertrand Russell |

8| Bertrand Russell ,

| UNPOPULAR
| ESSAYS

Bertrand Russell

1 RUSSELL |

w2 I B moenasid | 52

ERTRAND

Bertrand Russell

Portraits
from
Memory

Bertrand

Russell




P —

SECTION A] CARDINAL COUPLES < 379

#5442, Fuae2.D:BCa.q!B.B+a.=.Beta
Dem.
F.¥b4d. Dluna=12viy.D:,
BCa.q!B.=:1f=A.v.B=tz.v.B=t"y.v.B=0a:713:

[#2453-56.%51°161] =:fB=tz.v.B=ty.v.B=a (1)
F.#5425. Transp . %5222. D Frady . D tfeuifydta. v ify$itfy:
[#1312] DbFia=c¢wviy.ay.d. aftv.afty (2)

F.o(1).(2).DFa=1zvify.a4y.D:.
BCa.q!B.BFa.=:B=tz.v.B=1Y:

[%51-235] =:(fz).zea.B=1z:
[#37°6] =:Beta (3)
F.(3).%11-11-35.%54:101 . D F. Prop
*¥5443. F:oa Bel.dranB=A.=.auBe?
Dem.
F.%3426.DFa=tz.8=1"y.D:auvBe2.=.2%y.
[#51-231] =.tanty=A.
[%13-12] =.anfB=A (D)

F.(1).#11°11-35.D
Fr(qe, y).a=tz.8=t9.d:avBe2.
F.o(2).%11°54 . %52:1. D F . Prop

From this proposition it will follow, when arithmetical addition has been
defined, that 1 +1=2,

#0444 bz weltzuify.D, . p(w) = (x,2). (2, y). ¢ (v, 2) - (3,7)
Den.
F.k51234.%1162. D Fuz,weteuiy.D, - p(2,w): =1
zel‘zuty.D,.d(z,2). d(z,y):
[#51-234.%1029] =: p(x,2) . P (2, ) - p (¥, ) . p (Y, y) :. D F . Prop
#5444l Frzwelavi'y.zw. Dw.pzw)i=ta=yi1vid(@,y) . o (Y, )
Dem.
F.x56.DFuzwetvviy.z4dw. . dp(z,w) =1

Zwel's vty . Dy piz=w.v.¢(z,w):.

.anB=A )

[%54-44] =tx=r.V.p(e,x)ie=Yy.V.dp(xy):
y=e.v.p@a)iy=y.-v-$(y:
[¥1315 Stx=y.v.d@y)iy=a.v.d(y,a):

[*1316.%441] =:2=y.v.¢(2,9). ¢ (y,2)
This proposition is used in ¥16342, in the theory of relations of mutually
exclusive relations.

86 CARDINAL ARITHMETIC [PART 11

%110632. F:peNC.D.p+, 1= {(@y) .y ek . £ —t'y esm“pu)
Dem,
F.%110631 . %51:211:22. D

FiHp. D ut 1=E{(@ny) - yesmu.yeb.y=E—1Y
[¥13195] =E{(y) .y ek . E~tyesmpu): D . Prop
*¥11064. F.0+,0=0 [%11062]
*¥110641. F.14+,0=0+.1=1 [#110'5161.%1012]
#110642. F.2+,0=0+,2=2 [%110'51-61.%101-31]

¥110643. F.14+,1=2
Dem.
F.%110632.%101-21'28.D
Folal=E((my) .y ek E—tyel}
[#5643] =2.DF.Prop

| The above proposition is occasionally useful.| It is used at least three
times, in %113:66 and %120'123-472.

#110-771 are required for proving #*11072, and %11072 is used in
#1173, which is a fundamental proposition in the theory of greater and less.

#1107. F:B8Ca.D.(qu). e NC. Ncfa=Nc‘B+,u

Dem.
F.%24:41121. O F:Hp.D.a=Bu(a—B).Bn(a-B)=A.
[#%110-32] 2. Nefa=Nc‘B+,Ne‘(a— 8) : 2 F . Prop
*11071. F:(gu).Nc‘a=Ne'B+,u.2.(f8).6smB.6Ca
Dem.
F.#100:3.%1104.2
F:Nea=Ne‘SB+,u.D.pne NC—1*A 1)

F.%1103.DF: Nefa=Ne‘@ +, Ne‘y . = . Nefa= Ne“(B +) .
[%100°3-31] d.oasm(B+q).

[%731] 3.(qR). Rel—1.DR=a.AR=] A, “tBuAy | “ty.
[%3715] d.(gR). Rel— 1.} A 4“BCUR.R*“ | A, v“BCa.
[¥110'12.473:22] D . (8) .5 Ca. ssm 4 ()

F.(1).(2).2F.Prop
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Theorem pm34.43 w0

Description: Theorem *54.43 of [WhiteheadRussell] p. 360. "From this proposition it will follow, when arithmetical addition has been defined, that 1+1=2." See
http://en wikipedia. org/wiki/Principia_Mathematica#Quotations. This theorem states that two sets of cardinality 1 are disjomt iff thewr union has cardmality 2

Whitehead and Russell define 1 as the collection of all sets with cardinality 1 (i.e. all singletons: see cardl 4e5), so that their A £ 1 means, in our notation, A & {:c |

z) =1,}1e (card‘4d) =1, (by elab iz:0) ie. 4 a
unused by our different approach to arithmetic), so

our proof1s longer. (It 1s also longer because we must show every detail.)

Theorem pinl 10.643 5057 shows the derivation of 1+1=2 for cardinal numbers from this theorem.

Assertion

Ref Expression

pmS4 - (Al A Bxl)—=((ANBl=a (AU E) = 32,)

(card’

1, (by carden 43 and cardnn 4e54). We do not have several of then earlier lenmas available (which would otherwise be

Proof of Theorem pm54.43

Step| Hyp Ref Expression

1 Llon a2 s 1,e0n

2 onirl 068 kAl el,

3 disisn 24 (L n{l)=2 <1, e1)

4 |23 mpbir sl N{l)=a

5 unen <3 6 (A~ 10A_~{1})/\ AnB)=a A 100{10} — (AU B) 2 (L, u{l})
6 |45 mpant? 713 sE((A~1,AB = {l } A ( AnB)= ) (4 Az lo U {lo})
716 ex 371 (A~ l<J ABa{l)-(AnB)=2-(4 E] 25 (1o U {1 1))
8 |l elissetl 10 sF1l,elV

9 8 ensnl 4553 k{1,

10 |8, 9 E1SVIIL 4542 sk 1, & {1 }

11 entr 43 sE((BaloAly={l)) — 8~ {1}

12 (10,11 |mpan? &= tH(Bal, » Ba{L))

13 7,12 sylan?2 e sF{(Ax1l,ABa1)-(AnB)=2 (AU B) (1, U{l})
14 df-20 4058 5k 2, =sucl,

15 df-suc 2o sk suc 1, = (1, U {1,})

16 |14,15  |leqlui a4 a2, = (1, U {L)

17 |16 breqlioset | sF({(AUB) a2, (AU E) & (1, U{l.))

18 13,17  |svl6ibr 211 tF(AmlaAEml)»(ANE)=2 - (AU B) =~ 2,)

X Find: et Previous & Highlight ll [~ Makch case

Done
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19 sneq o | wh({z=y—-{z}={y) =
20 (19 uneq2d =z | wk(z=y - {cyu{z) ={=z}u{¥M)
21 unidm 2z | 1k ({z}u {z}) ={z}
22 |20, 21 svloreqr st | eh{z=y-s{zyu{y)={=hH
23 visset 1255 sFxzelV/
24 |23 ensnl 453 14 = {} 2 1,
25 1sdom?2 456 141, < 2,
26 ensdomtr 4600 14 b ([{.x:} a2y A1y <2,) — {} ~ 2,)
27 |24, 25, 26/mp2an 1o i3 {z} <2,
28 |22,27  |sylGeqbrore| ek({z=y - {z}U{y}) < 2)
29 sdomnen | e {{z}u{yD) <2, -~ {z)u{v])) =~ 2,)
30 28,29  sylw | .. h(z=y—=({z}u{y)) ~ 2,)
31 30 neconZ2ai 350 o {({z}u{pP) a2, =z # )
32 disjsn?2 244 whk{z#y—{z}n{y})) =)
33 31,32 syl o sk (({z}u{p) ~ 2. = ({=z}n{zh) =2)
% 3 lis (A=A E =)~ (@} V) ~ %= (@ ) =2)
35 uneql 2 2zr sF((A={z}AB={yP—=(AuB) ={=}u{y})
36 35 breqld oeu LaF((A={ A E={g) = ([(AUB) = 2, o [{=}u{yD) ~ 2,)
37 mneql2 2w LaF[(A={AEBE={N - (AnB) ={z}n{y})
38 |37 eqeqld iz k(A= {}A B={) = (AnB) =2 < {z}n{y) = 2))
39 |34, 36, 383imtrdd s« (A= {z}AB={yP = (AuB)~2,- (AN B)=a))
40 |39 ex 37t sE(A={z} > (B={y} = (AU B)~2,-(4n E)=a))
41 |40 1923adv ol sE(A={z} = Qy B={y} = (AuB)~ 2, —(4n E)=2))
42 |4 1923aiv 0 | «F Bz A={z}=(Fy B={y} = (AU B) ~2,—(4n B)=2))
43 142 mp 248 sE({(@z A={z}ATy B={y}) = ((AU B) =~ 2, » (A n B) = 2))
44 enl s k(A l, o3z A={z)
45 enl 4= aF(Bml, o Ay B={y)
46 |43, 44, 45syl2anb 47 |- ((Am 1A B l,) = (AU B )~ 2, = (AN B)=a))
47 [18,46 |mpbidsis |1F((Ax1l, A B xl,) = ([(ANnE)=8 (AU E)~2,)
Colors of variables: wif set class
Syntax hints: —wn2 _, wis ., Wb 144 s Wao21 — weeqosd g weel 591 Jwex 1013 ?e WHE 1624 | eun 2093y cin 2024 el 2528 {@ 2455 class class class Wbr 2685 Oy con0 2065 gy CSUC 2557

1,610 4252 5,020 4255 =z cEN 4423 ¢ csdm 4405

This theorem is referenced by: pml10.643 5057 unpde2eg2 10803

This theorem was proved from axioms: ax-14 ax-25 ax-3 6 ax-mp 7 ax-7 595 ax-gen 995 ax-8 097 ax-9 ¢os ax-10999 ax-11 000 ax-12 1001 ax-13 1002 ax-14 1003 ax-17 1004 ax-4 1006 ax-50 1005 ax-60 1011
ax-90 1156 ax-100 1174 ax-16 1244 ax-110 1252 ax-ext 1495 AX-TEp 2755 ax-sep 2769 ax-Nul 2776 ax-pow 2309 ax-pr 2544 ax-umn 3079

x Find: [ Hext

Previous & Highlight 2l I~ Makch case

[ bane
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Theorem pm110.643 ==
Description: 1+1=2 for cardinal number addition. Theorem *110.643 of Principia Mathematica, vol. I, p. 86, which adds the remark, "The above proposition 13
occasionally usetul.” Unlike us, Whitehead and Russell define cardmal addition on collections of all sets equuuunerous to 1 and 2 (which for us are proper classes unless
we restrict them as m karden 4s6), but after applying definitions, our theorem 1s equivalent. See also the comment for pm354.43 400, The comment for cdavali sos4 explains
why we use == instead of =

Assertion

Ref Expression
pm110.643|- (15 +- 1o) 7 2,

Proof of Theorem pm110.643

Step| Hyp Ref Expression
1 lon 82 ik 1, £€0n

2 |1 elisseti oo | s 1,/

3 2,2 |edavalisoss |2 (Lo e Lo) = (1o x {2}) U (1o x {1.}))

4 xpOldisj w207 5 F (1o x {@) N (L x {L,})) = @

5 Qex o777 L stwel/

6 (2,5 |xpsnmendsss |4k (1, % {IZJ}) 7z 1,

72,2 |xpsnen s |4 (1, x {10}) 71,

8 pm54.43 aeea 4 = ({10 % {@}) == 1, A (Lo x {1,}) = 1,) = (1o x {8} N (1o x {1 ) = @ = ({(1o x {@}) U (1, x {1 })) = 2,))
9 16,7, 8mp2anmo | 3k (L x {@}) N (Lo x {1})) = @ « (Lo x {@}) U (Lo x {L.})) = 2,)

10 |49  |mpbi e 2= (1o x {2 U (Lo x {1o]) == 24

11 [3.10 Jegbutrizes [ F (Lo 4= L) & 2 |

(=]

g

Colors of variables: wif set class

Syntax hints: 5 wb 144 —weeq 93 | oun20a3 e 2094 el 2525 {@ 2458 class class class whr 2553 Qpeonl 2085 5 exp 3229 (class class class)co 4009 ] clo 4252 5 €20 4253 ag CoN 4433 4
ceda 5051

This theorem was proved from axioms: ax-1 4 ax-25 ax-3 6 ax-mp 7 ax-7 995 ax-gen 096 ax-8 997 ax-9 008 ax-10999 ax-11 1000 ax-12 1001 ax-13 1002 ax-14 1003 ax-17 1004 ax-4 1006 ax-50 1008 ax-60 1011
ax-90 1156 ax-100 1174 ax-16 1244 ax-110 1252 ax-ext 1495 AX-1ep 2753 ax-sep 2760 ax-ul 2776 axX-pow 2300 ax-pr 2544 ax-um 079

This theorem depends on definitions: df-bi 145 df-or 222 df-an 223 df-3or 779 df-3an 7s0 df-ex 1014 df-sb 1206 di-eu 1417 df-mo 1415 df-clab 1502 df-cleq 1507 df-clel 1510 df-ne 1626 df-ral 1691 df-rex 16o2
df-reu 160z df-rab 1eo4 df-w 1s54 dftsbe 1983 df-esb onas df-dif eoor df-un 2ocs dftin 2oos df-ss 2101 dfsnul 2320 df-pw 2as1 df-sn 2451 df-procaee df-tp 2ass df-op cass df-uni 2561 df-int 2500 df-br e df-opab 27z
di-tr 2745 df~eprel 2600 df-id 2002 df-po 2007 df-so 2o1e df-fi 2037 df-we 2952 df-ord 2058 df-on 2069 df-suc 2071 df-xp 2255 dftrel 3256 df-env 2257 ditco 2255 di-dm 3259 df-m 3260 df-res 2281 df-ima 2262

dt-fun so6z df-fihso64 df-fzoes dffl 2066 df-fo soer df-flo soes df-fv 2260 df-opr 4011 df-oprab stz df-lo 4257 df-20 4258 dfeer 4320 df-en 4407 df-dom 445 df-sdom 4450 df-cda 5052
Copyright terms: Public domain
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Russell’s paradox was invented by Russell in 1901 |

to show that naive set theory is self-contradictory: ¥

Define: set of all sets that do not contain themselves
S={T|TegT} =

Q: does S contain itself as an element? ... covsnee

THE SET OF ALL

SeS<S eSS contradiction! | sors 7 sae

NEVER BEEN CoON-

Similar paradoxes: Y psarentr. .

* “A barber who shaves exactly those -
who do not shave themselves.”

AND OVER THERE WE HAVE THE LABYRINTH GUARDS.

o ¢ - : ek ONE ALWAYS LIES, ONE ALWAYS TELS THE TRUTH, AND
This sentence 1s false. ONE STABS PEOPLE WHO ASK TRICKY QUESTIONS.

e “I am lying.”
* “Is the answer to this question ‘no’?”

* “The smallest positive integer not
describable in twenty words or less.”




AUTHOR KATHARINE. GATES RECENTLY ATTEMPTED
TO NAKE A CHART OF ALL SEXVAL FETISHES.

LITTLE DID SHE KNOW THAT RUsSELL AND WHITEHEAD
HAD ALREADY FAILED AT THIS SAME TASK.

HEY GODEL -~ WERE COMPIUNG
A COHPREHENSNE LIST OF FETISHES.
RNS YOU ON?

% ANYTHING NOT
ON YOUR LIST.
AN

Star Trek, 1967, “I, Mudd” episode
Captain James Kirk and Harry Mudd use a logical

paradox to cause hostile android “Norman” to crash o (l;b K % %

/
MY NOSE WILL
GROW NOW!
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